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Abstract

We considerstripeformationin quantumHall (QH) systemsat integerÞlling factors.We useHartreeÐFockcalculationsto
obtainthephasediagramof bilayerQHsystemsatn � 4N � 1 in atilted magneticÞeld.Wederiveandanalyzeaneffectivelow
energytheoryfor thestripephases,whichmaybepresentin suchsystems.Wediscussthepossibilityof stripeformationin wide
well systemsin a tilted magneticÞeldandsuggestthattheresistanceanisotropy,observedrecentlyby Panet al. [Phys.Rev.B
64 (2001)121305],maybedueto theexistenceof a skyrmionstripephase.� 2002ElsevierScienceLtd. All rightsreserved.

PACS:73.43.� f; 73.43.Nq;73.43.Lp;73.43.Cd
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1. Introduction

Macroscopicdegeneracyof electronsin Landaulevels
ampliÞesthe importanceof Coulomb interaction for the
quantumHall (QH) systemsand gives rise to a variety of
unusual phenomena.The most famous example is the
existenceof thefractionalQH effect,whereatcertainÞlling
factorsthe systembecomesincompressible,i.e. it acquires
gapsfor making chargeexcitations[1]. Another manifes-
tation of Coulomb interaction is the formation of stripe
phasesin high Landaulevels at half-integerÞlling factors
[2Ð8]. Recentlyisospinstripesat integerÞlling factorshave
beenproposedtheoreticallyby Brey andFertig for bilayer
systemsat n � 4N � 1 [9], wherethetwo layersarelabeled
by an isospinindex,s .

In this paperwe extendthe ideasof [9] to the caseof
tilted magneticÞelds and suggestthe possibility of two
additionalstripe phases:an isospinstripe phase(ISt) with
windingandaskyrmionstripephase.Wederiveaneffective
low energy theory for thesestripe phasesand study its
consequences.We showthat this constructionhasa natural
generalizationto two-dimensionalelectrongasesin wide

wells in tilted magneticÞeldsand arguethat thesephases
mayberelevantfor understandingtheresistanceanisotropy
recentlyreportedin Ref. [10].

2. Hartree –Fock calculations for bilayer systemsat
n � 4N � 1

Propertiesof electronsin bilayer QH systemsat n �
4N � 1 have been a subject of active theoretical and
experimentalresearch(seeRefs. [11Ð17], and references
therein).In a perpendicularmagneticÞeld and small d� l0
(here d is the distance between the layers and l0 �
�c� eB� �1� 2 is themagneticlength)it is commonlyaccepted
that the ground state is a Halperin (1,1,1) state [18,19].
When tunnelingbetweenthe layers is small, sucha state
correspondsto spontaneousinterlayer coherencewith a
Goldstonemode[20,21]. Brey andFertigsuggestedthat for
N � 0 as d is increasedthe interlayer coherentphaseis
unstableto the formationof isospinstripes,i.e. oscillations
in the chargedistributionbetweenthe layerswith the total
chargedensityin the two layersÞxed.The origin of such
isospinstripeorderis a competitionbetweenthe exchange
and the direct Coulomb interaction. Exchange favors
accumulatingall the electronsin one layer (in order to
maximize the isospin exchange Þeld), whereas direct
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Coulomb energy is lower when the electron density is
distributeduniformly betweenthe layers.

It may be worthwhile to recapitulatethe coherence
underlyingtheHalperin(1,1,1)phase[18] in thecontextof
thebilayerQH system.Thetwo-componentgeneralization,
theHalperin�m1� m2� n� state,of theLaughlinwavefunction
proposedby Halperinin 1983hasthe form

F m1�m2�n�z� �
�

i� j� N�

�zi � zj �
m1

�

k� l� N�

�z�k� � z� l� �
m2
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� �za � z�b� �
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where zj � � xj � iyj � � l0� is the standardtwo-dimensional
layer coordinateof the jth electron,m1� m2 are both odd
integers(to preservethe Pauli exclusionprinciple), � j� �
N� � j� and N� � N� are the numberof electronsin the two
components�N � N� � N� � [12]. For bilayer systemsone
could think of N� � N� asthe electrondensityin the isospin
stateassociatedwith thelayerindex.Thespecialcase,m1 �
m2 � n � 1� of the above wavefunction describes a
coherentbilayer statewith the total Þlling factor of unity
with a Þxedtotal density,N, but with indeÞnitenumberof
electronsin eachlayer.TheHalperin(1,1,1)statehasbeen
extensively studied in the literature [11,12], and is an
exampleof a classof novel many-bodygroundstatesfor
bilayer systems which exhibit spontaneousinterlayer
coherence[14Ð18].

If themagneticÞeldis tilted awayfrom perpendicularto
the sample,so that thereis a nonzeroin-planeÞeld B	 � a
variety of new phasesmay occur,which we investigatein
this paper.We assumethat the Þrst4N Landaulevels are
completely full, with both spin states and both layers
populated,andthat the remainingelectrons,of which there
areoneperßuxquantum,arecompletelyspinpolarized,but
distributedbetweenthetwo layers(i.e. isospinunpolarized).
We introducean isospin index s �� � � to distinguish the
layers,and deÞneisospindensityoperatorsIz � � C†

� C � �
C†

� C � � � 2 and I � � C†
� C � � where C s is the annihilation

operatorfor anelectronin layers atagivenpoint in thex–y
plane.WealsousetheLandaugauge,~A�~r� � �0� B� x� Bxy �
Byx�� sothatsingleelectronstatesaref nks �~r� � L� 1� 2

y d�z �
sd�Hn�x � kl20�eiky� where k is the wavevectorthat labels
stateswithin the Landaulevel n (k � 2pm� Ly� andm is an
integerthatgoesfrom 1 to theLandauleveldegeneracyNf ),
Ly thelengthof thesystemin they direction,ands � ^ 1� 2�

ForB	 � 0� thecoherent(1,1,1)phasehas�I � � equalto a
real,nonzeroconstant,andin the absenceof stripes,�Iz� is
alsoa constant,independentof position.(If the two layers
are symmetric, and there is no spontaneously broken
symmetry,we then have �Iz� � 0). In the stripe phaseof
Ref. [9], �Iz� variesperiodicallyin spacealongonedirection
(whichwetakehereto bethex-direction).Themagnitudeof
�I� � will also vary periodically, but its phase remains
constant,so that �I � � is real.

For nonzero B	 � in the absenceof stripes, we may
distinguishtwo possiblequantizedHall states.In one,which
is often denoted[11Ð13] the ÔcommensuratephaseÕ,but
whichwecall heretheÔisospinspiralphaseÕ(ISp),�I � � hasa
form I0 ei ~P·~r � which has constantmagnitudeand a phase
which varieslinearly in space,with ~P � 2pd~B	 � �z� F 0 and
F 0 � hc� e� In the otherÔincommensuratestateÕ,the phase
of �I � � variesmoreslowly in space(see,e.g.[12,13,22]). In
the HartreeÐFock (HF) calculationsreportedin this paper,
we ignoreentirely thephasevariationin the incommensur-
atestate,andtakeit to beconstantin space;andwe denote
this as the ÔcoherentphaseÕ.This greatly simpliÞes the
calculations,andshouldintroduceonly a small error in the
energyof thestate,exceptverycloseto thecommensurateÐ
incommensuratephaseboundary[12,13].

For nonzeroB	 � if stripesare present,the energywill
dependon the orientationof the stripesrelative to the in-
plane Þeld. In experimentsthe direction of the parallel
magnetic Þeld is Þxed, and the stripe direction is
presumablydeterminedby the condition of minimizing
the groundstateenergy.Here, we Þx the direction of the
stripeorderandadjustthedirectionof theparallelmagnetic
Þeld. We will consider two cases,where B	 is either
perpendicularto the stripes � ~B	 	 �x� in our notation, or
parallel to them � ~B	 	 �y�� In either case,stripe order in �Iz�
may coexist with commensurate spiral order or with
incommensurateorderin �I � � � Wedenotethecommensurate
phasewith stripesparallel to B	 asan Ôisospinspiral stripe
phaseÕ(ISpSt),while wedesignatethecommensuratephase
with stripesperpendicularto B	 asÔisospinskyrmionstripe
phaseÕ(ISkSt) (seeFig. 1(b) and(c)). The latter phasehas
Þnitetopologicalisospindensityr topo � eabceab Ia� a Ib� b I c

andthereforecarriesachargedensitywavein additionto the
isospindensitywave[23]. TheISt without spiralorder(see
Fig. 1(a)) will bedenotedsimply asan ISt. This phasewas
calledÔunidirectionalcoherentchargedensitywavestateÕin
Ref. [9].

In Fig. 2, we show the phase diagramobtainedfrom a
T � 0 HF calculation at n � 5� in a case where B	 is
assumed parallel to the stripes. Phase I is the incommen-
suratecoherent phasepresent for small values of d� l0 and
small interlayer tunneling t. In this phase the interlayer
exchange interaction is strong enough to keep the
densities in each layer uniform and prevent the relative
phasebetween the layers from winding at wavevector ~P�
As the tunneling is increasedit becomesenergetically
favorableto have a phase winding at wavevector ~P and
we Þnda commensurateISp phasewithout stripes(phase
II on Fig. 2). When d� l0 is increasedand t is kept small,
we Þnd the striped ISt phases (phase III on Fig. 2). It is
useful to point out that transition betweenthe coherent
and ISt phase is continuous, so the stripe order develops
gradually in the ISt phasewith a simultaneous suppres-
sion of the interlayercoherence. Whenbothd� l0 andt are
increased we Þnd the ISpSt phase with both stripes and
phase winding (phase IV on Fig. 2). Another regime
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where we Þnd the ISpSt phase is small d� l0 and large t
(phase V on Fig. 2). This phase is related to the
pseudospin canted phase proposed in Ref. [24]. The latter
paperproposedthat for short range interactions a parallel
magnetic Þeld may induce spontaneousimbalance in the
charge density between the two layers, and adding a long
range interaction will lead to the appearance of large
domains. This is indeed what we Þnd: long range
Coulomb interaction prevents the appearance of real
charge imbalancebetween the layers, andthesystemgoes
into a spiral stripe phase with very long period a of Iz

modulation �a q l0� � HF calculations for phaseV have
also been reported in Ref. [25]. HF calculationspredict
qualitatively similar phasediagrams for all Þlling factors
n � 4N � 1� including n � 1� We note,however, that this
approach does not include the possibilit y of two
decoupled n � 1� 2 states in the two layers (on top of
the Þlled 4N levels), which is more favorablefor smaller
n. We thereforeexpectthat the phasesdiscussedin this
paper are more likely to be found for N � 0� Similar
statescan occur at Þlling factors 4N � 3� interchanging
the role of holes and electrons in the highest Landau
level.

To provideabetterpictureof thesephaseslet usconsider
a Slaterdeterminantstatein bilayersystemsat n � 4N � 1

�

k

eiak cos
wk

2
c†

k� Qy� 2� � e� iak sin
wk

2
c†

k� Qy� 2�

� �
l0�� �2�

whereak � kQxl
2
0� c†

ks createsan electronin statef Nks �~r��
and l0� denotesa stateof 4N Þlled Landaulevels in both
layersandbothspincomponents.Whenwk is constant,the
wavefunction(2) describesnonstripephases:fully isospin
polarized uniform phases for ~Q � 0 (w � 0 and p
correspondto all electronsin the left and the right layers,
respectively),and a spiral phasefor Þnite ~Q� When wk

changesperiodically with k, we obtain stripe phases.The
case~Q � 0 hasbeenconsideredby Brey andFertig in Ref.
[9] andcorrespondsto phaseIII in Fig. 2. Thewavefunction
(2) is written in suchawaythatit hasoscillationsin Iz along
thex axis.When ~Q � � P� 0� (this requires~B	 	 �y) we havea
spiral stripe phase,and when ~Q � � 0� P� (such winding
requires~B	 	 �x) weobtainaskyrmionstripephase.For layers
of zerowidth andwithin HF approximationwe Þndthatthe
ISpStphaseis alwayslower in energythantheISkStphase.
However,the energiesof the two statesarevery close,so
whenthe Þnitelayer width is takeninto account,the ISkSt
phasemay be favoredenergetically[26].

3. Effective theory for the stripe phasesin bilayer
systemsat n � 4N � 1

To derive an effective low energy theory for the
spiral stripe phase shown in Fig. 1(b) it is convenient to
start with an ISt in which wk take values 0 or p only.
This phase has no interlayer coherence, and domain
boundaries between � and � are sharp with two
counter-propagating edge statesof different isospins (see

Fig. 1. ISts discussedin this paper.Shadedareasshowisospinup
(� ) anddown(� ) domains,horizontal arrowsandspiralsindicate
transverseisospin�Ix� Iy� order parameter,and long arrowsin the
right hand side show the direction of B	 � (a) Is the ISt (this
corresponds to phaseIII on Fig. 2 in the limit B	 � 0). (b) Is the
ISpSt(thiscorrespondsto phasesIV andV on Fig.2). (c) Showsthe
ISkSt.We proposethat the resistanceanisotropyobservedin wide
well experiments in Ref.[10] is dueto formationof aspinskyrmion
stripephase.Thelatteris similar to ISkSt(c),but involvestheactual
spinof theelectrons,ratherthanthe isospin.

Fig. 2. Phasediagramfor bilayersystemat n � 5 in thepresenceof
parallelmagneticÞeldB	 dl0� F 0 � 1�5� PhaseI isan incommensu-
rateinterlayercoherentphase,phaseII is anISp,phaseIII is anISt,
phasesIV andV areISpSts.(t andd referto tunnelingamplitudeand
layerseparation,respectively).
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Fig. 3). Various patterns of the edge stateshybridization
(which open a gap in the quasiparticle spectrum)will
allow us to connect this phase to all the other stripe
phases(see, e.g. Fig. 4). Following our HF calculations
we start from a conÞguration where stripes are parallel
to B	 and are in the y direction. On the edge j, electron
operatorsmay be bosonized using c js � eif js (see Ref.
[27] and references therein). Fermion operators of a
given isospin changetheir chirality between the neigh-
boring stripes (seeFigs. 3 and 5), so the displacements
and resulting density changes at the isospin up and
down edges are DXj� � � � � jDr j� � � yf j� and DXj� �
� � � j� 1Dr j� � � yf j� (from now on all lengths are
measuredin the units of l0). Following [8,28Ð31] it is
convenient to separateßuctuationsof the edge positi on
uj � � DXj� � DXj� � � 2 � � � � j �Dr j� � Dr j� � � 2 � � yf j� and
ßuctuations in the domain wall width nj � � DXj� �
DXj� � � 2 � � � � j �Dr j� � Dr j� � � 2 � � yf j� (they may be
thought of as charge ßuctuations, since shifting the
edge positions relative to each other createsa region of
lower or higher electron density), where we introduced
f j^ � � f j� ^ f j� � � 2� The relative phase betweenthe up
and down electrons 2f j� is what corresponds to the
phase of the transverse isospin I � � The staggered
relation between the displacements and the densities
makes it convenient to separate the staggered and
uniform components of every Þeld f j� � � � � j f s

j � f o
j �

f j� � � � � jus
j � uo

j � uj � � � � jus
j � uo

j � and nj � � � � jns
j �

no
j � with us

j � � yf
s
j � uo

j � � yf
o
j � ns

j � � yu
s
j � and no

j � � yu
o
j �

Simple arguments can now be used to write an effective
Hamiltonian for the ISt

H eff �
�

~r

�
m2

1

2
�us�2 �

1
2

�K 

x�7 xu

o�2 � Ky�7
2
yuo�2�

�
1
2

�Cx�7 xu
o�2 � Cy�7 yu

o�2� �
m2

2

2
�us�2

� t cos�uo � Px� � D�7 xu
o�2�7 yu

o�2 � G0us7 xu
o

�

�3�

Fig. 3. (a) Showsan ISt without interlayercoherence.On (b) we
showthat it is describedby wavefunction (2) with wk takingvalues
0 andp only. (c) GivestheHF potentialfor theisospinupanddown
electronsandindicatesthe existenceof the isospin � and � edge
stateson domainwalls.Theseedgestatesareshownasupwardand
downwardarrowson (a).

Fig. 4. ISkSt with oscillationsin I z and I x� I y� (a) Showsup and
down domainseparatedby regionsof the spiral phase.(b) Shows
thatthisstatemaybethoughtof ascomingfrom hybridization of the
internaledgestates(seeFig. 3) at Þnitewavevectorqy� thatopensa
gapin thequasiparticle spectrum.Appropriatec k areshownin (c).
Here I x and I y wind at somewavevector perpendicular to the I z

modulation,so there is a topological spin density that resultsin
chargemodulation.

Fig.5.Distortedisospinstripefrom Fig. 3. Notethatadisplacement
of domainedgesin thepositivex directionleadsto anextradensity
on the right handside of eachof the domainsand to a missing
density on the left side. Hence, Dr j� � � � � jDXj� and Dr j� �
� � � j� 1DXj� �
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Here
	

~r �
	

dx dy� P � l~Pl � 2pB	 d� F 0� The Þrst term
in Eq. (3) comes from the fact that us is a massive
variable that changesthe width of the spin up domains
relative to the spin down domains, i .e. isospin
polarization �I z� of the system. By contrast, uo� shifts
up and down domainsequally and the second and third
in Eq. (3) describesoft stripe position ßuctuations. In
the absenceof parallel magnetic Þeld the direction of
stripes is arbitrary, so the gradient energy for uo is of
the smectic type [8]. Parallel magnetic Þeld selectsa
particular direction of the stripe orientation and gives
Þnite stiffness to stripe ßuctuationsin the y direction as
will be discussed later. Exchange interactions penalize
gradientsof the relative phase betweenthe up and down
electrons but do not select the phase itself. So in the
absenceof tunneling, ßuctuations in uo do not change
the energy of the system in the long-wavelength limit,
but the ßuctuations of us are massive, as described by
Eq. (3). The tunneling favors a phase uo that winds in
the x direction at wavevector P (assuming ~B	 	 �y) and
leadsto the seventhin Eq. (3). Twisting of uo is present
for any value of the parallel magnetic Þeld and,
according to our HF calculations, stabilizes the direction
of the stripes that is perpendicular to the gradientof uo�
The particular form of the eighth term in Eq. (3) is
Þxed by the observation that reversing the direction of
the parallel magnetic Þeld will not change orientationof
the stripes. Finally , the last term of Eq. (3) takes into
account that a change in polarization us will lead to a
changein the stripe periodicity 7 xu

o�
Hamiltonian(3) mustbe supplementedby the commu-

tation relations betweenthe internal edge state densities
�r ja �qy� � r j 
b �q


y�� � djj 
dab qyd�qy � q

y� � They give rise to

the terms in the Euclidean space-time action St �
i
	

dt dy



js � � � js � t f js � yf js � i
	

dt dx dy�us� t u
o� uo� t u

s� �
Collecting all contributionswe Þnd the total action S�
St �

	
dt H eff � We integrateout thestaggeredÞeldsus and

f s and after straightforwardalgebrawe get the following
effective actionfor the stripephases

S� Su�uo� � Su�uo� � Sint�u
o� uo�

Su�u� �
1
2

�

~rt

�
1

m2
2

� � t u�2 � Kx�7 xu�2 � Ky�7
2
yu�2

�

Su�u� �
1
2

�

~rt

�
1

m2
1

� � t u�2 � Cx�7 xu�2 � Cy�7 yu�2

� 2t cos�u � Px�

�

Sint�u� u� �
�

~rt

�

D�7 xu�2�7 yu�2 �
iG0

m2
1

�7 xu�� � t u�

�

�4�

where
	

~rt �
	

dx dy dt � the last term gives the usual

BerryÕsphasecoupling of the z component of magneti-
zation �7 xu�� and Kx � K 


x � G2
0� m2

1� Corrections to Kx

due to G0 can in principle lead to its sign change, which
corresponds to a change of the stripe period. For
simplicity we assume that G0 is small everywhere in
this paperso Kx remainspositive.

For the ISpSt phases IV and V there is average
winding of the isospin phase uo � Px� with massive
ßuctuations around it. Stripe positional order hasgapless
excitations, reßecting broken translational symmetry in
the stripe phase. So at T � 0 we Þnd the following
spectrum v 1�qx � 0� qy� � m1� t � Cyq

2
y�1� 2� v 2�qx �

0� qy� � m2�DP2�1� 2lqyl� v 1�qx� qy � 0� � m1� t � � Cx �
m2

2G2
0� m4

1�q2
x�1� 2� and v 2�qy � 0� qx� � m2K1� 2

x �1 �
m2

2G2
0q2

x� m4
1t�1� 2lqxl� where v 1�~q� and v 2�~q� describe

isospin and stripe position ßuctuations, respectively. At
Þnite temperature, coupling betweenthe stripe positional
order and isospin is irrelevant. The former is described
by a two-dimensional XY model, which should undergo
a KosterlitzÐThoulesstransitionat Þnite temperature. At
this transition the system establishesquasi-long range
order in the stripe positions [9], and a true long-range
order may only appear at T � 0�

In the ISp phase II we do not have stripes, which
can be thought of as melting the long range positional
order in u by quantum ßuctuations. The description of
such a phase may be readily obtained using duality
transformation of the 2 � 1 dimensional XY model for
�Su (see Ref. [32] and references therein). Disregarding
the anisotropies we Þnd

�Su�dual � �Sint�dual �
�

~rt

�
km

2
l�� m � i2pam�Cu

vl2

� � L GL� lCu
vl� �

1
2k0

f 2
mn �

iG0

m2
1

�7 xu
o�eab 7aab

�

� �5�

Here m and n include temporaland spatial components,
and a and b spatial components only. L GL corresponds
to the usual GinzburgÐLandau type Lagrangian. The
Þeld Cu

v creates a dislocation in the stripe lattice and is
dual to ei2puo� a� When the crystal is melted by quantum
ßuctuations �Cu

v� � 0� so the gauge Þeld am is massive
by Meissner effect. We can integrate it out and Þnd that
it contributes terms to the effective action for u:
DS�u� � � g1� 2�72

xu�2 � g2� 2�7 x7 yu�2� Stripe position
ßuctuations make isospin ßuctuations softer, but only
as q 4.

In the ISt phaseIII at any Þnite B	 there is average
winding of the isospinphaseuo along x at wavevector �Q
smaller than P (assuming ~B	 	 �y). Fluctuations of this
variable relative to its mean-Þeld conÞguration �u �
uo � �Qx aremassless�t � 0� in the long-wavelengthlimit,
andorientationof the stripeorder is Þxedby Þnite �Q� The
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effective actionfor this phaseis

�S� �Su�uo� � �Su� �u� � �Sint�u
o� �u�

�Su�u� �
1
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2
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� 2Cx
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�u�

�
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At zero temperaturethe system has Goldstone modes
coming from two kinds of broken symmetry: spin XY
symmetrybrokenby the expectationvalueof u (this mode
has v 1�~q�) and translational symmetry broken by the
stripepositionsu0 (this modehasv 2�~q�). We Þndv 1�qx �
0� qy� � m1C1� 2

y lqyl� v 2�qx � 0� qy� � m2�D �Q2�1� 2lqyl�
v 1�qx� qy � 0� � m1C1� 2

x �1 � l �1� 2lqxl� v 2�qx� qy � 0� �
m2K1� 2

x �1 � l �1� 2lqxl� where l � G2
0m2

2� �m2
1�Kxm

2
2 �

Cxm
2
1� � In the absenceof disorderthere can then be two

separateKosterlitzÐThoulesstypetransitionsfor stripeand
isospinorders.

Disorderwill havea strongeffect on thestripephases.If
impurities interact differently with electrons in the two
layers,they will coupleto the stripepositionu. The model
�Su with disorder is a problem of melting of a two-

dimensionalsolid on a disorderedsubstrate.The latter was
studiedby CarpentierandLe Doussal[33], whoshowedthat
themelting transitionwill bereplacedby a sharpcrossover
betweena high temperatureliquid with thermally induced
dislocations,anda low temperatureglassyphasewith dis-
order induceddislocations[33]. When the stripesform a
glassyconÞgurationthiswill haveaneffectonthespinorder
aswell. From the last line of Eq. (4) we canseethat when
7 xu becomesrandomit producesa randomBerryÕsphase
for U�1� orderparameteruo� Thelatteris unimportantin the
phaseIV, whereuo is massive,butmaygive riseto theBose
glassphase[34,35] in phaseIII.

4. Wide well systemsat n � 2N � 2

Another classof QH systemsat integerÞlling factors,
wherewe can expectthe appearanceof stripe phasesare
electronsin a wide well in tilted magneticÞeld. As an
examplewe considera parabolicconÞningpotential,which
hasenergylevelsin tilted magneticÞeld(for noninteracting
electrons)of the form En1�n2�s �z

� v 1�n1 � 1� 2� � v 2�n2 �
1� 2� � v �zs �z (see Ref. [26,36] and referencestherein),
wherev 2 decreasesandZeemanenergyv �z increaseswith
increasingB	 andconstantB� (spinquantizationaxis �z is in
thedirectionof thetotalmagneticÞeld).At somepoint there
is a level crossing between�n1� n2� �� and �n1� n2 � 1� ��
orbitals(seeFig. 6). In the experimentallyrelevantregime
of parametersn1 � 0� so from now on we will only be
concernedwith this case.For a noninteractingsystemthis
levelcrossingwouldgiveriseto aÞrstorderphasetransition
at evenÞlling factors[10] with anabruptchangein thespin
polarization. When interactions are taken into account,
nontrivial many body states may be stabilized due to
hybridizationbetweentheorbitals�0� N� �� and�0� N � 1� �� �
whereN � n� 2 � 1� TheSlaterdeterminantwavefunctions
for suchstatesare the sameas in Eq. (2) with c†

k� and c†
k�

creatingelectrons in stateswith quantum numbers �0� N� k� ��
and�0� N � 1� k� �� � respectively(we useLandaugaugeand
assumethat parallel magneticÞeld is along x, so electron
eigenstateshave a well deÞnedmomentum k in the y
direction). The transversespin order parameter,resulting
from mixing of the �0� N� �� and �0� N � 1� �� orbitals,
changessign as a function of z (due to a different z
dependenceof thetwo orbitals).Hence,whenwk is constant
and~Q � 0� weÞndastatethatmaybedescribedasaÔcanted
antiferromagneticphaseÕ(CAF). It has constant spin
polarization S�z�x� y� �

	
dz�C†

� �~r�C � �~r� � C†
� �~r�C � �~r� � 2

and Neel order parameter N� �x� y� �
	

dzsgn�z�C†
� �~r�C � �~r��

The CAF phaseis somewhatanalogousto the interlayer
coherentphasefor bilayersystems;however,in thiscasethe
relative phase between the two states is not Þxed by
tunneling(seealso Refs. [37Ð39] and referencestherein).
Whenwk is constantandthereis Þnite ~Q� we ÞndtheÔspin
spiralphaseÕ(SSp),thathasconstantS�z andwinding in the

Fig. 6. Noninteracting singleelectronenergylevels in a parabolic
conÞnementpotentialwith a tilted magneticÞeldasa function of
parallelmagneticÞeld,B	 � TheperpendicularmagneticÞeldis 3 T,
andthe conÞnement potentialis 7 meV. At evenÞlling factor, the
level crossingsbetweenelectronsof oppositespinsoccursat B	 �
20T�
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transverse Neel order N� �~r � � � N0 ei ~Q·~r � �~r � � � x� y�� �
Unlike the ISp, this SSpphasehasgaplessßuctuationsof
thetransverseNeelorderparameter,reßectingthespinU�1�
symmetryof theproblem(spinrotationsaround�z). Onecan
easily show, that for a Þxed 0 � w � p there is always
some~Q vector,perpendicularto ~B	 (i.e.along�y in ourcase),
thatallowsoneto constructtheSSpphasewith energylower
than the CAF phase.The origin of the transverseorder
parameterwinding in bilayersandin widewells is different.
In the former caseit comesfrom tunneling,whereasin the
latter caseit is due to the changesin the Coulombmatrix
elements.Whenweusesingleelectronwavefunctionsin the
parabolicpotential in tilted magneticÞeld with ~B	 	 �x (in
Landaugauge),we Þndthat theminimumof dispersionfor
N� �~r � � shifted to Þnite ~Q � ^ �0� Q�� When wk is
periodically modulatedwith k in wavefunction(2) we get
spin stripe phases,which have�S�z� modulatedalong x. A
statewith stripesand ~Q � 0 we call a Ôspinstripe phaseÕ
(SSt),andastatewith ~Q	 �y wedenoteaÔspinskyrmionstripe
phaseÕ(SSkSt).ThelatterhasÞnitespintopologicaldensity,
andthereforehaschargedensitywaveorder,in additionto
thespindensitywaveorder.Thereis alsoaÔspinspiralstripe
phaseÕ(SSpSt)phase,that has ~Q	 �y andstripesalongthe x
direction,i.e.parallelto B	 � Thewavefunctionfor theSSpSt
phase,however,cannotbe written in the form of Eq. (1).
Finally, the degeneracyof thestateŝ ~Q allowsa collinear
SDW phasewith Nx�y�~r � � � cos� ~Q·~r � � � but we will not
discussit in this article.

Within HF variationalcalculationsat T � 0 andwithout
takinginto accountscreeningby thelowerLandaulevelswe
Þnd [26] that in a parabolic conÞningpotential all the
nontrivial many-body states are higher in energy than
simplepolarizedincompressibleQH states(the latter have
noninteractingLandau levels either completely empty or
occupied).Takenliterally, thiswouldimply thatinteractions
donotalterthescenariowherethereis aÞrstordertransition
with a jump in the polarization. Our results indicate,
however,that in the vicinity of the HF level crossing,the
energydifferencebetweenthe polarizedstateandsomeof
themany-bodystatesthatwe consider(theSSp,theSSpSt,
andtheSSkStphases)is small.It is thenpossible,thatwhen
we usea differentconÞningpotential,includescreeningby
the lower levels, and/or go beyond mean Þeld HF
approximationsomeof thesemany body statesmay very
well becomelower in energythanthe polarizedphases.

We Þnd(for transitionat N � 2� which correspondsto
n � 6) that stripe phaseswith winding (the SSpStand the
SSkStphases)aremorefavorablethantheSStphasewith no
winding (all the comparisonsweredonefor conÞgurations
with equalspinpolarization).We Þndthat theSSpStphase
is usuallymorefavorablethantheSSkStphase,althoughthe
differencebetweenthetwo is extremelysmall.We alsoÞnd
that the SSp phase,that has winding and no stripes, is
slightly morefavorablethananyof thestripephases.These
resultswill be publishedelsewhere[26].

Theeffective actionfor the stripephasesin a wide well

andtilted magneticÞeld(for both,SSkStandSSpStphases)
is similar to theactionfor bilayerÞrstphaseandis givenby
Eq. (6). Variable uo describesstripe position ßuctuations,
and �u correspondsto the ßuctuationin the directionof the
transverseNeel order parameterrelative to its mean-Þeld
conÞguration(the latter has uniform winding along the
stripes, as shown on Fig. 1(c)). Both variablesdescribe
modes that are soft in the long wavelengthlimit, with
dispersionsimilar to what has beendiscussedbefore for
phaseIII of the bilayer system.

The lowestenergyelementarychargeexcitationsin the
stripephases(bothspinandisospin)at integerÞlling factors
aresolitonsof uo on individual domainwalls (see,e.g. [9,
40]). The easydirection for chargetransport(i.e. direction
of smallerlongitudinalresistance)is alongdomainwalls,so
it is along the parallel magneticÞeld in the spiral stripe
phaseandperpendicularto it in the skyrmionstripephase.
This observationmotivatesusto suggest,thattheresistance
anisotropy observed in Ref. [10], may be due to the
formationof a spinskyrmionstripephase.

It is useful to compareour picture of the SSkStphase
with the domainwall picturesuggestedby Jungwirthet al.
[41] to explain the experimentsof Ref. [10]. According to
Ref. [41], no nontrivial stripephasesarestabilizedaround
the level crossingof �0� N� �� and �0� N � 1� �� orbitals,but
disorder gives rise to an appreciablenumber of domain
walls betweenregionsof different spin polarization.Low
energycollectiveexcitationsof suchdomainwalls arethen
responsiblefor the transportanisotropy.Our SSkStphase
can be thought of as a collection of polarized domains
(stabilizedby Coulomb interaction,rather than disorder),
with nontrivial spin winding on the domainwalls and low
energyexcitationsin theform of �u solitons(wenotethatthe
texturededgesof the QH systemshavebeendiscussedin
Refs.[42Ð44]). Hence,althoughthereis differentorigin of
thedomainwalls in thetwo scenarios,theremaybecertain
phenomenological similarity in the description of the
transportproperties.Ref. [41] Þndsdomainwalls that are
favored in the direction along B	 � which implies that the
easydirection for transportis along B	 � This is consistent
with our HF calculations,that show SSpStphaseto be
slightly lower in energythantheSSkStphase.However,the
skyrmionstripephaseis moreconsistentwith theresistance
anisotropyobservedin Ref. [10], thereforewe think it is
morelikely to havebeenrealizedin experimentalsystems.
Weshouldalsomentionthatourtheorymaybeapplicableto
the magnetoresistanceanisotropyrecentlyobserved[45] in
Si/SiGetwo-dimensionalelectronsystemsin the presence
of tilted magneticÞelds,but the complication of valley
degeneracy in Si makes a straightforward comparison
betweenour theoryandRef. [45] difÞcult.

Before concluding we point out that our analysisof
this section should, in principle, also apply to a system
with an odd n if the Zeeman coupling is large. For
example,for n � 5 one could imagine a situation where
the n2 � 3 Landauorbital level with spin up is degenerate
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with an n2 � 1 level of spin down (it happensoutsidethe
rangeof Fig. 6). Thenwe would havea ÔbasestateÕwhere
the secondandthe third LandaulevelshaveÞlled spin up
states,andthereis oneadditionalelectronperßux quantum
divided betweenthe two degeneratestates.Our resultsof
thissectionwouldwork perfectlywell for thiscasealthough
such a situation may be more difÞcult to achieve
experimentally.Thisandothersuchlevelcrossingsituations
will be discussedin details in a forthcoming publication
[26].

5. Summary

To summarize,weuseaHF analysisto discussthephase
diagramof bilayerQH systemsat n � 4N � 1� establishthe
possibility of severaldistinct ISts, and derive an effective
theoryfor them.Wepointout thatsimilar stripephasesmay
exist in wide well systemsat n � 2N � 2 andproposethat
theresistanceanisotropyrecentlyobservedin Ref.[10] may
bedueto the formationof a spinskyrmionstripephase.
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