
Wave and Second Quantization
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The Green Function
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The Pictures

1.the Schordinger picture: wave functions are time dependent and operators are time independent
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The Green Function in Interaction 
Picture
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The Wick’s theorem
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Cancel Theorem
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The S Matrix and Perturbation 
Expension

{ }1 1'
ˆ ( )

1 1
0

2

1 1 1 2 1 2

1 1

( ) ˆ ˆ( , ) ( ) ( )
!

( )ˆ ˆ ˆ               1 ( ) ( ) ( ) ( )
2

ˆ ˆ               ( ) ( )

               ( )

t

t

ni dt V t

n n
n

n n

n

iS Te T dt dt V t V t
n

ii T dt V t T dt dt V t V t

T dt dt V t V t

i d

∞ ∞−

−∞
=

−∫∞ −∞ = = ⋅⋅⋅ ⋅⋅ ⋅

−⎡ ⎤= + − + ⋅⋅⋅⎣ ⎦

+ ⋅⋅⋅ ⋅ ⋅ ⋅

= −

∑ ∫

∫ ∫ ∫
∫ ∫

{ }
( ) ( ) { }

1 1
0

1 1
different connected

ˆ ˆ( ) ( )

ˆ ˆ, ' ( ) ( ') ( ) ( )

n n
n

n
n n

n

t dt TV t V t

iG t t i dt dt T t t V t V tϕ ϕ

∞ ∞

−∞
=

∞ ∞ +

−∞ −∞

⋅⋅⋅ ⋅ ⋅ ⋅

−= − ⋅⋅⋅ ⋅⋅ ⋅

∑ ∫

∑ ∫ ∫=



Simple Examples
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The electron photon interaction
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Retard, Advanced and Lesser, Greater 
Green Functions

{ } { }

,

( , ') ( ') ( ), ( ')          ( , ') ( ' ) ( ), ( ')

( , ') ( ') ( )                             ( , ') ( ) ( ')

( , ') ( ') ( , ') ( ' ) ( , ')

( ') ( , ') (

r a

r a

G t t i t t t t G t t i t t t t

G t t i t t G t t i t t

G t t t t G t t t t G t t

G t t G t t G

θ ϕ ϕ θ ϕ ϕ

ϕ ϕ ϕ ϕ

θ θ
θ

+ +

< + > +

> <

> <

= − − = −

= = −

= − + −

= ± ± −∓

,

, ')

1. ( , ') has a systematic perturbation theory
2. ( , ') have a nice analystic structure and well-suited for calculating a physical response. 
   Information about spectral propertise, den

r a

t t

G t t
G t t

⎡ ⎤⎣ ⎦

,

,

sities of states, and scattering rates aer contained 
   in ( , ') 
3. ( , ') aer directly linked to observables and kinteic properties, such as particle densities 
   or current.

( , ) ( , )

r a

r

G t t
G t t

A k i G k Gω ω

< >

= −

( ) ( )
( , ) ( , ) ( , )

( , ) ( , )  ;  ( , ) 1 ( , )

a k i G k G k

G k if A k G k i f A k

ω ω ω

ω ω ω ω ω ω

> <

< <

⎡ ⎤ ⎡ ⎤= −⎣ ⎦ ⎣ ⎦
⎡ ⎤= = − −⎣ ⎦



Nonequilibrium System and 
Contour Ordered

0φ

0t
∞

t
−∞

0φ

'φ

Time ordered 

Contour ordered

∞−∞ 0t t

0φ C1

C2



The Equilibrium Green Function
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The Langreth Theorem
C1

C2

1 2

1

1 1

1 1'C

1 1' 1 1'C C

1 1' 1 1' 1 1'C

1 1'

(1,1')= d ( , ) ( , )

(1,1')= d ( , ) ( , ) d ( , ) ( , )

d ( , ) ( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( , )

A similar analysis can be

C

t

t

r

C A t B t

C A t B t A t B t

A t B t dtA t t B t t dtA t t B t t

dtA t t B t t

τ τ τ

τ τ τ τ τ τ

τ τ τ

< < <

−∞< > < > <

−∞

∞ <

−∞

+

= +

≡

∫
∫ ∫

∫ ∫ ∫

∫
1'

1 1' 1 1'

 applied to the second term involving countour ,  the result is

(1,1')= ( , ) ( , ) ( , ) ( , )r a

C

C dt A t t B t t A t t B t t
∞< < <

−∞
⎡ ⎤+⎣ ⎦∫

1t

1't

1t1't



( )

1 2 1 1 1 2 2 1'

1 1 1 1 2

1 1 2 2 1' 1 2 2 1'

1C

if ( , ') ( , ) ( , ) ( , )

Let ( , ') ( , ) ( , )

( , ' )= d ( , ) ( , ) ( , ) ( , )

( , ' )= d ( , ) ( , ')

( , ' )= ' ( , ') ( ,

C

C C

C

C

r a

C

r

D t t d d A t B C t

E d AB E t t d A t B

D t t E t C t E t C t

E t t A t B t

E t t t t E t t E t

τ τ τ τ τ τ

τ τ τ τ τ

τ τ τ τ τ

τ τ τ

θ

< < <

> <

=

= ⇒ =

⎡ ⎤+⎣ ⎦

− −

∫ ∫
∫ ∫
∫
∫

( ) ( ) ( )
( ) ( )( ) ( )( )'

1 2 1

') '

           '

           ( , ) ( , ')

( , ' )= ( , ) ( , ') ( , ) ( , ')

( , ') ( ,

r a

t t

r r

r a

r

t t t dt A B B A A B

t t dt A A B B dt A A B B

d A t B t

E t t d A t B t A t B t

D t t d d A t

θ

θ

τ τ τ

τ τ τ τ τ

τ τ τ

∞ > < > <

−∞

> < > < > < < >

−∞ −∞

∞

−∞
∞< < <

−∞

<

⎡ ⎤⎡ ⎤ = − − + −⎣ ⎦ ⎣ ⎦
⎡ ⎤= − − − + − −⎢ ⎥⎣ ⎦

=

⎡ ⎤+⎣ ⎦

=

∫

∫ ∫

∫
∫

1 2 2 1' 1 1 2 2 1' 1 1 2 2 1') ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )r r a a aB C t A t B C t A t B C tτ τ τ τ τ τ τ τ τ τ τ
∞ ∞ < < <

−∞ −∞
⎡ ⎤+ +⎣ ⎦∫ ∫



Table of Langreth Theorem
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The Keldysh Formulation
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A Simple Example
The electron –photon interaction
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The electron transport through the 
interacting region (PRB 50, 5528)
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The current formula
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In order to get the lesser Green function ( , ), the contour Green function must be solved first.

( ') ( ) ( , ')

( ') ( ) ( ') (

n k

t t
n k nm k m k

m

r
n k k m nm k nm

G t t

G t t dt G t V g t

G t t dt V G t g t G t t

α

α α α

α α α

τ τ

τ τ

<

< < <

− = −

− = − − + −

∑∫

( ) ( )

( ) ( )

2 2
1

1 1

, ,
,

     

( ) *
, 1 , 1 1 1

,
     

1

) ( ')

2 Re ( , )

2 Im ( , ) ( ) ( , )

Def:    , , 2

t
kt

a
k

m

L k n n k
k L

n

i dt tt r
k n k m nm L ka nm

k L
n

L
kmn

L

g t

eJ V G t t

e V t dt e V t G t t f G t t

t t V

α

α

α α
α

ε

α α
α

α α
α

τ

ε

ε π ρ ε

<

∈

<

−∞
∈

∈

⎡ ⎤−⎣ ⎦

⎧ ⎫
⎪ ⎪= − ⎨ ⎬
⎪ ⎪⎩ ⎭

⎧ ⎫
⎪ ⎪∫ ⎡ ⎤= − +⎨ ⎬⎣ ⎦
⎪ ⎪⎩ ⎭

⎡ ⎤Γ =⎣ ⎦

∑∫

∑

∑ ∫

∑

=

=

( ) ( )

( ) ( ) ( ) ( ){ }

( ) ( ) ( ){ } ( ) ( )

( )

1

1

1

1

*
, , 1 2 2

1 1 1 1

1 1 1

1 1

exp ( )

2 Im , , , ( ) ,
2

, , Im ,

Im ,

L

L

L

t

n k m t

t i t t L r
L L

out in
L L

t i t tout L L

t i t tin L

t V t i dt t

e dJ dt Tr e t t t t f t t

J J J

e d eJ dt Tr e t t t t t N t

e dJ dt Tr e t

α α

ε

ε

ε

ε ε ε
π

ε ε
π
ε ε

π

− − <

−∞

− − <

−∞

− −

−∞

⎡ ⎤Δ⎢ ⎥⎣ ⎦

⎡ ⎤= − +⎣ ⎦

= +

= − = − Γ

= −

∫

∫ ∫

∫ ∫

∫ ∫

Γ G G

Γ G

Γ

=

= =

=
( ) ( ){ }1, ( ) ,r

Lt f t tε G
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Wideband Approximation 
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The retarded Green function 
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The lesser Green function
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The generalized spectral function

( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )

1

1 1 1 1 2 2

1

, , exp

For the time independent case, 0 and the generalized spectrum
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For the time independent case, 0 and the generalized spectrum

function  is just the F.T. of the retarded Green function 

2

tr

t

r

r

in

A t dt u t G t t i t t i dt t

A G

A G
e dJ f

α α α

α

α

α

α
α α

ε ε

ε ε

ε ω
ε ε
π

⎡ ⎤≡ − − Δ⎢ ⎥⎣ ⎦
Δ =

=

= Γ

∫ ∫

∫= ( ) { } ( ) { }{ }
{ }

( )

( ) ( )( )( ){ } ( )

( ) ( )( )( ){ }

2 Im ( ) 2 Im ( )
2

In the steady state 
2

2 Im ( )
2 2

if 

2 Im ( )
2 2

r in r

out out

L R L R

L R r L R
L R

L R

r
L R

e dG J Tr

e eJ N J Tr

J J J J J
e d eJ Tr f f Tr

e dJ Tr f f

α
α

α α
α α

εω ω
π

ε ε ε ω
π

ε ε ε ω
π

− ⇔ = −

= − Γ ⇔ = −

= = − = −

⎡ ⎤= − − − −⎣ ⎦

= = Γ

= Γ − −

∫

∫

∫

Γ G

Γ N

Γ Γ G Γ Γ N

Γ Γ

G

=

= =

= =

=

Time independent case



The transport through the QD with 
phonon bath interaction
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