Quantum Field Theory I
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December 21, 2010

Homework set 5, Due Tue Jan 4

1. In the )\qb4 theory, the interaction is given by
Ay

H[:I

(a) Show that to lowest order in A, the differential cross section for 2 particles elastic scattering in the center

of mass frame is given by
do A2

dQ ~ 128728
where S = (q1 + c12)2 , q1,q2 are the momenta of the particles in the initial state.
(b) Show that the 2-point Green’s function satisifies the relation,
(a4 122) (01T (6 (2) 6 (1)1 0) = A(0|T (6" (2) 6 ()] 0) — 0" (& — 1)
Verify this relation diagramatically to first order in A.

2. Given a sequence of numbers gg, g1,9s3, - - , the most economical way to encompass them is through the gen-
erating function,
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The generating functional for the Green’s functions of scalar fields is defined by,

ZJ] = Z %/d‘lml s dba, T (@) T () GV (@, - )

m=0

where

G (X1, xm) = (0T (¢ (21) -+ ¢ (zm))| 0)

and can be expressed in terms of generating functional as
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a(m) (T1, L) = (_Z-)m

J=0

(a) Show that Z [J] can be written as

Z[J] = <0 ’Texp (i/d)(m)J(x) d4m)‘0>

(b) Show that for the case of free scalar field Z [J] can be written as
21 =exp |- [ Bty @) ar -0 T 0)

where

iAp (x—y) = (0T (¢ (2) ¢ (y))]0)



3. Transistion amplitude for a free particle with mass m moving in one dimension is given by
(@, lat) = (e jq)

and
2
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(a) Compute this amplitude directly from the Hamiltonian given above.

(b) Compute this amplitude by using path integral method.

4. The Lagrangian for a simple harmonic oscillator is of the form

m-2  mw? ,

L="0
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(a) Show that the transistion amplitude has the form,
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(b) Show that for an initial wave packet of the Gaussian form

mw

00 (@.0) = (") exp [T (g — ]

the wave function for ¢ # 0 satisfies
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Namely, there is no spread of wave packet.
5. The Lagrangian for electromagnetic field is of the form,
Lo
L= _ZF F.

where
Y = gFAY — OV AH

Suppose we add a mass term to the Lagrangian so that
1
L= =" Fu + m?A, AV
(a) Show that the equation of motion is of the form,
(0"0,, +m?) AY — 90, A" =0

(b) Define the generating functional by

W] = / [dA] exp {z / P (L’+J“AH)}

Show that )
i

W= e { [ dad s (0)Gu (o0 7 )}
where Green’s function by
[(0%0a +m?) g — 0,0,] G (x — y) = g6* (x — y)

Find the Green’s function in momentum space.



