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Motivation 

• To find the formulas of the EM energy 

densities in a dispersive medium with finite 

loss 

 

• To find the formulas of the Lagrangian and 

Hamiltonian density for studying the 

Quantum EM Phenomena of metamaterials 
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Part I 

   EM energy density in a dispersive 

medium  
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Methods for deriving the energy 

density formula (I) 

• For a non-dispersive, linear medium, the 
EM energy density can be easily identified 
in the equation of Poynting’s theorem 
(electrodynamics method, ED method).   

 

• For a dispersive, linear, lossless medium, 
the time averaged energy density for time 
harmonic EM wave can be derived 
(Landau & Lifshitz ) 
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Methods for deriving the energy 

density formula (II) 

• For a dispersive, linear medium with loss, 
the time averaged energy density for time 
harmonic EM waves can be derived using 
the equivalent circuit (EC) method. 

 

• For a dispersive, linear medium with loss, 
the instantaneous energy density can be 
derived using the electrodynamics (ED) 
method. 
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Energy density formulas (I) 

• Brillouin, Landau & Lifshitz (books): Energy density 

formula for dispersive-lossless medium. (harmonic 

wave, time averaged) 

• R. Loudon (1970): Permittivity is of the Lorentz type, 

finite loss. ED approach.  

• P. C. W. Fung and K. Young (1978): EC approach. 

• Ruppin (2002), T. J. Cui & J. Au. Kong (2004): 

Dispersive-lossy metamaterials consisting of E&M 

dipoles having Lorentz resonance behaviors. (The 

magnetic dipoles in Ruppin’s model are not realistic, 

because they behave exactly like the electric dipoles.) 

ED approach.  
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Energy density formulas (II) 

• Tretyakov (2005,EC), Boardman & Marinov (2006,ED): 
Dispersive metamaterials. The magnetic dipoles are current 
loops (SRRs). The time average of the B&M’s result is 
different from that of Tretyakov’s. Tretyako’s result does 
not approach the result of the Lifshitz &Landau’s (LL) 
formula in the lossless limit. 

 

• The results of T and B&M have been “unified” by 
Luan(2009). The resultant formula approaches LL formula 
in the lossless limit. Luan’s Strategy: The power loss 
determines the energy density.  

 

• The same strategy had been utilized to find the  energy 
density formula for a single-resonance chiral metamaterial 
(Luan et al, 2011).  
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Energy density in a nondispersive EM medium(I) 
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EM energy density in dispersive media  

with negligible absorption 
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Energy density formula-- lossless case (I) 
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Energy density formula-- lossless case (II) 
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Energy density formula-- lossless case (III) 
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EM energy density in dispersive media with 

finite absorption  (ED approach) 

(R. Loudon, J. Phys. A 3, 233 1970) 
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EM energy density in metamaterials with 

finite absorption (Ruppin 2002) 
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EM energy density in metamaterials with 

finite absorption (Ruppin 2002) (II) 

Remarks: the simplified permeability implies that in this model 

the magnetic dipoles consist of monopoles, so this is not 

a realistic model. 

The realistic magnetic dipoles are the currents loops, i.e
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EM energy density in metamaterials 

with finite absorption (I) 
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EM energy density in metamaterials with 

finite absorption (II) 
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EM energy density in metamaterials with 

finite absorption (III) 
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Energy density formula for lossless,  

isotropic-dispersive chiral media 
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EM energy density in single-resonance 

chiral metamaterial with finite loss (I) 
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EM energy density in isotropic chiral 

metamaterials with finite absorption (II) 
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Some remarks on effective medium energy 

• 1. In an effective medium, the effective electric field 
energy also contains magnetic energy and vice versa. 

 

• 2. In the thin-wire medium, the magnetic energy 
gathered around the wires is treated as the kinetic 
energy carried by the “massive electrons” in the 
effective medium (Pendry 96 PRL). (In the original 
Drude model such magnetic energy does not exist) 

 

• 3. An SRR is an LC circuit, it stores both the magnetic 
(L) and electric (C) energies. (The “magnetic dipole 
energy” includes also the electric potential energy) 



24 

Summary: Part I 

• Formulas for energy density and power loss of 
Wire-SRR metamaterial media are derived 

 

• The derivation is based on the knowledge of 
the correct form of the power loss and the  
equations of motion of the resonators  

 

• The effective electric energy also includes the 
magnetic energy. The effective magnetic 
energy includes the electric energy too. 
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Part II 

   The Lagrangian and Hamiltonian 

density for the dispersive-lossy  

EM system 
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Lagrangian density and dissipation function 
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Legendre transformation and Hamiltonian 

2
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;

;
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Lagrangian equations for the fields 

     

,

Lagrangian Equations:
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 is the Lagrangian density

 is the dissipation function density
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Hamiltonian and Quantization 

 
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Lagrangian density for a plasma medium (I) 

     
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Lagrangian density for a plasma medium (II) 

 
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Lagrangian Equations for the fields
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Hamiltonian density for a plasma medium  

 

 
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Lagrangian Density for WSM (I) 
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Lagrangian Density for WSM (II) 

 
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Hamiltonian Density for WSM 
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Lagrangian Density for the SRCM (I) 
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Lagrangian Density for the SRCM(II) 

 
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Hamiltonian Density for SRCM 
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Summary: Part II 

• The Lagrangian and Hamiltonian density of 

the EM fields in a wire-SRR medium are 

derived 

• The Hamiltonian obtained is the same as the 

energy density derived in Part I 

• It is possible to study the quantum phenomena 

in a metamaterial if we quantize the 

electrodynamics system  
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Thank you for your attention! 


