Wave and Second Quantization

E(x,t)= ZE g (kerat) : EY(x,t) = ZE gl (loctat)
E(x,t)=E"(xt)+E°(x,t)= ZEe—l(kx M)+ZE g (kcat)

_ZE ( arilocat) | g |(kx+aJt))

The amplidute of EM field (or the photon number density)
A=[E(D] =X [E"
k

For the matter wave
Def ine the field operator

P(x)=2.¢a(x) ; ¢ (X = a (Xc
[C.C.] =&y for fermion; {c,,c,.} =&, for boson



Hamiltonain

the particle number:

n={p|p) = [d>p" (NYe(x) = 2 AAGG

Letaja, =1 nzzk:nk =Zk:c;ck

the Kinetic Hamiltonian

Hy =(0[T|9) = [d*¢" ()T(X)

'f(x) = —%Vi is any one-body kinetic operator

the interaction Hamiltonian for two praticle interaction:
i = [ 5] %9 (99" (W (%, X0 (X))

V (X, X") istheinteraction potential between particles

2 eZ

Coulomb interaction : V (X, X') :e—:>v(k) =
|x— x| k
iIf the variation of V (k) issmall i.e. V (k) =U = constant
U 1+ + L} 1 U + _+
Hin == [d*] 49" (99" (X)p(x)p(¥) = 3~ 666 = 3.
kk'
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The Green Function

—i <‘Po ‘T{% (X)), (X')}‘\Po>

h (Fo[Wo)

_ =i 0 —t) (P, | @, (9] (X)|,) F 0= 1) (W |0 (X)g ()| W)
h (Fo|¥o)

T{....} : time ordering operator

¥, ) : the ground state of system = H|¥,) = E,|'¥,)

G(x,X") =

o, (X), ¢, (X') : the annihilate and create operator in Heisenberg picture.
(¥, |¥,) istherenormalization factor



The Pictures

1.the Schordinger picture: wave functions are time dependent and operators are time independent

12000 = Ho()

2.the Heisenberg picture: wave functions are time independent and operators are time dependent
0, (t) =€"0, (0)e™

3.the interaction picture
H=H,+V ; o(t)=€e"e™p0) ; O (t)=€"0 (0)e™



The Green Function In Interaction
Picture

1.S matrix:

Stt)=Te =™ - (1) = S(t'1) : S'S=1

2.The ground state:
Heisenberg Ground state|'¥,) ;  Interacting picture Ground state|®, )

W) = S(0,—)| @) & | D) = S(—e2,0)|¥,)
(Gell-Mann and Low theorem, adiabatic switch on approximation)

3. the operator
éH (t) — ethéH (O)e—th : él (t) — eiHOtél (O)e_iHOt
éH (t) = eiWeiHotéH (O)G—iHote—in — Mé| (t)e“V‘

4.the Green function in interaction picture

airy=" e [ T{20 O O)][Fo) i (@5T{S(=,0)S(0.)p(t)S(t.t )" (1) S(t", 0) S(0, =) } | @, )
T on <\Po‘\Po> o <q)o‘(°°’_°°)‘q)o>

_ =i (@] T{S(=)pO)S(1)g" (1)S(t',—o=)}|@o) i (@[T {S(e=,—e2)gp(t)gp" (1)} D)
h <(Do‘(°°’_°°)‘q)o> L <(Do‘(°°'_°°)‘q)o>




The Wick’s theorem

(T{S(ee,—)p09" (t)})
= (T{pe' t)})
+H=) [ dtV (T{eMe (19" We(t)])
+()? [ dt [ty Vo | (T {0 (D" (1)9" (e(t)e" (1)o(t,)})
XL+ [ dtV, (T{e®9" )9 We)})-)
(T{ee" )9 Wet)e (L))}
= (T{pe O} {T{e)e" W} (T{o)e" &)}) (T {pwe" L)} (T{o)e" ©)]})

0 non-connecteed

~(T{e0g" O} (T{ewe O} (T {ot)e ©)}) - (T{owe" ©})(T{ot)e ¢)})
0 0

~(T{p0 ©)})] (T{o)e" @)} < 2(t)0" W}~ (T{o)0" W} )(T{pe" 1)}
connected
The Wick's theorem says that the result of the product of many field operators is the sum of al

pai rwise contraction.



Cancel Theorem

< (@[T{Ste o) 1)) )
G(t,t) = ; <q)o‘(°°,—°°)‘q)o>

—i <(I)0 ‘T {S(Oo’ _Oo)w(t)er (t I)H (I)0>connected <(D0 ‘T {S(oo’ —00)(0('[)(0+ (t ')} ‘ (D0>non—connected

h <CI)0 ‘ (oo’_oo)‘q)0>non—connected

= %<(DO ‘T {8(001 _Oo)(o(t)¢+ (t l)} ‘ (I)0>connected

_ A <(I)0 ‘T{S(oo’—oo)¢(t)¢+ (t I)}‘(I)0>connected



The S Matrix and Perturbation
Expension

(o)

S(oo,—c0) = Te IdtV(t) ZO

J dt, V()Y ()]

n!
=1+ (=T j dtlval)] (

j dtV (t)V (t,) -

+Tjdt dtV(tl) V(t)
_Z( |)j dt, ---dt {TV(tl) Vit )}

G@F:;nﬁ Ty (T{oe" EV @)V )}

different connected



Simple Examples

The resonant-level Model

H=gd"d+Y gcig +) .V, (d"c +hc)
= H, + Hr;+ H, k
G(t,t) = —i <T{S(t,t d(t)d* (t)}>
TS(t,) =1+ ()] diTH () + [(—i)2 [ dt [ dt,T[H, )H, (tz)]} St t)
G(t,t") = —i <T{d+ (t)d(t)}>
+ (—i)(—i)gk:vk [~ ot <T{d(t)[d+ (t)c (t) +he]d" (¢ )}>
+ (—i)(—i)z%;vkvk. [t [ o, <T{o|(t)[o|+(t1)ck (t,) +he.]S(t, t)d" ¢ )}>
=(-i) <T{d+ (t)d(t)}> + %;vkvk. [ ot [ dt, (i) <T{d(t)d+ (tl)}> (—i)<T le.t)c; (tz)}> (—i)<T [d(t,)S(t,,t)d" (t ')}>

=G°(t,t)+ [ dt [~ d,GO(Lt) Y M 0t 1,)G(E, )

G(0) = G° () +G°(0) YN[ 0, (0)G(0) = G°(@) + G° ()%, ()G ()

1
C="a
(G) _ZT



The electron —photon interaction

The electron photon interaction
H=> ecic+Y abb+> M cA where A, =(b, +b’,)
G(t,t") = —i <T{S(oo,—oo)d(t)d+(t)}>
TS(,t) =1+ (<) d,TH, (1) + [(—i)2 ["dt[” dt,T[H, o (t)H, (tz)ﬂ S(c0, —o0)
G (t,t) == (T{c ) 1)})
DI M, [ (T{e. 060 AW ]G ©))
+ (—i)(—i)zé; MM, [~ dt [ dt, <T L6, O MGGy A ) +he][ MGG A (L) +he]S(eo,—)d" (¢ )}>
=(-)(T{d" md®})
o[ dt2<—i)<T{ck(t)c;(t1)}>;\Mq\2(—i>[{T{ck_q L6 LB (T{ AW A G} | ) (T{dw)S, " @)})

I I . 2 ;
=GOt t)+ [ dt, [ dt,GY(t L)) |My| G4 (1, 1,) Dyt 1,)G (1, 1)
q

where the photon Green function D, (t;,t,) = —i <T{ A A (tz)}>

FT.
G, (@) =G, (@) + G/ (0)Zy, () G(w)

. . . rde 2
the electron-photon interaction self-energy X, (@) = (i) j ZZ ‘ M q‘ Glf_q (w—¢€)D,(w)
q



Retard, Advanced and Lesser, Greater
Green Functions

G (1) =-i0t-t){pM.0"®)]) G (tt) =i -1 ({0 1)})
G (t,t) =i (9" (t)p(t)) G (t,t) =i (p(t)e" (t))

G(t,t") = Ot —t)G” (t,t) + O(t'—1)G* (¢, 1)
G =46(+tF1)| G™(1,t) -G (t,1) |

1. G(t,t") has a systematic perturbation theory

2. G"?(t,t") have anice analystic structure and well-suited for calculating a physical response.
Information about spectral propertise, densities of states, and scattering rates aer contained

in G"(t,t")
3.G™7(t,t") aer directly linked to observables and kinteic properties, such as particle densities
or current.

Ak, @) =i| G' (k,w) -G*(k, ) | =i| G (k, ) - G (k, ) |
G*(k, ) =if (w) Ak, @) ; G*(k,w)=—i[1- f (») ]| Ak, w)



Nonequilibrium System and
Contour Ordered

Time ordered

Contour ordered



The Equilibrium Green Function

G®(1,1)

c, —*
G°© (1,1') tl’tl' S Cl c, — G°(1,1) D
G”(1,1) teC,t.eC t
G*(1,1) teC,tbeC, ¢ ——
G“(1,1) t,t.eC, C ty D
2 G>(1,1)
tl




The Langreth Theorem

> C >
tl' tl ) 1 < ) tl

Ot

@
N
A

CC(1,1)= jcdrA(tl, 7)B(z.t,.)

C(1,1)= jcl drAt,, 7)B(7,t,) + jcz drA(t,,7)B(7,t,.)

jcl dzAt,,7)B(7,t,) = jtw dtA” (t,, 1) B<(t,t,) + j:’ dtA” (t,,t)B<(t,t,)

= [ dtA (1, B (t. )

A similar analysis can be applied to the second term involving countour C,., theresult is

C(1,1)= j_‘: dt[ A" (t,,1)B7 (t,t,) + A (4, 1) B (t,t,) |



if D°(t,t) = |_dz,|_dz,At,7,)B(7,7,)C(7,t,)

Let E=[drAB= E°(t,t) = [ d7 AL, 7)B(z,7;)
D*(t,t")=[dz, [ E' (t,,7,)C"(2,,t,) + E* (t,,7,)C* (7,.t,) |
EC(t,t")= jcdrA(tl,r)B(r,t')

E'(tt)=0(t—t)[ B (L,t) - E*(t.t) ] = 6?(t—t')j_°;dt[Ar (B"-B)+(A - A<)Ba]
:H(t—t')U_twdt(N - A)(B = B)+ [ dt(A - A%)(B - B>)}
= [ drA (L, 7)B (7.t

E*(t,t)=] dr[ A'(t,7)B(z,t) + A°(t,7)B(7,1) ]

DY (tt)=[ dr[ dr,[ A (t,5)B (4,5,)C (2,,) + A (1,7,)B(2,,7,)C° (7, 1,) + A (1,7,)B*(7,, 7,)C* (7.1, |



Table of Langreth Theorem

Contour Real axis
c=[ AB C*=[[AB +AB
C'=|AB
D= [ ABC D =|[ AB'C" + ABC* + A'BC” |
C

D' = jt A'B'C'

C(r,7") = A(r,7")B(7,7)) C(t,t) = A (t,t)B (1,1t
C'(t,t) = A (t,t)B"(t,t)+ A (t,t B (t,t )+ A (t,t)B" (t,t)

Cr,7) = Az,7)B(r",7) C=(t,t) = A (t,t)B" (1)
C'(t,t) = A°(t,1') B (L', 1) + A (t,t)B(t',)



The Keldysh Formulation

G*=G; +G2'G +G/2°G* + G Z°G?
=G; (1+2°G* )+ G;2'G" + Gy E°G®
=G; (1+3°G*)+GiT' | G5 (1+3°G%) + G T'G" + G;X°G* |+ GG
= (1+GyZ' ) G; (1+2°G* ) +(G; + Gy E'Gy ) £°G* + Gy Gy X' G

-

G =(1+G'Y")G; (1+£°G* )+ G'E°G?



A Simple Example

The electron —photon interaction

Zgn (@) = O] 555 M [ G (0 £)D, (@)

e (@) =0 S—;’Z\qu | G (@—£)Dg (0) + G (0 - €) D (0) + G (0 - €) Dy () |

D;(w):—Zni[(Nq+1)5(a)+a)q)+ Nqé(a)—a)q)]

11
w-w,+i0 w+w,+io
G (w) = 2zin. (w)d(w - €,)

1
w—¢€ +10

N, —n +1 N, —n

Z;_ph(a))=2‘|\/|q‘2 q F(gk—q) 4 q F(gk—q).
3 O-W,~&_,+i0 w+w,-g_,+i0

D, (@) =

GY' () =




The electron transport through the
Interacting region (PRB 50, 5528)

The system and Hamiltonians

the contact :
H c = Z 8ka Cl:ack
ko

07 (L1 = {65, ()6, ) =if (&, )| [ ¢, (@)

g (1) =50 (7 t) ({c, (), ¢, (1)}) = 7o (+t 5t '>exp[— [ dz,, (r)}
the coupling between leads and central (interacting) region
HT = kaa,m(t)cl-:adm + h'C

ka,m

the Hamiltonian of central region
How =D Endndy

the interacting Hamiltonian
H =Un_n-



The current formula

J, :—e<NL>=—i§<[H,NL]>

H=H_+H_, +H;.SnceH_ andH_, commutewith N,

JL = EK,QEL[Vka,n <C;adn > _Vk*a,n <er1era>:|
remind that :

Gry (t—t) =i{c, (t)d, (1) and G, (t-t)=i(d; (t)c,, (1))
Gy ) =[G 1)

.-.JL=%eRe V. G5 (t,1)

ker,n ~n,ka
k,aelL

n

solving the lesser Green function G;,, isthegoal for getting the formula of current



The current formula in terms of Nonequilibrium Green function

In order to get the lesser Green function G, (t,t), the contour Green function must be solved first.

n,ka

Gl (t—1) = Zj At Gl (t = 7V m G (71 1)

G (t—1) = Zjdtvkam[ W(t=7) 05, (7, —1) + G (t-1) 05, (7, -1 |

:——R D ViurGria (t1)

kor,n ~n,ka
kaeL

:__I van J. e Idtzeka(z) kam( )[ St fL(en) + G, tl)]

Def: [T (&,t,t)] =27 p, (6 Migon (1) Vi (1 )exp[ifdtzAa(tz)}
JL=—2—e dtj_umw{ I (£,,0)[ 67 (L) + (G (1)}

J, =3+

Jout — _Ej_tw dtlj‘d_gTr {e‘ig(tl_t)l"l‘ (8,tl,t) ImG*® (t,tl)} = _SFL (t) N (t)

=——Lodtj—ImTr{ eIt (g,1,t) fL(£)G' (1, )}



Wideband Approximation

G'(tt)=g (tt)+[[drdrg (t,7)E} (7,,7,) G (7,.1")

F.T.
G'(0)=g'(0)+g' (0) X7 (0)G' (w)
G (w)= }
() g (0)] -Zi (o)
s Mam Tk (0)+TR ()
Zm’T(w)_,«IZ:‘na)—gm+i§_A(([))_H 2

WBL (wideband limit):
1.neglecting the energy shift A ()
2.assuming that the linewidths are energy independent I';, (w) =Ty,

3.adlowing asingle time dependence, A, (t) for the energiesin each lead.



The retarded Green function

( V=g (t,t) +”dtdt2gr (t4) " (t,5,)G" (t,,t")
t Z Vkan gka tl’t )Vka,m (tZ)

kaeR,L
assume . Vka m ( ) = U; (t)vka,m (8k)
Under the WBL, the retard self-energy becomes

“(tt)= > u, _'I R ﬁe“g“l“”e(tl—tz)[—ira]

oeL R 27

=—iz[rL )+ 1)]8 )
where T'* (t,) =T (t,,t,)=T" ‘Ua (tz)‘z

with this self-energy, the retarded Green function becomes:
r 1 r 1 t 1
G (t,t)=g'(t,t )exp{—jtldtla[rL (t1)+rR(t1)]}

g'(t,t)=—i0(t-t ')exp[—ij: dt,&, (tl)}



The lesser Green function

G*=(1+G'Y')G; (1+2°G*)+G'L°G*
G, =0 for the considered system
G*(t,t') = [dt [dt,G" (t.t,) X7 (t,1,) G (t,.t")

where

tl,t _Izj‘dg —|gt1—t2 )Fa({;‘ tl,t)

Hence

)=[dt, [dt,G" (t.t,) |Zj et
= {dt, [ dt,u, (t,)u, ( (t,t,) |Zj

()1 (.4, 1,)G* (1, 1)

—I8 (t—ty)

(&)I*(e)G™ (to:t")



The generalized spectral function

A, (&.t)=[dtu, (t)G' (t,t )exp[lg (t-t,) |j dt,A,, )}
For the time independent case, A, = 0 and the generalized spectrum

function A, (¢) isjust the F.T. of the retarded Green function G (&)
N(t)=-iG(t,t)

= [ dJdtu, (& u;<t2>ef<t,tl>ea<t2,t>
xzjdg e (p)re
=§F“Jgfa<ewe>\2
2 == ;F“N<t>
0 ==2{" du[“im{e I (,0) £, ()G (1)
==2[ a [, (0Im{A, (e))



Time independent case

A (&,t)=[dtu, ()G (Lt )exp[lg (t-t,) |j dt,A,, )}
For the time independent case, A, = 0 and the generalized spectrum
function A, (&) isjust the F.T. of the retarded Green function G' (¢)

%(€)=Gr(w)
J'”——j (-2)Im{G" (0)} & J'”——j Tr{r(-2)Im{G' (o)}

Jou = _SpeN o gou = ——Tr{F"‘N}
h h

In the steady state
J=J =-3z=(J,-J)/2

=2 (2T (1 (&) = T (&) T7) (-2) MG (@)} ST (I - T)N]
ifr-=r"=T

de

—Trr{(f_(£)- fo(€))(-2)ImG' ()}

Ezﬂ



The transport through the QD with
phonon bath interaction

(Nq+l)_ne + Nq+ne
O—E,~V,+i0 ®—&+y,+i0

r 2
o= Z|M q| [
q
the phonon bath spectrum density

J(Uq):JO[%] e*Uq/vc6(0q>
C

2 dy v. Y ., "
S =[G 1 e <e(v)

dvq [&T g v/ { (Nq +1) —Ne + N, +n, }

b3y :ir_
ep . .
c 0 27\ v, W& -V, +i0 w—-&+v,+id

ignored the real part

wd ’ —UVy [ U, -
T, |, g(—) O(y,)e"* (<im)[ (N, +1-1,)8(0- 2, ~1,)+ (N, +1.) 5 (02,43, |

For the case of zero temperature, N, =0

DY I:dz—;);(z—:ij e—vq/ch)(vq)(—iﬂ)[(l— ne)§(w—go —vq)+(+ne)§(a)_go +Uq)]

ﬂ(1—ne)[w;€°] exp[—w_goj for w—g,>0
2 U U
g ju—

(_—I)n{ 0 wj exp(w_goj for w—g,<0
2 Ve Ve

ro_
Zep—




G' =
W—€—X — X}
Cr
ZT :—?
i P _
%(1—Ne)[w 80] exp(—w 80} for w—g,>0
v v
S =2t =X, =+ C c
_j _ _
QN{M] exp[m) for w—e. <0

2 Ve Ve

N

For the time independent case

Alw)=G" (w)

n, —LZF;F‘ZJ

de

ST (o) T (o)A (o)

) =]

. (€)|A(
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