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Quantization of Free Fields
Non-relativistic quantum mechanics

[qi , pj ] = i�hδij

where pj is de�ned by

pj =
∂L

∂
�
qj
, L : Lagrangian

Hamiltonian is
H = ∑

i
pi
�
qi � L

In �eld theroy

qi �! φ (x) , L
�
qi ,
�
qj
�
�! L

�
φ, ∂µφ

�
replace qi by φ (x) and L

�
qi ,
�
qj
�
by L

�
φ, ∂µφ

�
.
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Scalar �eld
Consider a scalar �eld φ sati�es the Klein-Gordon equation�

∂µ∂µ + µ2
�

φ = 0

Lagrangian density is

L = 1
2
(∂µφ)

�
∂µφ

�
� µ2

2
φ2

the Euler-Lagrange equation for this L

∂µ

�
∂L

∂ (∂µφ)

�
� ∂L

∂φ
= 0

gives the Klein-Gordon equation.

∂µ∂µφ+ µ2φ = 0
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Canonical quantization
Conjugate momentum

π (�!x , t) = ∂L
∂ (∂0φ)

= (∂0φ)

Impose commutation relations,

[φ (�!x , t) ,π (�!y , t)] = iδ3 (�!x ��!y ) , [φ (�!x , t) , φ (�!y , t)] = 0,
(1)

[π (�!x , t) ,π (�!y , t)] = 0

Hamiltonian density is

H =π∂0φ�L =
1
2

"�
∂0φ
�2
+

�!
rφ

�2#
+
1
2

µ2φ2

Mode expansion
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To �nd physical consequence, expand in classical solutions,

φ (�!x , t) =
Z d3kq

(2π)3 2wk

h
a(
�!
k )e

�ik �x
+ a†(

�!
k )e ik �x

i
, k0 =

q�!
k 2 + µ2

a(k) and a†(k) are operators
Solve a(k) and a†(k) in φ and ∂0φ,

a(k) = i
Z d3x e ik �xq

(2π)3 2wk

 !
∂0 φ (x) a†(k) = �i

Z d3x e�ik �xq
(2π)3 2wk

 !
∂0 φ (x)

where
f
 !
∂0 g � f ∂0g � (∂0f ) g

Commutators
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h
a
��!
k
�
, a†
��!
k 0
�i
= δ3

��!
k �

�!
k 0
�
,

h
a
��!
k
�
, a
��!
k 0
�i
= 0

Same as harmonic oscillators.
The Hamiltonian is

H =
Z
d3kHk =

1
2

Z
d3kwk

h
a†
��!
k
�
a
��!
k
�
+ a

��!
k
�
a†
��!
k
�i

superposition of oscillators with frequency wk .
momentum operator

�!p = 1
2

Z
d3k
�!
k
h
a† (k) a (k) + a (k) a† (k)

i
=
Z
d3k�!pk

with

�!pk =
�!
k
2

h
a† (k) a (k) + a (k) a† (k)

i
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Note
a (k) a† (k) = a† (k) a (k) + δ3 (0)

Interpret δ3 (0) as

δ3
��!
k
�
=
Z d3x

(2π)3
e i
�!
k ��!x

as
�!
k ! 0

δ3 (0) = (2π)�3
Z
d3x =

V

(2π)3

V total volume of the system. Then

H =
Z
d3kwk

"
a† (k) a (k) +

(2π)�3

2
V

#
Last term will be dropped.
To achieve this more formally, use normal ordering.
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Normal ordering
In normal ordering : (� � � ) : move all a†(k) to the left of a(k) .
For example,
.

: a(k)a † (k) := a † (k)a(k)
: a † (k)a(k) := a † (k)a(k)

Vaccum is de�ned by

a(k)j0i = 0 8 �!k =) h0ja † (k) = 0

Then

h0j : f
�
a, a†

�
: j0i = 0

De�ne Hamiltonican by normaling ordering
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H =
1
2

Z
d3kwk : [a † (k)a(k) + a(k)a † (k)] :=

Z
d3kwka † (k)a(k)

Similarly,

�!p = 1
2

Z
d3k�!pk : [a † (k)a(k) + a(k)a † (k)] :=

Z
d3k�!pk a † (k)a(k)

Then vacuum has zero energy and momentum.
Particle interpretation
State de�ned by

j�!k i =
q
(2π)3 2wka

†(k)j0i

is eigenstate of H & �!p ,

H j�!k i = wk j
�!
k i, �!p j�!k i = �!k j�!k i where wk =

q�!
k 2 + µ2
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Interpret this as one-particle state because eigenvalues are related by

w2k +
�!
k 2 = µ2

Similarly,we can de�ne 2 particle satate by

j�!k 1,
�!
k 2i =

q
(2π)3 2wk1

q
(2π)3 2wk2a † (

�!
k1 )a † (

�!
k2 )j0i

Bose statistics
Expand arbitrary state

jΦi =
"
C0 +

∞

∑
i=1

Z
d3k1...d3knCn (k1, k2, ..., kn) a†(

�!
k1 )...a†(

�!
kn )j0i

#

Cn (k1, k2, ..., kn) the momentum space wavefunction.
Since
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h
a† (ki ) , a† (kj )

i
= 0

Cn (k1, ..., ki , ..., kj ..., kn) = Cn (k1, ..., kj , ..., ki ..., kn)

Cn (k1, k2, ..., kn) satis�es Bose statistics

(Institute) Slide_03 11 / 37



Fermion �elds
Dirac equation for free particles�

iγµ∂µ �m
�

ψ = 0 or ψ
�
�iγµ �∂µ �m

�
= 0

Lagrangian density
L = ψα

�
iγµ∂µ �m

�
αβ

ψβ

Conjugate momentum

πα =
∂L

∂ (∂0ψα)
= iψ†

α

If quantize with commutation relation will get Bose statistics
Impose anticommutation relations to get Fermi-Dirac statistics,

fπα (
�!x , t) ,ψβ (

�!y , t)g = iδ3 (�!x ��!y ) δ
αβ
, fψα (

�!x , t) ,ψβ (
�!y , t)g = 0
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Hamiltonian density

H = ∑ πα
α

.
ψα�L = iψ†γ0γ0∂0ψ�ψ

�
iγµ∂µ �m

�
ψ = ψ

�
i�!γ � �!r +m

�
ψ
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Mode expansion
Expansion in terms of classical solutions,

ψ (�!x , t) = ∑
s

Z d3pq
(2π)3 2Ep

h
b (p, s) u (p, s) e�ip�x + d† (p, s) υ (p, s) e ip�x

i

ψ† (�!x , t) = ∑
s

Z d3pq
(2π)3 2Ep

h
b† (p, s) u† (p, s) e ip�x + d (p, s) υ† (p, s) e�ip�x

i
Invert these relations

b (p, s) =
Z d3xe ip�x

(2π)
3
2
p
2Ep

u† (p, s)ψ (�!x , t)

d† (p, s) =
Z d3xe�ip�x

(2π)
3
2
p
2Ep

υ† (p, s)ψ (�!x , t)
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Compute the anti-commutation relations,

fb (p, s) , b† �p0, s 0�g = δss 0δ
3 ��!p ��!p 0� , fd (p, s) , d† �p0, s 0�g = δss 0δ

3
��!p �!p 0� , � � �

Hamiltonian

H = ∑
s

Z
d3pHps

where Hps = Ep
h
b† (p, s) b (p, s)� d (p, s) d† (p, s)

i
Similarly,

�!p = ∑
s
d3p�!p p

�!p p = �!p
h
b† (p, s) b (p, s)� d (p, s) d† (p, s)

i
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Commutators of H with b† (p, s)

h
H, b† (p, s)

i
= ∑

s 0
d3p0

h
b† �p0, s 0� b �p0, s 0� , b† (p, s)

i
Ep = b† (p, s)Ep

h�!p , b† (p, s)
i
= �!p b† (p, s)

b† (p, s) creats a particle with Ep and
�!p with relation Ep =

p�!p 2 +m2.
d† (p, s) creates a particle with same mass opposite charge as b† (p, s) .
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Symmetry
The Lagrangian

L = ψ
�
iγµ∂µ �m

�
ψ

is invariant under,

ψ (x)! e iαψ (x) =) ψ† (x)! ψ† (x) e�iα α : some real constant

Noether�s theorem,=) conserved current

jµ = ψγµψ

Conserved charge

Q =
Z
j0 (x) d3x = ∑

s

Z
d3p

�
N+ (p, s)�N� (p, s)

�
where

N+ps = b
† (p, s) b (p, s) N�ps = d

† (p, s) d (p, s)
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are the number operators =) particle and anti-particle have opposite
"charge".
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Electromagnetic �elds
Start with free Maxwell�s equations,

r � �!B = 0, r��!E + ∂
�!
B

∂t
= 0, (2)

r �~E = 0, 1
µ0
r��!B � ε0

∂
�!
E

∂t
= 0 (3)

Introduce vector and scalar potentials
�!
A , φ by

�!
B = r��!A , �!

E = �rφ� ∂
�!
A

∂t
(4)

These solve equations given in Eq(2). Write the relations in Eq(4) as

F µν = ∂µAν� ∂νAµ with F 0i = ∂0Ai � ∂iA0 = �E i , F ij = ∂iAj � ∂jAi = �εijkBk
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Other two equations in Eq(3) are

∂νF µν = 0, µ = 0, 1, 2, 3

For example
µ = 0, ∂iF 0i = 0 ) r � �!E = 0

µ = i , ∂νF iν = 0 ) r��!B � ∂
�!
E

∂t
= 0

Note c2 =
1

µ0ε0
= 1. F µν is invariant under the transformation,

Aµ �! Aµ + ∂µα α = α(x)

α(x) is arbitrary function.This is called gauge transformation. Given a set

of
�!
B and

�!
E �elds,

�!
A ,and φ are not unique. Di¤erent α(x) gives same

�!
B

and
�!
E �elds This property is usually called the gauge invariance.
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Lagrangian density given by,

L = �1
4
FµνF µν =

1
2
(
�!
E 2 ��!B 2)

will give Maxwell equations as consequence of Euler-Lagrange equations.
Conjugate momenta

π0 =
∂L

∂(∂0A0)
= 0, πi (x) =

∂L
∂(∂0Ai )

= �F 0i = E i

A0 does not have conjugate momenta and is not a dynamical degree of
freedom.
Hamiltanian density is of the form,

H = πk Ȧk �L =
1
2
(
�!
E 2 +

�!
B 2) + (

�!
E � r)A0

Using
!
r � �!E = 0, can write Hamiltonian as,

H =
Z
d3xH = 1

2

Z
d3x(
�!
E 2 +

�!
B 2)
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Impose the commutation relation,

[πi (�!x , t), Aj (�!y , t)] = �iδijδ3(�!x ��!y ), ...

But this is not consistent with
!
r �~E = 0 because

[r � E (x , t), Aj (x , t)] = �i∂jδ3(x � y) 6= 0

δ�function in momentum space

∂jδ
3(�!x ��!y ) = i

Z d3k
(2π)3

e i
�!
k �(�!x ��!y )kj

To get zero for the commutator of r � E , replace,

δijδ
3(~x �~y)! δtrij (~x �~y) =

Z d3k
(2π)3

e i~k �(~x�~y )(δij �
kikj
k2
)

then

∂i δ
tr
ij δ3(~x �~y) = i

Z d3k
(2π)3

e i~k (�~x�~y )ki (δij �
kikj
k2
) = 0
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So commutator is modi�ed to,

[E i (x , t), Aj (y , t)] = �iδtrij (~x �~y)

which implies

[E i (x , t),
!
r �~A(y , t)] = 0

Now that A0 and
!
r �~A commute with all operators, they must be

C-number.Choose a gauge such that

A0 = 0 and r �~A = 0 radiation gauge

In this gauge
πi = ∂iA0 � ∂0Ai = �∂0Ai

[∂0Ai (~x , t), Aj (~y , t)] = iδ
tr
ij (~x �~y)
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Mode expansion
Equation of motion ∂νF µν = 0 can be written as

∂ν (∂
νAµ � ∂µAν) = �Aµ � ∂µ (∂υAυ) = 0

In radiaiton gauge ,

A0 = 0,
�!r � �!A = 0

the wave equation become

� �!A = 0 massless Klein-Gordon equation

The general solution is

A(~x , t) =
Z d3kp

2ω(2π)3
∑
λ

ε(~k,λ)[a(k,λ)e�ikx + a+(k,λ)e ikx ] w = k0 = j
�!
k j

There are only two degree of freedom

~ε(k,λ),λ = 1, 2 with~k �~ε(k,λ) = 0
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Standard choice

~ε(k,λ) �~ε(k,λ0) = δλλ0 , ~ε(�k, 1) = �~ε(k, 1), ~ε(�k, 2) =~ε(�k, 2)

Solve for a(k,λ) and a+(k,λ)

a(k,λ) = i
Z d3xp

(2π)32ω
[e ik �x

 !
∂0~ε(k,λ) �~A(x)] (5)

a+(k,λ) = �i
Z d3xp

(2π)32ω
[e�ik �x

 !
∂0~ε(k,λ) �~A(x)] (6)

Commutation relations are ,

[a(k,λ), a+(k 0,λ0)] = δλλ0δ
3(~k �~k 0), [a(k,λ), a(k 0,λ0)] = 0,
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The normal ordered form for the Hamiltonian and momentum operators
are

H =
1
2

Z
d3x : (E 2 + B2) :=

Z
d3kω ∑

λ

a+(k,λ)a(k,λ) (7)

~P =
Z
d3x : E � B :=

Z
d3k~k∑

λ

a+(k,λ)a(k,λ) (8)

The vaccum is de�ned by

a(~k,λ)j0 >= 0 8~k,λ
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Lorentz group
Dirac γ matrices are related to representations of Lorentz group.
Lorentz group : linear transformations

xµ ! x 0µ = Λµ
νx

ν

leaves invariant the proper time

τ2 = (xo )2 � (!x )2 = xµxνgµν = x2

. This requires pseudo-orthogonality relation

Λµ
αΛν

βgµν = gαβ

Generators
For in�nitesmal transformation

Λµ
α = g

µ
α + ε

µ
α with jεµ

α j � 1

pseudo-orthogonality, implies, εαβ = �εβα.
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Consider arbitrary function f (xµ). Under in�nitesimal Lorentz
transformation,

f (xµ) ! f (x 0µ) = f (xµ + ε
µ
αx

α) � f (xµ) + εαβx
β∂αf + � � �

= f (xµ) +
1
2

εαβ[x
β∂α � xα∂β]f (x) + � � �

Introduce operator Mµν,

f (x 0) = f (x)� i
2

εαβM
αβf (x) + � � �

then

Mαβ = �i(xα∂β � x β∂α), generators of Lorentz group (9)

generators for α, β = 1, 2, 3 these are angular momentum operator.
Commutators of generators,

[Mαβ,Mγδ] = �ifgβγMαδ � gαγMβδ � gβδMαγ + gαδMβγg
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De�ne
Mij = εijkJk , Moi = Ki

Solve for Ji
Ji =

1
2

εijkMjk

Commutator of J 0i s,

[Ji , Jj ] =
�
1
2

�2
εikl εjmn [Mkl ,Mmn ] = iεijkJk

Thus we can identify Ji as the angular momentum operator.
Similarly,

[Ki ,Kj ] = �iεijkJk , [Ji ,Kj ] = iεijkKk (10)

Eqs(??,10) are called the Lorentz algebra.
De�ne the combinations

Ai =
1
2
(Ji + iKi ) ,Bi =

1
2
(Ji � iKi )

(Institute) Slide_03 29 / 37



commutation relations,

[Ai ,Aj ] = iεijkAk , [Bi ,Bj ] = iεijkBk , [Ai ,Bj ] = 0

Lorentz algebra factorizes into 2 SU(2) algebras.
Representations~tensor products of SU(2) representation. (j1, j2).
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Simple representations

1 ( 12 , 0) representation χa
This 2-component object transform

Aiχa = (
σi
2
)abχb =) 1

2
(Ji + iKi )χa = (

σi
2
)abχb

Biχa = 0 =) 1
2
(Ji � iKi )χa = 0

Combining these realtions

~Jχ = (
~σ

2
)χ, ~Kχ = �i(~σ

2
)χ

2 (0, 12 ) representation ηa
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Similarly,

Aiηa = 0 ) 1
2
(Ji + iKi )ηa = 0

Biηa = (
σi
2
)ab =) 1

2
(Ji � iKi )ηa = (

σi
2
)abηb

~Jη = (
~σ

2
)η, ~Kη = i(

~σ

2
)η

De�ne a 4-component ψ as,

ψ =

�
χ
η

�
Action of the Lorentz generators

~Jψ =

�
~σ
2 0
0 ~σ

2

�
ψ, ~Kψ =

�
�i ~σ2 0
0 i ~σ2

�
ψ (11)
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ψ related to 4-component Dirac �eld , but with di¤erent representation for
the γ matrices. .
Consider Dirac matrices in the form

γµ =

�
0 σµ
_
σ

µ
0

�
where σµ = (1,~σ) ,

_
σ

µ
= (1,�~σ)

More explicitly,

γo =

�
0 1
1 0

�
~γ =

�
0 ~σ
�~σ 0

�
We can check that .

γ5 = iγ
0γ1γ2γ3 =

�
1 0
0 �1

�

In ψ =

�
χ
η

�
, χ is right-handed and η is left-handed. We can check
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that

σ0i = iγ0γ1 = i
�
0 1
1 0

��
0 σi

�σi 0

�
=

�
�iσi 0
0 iσi

�

σij = iγiγj = i
�

0 σi
�σi 0

��
0 σj
�σj 0

�
= εijk

�
σk 0
0 σk

�
In the Lorentz transformation of Dirac �eld,

ψ0(x 0) = Sψ = expf� i
4

σµνεµνg = expf� i
4
(2σ0i ε

0i + σij ε
ij )g

Write ε0i = βi , εij = εijk θk

σijε
ij = εijk θk εijl

�
σl 0
0 σl

�
= 2

 
~σ �~θ 0
0 ~σ �~θ

!
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σ0iε0i =

 
�i~σ �~β 0
0 i~σ �~β

!

)

� i
4
(2σ0i ε

0i + σij ε
ij ) =

�i
2

 
~σ �
!
θ � i~σ �~β 0

0 ~σ �
!
θ + i~σ �~β

!

More precisely,

ψ0(x 0) = Sψ = expf� i
4

σµνεµνgψ (12)

= exp

"
�i
2

 
~σ �
!
θ � i~σ �~β 0

0 ~σ �
!
θ + i~σ �~β

!#
ψ (13)
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Write the Lorentz transformations in terms of generators,

L = exp(�iMµνεµν)

then in terms of generators
!
J ,
!
K

L = exp
�
(�i)

�!
J �
!
θ +

!
K �

!
β

��

From Eq(12) that for this ψ,
!
J ,
!
K are of the form,

!
J =

1
2

�
~σ 0
0 ~σ

�
,

!
K =

1
2

�
�i~σ 0
0 i~σ

�
These are the same as those in Eq(11). =) Diracwavefunction is just the

representation
�
1
2
, 0
�
�
�
0,
1
2

�
under the Lorentz group.
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Futhermore, the right-handed components ~
�
1
2
, 0
�
represenation, while

left-handed components~
�
0,
1
2

�
representation.

(Institute) Slide_03 37 / 37


