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Abstract

We considerstripeformationin quantumHall (QH) systemsatintegerblling factors.We useHartreebFock calculationsto
obtainthephasediagramof bilayerQHsystemsatn 4N  linatilted magnetidceld.We deriveandanalyzeaneffectivelow
energytheoryfor thestripephaseswhichmaybepresenin suchsystemsWe discusghepossibility of stripeformationin wide
well systemsn atilted magneticbeldandsuggesthattheresistancanisotropy observedecentlyby Panetal. [Phys.Rev.B
64 (2001)121305],may be dueto the existenceof a skyrmionstripephase. 2002ElsevierScienceltd. All rightsreserved.
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1. Introduction

Macroscopicdegeneracyof electronsin Landaulevels
amplipesthe importanceof Coulomb interaction for the
guantumHall (QH) systemsand givesrise to a variety of
unusual phenomena.The most famous example is the
existenceof thefractionalQH effect, whereat certainblling
factorsthe systembecomesncompressiblei.e. it acquires
gapsfor making chargeexcitations[1]. Another manifes-
tation of Coulomb interactionis the formation of stripe
phasesn high Landaulevels at half-integerplling factors
[2B8]. Recentlyisospinstripesatintegerpblling factorshave
beenproposedheoreticallyby Brey and Fertig for bilayer
systemsatn 4N 1[9], wherethetwo layersarelabeled
by anisospinindex, s.

In this paperwe extendthe ideasof [9] to the caseof
tilted magnetic belds and suggestthe possibility of two
additional stripe phasesan isospinstripe phase(ISt) with
winding anda skyrmionstripephaseWe deriveaneffective
low energy theory for these stripe phasesand study its
consequencedVe showthatthis constructionhasa natural
generalizationto two-dimensionalelectrongasesin wide

* Corresponihg author. Tel.:  1-301-405-613; fax: 1-301-
314-9465.
E-mail addressweiwang@glue.umd.ed({D.W. Wang).

wells in tilted magneticbeldsand arguethat thesephases
may berelevantfor understandinghe resistancenisotropy
recentlyreportedin Ref.[10].

2. Hartree —Fock calculationsfor bilayer systemsat
n 4N 1

Propertiesof electronsin bilayer QH systemsat n
AN 1 have been a subject of active theoretical and
experimentalresearch(see Refs. [11D17], and references
therein).In a perpendiculamagneticbeld and small d |,
(here d is the distance between the layers and Ig
¢ eB ! ?isthemagnetidength)it is commonlyaccepted
that the ground stateis a Halperin (1,1,1) state [18,19]
When tunneling betweenthe layersis small, sucha state
correspondsto spontaneousnterlayer coherencewith a
Goldstonamode[20,21] Brey andFertigsuggestedhatfor
N 0 as d is increasedthe interlayer coherentphaseis
unstableto the formationof isospinstripes,i.e. oscillations
in the chargedistribution betweenthe layerswith the total
chargedensityin the two layers bxed. The origin of such
isospinstripe orderis a competitionbetweenthe exchange
and the direct Coulomb interaction. Exchange favors
accumulatingall the electronsin one layer (in order to
maximize the isospin exchange Pbdd), whereas direct
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Coulomb energy is lower when the electron density is
distributeduniformly betweerthe layers.

It may be worthwhile to recapitulatethe coherence
underlyingthe Halperin(1,1,1)phas€18] in the contextof
the bilayer QH system.The two-componengeneralization,
theHalperin m; m, n state,of theLaughlinwavefunction
proposedy Halperinin 1983hasthe form

N N
lemzn z Z g m Zy Z i
i j N k1 N alb1
N 2
Iz
Z, zZp " exp e 1
c1 4
wherez  x iy} lp is the standardtwo-dimensional

layer coordinateof the jth electron,m; m, are both odd
integers(to preservethe Pauli exclusionprinciple), j

N j andN N arethe numberof electronsin the two
componentsN N N [12]. For bilayer systemsone
couldthink of N N asthe electrondensityin the isospin
stateassociateavith thelayerindex. Thespecialcasem

m, n 1 of the above wavefunction describesa
coherentbilayer statewith the total blling factor of unity
with a Pxedtotal density,N, but with indePnitenumberof
electronsin eachlayer. The Halperin(1,1,1) statehasbeen
extensively studied in the literature [11,12], and is an
exampleof a classof novel many-bodyground statesfor
bilayer systems which exhibit spontaneousinterlayer
coherencg14D18].

If themagneticbeldis tilted awayfrom perpendiculato
the sample,so that thereis a nonzeroin-planebeldB a
variety of new phaseganay occur, which we investigatein
this paper.We assumethat the brst4N Landaulevelsare
completely full, with both spin statesand both layers
populated andthat the remainingelectrons of which there
areoneperRux quantumarecompletelyspinpolarized but
distributedbetweerthetwo layers(i.e.isospinunpolarized).
We introduce an isospinindex s to distinguishthe
layers,and dePneisospindensityoperatorsl, C'C
c'c 2andl  C'C where C; is the annihilation
operatoifor anelectronin layers atagivenpointin thex—y
plane WealsousetheLandaugaugeA + 0 B x By
B,x sothatsingleelectronstatesaref s = Ly *dz
sd H, x kI3 &Y wherek is the wavevectorthat labels
stateswithin the Landauleveln (k  2pm L, andmis an
integerthatgoesfrom 1 to theLandaueveldegeneraci; ),
L, thelengthof thesystemin they direction,ands 1 2

ForB 0 thecoheren{(1,1,1)phaséhas| equaltoa
real, nonzeroconstantandin the absencef stripes, 1, is
alsoa constantindependenbf position. (If the two layers
are symmetric, and there is no spmtaneoudy broken
symmetry,we thenhave |,  0). In the stripe phaseof
Ref.[9], |, variesperiodicallyin spacealongonedirection
(whichwetakehereto bethex-direction). Themagnitudeof

I will also vary periodically, but its phaseremains
constantsothat | is real.

For nonzeroB in the absenceof stripes, we may
distinguishtwo possibleguantizedHall statesln one,which
is often denoted[11D13] the OcommensuraghaseChut
whichwe call herethe Oisospispiralphase(®Sp), | hasa
form I, €”™ which has constantmagnitudeand a phase
whichvarieslinearlyin spacewithP  2pdB z Fyand
Fo hc e In the other OincommensuraggateCthe phase
of I variesmoreslowly in spaceseee.g.[12,13,22). In
the HartreebFock (HF) calculationsreportedin this paper,
we ignoreentirely the phasevariationin theincommensur-
atestate,andtakeit to be constanin spaceandwe denote
this as the OcoherenphaseOThis greatly simplibesthe
calculationsandshouldintroduceonly a smallerrorin the
energyof the state exceptvery closeto thecommensurat®
incommensuratphaseboundary[12,13]

For nonzeroB if stripesare presentthe energywill
dependon the orientationof the stripesrelative to the in-
plane beld. In experimentsthe direction of the parallel
magnetic Peld is bxed, and the stripe direction is
presumablydeterminedby the condition of minimizing
the groundstateenergy.Here, we Px the direction of the
stripeorderandadjustthe directionof the parallelmagnetic
beld. We will considertwo cases,where B is either
perpendicularto the stripes B x in our notation, or
parallelto them B y In eithercase,stripe orderin |,
may coexist with commensurate spiral order or with
incommensuraterderin |  Wedenotehecommensurate
phasewith stripesparallelto B asan Qisospispiral stripe
phase@SpSt),while we designatéhe commensuratphase
with stripesperpendiculato B asQisospiskyrmionstripe
phase@SkSt) (seeFig. 1(b) and(c)). The latter phasehas
Pnitetopologicalisospindensityrigp, €451 41° p1°
andthereforecarriesachargedensitywavein additionto the
isospindensitywave[23]. The ISt without spiral order(see
Fig. 1(a)) will bedenotedsimply asanISt. This phasewas
calledOunidirectionaloherenthargedensitywavestaten
Ref.[9].

In Fig. 2, we show the phase diagramobtainedfrom a
T 0 HF calculationat n 5 in a casewhere B is
assumed parallel to the stripes. Phase | is the incommen-
surate cohereth phasepresent for small values of d |y ard
small interlayertunneling t. In this phase the interlayer
exchangeinteraction is strong enough to keep the
densities in eachlayer uniform and preventthe relative
phasebetween the layers from winding at wavevector P
As the tunneling is increasedit becomesenergetically
favorableto have a phase winding at wavevector P and
we bnda commensuratéSp phasewithout stripes(phase
Il on Fig. 2). When d |, is increasedand t is kept small,
we Pnd the striped 1St phases (phase Il on Fig. 2). It is
useful to point out that trarsition betweenthe coherent
and | St phase is continuous, so the stripe order develops
gradudlly in the ISt phasewith a simultaneows suppres-
sion of theinterlayercohererce. Whenbothd |y andt are
increased we bnd the 1SpSt phase with both stripes and
phase winding (pha® IV on Fig. 2). Another regime
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Fig. 1. IStsdiscussedn this paper.Shadedareasshowisospinup
( ) anddown( ) domainshorizontl arrowsandspiralsindicate
transversesospin I, 1, order parameterandlong arrowsin the
right hand side show the direction of B (a) Is the ISt (this
correspods to phaselll on Fig. 2 in thelimit B 0). (b) Is the
ISpSt(this correspordsto phasedV andV on Fig. 2). (c) Showsthe
ISkSt. We proposethat the resistancenisotropyobservedn wide
well experimemsin Ref.[10] is dueto formationof a spinskyrmion
stripephaseThelatteris similarto ISkSt(c), butinvolvestheactual
spin of the electronsratherthanthe isospin.

where we nd the 1SpSt phase is anall d |y and large t
(phase V on Fig. 2). This phaseis related to the
pseudospin canted phase proposed in Ref. [24]. The latter
paperproposedthat for shat range interactiors a parallel
magnetic beld may induce spontaneousimbalancein the
charge density between the two layers, and adding a long
rarge interaction will lead to the appearance of large
domains This is indeed what we bnd long range
Couomb interaction prevents the appeararce of real
chage imbalancebetween the layers, andthe system goes
into a spiral stripe phase with very long period a of I,
modulation aq |y HF calcdations for phaseV have
also been reported in Ref. [25]. HF calculationspredict
qualitatively similar phase diagams for al Plling factors
n 4N 1 includingn 1 We note,however, thatthis
approach does not include the possbility of two
decoufed n 1 2 statesin the two layers (on top of
the blled 4N levels), which is more favorablefor smaller
n. We thereforeexpectthat the phasesdiscussedin this
paperare more likely to be found for N 0 Similar
statescan occur at blling factors 4N 3 interchanging
the role of holes and electrons in the highest Landau
level.

Fig. 2. Phasaliagramfor bilayersystematn 5inthepresencef
parallelmagneticbeldB dly, Fy 15 Phasd isanincommeisu-
rateinterlayercoherenphasephasdl is anlSp, phasdll is anlSt,
phasedV andV arelSpSts(t andd referto tunnelingamplitudeand
layer separationrespectivey).

To provideabetterpictureof thesephaseset usconsider

a Slaterdeterminanstatein bilayersystemsatn 4N 1
i W i W
ay k .t ia o k .t
e COS7°C g2 € SinTig g, 10 2

k

wherea, kQ3 cls createsan electronin statef s
and |0 denotesa stateof 4N Pblled Landaulevelsin both
layersandboth spin componentsWhenwy is constantthe
wavefunction(2) describeshonstripephasesfully isospin
polarized uniform phasesfor Q 0 (w 0 and p
correspondo all electronsin the left andthe right layers,
respectively),and a spiral phasefor bnite Q When wj
changesperiodically with k, we obtain stripe phasesThe
caseQ 0 hasbeenconsideredy Brey andFertigin Ref.
[9] andcorrespond$o phasdll in Fig. 2. Thewavefunction
(2) is written in suchaway thatit hasoscillationsin |, along
thex axis.WhenQ P 0 (thisrequiresB y) we havea
spiral stripe phase,and when Q 0 P (such winding
requiresB  x) we obtainaskyrmionstripephaseForlayers
of zerowidth andwithin HF approximationwe Pndthatthe
ISpStphases alwayslower in energythanthe ISkStphase.
However,the energiesof the two statesare very close,so
whenthe bnitelayer width is takeninto accountthe ISkSt
phasemay be favoredenergetically{26].

3. Effective theory for the stripe phasesin bilayer
systemsatn 4N 1

To derive an effective low erergy theory for the
spral stripe phase shown in Fig. 1(b) it is convenientto
start with an ISt in which wy take values 0 or p only.
This phase has no interlayer coherence, and domain
boundaries between ard are sharp with two
counter-prapagating edge statesof differentisospins (see
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Fig. 3. (a) Showsan ISt without interlayer coherence©On (b) we
showthatit is descriled by wavefunctia (2) with w; takingvalues
0andp only. (c) GivestheHF potentialfor theisospinup anddown
electronsandindicatesthe existenceof theisospin and edge
stateson domainwalls. Theseedgestatesareshownasupwardand
downwardarrowson (a).

Fig. 4. 1ISkSt with oscillationsin 17 and1* 1Y (a) Showsup and
down domainseparatedy regionsof the spiral phase.(b) Shows
thatthis statemaybethoughtof ascomingfrom hybridizaion of the
internaledgestateqseeFig. 3) at Pnitewavevector, thatopensa
gapin the quasipartite spectrumAppropriate ¢, areshownin (c).

Here I* and 1Y wind at somewaveveobr perpendicuar to the I1*

modulation,so thereis a topologtcal spin density that resultsin

chargemodulaton.

Fig. 5. Distortedisospinstripefrom Fig. 3. Notethata displacement
of domainedgesn the positivex directionleadsto anextradensity

on the right handside of eachof the domainsand to a missing

densty on the left side. Herce Dr; jDX‘- ard Dr;

i 1ij

Fig. 3). Various patterrs of the edge stateshybridizaton
(which open a gap in the quasiparticle spectrum)will
allow us to connect this phase to al the other stripe
phases(see e.g. Fig. 4). Following our HF calculatiors
we start from a conbguration where stripes are parallel
to B andare in they direction On the edge j, eectron
operatorsmay be bosonized using cjs €5 (see Ref.
[27] and references theren). Fermion operdors of a
given isospinchangetheir chirality between the neigh-
boring stripes (seeFigs. 3 and 5), so the displacemets
and resulting density changs at the isospin up and
down edges are DX; 1D yfi and DX
I'1Dr; yfi (from now on all lenghs are
measuredn the units of |y). Following [8,28D31] it is
convenientto separate3uctuationsof the edge position

uy DX DX 2 I'Dry Dr; 2 f; and
Buctuations in the doman wall width nj DX
DX 2 'Drj Drj 2 f; (they may be

thought of as charge Ructuations, since shifting the
edge podtions relative to each other createsa region of
lower or higher electron density), where we introdiwced
fi~  f; ~ fj 2 The relative phase betweenthe up
and down dectrons 2f; is what corresponds to the
phag of the transverse isogpin | The staggered
relation between the displacemets and the densities
makes it conwvenient to separatethe staggered ard

uniform components of every beld f jfjs P
fi s y ' W ard n In?
(o) H S S 0 o S 0

nj with UJ' yfl Uj yfl nj ijS and nj ny

Simple argumerts can now be used to write an effective
Hamiltonian for the ISt

e
H o ) 71u52 Ke 7502 Ky 7502

1
2
%cxufz Cy 7 P2 %u”
tcost” Px

D7,P?7,0°% GU7,u° 3
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Here dxdy P IPI 2pBd F, The brst term
in Eg. (3) comes from the fact that u° is a massive
variade that changesthe width of the spin up domains
relative to the spin down domains, i.e. isospin
poarization 1* of the system. By contrast, u’® shfts
up and down domainsequally and the second and third
in Eqg. (3) describesoft stripe position Ructuations In
the absenceof parallel magnetic beld the direction of
stripesis arbitrary, so the gradent energyfor u° is of
the smectic type [8]. Parallel magretic Peld selectsa
particular direction of the stripe orientation and gives
Pnite stiffness to stripe Ructuationsin the y direcion as
will be discussed later. Exchang interactims penalize
gradientsof the relative phase betweenthe up and down
electras but do not selectthe phase itself. So in the
absenceof tunreling, Buctuatios in t° do not change
the energy of the system in the longwavelengh limit,
but the Ructuatims of ° are massive, as described by
Eg. (3). The tunneling favors a phase (P that winds in
the x direction at wavevectorP (assumingB y) and
leadsto the seventhin Eq. (3). Twisting of (P is present
for any value of the parallel magnetic beld and,
accordirg to our HF calcuations, stabilizes the direction
of the stripes that is pergendicular to the gradientof
The particular form of the eighth term in Eq. (3) is
bxed by the observation that reversing the direction of
the parallel magnetic bPeldwill not chang orientation of
the stripes. Finally, the last term of Eq. (3) takesinto
account that a change in polarization u® will leadto a
changein the stripe periodicity 7,u°

Hamiltonian (3) mustbe supplementedyy the commu-
tation relations betweenthe internal edge state densities
lady ripd  ddapayda, q, They give rise to
the terms in the Euclidean space-tine action S
i dtdy js s (fis yfjs i didxdyus P W P
Collecting all contributionswe Pnd the total action S
S dtH o We integrateout the staggeredbeldst?® and
f $ and after straightforwardalgebrawe get the following
effective actionfor the stripe phases

S su S ° spuw
1 2 2 2,,2
SJ u E " % tu KX 7XU Ky 7yU
1 1 2 2 2
u = — U C, 7, 7.U
SJ 2 ” rn% t X X Cy y 4
2tcosu Px
i
S U U D7u?7.u? & 7U U
m

where dxdydt the last term gives the usual

BerryOghasecoupling of the z comporent of magneti-
zation 7,u andK, K, & m? Corrections to K,
due to G canin principle leadto its sign chang, which
correspods to a change of the stripe period For
simplicity we assune that G is small everywhere in
this paperso K, remainspositive.

For the ISpS phass IV and V there is averag
winding of the isospin phase t° Px with massie
Buctuations arourd it. Stripe positional order hasgapless
excitaions, reRecthng broken trarslational symmetryin
the stripe phase.So aa T 0 we bnd the following
spectrum v;q, 0q, mt CG'?  vyq
0g, mDP?12qy) Vit O mt C,
mE mgl2 and v,q 0g  mKi 1l
mG mit1%gl whee v, ard v, g desaibe
isospin and stripe position Ructuations, respectiely. At
Pnite temperatuoe, coupling betweenthe stripe positional
order and isospin is irrelevant. The former is desribed
by a two-dimensonal XY model, which shoud undergo
a KosterlitzBThoulesstransitionat bnite temperature. At
this transition the system establishesquasi-lory range
order in the stripe positions [9], and a true longrange
order may only appearat T 0

In the ISp phasell we do not haw stripes, which
can be thought of as melting the long range positional
order in u by quantum Ructuations. The deription of
such a phase may be readly obtained using duality
transfaomation of the 2 1 dimensional XY modd for
S, (see Ref. [32] and references therein). Disregarding
the anisotropies we prd

k .
Sidual  Sntdual " 7m| m 12pan sz
1 i
L g lCYl Z—%ffm % 7P epTaa, 5

Here m and n include temporaland spatial comporents,
and a and b spatial components only. L g corresponds
to the usual GinzburgbLandau type Lagrangian. The
bdd C\ creaes a dislocation in the stripe lattice and is
dual to €Y 2 Whenthe crystal is melted by quantum
Buctuations Cy 0 so the gauge beld a,, is massie
by Meissne effect. We can integrate it out and bnd that
it contributes terms to the effective action for wu
DSu o1 27%u? g, 27,7,u® Stripe position
Buctuations make isospin Ructuations softer, but only
asq”.

In the ISt phaselll at any bnite B thereis average
winding of the isospinphaset along x at wavevectorQ
smaller than P (assuming B y). Fluctuations of this
variable relative to its mean-beld conbguraton u
(P Qxaremasslesst 0 in thelong-wavelengtHimit,
andorientationof the stripe orderis bxedby bniteQ The
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Fig. 6. Noninteracing single electronenergylevelsin a parabolic
conbnemenpotentialwith a tilted magneticbeld asa function of
parallelmagnetidceld,B  Theperpendicudr magneticbeldis 3 T,
andthe conbnemat potentialis 7 meV. At evenPplling factor, the
level crossingsetweerelectronsof oppositespinsoccursat B
20T

effective actionfor this phases

S W Su Sywu

S u % ) % u? K. 7u® DQP7,u?
Ky 75u?

S, u % ) % NTESN oW ST o M1k °
2C,Q 7,u

Sneuu D7,u®7,u? %hu (u

At zero temperaturethe system has Goldstone modes
coming from two kinds of broken symmetry: spin XY
symmetrybrokenby the expectatiorvalue of u (this mode
has v, ) and trarslational symmetry broken by the
stripe positionsu® (this modehasv, & ). We Pndv; g,

0g, mCy ’lg voq 0g, m,DQ 12qy
vigeg O mCx’1 [12gl vygq0q O
mKi 21 [ 12l where | Gm né K3

C,m In the absenceof disorderthere can then be two
separatKosterlitzbThoulessype transitionsfor stripeand
isospinorders.

Disorderwill havea strongeffect onthe stripephasesif
impurities interact differently with electronsin the two
layers,they will coupleto the stripe positionu. The model
S, with disoder is a problem of meting of a two-

dimensionakolid on a disorderedsubstrateThe latter was

studiedby CarpentieandLe Doussa[33], who showedhat

the melting transitionwill bereplacedby a sharpcrossover
betweena high temperaturdiquid with thermally induced
dislocationsanda low temperatureglassyphasewith dis-

order induceddislocations[33]. When the stripesform a

glassyconbgurationhiswill haveaneffectonthespinorder

aswell. Fromthelastline of Eq. (4) we canseethatwhen

74U becomesandomit producesa randomBerryOghase
for U 1 orderparameter” Thelatteris unimportantn the

phasdV, wheretf is massiveputmaygive riseto theBose
glassphase€[34,35]in phaselll.

4. Wide well systemsatn 2N 2

Another classof QH systemsat integer blling factors,
where we can expectthe appearancef stripe phasesare
electronsin a wide well in tilted magneticbeld. As an
examplewe considera parabolicconPningpotential,which
hasenergylevelsin tilted magneticbeld(for noninteracting
electrons)of the form E, ,,s, vim 12 vom
12 v,s, (see Ref. [26,36] and referencestherein),
wherev, decreaseand Zeemanenergyv, increaseswith
increasingd andconstanB (spinquantizatiorexiszisin
thedirectionof thetotal magnetidreld).At somepointthere
is a level crossingbetween nyn, and n;n, 1
orbitals (seeFig. 6). In the experimentallyrelevantregime
of parametersn; 0 so from now on we will only be
concernedwith this case.For a noninteractingsystemthis
level crossingvould giveriseto abrstorderphasdransition
atevenblling factors[10] with anabruptchangen the spin
polarization. When interactions are taken into account,
nontrivial many body statesmay be stabilized due to
hybridizationbetweertheorbitals ON and ON 1
whereN n 2 1 TheSlaterdeterminanwavefunctions
for suchstatesare the sameasin Eq. (2) with ¢ andc/
creding eledrons in states with quantum numbers 0 N k
and ON 1k respectively(we useLandaugaugeand
assumethat parallel magneticbeldis along x, so electron
eigenstateshave a well debPnedmomentumk in the y
direction). The transversespin order parameterresulting
from mixing of the ON amd ON 1 orbitals,
changessign as a function of z (due to a different z
dependencef thetwo orbitals).Hence whenw is constant
andQ 0 webndastatethatmaybedescribedisaOcanted
antiferromagneticphaseQ(CAF). It has constant spin
polarization S, xy dzc'rCcr C'rCr 2
and Ned order parameter N X y dzspzc'rC ¢
The CAF phaseis somewhatanalogousto the interlayer
coherenphasdor bilayersystemshowever jn this casethe
relative phase betweenthe two statesis not bxed by
tunneling (seealso Refs.[37D39] and referencegherein).
Whenw, is constantaindthereis bniteQ we bndthe Ospin
spiral phase@®Sp),that hasconstantS, andwinding in the
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transvers Neel orde N r No €97 Xy
Unlike the ISp, this SSpphasehasgapless3uctuationsof
thetransverséeelorderparameterteflectinghespinU 1
symmetryof the problem(spinrotationsaroundz). Onecan
easily show, that for a bxedO0 w p thereis always
someQ vector,perpendiculato B (i.e.alongy in ourcase),
thatallowsoneto constructhe SSpphasewith energylower
than the CAF phase.The origin of the transverseorder
parametewindingin bilayersandin wide wellsis different.
In the former caseit comesfrom tunneling,whereasn the
latter caseit is dueto the changedn the Coulombmatrix
elementsWhenwe usesingleelectronwavefunctionsn the
parabolic potential in tilted magneticbeld with B x (in
Landaugauge)we bndthatthe minimum of dispersiorfor
N £ shifted to bnite Q "~ 0Q When wy is
periodically modulatedwith k in wavefunction(2) we get
spin stripe phaseswhich have S, modulatedalong x. A
statewith stripesandQ 0 we call a Ospirstripe phase®
(SSt),andastatewith @ ywe denotea Ospiskyrmionstripe
phase(8SkSt) Thelatterhasbnitespintopologicaldensity,
andthereforehaschargedensitywaveorder,in additionto
thespindensitywaveorder.Thereis alsoa Ospispiralstripe
phase@BSpSt)phasethathasQ y andstripesalongthe x
direction,i.e.parallelto B Thewavefunctionfor the SSpSt
phase however,cannotbe written in the form of Eq. (1).
Finally, the degeneracyf the states® Q allowsa collinear
SDW phasewith N, cosQ+  but we will not
discusst in this article.

Within HF variationalcalculationsat T 0 andwithout
takinginto accountscreenindyy thelower Landaulevelswe
bnd [26] that in a parabolic conbning potential all the
nontrivial many-body states are higher in energy than
simple polarizedincompressibleQH states(the latter have
noninteractingLandau levels either completely empty or
occupied)Takenliterally, thiswouldimply thatinteractions
donotalterthescenariovherethereis a Prstordertransition
with a jump in the polarization. Our results indicate,
however,thatin the vicinity of the HF level crossing,the
energydifferencebetweenthe polarizedstateand someof
the many-bodystateshatwe consider(the SSp,the SSpSt,
andthe SSkStphases)s small.It is thenpossiblethatwhen
we usea differentconPningpotential,include screeningoy
the lower levels, and/or go beyord mean beld HF
approximationsomeof thesemany body statesmay very
well becomelower in energythanthe polarizedphases.

We bnd (for transitionat N 2 which correspondso
n  6) that stripe phaseswith winding (the SSpStandthe
SSkStphasesaremorefavorablethanthe SStphasewith no
winding (all the comparisonsvere donefor conbgurations
with equalspin polarization).We bndthatthe SSpStphase
is usuallymorefavorablethanthe SSkStphasealthoughthe
differencebetweerthetwo is extremelysmall. We alsobnd
that the SSp phase,that has winding and no stripes, is
slightly morefavorablethanany of the stripephasesThese
resultswill be publishedelsewherg26].

The effective actionfor the stripephasesn a wide well

andtilted magneticbeld(for both, SSkStandSSpSiphases)
is similar to theactionfor bilayer brstphaseandis givenby
Eg. (6). Variable u° describesstripe position Ructuations,
and u correspondso the RBuctuationin the direction of the
transverseNeel order parameterrelative to its mean-peld
conbguration(the latter has uniform winding along the
stripes, as shown on Fig. 1(c)). Both variablesdescribe
modesthat are soft in the long wavelengthlimit, with
dispersionsimilar to what has beendiscussedefore for
phaselll of the bilayer system.

The lowestenergyelementarychargeexcitationsin the
stripephasegbothspinandisospin)atintegerblling factors
are solitonsof (P on individual domainwalls (see,e.qg.[9,
40]). The easydirectionfor chargetransport(i.e. direction
of smallerlongitudinalresistancejs alongdomainwalls, so
it is along the parallel magneticbeld in the spiral stripe
phaseand perpendiculato it in the skyrmionstripe phase.
This observatiormotivatesusto suggestthattheresistance
anisotropy observedin Ref. [10], may be due to the
formationof a spin skyrmionstripe phase.

It is usefulto compareour picture of the SSkStphase
with the domainwall picture suggestedy Jungwirthet al.
[41] to explainthe experimentof Ref. [10]. Accordingto
Ref. [41], no nontrivial stripe phasesare stabilizedaround
thelevel crossingof ON and O N 1 orbitals,but
disorder gives rise to an appreciablenumber of domain
walls betweenregionsof different spin polarization.Low
energycollective excitationsof suchdomainwalls arethen
responsiblefor the transportanisotropy.Our SSkStphase
can be thought of as a collection of polarized domains
(stabilizedby Coulomb interaction, rather than disorder),
with nontrivial spin winding on the domainwalls and low
energyexcitationsin theform of u solitons(we notethatthe
texturededgesof the QH systemshave beendiscussedn
Refs.[42DP44]). Hence althoughthereis differentorigin of
thedomainwalls in the two scenariostheremay be certain
phenomenological similarity in the description of the
transportproperties.Ref. [41] Pndsdomainwalls that are
favoredin the direction along B which implies that the
easydirection for transportis alongB This is consistent
with our HF calculations,that show SSpStphaseto be
slightly lower in energythanthe SSkStphaseHowever the
skyrmionstripephasds moreconsistentvith theresistance
anisotropyobservedin Ref. [10], thereforewe think it is
morelikely to havebeenrealizedin experimentakystems.
We shouldalsomentionthatourtheorymaybeapplicableto
the magnetoresistancnisotropyrecentlyobserved45] in
Si/SiGetwo-dimensionaklectronsystemsn the presence
of tilted magnetic belds, but the complication of valley
degereracy in Si makes a straghtforward comparison
betweenour theoryand Ref. [45] difbcult.

Before concluding we point out that our analysis of
this sectionshould, in principle, also apply to a system
with an odd n if the Zeeman cowling is large For
example,for n 5 one could imagine a situation where
then, 3 Landauorbital level with spinup is degenerate
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with ann, 1 level of spindown (it happensoutsidethe
rangeof Fig. 6). Thenwe would havea Obasstate@here
the secondandthe third Landaulevels have Plled spin up
statesandthereis oneadditionalelectronper Bux quantum
divided betweenthe two degeneratestates.Our resultsof
this sectionwould work perfectlywell for this casealthough
swch a situation may be more difpcult to achieve
experimentallyThisandothersuchlevel crossingsituations
will be discussedn detailsin a forthcoming publication
[26].

5. Summary

To summarizewe usea HF analysisto discusghephase
diagramof bilayerQH systemsatn 4N 1 establisithe
possibility of severaldistinct ISts, and derive an effective
theoryfor them.We pointoutthatsimilar stripephasesnay
existin wide well systemsatn 2N 2 andproposethat
theresistancanisotropyrecentlyobservedn Ref.[10] may
be dueto the formationof a spin skyrmionstripe phase.
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