
Gravity: from Classical, Semi-Classical,
Stochastic to Quantum

林 世 昀 Shih-Yuin Lin 
National Center for Theoretical Sciences

June 1, 2007 @ NTHU



Outline

I. Classical Gravity

II. Semiclassical Gravity

III. Stochastic to Quantum Gravity

IV. Concluding Remarks



Prologue

Theoretical Science: logical explanation, falsifiable prediction

Theoretical Physics: 
(mathematical, quantitative) descriptions about 
(natural) phenomena 
(repeatable by arranging experiments)

Physical laws are covariant to coordinate transformation
(have the same form for each observer)
Physical quantities are "gauge invaeiant" (Dirac)



I. Classical Gravity



I. Classical Gravity

Newtonian particle mechanics:
Galilean invariant (equivalence of inertial frame) 

Electromagnetic (EM) wave:
Wave equations are Lorentz invariant

EM wave propagates in constant speed in vacuum.



I. Classical Gravity

Particle Electrodynamics
Interplay between electromagnetic (EM) field

and sources (charged particles)

Maxwell's equations (Maxwell 1873; arr. Heaviside 1884)

Lorentz force density (Lorentz 1892)

James Clerk Maxwell (1831~1879)
in his 40s. 

Hendrik Antoon Lorentz (1853~1928),  
Nobel prize 1902 (with Zeeman)



I. Classical Gravity

Newton's gravity law Coulomb's law (EM force)

Einstein's special relativity (1905)
Introducing Lorentz symmetry to particle mechanics 
while keeping equivalence of inertial frame

- dropping observer-independent simultaneity
- postulating c=const, independent of the motion of its source.

consistent particle electrodynamics

action-at-a-distance ~ simultaneity
(violation of cartesian prescriptions)

only good in static limit
mediated by EM field (Faraday)



I. Classical Gravity

Newton's gravity law Coulomb's law (EM force)

Einstein's next goal: 
Field theory of gravity with Newton's law as the static limit.

action-at-a-distance ~ simultaneity
(violation of cartesian prescriptions)

only good in static limit
mediated by EM field (Faraday)



I. Classical Gravity

Newton's bucket (Principia): against Aristotle, Descartes, Leibniz...

Newton: Water rotates with respect to an absolute space.
absolute motion

However, even Galilean relativity - the velocity of single particle has no
physical meaning - does not respect these absolute ideas.



I. Classical Gravity

Newton's bucket (Principia): against Aristotle, Descartes, Leibniz...

Newton: Water rotates with respect to an absolute spacetime.

Einstein: Water rotates with respect to the gravitational field !!



I. Classical Gravity

elevator argument

Newton: inertial mass = active gravitational mass = passive gravitation mass

Equivalence principle
A frame linearly accelerated relative to an inertial frame in special 
relativity is locally identical to a frame at rest in a gravitational field.

g

g g

g



I. Classical Gravity

inertial frame                          general frame

X I : local inertial frame around Event A, X I (A)=0   (I =0,1,2,3)
xm : general coordinate around A

metric tensor (not applicable to spinor)

inertial force

nontrivial "tetrad"  ~ gravity

Gravitational "field"



I. Classical Gravity

Manifold endowed with a metric: Riemannian manifold
Example: In R3 , one may choose

or

inverse

covariant derivative of vectors

Riemann tensor ( ~ curvature)

metric connection in torsion-free space



I. Classical Gravity

hole argument (1912 ~ 1915)

There is no meaning in talking about the "physical" spacetime point
in "vacuum".

(Field equations + EOM of particles) must be generally covariant.
If           is a solution, then                               is also a solution.

active diffeomorphism 
A, B: spacetime point

passive diffeomorphism
A: intersecting point of two particle trajectories

(Rovelli, 2004)



Einstein equation (1915)

"Matter tells space how to curve, and space tells matter how to move."  - J. A. Wheeler

"Einstein gravity"

I. Classical Gravity

geometry of spacetime

(Einstein tensor)

stress tensor of matter

cosmological constant

"No metric, no nothing." - J. Stachel





I. Classical Gravity

Relativistic free particles go along timelike geodesics 
(back-reactions are neglected)

form invariant under re-parameterization  
t' = a t

Light goes in null geodesic    ds 2 = 0 .



I. Classical Gravity

Gravitational field has no proper energy-momentum density,
only psudo-tensors can be obtained (reference frame dependent).

non-localizability: consequence of Einstein's equivalence principle 
- gravity cannot be detected at a point.

Gravitational energy-momentum 
- and hence the energy-momentum of gravitating systems 
- and hence the energy momentum of all physical systems 
- is fundamentally non-local.

Nester (2004): The integral of the boundary term in covariant 
Hamiltonian formalism gives quasi-local energy-momentum/flux 
associated with physically distinct boundary conditions.



I. Classical Gravity

Black holes
E.g. Static, Spherically Symmetric vacuum solution 
(Schwarzschild 1916)

light: ds 2 = 0 . 

Event horizon : coordinate singularity at r=2M  
(pre-relativity: Laplace, M : ADM mass of the black hole)
Classical Information behind the event horizon will never 
reach any observer sitting outside of the black hole.

"Black" hole: light signals got infinite red-shift when the source is 
approaching the event horizon.



Singularity

Ingoing null congruence

Outgoing null 
congruence

r = 0 r = 2M

In Schwarzschild coordinate, only good for outside observers at rest.

(D'Inverno 1992)



I. Classical Gravity

Coordinate singularity at r = 2M can be removed by a general
coordinate transformation, e.g., Kruskal coordinate:



I. Classical Gravity

Relativistic Cosmology
1. Homogeneous and isotropic ansatz: 

Robertson-Walker metric

k = 1   (topology ~ R x S3 )  closed, positive spatial curvature
k = 0   (~ R4 ) open, zero spatial curvature
k = -1  (~ R4 ) open, negative spatial curvature

2. Perfect fluid (Weyl)

3. Einstein equation 



I. Classical Gravity

Singularity Theorem (Penrose, Hawking, Geroch, 1960s)
- Gravitation is always attractive (~ energy conditions)

If there is a trapped null surface and the energy density is
nonnegative, then there exist geodesic of finite length which 
can't be extended. 

A collapsing star must evolve into a spacetime singularity (where the 
curvature diverges) in a black hole.
The universe must start with a spacetime singularity (bounced 
universe is ruled out. )

Just like classical electrodynamics, GR predicts its own breakdown !!



I. Classical Gravity

Black hole thermodynamics (Bardeen, Carter, Hawking 1973)

The Zeroth Law (equilibrium and temperature): 
Surface gravity k is constant over the event horizon.

The First Law (change of internal energy): 
Any two neighboring stationary axisymmetric solutions containing a perfect fluid  

with circular flow and a central BH in it are related by 

The Second Law (entropy) 
Area of BH does not decrease with time, 

The Third Law (zero temperature)
It is impossible by any procedure to reduce k  to zero by a finite sequence of 

operations. 

~T dS



I. Classical Gravity

Gravitational wave

- indirect evidence: decrease of orbital period of binary pulsar PSR 
1913+16

- attempts to detect directly: 
Weber's bar, LIGO, LISA,... 



II. Semiclassical Gravity



II. Semiclassical Gravity

Quantum fields in curved space 

Geometry is classical and fixed, matter fields are quantized.
- Particle concept of quantum fields is obscure,
- Regularization and Renormalization of stress-tensor are tricky

(choice of zero-point, anomaly)

Semiclassical Gravity
Geometry and expectation value of stress-tensor are solved 
consistently. Backreactions of the field are considered. 



II. Semiclassical Gravity

Vacuum: ground state of the field 

Vacuum state       is defined by                 , which implies

Minkowski vacuum = no particle (field quanta) state for Minkowski observer.
(not always true in curved space)

If there exist two natural directions of time, 
one has two different Hamiltonians associated with them,
which define two vacuum states that may disagree with each other.

e.g. Rindler vacuum in Minkowski space vs. Minkowski vacuum

DeWitt: vacuum ~ new aether



II. Semiclassical Gravity

In curved space, particle concept does not generally have universal 
significance.
e.g. QFT in Rindler space (Fulling 1972, 1973; Davies 1975)

- S.A. Fulling, PRD7, 2850 (1973)

Resolution:
- expectation values of tensorial, local-defined quantities 
(e.g. <Tmn (x)>) — depend on the choice of zero-point

- operational definitions — essentially observer-dependent



II. Semiclassical Gravity

Particle Creations in curved spacetime

Type1. Cosmological particle creation: 
Time-varying background spacetime

- adiabatic vacuum

Type2. Black hole radiation, Unruh effect: 
Out-modes are Infinitely red-shifted by static background
- trans-Planckian problem



II. Semiclassical Gravity

Black hole radiation (Hawking 1975)

w/temperature

thus

Warning:
Not confirmed by 
any experiment or 
observation yet !!

Bekenstein (1973) : 

BH entropy

Planck length



II. Semiclassical Gravity

Unruh effect (Unruh 1976) 
A detector uniformly accelerated in Minkowski vacuum will experience 
a thermal bath at Unruh temperature:

TU = 1K  for  a = 2.4 x 1020 m/s2

- detector : point-like object with internal degree of freedom coupled to a field
- uniform acceleration : aΑaΑ = a2 = constant     (a: proper acceleration)
- Minkowski vacuum: NO particle (field quanta) state of the field 

for Minkowski observer
- Implicitly assumed that      is invariant under coordinate transformations. 



I. Introduction: Black Hole Radiation and Unruh Effect

Schwarzchild BH in Kruskal coordinate
(Boulware 1975)

Minkowski space in Rindler coordinate
(Padamanabhan 2005)

Detector
fixed outside 
a Black Hole Equivalence 

Principle

~ Detector 
uniformly accelerated  
in Minkowski space

event    
horizon  

event 
horizon

X ~ aT 2/ 2

X ~ cT



II. Semiclassical Gravity

System
(detector, atom...)

Environment
(field)

Unruh effect
A detector uniformly accelerated in Minkowski vacuum will
experience a thermal bath at Unruh temperature.

"reservoir"

System can 
affect environment
(back reaction).

"test particle"

density 
matrices



II. Semiclassical Gravity

The above "standard" statement is accurate 
only at the initial moment of switching-on the coupling.
After that moment the statements make no sense beyond the  
ultra-weak coupling and ultra-high acceleration limits, 
namely, beyond the Markovian (memory-less) regime.
(Cf. Photon-atom bound state in quantum optics)

Further, there exists non-trivial behavior even when a = 0.
(Lin and Hu 2007)

Unruh effect
A detector uniformly accelerated in Minkowski vacuum will
experience a thermal bath at Unruh temperature.



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity

Top-down approach:
- String theory (lecture next week)
- Canonical (Loop) quantum gravity 
- doubly special relativity ??
Principles of quantum physics are good all the way down to (through) 
the Planck scale.

Bottom-up approach
- Stochastic gravity 

emergent relativity 

Gravitation field may not be a fundamental field.



III. Stochastic to Quantum Gravity

Stochastic gravity 
Semiclassical Einstein-Langevin equation

where gmn is a solution of semiclassical Einstein equation,

and xmn is the stochastic tensor field defined by correlators

statistical average

obtained by 
integrating out the 
matter part of the
total density matrix



III. Stochastic to Quantum Gravity

Remarks:

1. conservation:                          ,     traceless:

2. Einstein-Langevin equation is invariant under the gauge transf.

where zm is a stochastic vector field on the manifold.

Applications 
- cosmological perturbations (structure formation)
- backreaction to BH (event horizon fluctuations)



III. Stochastic to Quantum Gravity

Early efforts on full quantum gravity
1. Quantum dynamics of metric (DeWitt, 1960s)
2. metric perturbation as a spin-2, self-interacting gauge field on a 

background spacetime (Veltman and 't Hooft..., 1970s)
- GR is not renormalizable at two-loops (Goroff & Sagnotti, 1985)

we need the counterterm

- higher-derivatives(R2 gravity): 2-loop finite, 
Supergravity : 2-loops finite



III. Stochastic to Quantum Gravity

Geometrodynamics: Recall Classical Canonical Gravity

Special thanks to Dr. C. H. Chou



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity

Full Quantum Gravity: New variables



III. Stochastic to Quantum Gravity
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III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity



III. Stochastic to Quantum Gravity

Remarks on Loop Quantum Gravity
- loop (holonomy) variable: 
diffeomorphism (general coordinate transformation) invariant 
and background independent

- finite
- Lorentz symmetry is violated below Planck scale (aether)

Comments
- cannot predict anything at large length scale or in  low-energy limit

(Baez, 2004), or 
cannot show the ground state is semiclassical, or an emergence
of classical spacetime (Smolin, 2005)



IV. Concluding Remarks



IV. Concluding Remarks

Even if QG theory comes true, we still have outstanding work in 
theoretical physics:

quantum to classical,  
micro to macro

3 pillars of fundamental physics:
general relativity, quantum field theory, statistical mechanics
......BH entropy

- Revolution is still on-going.
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