Statistical Mechanics

Qualifying examination
Spring, 2012
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Comnsider a single electron in a magnetic field B along the 2-axis. The
Hamiltonian operator is H = —puBa,, where g1 i1s the magnetic moment

and the ¢, operator is
1 0
( 0 -1 ) ' (3)

(a) What is the density matrix of the system in the canonical ensemble?
(b) Derive the partition function of this system (Feb. 2006)
(c) Derive the average (per particle) magnetic moment, M, and calcu-

late its asymptotic behavior in low and high temperature limit. (Feb.
2005)

(d) Now, assuming the magnetic field B is not given by a source outside
the spin system, but is generated by the local spin moment itself, i.e.
let B = alM . where o is some constant coefficient. Then, derive the
self-consistent equation of M, and calculate the critical temperature,
T.., of ferromagnetic transition, below which the self-consistent solution
of M, defined by My, is nonzero. This is so called mean-field solution.

(e) Assuming 7, is very high and one can use the high temperature
expansion to the leading order correction, calculate M)y, as a function
of temperature 47" within the ferromagnetic phase, where 6T =T, — T
is a small positive quantity. (hint: tanh(z) ~ 2 — 23/3 for small x)
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Consider a classical ideal gas at temperature T The energy of a
molecule is

1
€= az’ +b’c+ (p.c+pu+p) (1)

where @ and b are constants. Determine the average energy of a molecule.
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(a) Ergodic hypothesis
(b) Grand canonical ensemble
(c) Fermi pressure
(d) Liouville’s theorem



