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Quantum Electrodynamics
Lagrangian density for QED ,

L= ()9 (0 — eA) 9 () = mP () () — 3 FunF"

Equations of motion are

(i’y"a,, — m) P(x) = eAty non-linear coupled equations
WF" = epy'y
Quantization
Write L= Lo + Lin
. 1 "
Lo = P9 —m)p— g FuF"
Liw = —epy'ypA,

where Lo, free field Lagrangian, L, is interaction part.
Conjugate momenta for fermion

oL ot
—_— = X
3009, ¥, (%)
For em fields choose the gauge
= —
V-A=0

Conjugate mometa
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From equation of motion
9, F% = epty = —V2A° = epty

A% is not an independent field ,
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Commutation relations
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where

Commutators involving Ag

. X — — — e Yo X
o0, (7)) = [ )0 (7). (7)) = P

Hamiltonian density
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L oL
e AR TEY Dk
= Lp*(fi74$+ﬁm)l/1+§(E}Z+E}2)+E-€Ao+e¢7"¢Ay
and
H /d3xH /d3x{1/J -71V7eA)+ﬁm]¢+ (£2+8%))

Ao does not appear in the interaction,
But if we write

— e — — — — BZ’
E=E+E where E; = -V Ap ,Et=—ﬁ

Then

%/d3x(?+3 /d3><E +/d3 E2+ )

longitudinal part is

N
%/dsxf;z = /d3 xd® w Coulomb interaction
X y

Without classical solutions, can not do mode expansion to get creation and annihilation operators We can only
do perturbation theory.

(Institute) Slide_06 QED




N
Recall that the free field part Ag satisfy massless Klein-Gordon equation

OA®=¢
The solution is
A% 0 / P Sk, M) la(k, A)e ™ 4+ a* (k, 1) ]
X, = Y , , ,
2w(2m)3 5

g(k,A), A=1,2 with k-EkA)=0

Standard choice

N
w=ko=|k|

Bk A) Bk A)=0,,, E(—k,1) = —8(k,1), &(—k,2) =&(—k,2)

It is convienent to write the mode expansion as,

At = | PH ¥ e (ko A)[alk, e + a* (k, A)e™]

V2w(2r)3 5

where

eu(k,A) = (0,€(k,A))
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Photon Propagator
Feynman propagatpr for photon is

iDyy (x,x’) = <O‘T(A], (x) Ay (x’))‘0>
0(t—1t)(0|A, (x) Ay (x)|0) +6(t' — 1) (0|A, (x') Ay (x)] 0)

Using mode expansion,
gtk e k(X x) 2

D (x,x") = / oy Krie Ageu(k,/\)ey(k,/w

polarization vectors eﬂ(k,)\), A =1,2 are perpendicular to each other. Add 2 more unit vectors to form a
complete set

R (k- "
P = (1,0,00), k=K ZUemn"
(ko) = k2
completeness relation is then,
2 A A
2 (kK Neulk, A) = —guw —11,11, — ki
B L (k-1) (kl‘17v + ﬂ},kv) K2,1,
T T k- (k-n)’ = K2 (k-n)° — K2

If we define propagator in momentum space as
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then

1 R

= n — v — + —
R N Uy e (e R R

Dy (k)

terms proportional to k;, will not contribute to physical processes and the last term is of the form J,0 dy0 will
be cancelled by the Coulom interaction..
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Feynman rule in QED
The interaction Hamiltonian is ,

Hine = e / PxpypA,

The Feynman propagators, vertices and external wave functions are given below.

. 1
EAAAANAN 7 g y—m
24ie
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L AVAVAVAVAV AV ()
e +
. u(p, s) ¢
p ’ p ’U(p75)
e et
. a(p, ) . o(p,s)
o P
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ete — utyu~
Total Cross Section
momenta for this reaction

Use Feynman rule to write the matrix element as

—igu

Miete = ) = v (e ulp.s) (T ) oK) (ier)v (kor)

ie?

= ?V(p’VS’)V"U(P,S)E(k’yr’)wv(kvf)
where g = p+ p’. Notet that electron vertex have property,

auv(p")v*u (p) = (p+p"), v(p)y"u(p) = v(p') (F+ 5 ) u(p) =0

(Institute) Slide_06 QED



This shows the term proportional to photon momentum ¢* will not contribute in the physical processes.
. h . , *
For cross section, we need M* which contains factor (v’y"u)

('u)" = u* (") (7o) v = uPperv = v
More generally,
(vlu)" =alv,  with T =19°T°

It is easy to see

T = Vu
YuVs = = Vs
Hg= b

unpolarized cross section which requires the spin sum,

Y ua(p.s) g (p.s) = (F+ m)yg

Yova(p.s) s (p.s) = (F —m)yg

s
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A typical calculation is,

Va(p'5") (") ap g (P, 5) Tp (P, 5) (1) po e (P1'5)

s,/

= Va(P' ") (1) ap (B m) gy (V) o Ve (P 5)

s

= (s B+ m)g (V) (F— M)y
= T (g+m)y" (§—m)]

w7

trace of product of v matrices.
Tr (") =0

Tr (") = 4g"
Tr (7"7”7“7“ ) =4 (g’“’g“ﬁ —g"g?+ g”“g”‘*)
Tr (319, 4,)

— (aea) Tr(dy o dy) — (a1 3) Tr (g g,) o4 (a1-20) Tr ($435 - 9,0) 0 even
= 0 n odd

With these tools

% Y [M(eTe — ;ﬁy’)!z = :—iTr [(#' —me) v (F+me)y"] Tr [(I/’ +mu) 7, (K + my) ’YV]

spin
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Tr[(f —me) v (F+me)v'] = Trl[g'pr'] —m? Tr [v"2")
= 4[p"p" —g" (p-p)+p'p"] — 4mig"

Tr [(// +my) v, (K —my) 7”} = Tr [I/’yulﬁv] —mTr [’yp'y"}
= 4[Nk — gt (koK) + KK — dm gl
for energies > m,,.
1 _ N2 e" ! ’
ng}/‘/’(eﬂ? —r)l =8 [(pok) (oK) (6 k) (p k)]

In center of mass,
pu = (E,0,0,E), P;,:(EYOYOV*E)

= (E,Z) L K= (E,—Z), with k -2 = E cos6

—

If we set my, =0, E:‘k and

q2=(p+p’)2=4E2, p‘k=p'<k’=E2(1—c059),
/ ! 2
p k=p-k =E?(14cosf)
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—f————
p' = (E,—Ez)
Then
- Z IM]? = 12% [E4(1—c059)2+E4(1+c059)2]

spin’

= ' (1+cos?0)

Note that under the parity & — 71 — 6. this matrix element conserves the parity
The cross section is

d3k a3k’
do =

-

(@r)'s'(p+p —k=K)3 L M

spm

11
2E 2E
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use the d—function to carry out integrations . introduce the quantity p, called the phase space, given by

d3k d3 k'
- 2m)4 st kK)ol S
P /( )P )(27T)32w (2m)32’
d3k kzdde dQ
- (2E — -
412 /5 @) G Aww' 327r2 /5 T o
The flux factor is 1 1
I:E (pl-pz) —mim3 = §2E2*2

The differential crossection is then

2
do= 2452< Zl )32712

do a?

70" 662 (14 cos® )

2

e . . . .

where & = yre is the fine structure constant. The total cross section is
T

2
o(ete ) = X
(efe = p'pn) =35
Or )
4
o(efe” —ptuT) = Déf with s = (p1+p2)* = 4E
(Institute) Slide_06 QED

14 /



ete”— hadrons
One of the interesting procesess in e™e™ collider is the reaction

Te~ — hadrons

e
According to QCD, theory of strong interaciton, this processes will go through

ete” —qq

and then gg trun into hadrons. Since coupling of 7 to qq differs from the coupling to "~ only in their
charges cross section for qq as

40’1
3s

o(ete” —qq) =3(Q2) =3(@)o(efe” —putp)

Qq is electric charge of quark g. The factor of 3 because each quark has 3 colors. Then

o (eTe” — hadrons) ( 2)
A - TR -3 ZQ/'

o(ete” = ptpT)

Summation is over quarks which are allowed by the avaliable energies. e. g., for energy below the the charm
quark only u, d, and s quarks should be included,

tes e (N ORONE

which is not far from the reality.
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L

- T/ 9(2S) (18,25, 35)

“o—
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—a—a—
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1
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ep — ep,

Proton has strong interaction. First consider proton has no strong interaction and include strong interaction
later. The lowest order contribution is ,

M(e+p — e+p)=1u(p,s')(—iev")u(p,s) (%) u(k',r') (—iev") u(k,r)
ie? (! I\ =L
= Sl )k, ()
where g = k — k’. For unploarized cross section, sum over the spins ,
1 et , )
G D Metp = et p)f = T (M) 9" (M) 4] Tr (K me) v, (-+ me) ']
spin
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Again neglect m.. Compute the traces
Tr [’/W’W] = 4[KPKY — g (k- K') + KMK"]
Tr (g + M) 9" (F+ M) "] =alp™p" — g (p-p') +p'p"] + 4M2g"

Then

%Z|M(e+pﬁe+p)|2:j—i{8 [(p-k) (/K )+ (6 k) (oK' )] —8M7 (k- )}

spin
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More useful to use the laboratoy frame

py = (M,0,0,0), k,,:(E,Z), k[,:(E/,k’)

Then
p-k=ME, p.k' = ME', k-k' = EE' (1 —cosf)
pk=(p+k—K)k=pk' +k-K, pk=(p+k—k)k=pk—k-Kk
= (k— k) = -2k k' = —2EE' (1 — cosf)

Differential cross section is

11 1 4 , 2 d3p’ d3K
7= 5 2y 7 O Pt k=P = k) Zl (@n)*2p} (2m)32K,
spm 0
The phase space is
d3pl d3k’
= 2m)st k—p — k) o 1
b= [ ek ) s (1)
3K
= 3 (po + k k
4n2/ (po ko = po = ko) 5 r i

where

— -\ 2 — -\ 2
p{):\//\/l2+<;+k7k’> :\/M2+<k7k’)
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Use the momenta in lab frame,

1 k" dk'dQ)
= —— [6§(M+E—-p)—E) —~2—
P i /0( HE-p—E) e
1 dQE'dE’
= —— [6(M+E—-pj—E)——
4772 /0( + Po ) Pé
Let
x=—E+py+E
Then do! ' E — Feosd
_ Poy _ po+ E — Ecos
dx = dE'(1 + dE’) = dE’ (T)
and
7L/6( —m) dQE'dx _ 1 dQE’
LTl (ph+E' —Ecosf)  4m> M+E (1—cosf)
From the argument of the —function we get the relation,M = x = —E + p{ + E’
Solve for E’,
£ ME - E
E(1—cosf)+ M 1+<2A5)5in2§
The phase space is then
0 dQ ME _dQ E”

T4 (M1 E(1—cos6))? 4 ME

The flux factor is 1
I = WP k=1
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The differential cross section is then

1 d&Bp Ak
—— (277)4s5% k—p' — k') _-rF =2
2k (2O Ptk —p Z WM™ Gr52p; 2K

1
d077

r\)
—

spm

Or

do 11 ER1w e (BN 1 e
dQ ~ 4ME 4m? ME 4 “\E) 16m2M2 ¢*
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It is staightforward to get

Or

do
dQ

(Institute)

0 ()

+ (6 k) (p k)] = M2 (k- k)
[(p-k)(p+k K-
K)

K+(p-k)(p+k—K) k=M (kK]

2EE'M? + (p-q—M?)
2
2EE'M? + M?EE' (1 — cos 0) (—;’W - 1)
06 q¢* . ,0
g2 20 9 o0
2EE'M [cos 2 a2 sin 2]
E'\? &2 1 el o0 g%, 0
= (f) —2ﬁ2EEM {cos E—Wsm 2
<4EE’sin =
«? BN 1

— — —— |cos? o 7 n2 0
4B 40 2 am2 " 2
2

Slide_06 QED
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Now include the strong interaction. Use the fact that the 7ypp interaction is local to parametrize the ypp

matrix element as

N
(' [du| p) = u(p",s") [7“5 (@) +° 2”;; F (qz)] u(ps)  with g=p—p

Lorentz covariance and current conservation have been used. Another useful relation is the Gordon

decomposition
. _—on [P i (p'—p)
a(p')y,u(p) =1u(p') [ T | uP)

Fy (qz) , charge form factor
F (qz) , magnetic form factor .

Note that F; (qz) =1land F, (qz) = 0 correspond to point particle.
The charge form factor satifies the condition F; (0) = 1. From

Qlp) =p)

we get
(P'1QIp) = (p'|p) = 2E (27)* &° (3 -r )
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On the other hand from Eq(2) we see that

P101p) = [ ax (ol o ()1p) = [ o (oL 0)]p) )
— @& (F-p) alp ) mu(p.s) Fi (0)

= 2£(2 )53(/7*/3)5(0)

compare two equations = F; (0) = 1. To gain more insight, write Q in terms of charge density
Q= /d3xp /d3xJ0

(P'1Jo (x)| p) = €9 (p' |40 (0)| p) = "™ F1 (¢°) T(p', 8" ) Vot (P 5)

F1 (q?) is the Fourier transform of charge density distribution i.e.
2) ~ /d3xp (x) e iaX

Fi(?) = F1 (0)+¢°F{ (0) +

F1 (0) is total charge and F{ (0) is related to the charge radius.
Calulate cross section as before,

Then

Expand Fi (g?) in powers of g2,

; ; P 5,8
do o2 {Cos2 5 (m) [G2 — (q2/4M?) G2] — i <in? EG,fA
m = m sint 9 1+ 2E sin? g

in 3 7 i :
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where

e
Ge = F1 + WFZ
Gy=F+F
Experimentally, Ge and Gy have the form,
GM q2 1
Ge (%) ~ (4°)

P (1-q2/0.7Gev?)?

where 32, = 2.79 magnetic moment of the proton. If proton were point like, we would have Gg (qz)
=Gy (q2) =1

Dependence of g2 in Eq(3) == proton has a structure. For large g? the elastic cross section falls off rapidly

as Ge ~ Gy ~ g *.
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Compton Scattering

(k) +e(p) — v (K)+e(p)

Two diagrams contribute,

k K
k I’
p P p P
The amplitude is given by
M(re—ve) = () (ier")e (K) g (—ien") e (K) u (p)
+a(p')(—ien" ey (k) m (—iev")e, (K') u (p)
Put the - matrices in the numerator,
. / - L + + v Vv + L
M = i, o)y P v ) 4 a(s) ‘7_2’2 B (p)
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Using the relations,

we get

(Institute)

(F+m)y"u(p) =2p"u(p),

ooy [IHE2(p e~ +2(p-e)d
M = —ie*u(p’) 3k + “op K

Slide_06 QED
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The photon polarizations are,
- . N , , . IV
e,,:(o,e), with ¢-k =0, e:(O,s), with ¢ -k =0,

Lab frame , p, = (m,0,0,0), = (p-¢) = (p-€¢) =0 and

Summing over spin of the electron

Lo R =t e m) [ KL ([ M K]

2p-k = 2p-k’ 2p-k  2p-k’

spin

The cross section is given by

11 1 d3p’ d3K
— = = ()45t k—p —K') 277
7= ] 2py 2k O (P k=P Zl (2m)32p}, (27)32K,
spln
phase space
d3p/ d3kr

_ 4 ¢4 I A AU AN
pf/(zn) etk =P = K) Grysapr a2k

is exactly the same as the case for ep scattering and the result is

dQ w?
4712 mw

o=

(Institute) Slide_06 QED




It is straightforward to compute the trace with result,

do @2 (N[0 w 2
= () [Srareer—

This is Klein-Nishima relation. In the limit w — 0,

do 2% 2
a0 = e )

o, . .
here — is classical electron radius.
m
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For unpolarized cross section, sum over polarization of photon,

Y [e(k,A)-€ (K A) =1 [E’(k,A).? (k',A’)]2

AN AN

Since ¢ (k,1), ¢ (k,2) and ¥ form basis in 3-dimension, completeness relation is
Y i (k. A) g (ko A) =55 — kik;
)

Then )
Y [etr) & (K A)] = (05— kiky) (65— Kik)) = 1+ cos”0

L)
AN

where k - k' = cosf. The cross section is
do 2 (N[0 w .,
=55\ — 4+ — —sin“ 0
dQ  2m? \ w w W

The total cross section,

ma? [l 1 1 1-22
/71dz{[ = + o - 5}

m2

At low energies, w — 0, we

and at high energies
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