Qualifying Examination – Statistical Mechanics
Spring, 2014
1. (Fundamental concepts in statistical mechanics, 30 points)
Please explain in brief the following terminologies in Statistical Mechanics.

(a) Canonical and grand canonical ensemble

(b) Gibbs’ paradox
(c) Bose-Einstein condensation
(d) Landau level

(e) Pauli paramagnetism

2. (Einstein’s theory of the heat capacity of a solid, 10 points)
Describe Einstein’s theory of the heat capacity of a solid, and explain why his theory disagrees with the experimental data for real crystals at very low temperature.

3. (micro-canonical, canonical, and grand-canonical ensembles, 10 points)

Lagrange multipliers allow one to find the extremum of a function
[image: image1.wmf](

)

x

f

 given a constraint
[image: image2.wmf](

)

0

g

x

g

=

. One sets to zero the derivative of
[image: image3.wmf](

)

(

)

(

)

0

g

x

g

x

f

-

+

l

 with respect to
[image: image4.wmf]x

. Let us now use Lagrange multipliers to find the maximum of the  entropy
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(a) the normalization
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(b) the energy
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(c) the number
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to obtain the distribution function
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 for micro-canonical, canonical, and grand-canonical ensembles, respectively.
4. (classical molecular gas, 10 points)

Consider a classical ideal gas at temperature
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.The energy of a molecule is 
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 where
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 are constants. Determine the average energy of a molecule.
5. (quantum harmonic oscillator, 10 points)

A one-dimensional quantum harmonic oscillator, whose ground-state energy is
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, is in equilibrium with a heat reservoir at temperature
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. Determine the mean value of the oscillator’s energy.
6. (entropy for an ideal classical gas, 10 points)

(a) In a model of ideal classical gas, all particles exhibit the same speed
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 in random directions. Calculate the average value of the relative speed.
(b) If this gas is stored inside an adiabatic (or thermally insulated) container of volume
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, how much entropy can it gain by reaching equilibrium and obeying the Boltzmann distribution for the particle energy? 

7. (black hole thermodynamics, 20 points)

Astrophysicists have long studied black holes: the end state of massive stars which are too heavy to support themselves under gravity. As the matter continues to fall into the center, eventually the escape velocity reaches the speed of light. After this point, the in-falling matter cannot ever communicate information back to the outside. A black hole of mass
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 has radius
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 is the speed of light. By combining methods from quantum mechanics and general relativity, Hawking calculated the emission of radiation from a black hole and found it to follow the perfect black-body radiation at a temperature
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. According to Einstein’s theory, the energy of the black hole is
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(a) Calculate the specific heat of the black hole.
(b) Calculate the entropy of the black hole, by using the definition of temperature 
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