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Deep Inelastic Scattering

Introduction

Many important development comes from studies of proton M, = 938.3 Mev /c?. But proton is
a hadron with strong interaction which can not be handled by perturbation which was successful
in QED. In earlier days we do not know what the right theory looks like. A series of experiments
in late 60's and early 70'on elecron proton scatterings has led to the formulation of strong
interaction in the form of QCD. Even though QCD works quite well in high energies, it is still
hampered by large coupling constants at low erengies.

Structure of proton

Electron proton scattering

In ep scattereing, probe structure of p with e well described by QED. To reveal the structure of
proton on some scale depends on the wavelength or energy of the probe. Here we list in the in
the order of increasing enegy the description used to describe this reaction.

@ Rutherford formula
Here electron energy is low and can be treated as non-relativistic particle and proton can
be treated as a point particle and neglect the recoil of proton. The differential cross
section is,

< da) _ a?
dQ) Ruth erford 4E2sin* g
E :incident energy. 0 :scattering angle. a: fine structure constant

This is derived from classcial mechanics. In fact, Rutherford used this formula to infer
that the atom is not a point particle but has a structure.
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@ Mott fromula
Take into account of the spin of electron and relativistic nature of electron, we get Mott

cross section J J 0
[ [
—_— =(-= 1 — B%sin? 7>
< dQ) Mott ( dQ) Rutherf ord ( 2

Here proton is still treated as a point particle with no structure.

© Rosenbluth formula
As energy of electron is large enough, need to take consider strong interaction. In this
simple case, we can parametrize the strong interaction effect of the proton in terms of
form factors because em current of proton is local even when strong interaction is
included. We will describe this as follows.
If proton were a pointed particle, interaction of proton with photon is,

! P /
(P'15"1p) = a(p')7,u(p)
Include strong interaction of proton, we can parametrize this interaction as

am,qv
2m

(o' 1Jm o) = a(e) [7,,F1(q2) iy Fz(cﬂ)] u(p)

where we have used the Lornetz covariance and current conservation to deduce thie simple
form. Here g = p — p/, and F1(q?), F2(g?) are functions which includes strong interaction
are called form factors.As was described in Note 6 , the differential cross section is,

do  (do GE(Q%) +7G%(Q?)
da  \dO Mott I+t
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This is Rosenbluth formula. Here 7 = ﬁ and Q? = —g?. The combinations

Ge(q®) = FL+TF
Gu(q®)=F1+F2
are electric and magnetic form factors repectively and they satisfy
Ge(0) = F1(0) =1 total charge
Gm(0) = F1(0) + F2(0) =1+ F»(0) magnetic moment

Experimental measurements

Gy(0) =279y  G(0) = —1.91py nuclear magneton

e
]'{N 2Mp
are the anomalous magnetic moments of nucleons,

Gn(d®) _ GM(Q%) 1
P 2y _ M _ _n ~
GE(Q*) = 279 ~ —1.91  (1—q2/0.7Gev?)?

These are known as the dipole form factor. F; (q2) can be related to Fourier transform of
charge distribution,

— - 3 - =
Fat) = [ ep(d™ — o) = [ 55T F ()
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The measurement of form factor will give information about the charge distribution. For
spherical charge distribution, we can write

where .
<,2> = 471/ rzf(r)rzdr, charge radius,
0

For proton
(r?)proton =~ (0.86fm)>

1
Note that for —q? large, form factors decrease very fast ~ —
q

Summary:

@ Proton is not a point particle and has structure
@ The structure of proton can be described by two form factors F1 (¢2), F2 (q?)

The charge distribution of proton gives charge radius about 0.86 fm.
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Deep Inelastic ep scattering

As energy of electron gets large, the inelastic channels become more important. As number of
particles in the final state increase the form factors approach is no longer useful. It is remarkable
that description becomes simple when we add up all the final states in the inelastic channels. To
describ this, wrtie the inelastic scattering as

e+p—e+X

where X denotes generic final state. The cross section where the final state is summed over is
called the inclusive cross section. For example the inclusive differential cross section is of the
form,

d%c d*c

——— (inclusive) =) ——— (e+p — e+ X)
dOdE’ 2 JOdET

E’ energy of final state electron. Denote the momenta of this reaction as

e(k)+p(p) — e(k)+X(pn)
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Ni) ==~ =—2—Xy)
Deifne kinematic variables by
g=k—K, v=E3 w2 p2_(piq)?
In the lab-frame we have
pu=(M0,0,0), ki=(EK), k= (%)
Then
v=E—F

is the energy lost of lepton and,

0
> = (k—K')? = —4EF'sin’ 2 <0,  Q*=—¢’
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0 is scattering angle. The scattering amplitude is,

1
— 225 ( k! A\~ em
To=e“u(k',A)y u(k,)\)—q2 <n J;

p.c)

where we have used JS™ to denote the interaction of photon with hadronic states. From the
Feynman rule for QED, we get the unpolarized differential cross section,

1 1 1 d 2 d3p;
do, = T=12M 2E 35,7 3
‘v’ 2M 2E (271) 2k i1 [ (271)° 2pio
1
<7 LTl @m)* 8" (p+ k — K = pn)

where p, = Y4 p;. If we sum over all possible hadronic final states, we get inclusive cross
section

d%c a? (E'
dOdE’ ~ ¢

The leptonic tensor /M is of the form,

1 ! ’ ’ 4
b = Htr (l/ W’f%> = 2 hkl + ik + -8
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and the hadronic tensor WH*¥ can be written as

4M22/H{ i (5
- 2/ e (

Wi (pa)

em
I

n) (019" p.0) (27)° 6* (pa — q = p)

o | e (x) S (0)‘ p.0)

where we have used completeness in last step. It is more convenient to cast this in the form of
matrix element of a commutator. To achieve this we note that the term with two current
operators in reverse order can be written in the form,

dx,qx< >
5 p,o p, o

The § — function reqires the intermediate state |n) to have enegy with E, = M — qo in order to
have nonzero result. But since go > 0 and the proton is stable, we can not satisfy the
0 — function constraint and this matrix element is zero. We can therefore write

em
I

I (0) " ()| p.a) = ¥ (270)° 0" (pn+a = p) (pu |7 ) (n

Wy (p.q) = Z/ e (p.c|[Jm (), %" (0)] | p. )

From current conservation al‘Jﬁm =0, we get

q" <n
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which implies that
q" Wiy (p.q) = qVva (p,q)=0

From the fact that Wy, is a second rank Lorentz tensor and depends on momenta p, g, one can
deduce its covariant decomposition as,,

quqv Wa pP-q p-q
0= [ o~ 52 2 - 500) (o250

where Wi(q?,v) , Wa(q? v) are Lorentz invariant structure functions of the target proton. We
can compute differential cross section in terms of the structure functions,

d?c a? < , 0 ) 6>
= 2Wi sin® — + W cos” —
dQdE’ AE2 sint g 2 2

By measuring differential cross section at different angles and energies, we can extract the
structure functions, Wy and Wh.
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Bjorken scatting

Elastic ep scattering falls off very rapidly as (—qz) increases due to the compositness of proton.
If this persists for other hadronic state, the total inelastic cross section will fall off rapidly as
well. The surprise is that experimentally these cross section seems quite sizable instead of falling
off rapidly for large g2.
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Define scaling variable
= —q° _ Q? 2 2
2Mv  2Mv '’

The range for x is
0<x<1

because invariant mass of final hadronic state is
W2 =(p+q)* =q> +2Mv + M? > M?

Also define
_v_y E'
YTETTE

the fraction of initial energy transfered to hadrons. Define
MW1(Q%,v) = Fi(x, q*/ M?)
vW(Q2,v) = Fa(x,¢°/ M?)
Write the inclusive cross section as
d?c 8o’

M
- - _ - 2 Y = —
dxdy — MEx2y? {Xy Fit (1 Y 2Exy> FZ}
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Bjorken scaling : in the large Q2 limit the F!s are functions of x only, It turns out that all
structure functions have the limiting behavior

lim Fi(x,q*/M?) = F;(x)

|g2|—c0, x fixed

Experimentally for Q2 > 2GeV/? Bjorken scaling seems to be a good approximation. This seems
to suggest that there are point-like constituents inside the proton.
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Neutrino-nucleon scattering
Here we consider a very similar reaction,

v (k) + N (p) — I~ (K') + X (pn)

where we have weak interaction with

Gr
Lo = fJAJA + h.c.
where Gr is the Fermi constant. The charged weak current J* can be separated into leptonic
and hadronic parts,
IM=ar

The leptonic part is
S =0 (=) e+ vyt (L—7s) p

The differential cross sections are

d?cV) G} 0 ] (E+E") 6
:7E,2 2 -27w(1’) 27W(V)* 27W()
dOdE’ ~ 27 ( sin® g Wi Acost o Wy VAP
d20(") G2 0 (v) 0 () (E+E)  ,6 (v)
@ _SEpn (a2 2% Ere ) tw
dOdE’ ~ 27 < sin® Wi T cost G Wy o T sint 5 Ws
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where structure functions are defined as

wi (p.q) = Z/ fe“” P UHJhu ). by (O)HP,0>

WZ( )pupv _ I.W(v) Eaﬁyvpaqﬁ

= - W1(V>gﬂv T 3 VE

Bjorken Scaling for these structure functions are ,
M, (%, v) — F* (x)

oW (g% v) — A ()
W (¢ v) — FY (%)

It is useful to use the structure functions with definite helicities. In the laboratory frame, choose
the z-axis such that

Py:(M,O,O,O), CIy:(quOvaQS)

The longitudinal polarization of the virtural photon is

1
8;15) = = (93,0,0, q0)
—q
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and the corresponding structure function is

2 2
W, = e wmveld) — —w, — quljvg = <1 - L) W, — Wy

The right- and left-handed polarization vectors are

1 . 1 .
&P = 5 @100, e = 7 ©1.-i.0)

and their structure functions are
1 1
WR:W1+WVV2*CI2W3' WL:W1*WVV2*Q2W3

In the scaling limit we get,
1
2MWs — Fs = ;Fg -2k

MW, — Fp — %F3

1
MWg — Fy + > Fs

The differential cross sections can be written as

d’c) ., MEx W) | f) 2 L)
W_GF p [(1*)’)’:5 +F 7+ (1Y) FR]
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?o(7) 2 MEx
dxdy Fr

Ay F 4 F a2 e

Note that the cross sections increase linearly with energy.

(Institute) Note 8 17 / 37



Parton model

Feynman (1969): deep inelastic scattering is due to incoherent elastic scattering from point-like

constitents inside the neucleon : Parton.

Assuming parton has spin 1/2 and carries a fraction of proton momentum, ¢ with 0 < ¢ < 1.

Then contribution to hadronic tensor is

3./
Kw (@) = Ww(pq) 4CMZ/[ ap } <<’;’p a e, 17><p o |55 Ep, o)
(2m)*6* (p' — q — Zp)
= 4§MZ &p,a)yuu (P, o) (p' o) vyu (Ep.o) 8 (py — a0 — Gpo) /2pp

(Institute) Note 8
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The d-function can be written as

6(po—aqo0—&po) /2py = 9(p6)5[p’27(q7<;‘p)2]

For the spin sum,

6(&—x)

= 0(qo0+8&po)0 (2MV§+ q2) =6(q0 +¢po) oMy

% Y u(Ep.o)yu(p'io)a(p, o) v,u(Ep, o)

Sor [, @+ @)
2Z [py @p+a),+pv(Gp+a),—p-(Cp+ q)gw]

aM2E2 (M) — 2Mvgu, +

where we neglect parton mass. The parton tensor is,

(Institute)

v 1
KW@):a(c—X)(@A% _Wgw.“)

Note 8
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Let f (&) d¢ be the number of partons with momentum between ¢ and ¢ + dZ (weighted by the
squared charges). Then hadronic tensor is

Wm’ = /(;lf(g) Km' (C) dg
xf (x) Pubv f(x)

STy Mz T am e
We can read out the structure functions,
1
MW, — Fi (x) = Ef(x) (1)
vWy — Fy (x) = xf (x) (2)

Thus Fyp 2 are the measures of momentum distribution of the partons insdie the target proton.
Note that Eqs (1,2) implies that
2xF1 (x) = F2 (x)

_ . . . 1
which is known as Callan-Gross relation and is a consequence of partion has spin =.

Note that for spin 0 parton, we would have

Ky o <xp XP+q><Xp+q\J5"’\XP>
o« (2xp+4q), (2xp +q),

Jem
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Since there is no guv term,

Fi(x)=0
In terms of helicity structure functions
Fs=0 for a spin 1/2 parton
Fr=20 for a spin 0 parton

There is a simple explanation for this.
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Sum rules and application of parton model
Identiy the parton with the quarks? The quarks are bounded togather by gluons. For a primitive

1
model of 3 free quarks inside the proton, the structure function is f (x) 76 <x - 5) . As we turn

on interacton this distribution will be smeared and gluons can produce qq pairs and quarks can

bremsstrahlung gluons. All these processes will produce a "qg" at small x. Write em current as

2 1- 1_
S = LA §d’yyd — 358
Structure function is A 1 1
FP(x) = 5(u+ o)+ §(d+ d)+ §(s+§)

gi(x) probability of finding a parton with longitudinal momentum fraction x with quantum
member of quark g in the proton. (Parton distribution function). From isospin symmetry, we
get en structure functions by u < d

Fi"(x) = g(d+d)+*(U+n)+§(s+§)

These parton distribution functions are contrained by the quantum numbers of proton. For

example,
1

Isospin: %/01 {[u(x)—ﬂ(x)}— [d (x)—a(x)]}dx: 5

Strangeness: ./ol [s(x)=s5(x)] =0
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Charge: /Olg[u(x)fﬂ(x) 7%/01 [d () —d ()] 77/01 [s(x) =5 (x)] dx =1

Neutrino deep inelastic scattering

vy+N—pu+X
Ve+ N —e+ X
J;fv ~ cosOcayH (1 —v5)d +sinfcuy" (1 —yg)s+---

Here structure functions can also be expressed in terms of parton distribution functions g;(x)
All data are consistent with partons carrying quark quantum numbers.
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Light-cone Singularity and Bjorke Scaling
Bjorken scaling is connected with the light-cone behavior in field theory. Recall hadronic tensors
can be written as

Wi (0.0) = 337 & [ Ge (o | [57 61, 57 0)] [ .0) )

The exponential can be written as

_ (q0+a3) (x0 —x3) n (g0 — q3) (x0+x3) 75 -

Y BV vz ovz T

where 67— =(q1,92)., ;T = (x1,x2) . In rest frame of nucleon,

py = (M,0,0,0), qu = (1,0,0, Vv2 — ¢2)

In scaling limit —g?, v — co with —g2/2Mv fixed

2

q
q0 + g3 ~ 2v, G — a3~ 5
v

We expect dominant contribution to the integral in Eq(3) comes from regions with less rapid
oscillations i.e. g-x = O (1), which implies that

Xo—X3NO<E>, and X0+X3NO<L>
v xM
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Or
1
2 2
xg—x5 ~0|—
0 K (7(72)

2 1 . . . .
Thus x2 =x2 —x2 — x7 < x2 —x2 ~ O [ — ] which vanishes as —q% — 0. So in scaling
0 3 T 0 3 )

limit we are probing the current product near the light cone.
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Free Field Light-cone Singularity
1) Product of fields

In free field theory, product of fields are singular on the light-cone (x2 ~ 0) and the leading

singularities are indepenet of masses. Consider

4 efka
OT(9(x)¢(0)|0) = ibr () =i [ (d k

27-()4 k2 —m? + e
Carry out the integration

1

A (x) = —5 (x2) + 0 (x2) [ (mVx?) = ity (mV/x?)]

8v/x2 47'[2\/7 o (=

where J,, N, and K, are Bessel functions. For x2 &~ 0, we have

i 1

Af (x) = prec e + 0 (m?x?)

One can also show

ke kX (ko) o (k* — m?)

20 90) = 8= s
= %e(xo)é(xz) for  x*2=0

(Institute) Note 8
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Setting m? — 0, we get,
i/d4ke’fk‘xe(ko)z5(k2) = (2m)%e(x0) 8 (x?)

Thus light-cone singularties of the commutator A (x) and propagator function Ag (x) are
directly related,
A (x) = 2e(xo) Im (iAF (x))

This reflects the singular function identity

1 B 1
—x2+je  —x?—je

= —2rtie (x0) 0 (x?)
which is a special case of general identity

(_X21+ ,-S>n - (_le_ ,-g>n = *%S(XO)WHU (XQ)

In the following we shall obtain the commuator singularities from those of propagators by the

replacement,
1 n 27i
- et (n—1) 2
(—x2+ie> o )8 ()

For the fermions the results are

(0,00, 950} = Sup (=)0 Sup (x) = (17 -9+ m)yg A (x)
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(0| T (e (). 85 (1] 0) = iSEs (x =), Sl (x) = (i7- 3+ m)ys A7 ()
For x2 = 0, we have

Sup (x) ~ (i), {%e(xo)d (XQ)}

S (0 ~ 17+ 9)up | 3|

27 x2 — ig
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2) Product of scalar currents
Consider composite operators like scalar current ,

J(x) = ¢% (x):

Note normal ordering remove the singularities in the product ¢ (x +{) ¢ (x —{) as (¥ — 0. The
singularities in product of the currents can be worked out by using Wick's therem,

T (J(x)4(0)) T(: 9% (x) 97 (0) ) = 2[(0| T (9 (x) ¢ (0))] 0)]?
)i+

+4 O[T (9(x)9(0))[0) = ¢ (x)¢(0 ¢* (x) ¢ (0) :
= =2[Afr (x, m)] +4iAg (x,m) 1 ¢ (x) ¢ (0) : 4 : p? (x) 9% (0) :

Hence for x2 2 0, we get

TU)IO) ~ —””(X)"’(O))#:w(x)q)ﬂow

8t (x2 —ig)® T2 (x2 —ie

In this expansion the singularitis as x2 = 0 are all contained in the c-number functions which are
independent of the initial or final states. If we take this between 2 arbitrary states,

AIT () ©)18) ~ - B AESIPOLIB) 4 (). 72 ()47 0) o B)

8t (x2 — ig)? m? (x? — ie)

which corresponds to diagrams below.
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J J (O
x) ) C o 'g_L} _rr'

() (b) ()
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Free Field Singularities and Scaling
Consider the electromagnetic current given by

J}‘ (X) = lj’(X) W;IQIP (X) :

where @ is the electric charge operator. We will first calculate the time-ordered product by
Wick's theorem,

T(h()4h(0) = T ()70 ()90 1,Q¢(0):) (4)
= T [iSF (=x) 7,iSF () 1,Q%| + 1 § (x) 7, QSr () 1,Q¥ (0)
+ 0 P07 QSE (—x) 7, Q9 () + P () 7,Q9 (<) $(0) 7, QY (0) :
Using the identity
Yoy = (Swap +iguag) ¥, where Sy = guugrp T Eup8un — Eur&up

we can write Eq(4) in the limit x?> ~ 0 as

X2g;w - nyv) ix®

m(x2 —ie)* 272 (x® —ie)?

{Suawp [VF (,0) = VB (0.)] + ieyaup [4° (x,0) — 4P (0,%)] }
# (x) 7, Q¥ (x) $(0) 7, Q¥ (0) :

(Institute) Note 8 31 /37
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where
VE(x,y) =9 () 7P Q% (y) :
AP (x,y) =9 () P Q%9 (v) :

If we write
ng}ﬂ/ — 2xuXy

(x2 —ig)*

8uv 1 1

2
== N . —
3(x2—ie)® 12"V (x2 —je)?

and
X

Xl
(x2—ig)? 2 x2 —je

we get for the commutator,

0] = 205 () e )+ L0 18 () )] ©)

7-[3
+ {smﬁ [vﬁ (x,0) — VP (o,x)] + i uaup {Aﬁ (x,0) — AP (o,x)]}

o [0 (x*) e(x0)]
J 27 : +

¥ ()1, Q¥ () 9 (0) 1, QY (0) : (6)

We can then apply these to the cross sections of e*e™ annihilation and inelastic el scattering.
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@ e'e — hadrons
Following the same procedure as in the discussion of inelastic eN scattering, it is
straightforward to show that the total hadronic cross section for e"e™ annihilation can be
written as a current commutator,

o (ete™ — hadrons) =

xe' (0 |[Jy (x), J" (0)]] 0)

The most singular light-cone term comes from the first term on the right-handed side of
Eq (5) and we get from this term

+ 8mn

rQ?)
e~ — hadrons) ~ 37“? / d*xe’ {ié (x?) e (x0) + %82 [0 (x*) e (Xo)]}

7 (e 3

in the large g2 limit. Using the identity

,-/d‘*xe*fw (@°)6 (%) = (2)%e (x°) 6 (x2)

we get

o (ete™ — hadrons)

Q

82a?i (ter) |:8 q2 q2
37 (¢2)°
47t )
= 3q2 tr (Q )
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Recall that
+

47a?
o(ete” mutp) =
Thus we get the simple result

o (eTe™ — hadrons)

o(ete” —ptu~)

=tr (Qz)

This justify the simple naive picture that in the deep inelastic limit, g> — oo, the virtural
photon will first produce quarks where is coupling is point like and then quarks trun into
hadrons through some strong interaction which is difficult to compute.

Lepton-hadron scattering

For deep inelastic IN scattering the first term on the right-handed side of Eq (5) will not
contribute since it is a c-number and the non-trivial leading singular term will be the
second term which for convenience is written in the form,

D3]~ St [10(5) 7P @0 (=3) =9 (-3) 2P0 (3)
[J}I(Q)v—/y( 2)] - +iguavp [: P (X3 ,y/s%sz( 2X) 1])( 2x> 2P Q? 1IJ<

o [0 (x%) e(x0)]
9 27 :

J
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We can expand the bilocal operator
G (%) ¥ (_%) = ¢(0) {1 +5V1 Xgl %51‘131‘2%% + } X
1=t g g At 0

- Z%Xzﬂx;i T (0) 9y, 0, 9(0)
to get
B4R B A 0, 0 S L)
where o ~

/(3::;2)#" 0)=%(0) Oy Ipy B},n’yﬁQsz (0)
l;(#n;?'-#n ) =0 3#13#2 "'Sﬂn“fﬁ% Q% (0)

(Institute)
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To calculate the structure function we write,
+1) 1
2 Z< ‘ ﬁ:lluz y (0)’ P‘7> = At )Pﬁpy1 Py, *** Pu, T trace terms

where A("1) is some constant and trace terms contain one or more 8 factors. Also

0'("1) tetm will not contribute to the spin average structure functions due to the
antisymmetric property of &,,,5. We then have for the structure function,

1 rd** ., & -p\n pP 5 (x%)e
W (p,q) = 577 7Xe’q'x 2 (M) %A("+1)5yavﬁa“7[ (Xz) (XO)]

2M 27 g\ 2 T
Define
i X p\n ) g .
> (57) — [ deerf ()
odd n 2
then
1 [6(x*) e (x0)]
Wia (p.0) = sy [ G2 [ 8207 (©) Sy (q + Ep) pf 00 S0

Using the identity,

4 .
I/ %elx'(‘ﬁ’gp)(s (X2) F (X()) =90 ((q + gp)2> e (qo " gpo)
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we have

1
W (pq) = M/déf (€)6 (g% +2MvE) (guagpy + 8up&av — Euv&up) (q+Ep)" PP

= L/dgf(g)(s e+ L) (“Mvgu +28pup+ )
2M2y 2Mv Epv T 26 Puby

- _ 8w X PuPv

- f(x){ o Ty mE T ]

¢
for x = Y Thus we recover the parton modle results

MWy — Fy (x) = 37 (x)
vWy — Fo (x) = xf (x)

This implies that the assumption of canonical free-field light-cone structure is equivalent
to that of parton model.
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