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Curie Temperature

Magnetization is measured

through anomalous Hall effect.
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" S
Transport and Field Effect S

Nature 408, 944 (2000)

He, Yang, Ge, Wang, Dai, Wang

Appl. Phys. Lett. 87,162506 (2005) By varying the gate voltage,

one can manipulate

A the concentration of itinerant
14 4 - .
carriers.
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Resistivity shows pronounced peak
around the Curie temperature. Is it
the Fisher-Langer anomaly?
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Spin Injection

Polarized holes recombined
with electrons, creating
circularly polarized light by
anqgular momentum transfer.

Ohno’s Group,
Nature 402, 790 (1999)
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By measuring the intensity of the polarized light emission,
we can estimate In the all-
semiconductor setup.
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Carrier-Mediated Ferromagnetism

MacDonald et al. b -
Nature Materials 4, 195 (2005) 4 A \f /A X X
/ , ‘___\// N
(a) At finite temperature, impurity V0 SN
spins prefer random orientations to " /J | 't‘i
| V'
B~y =Nsr 8
| ’/T :\Kf\
AR
SN b
NP AT o

(b) The itinerant carriers like to
align the impurity spins so that (0O Delocalization of itinerant
carriers leads to ferromagnetism.



" A
Model

We start with the simplest model containing both itinerant and
localized spins,

2
H = /d?’r {W(’r) (— v —u) Y(r) + JS(r) - 0("“)},

2m*

where J is the exchange coupling between impurity and itinerant
spin densities, denoted by S(r),o(r) respectively,

S(r) = Y. 83(r—Rp)Sy,
i

() = 5 UL Tagus(r),

Of course, the realistic diluted magnetic semiconductors are be-
yond the simple Hamiltonian, which ignores several important
pieces of physics: (1) realistic electronic band structure, (2)
electron-electron interactions, (3) direct exchange between im-
purity spins.



" A
Mean-Field Decomposition

Split the spin operators into mean-field and fluctuating parts,
S = (5%)4+68, o= (c°) + o,

and dropping higher-order fluctuations 6S-do, the exchange cou-
pling is approximated by

S-o =~ (5)(c*)+ (S*)oo + (c°)6S
= —(8%)(o%) + (S%)0” + (¢7)57,
Dropping the constant in the first term, the mean-field Hamil-
tonian Hy;jp = Hy + Hy IS

Hy = [ Profeo -,
H;y = /d37°J<UZ>Sz,

where the spectrums for the itinerant carriers are split by the
exchange coupling, ex = p?/2m* + (c/2)J(57).



"
Self-Consistency (l)

For notational convenience, introduce the polarization for both
components of spins,

1 2
ar = —(5%), ap = ——/(07).
TLIS nh
It is clear that the polarizations are always between zero and
one, 0 < ay,ap < 1. The minus sign is introduced in the second

equation because the exchange coupling is antiferromagnetic.

With given polarization of the impurity spin «;, one can proceed
to compute the polarization of the itinerant carriers «j. Note
that the densities of itinerant carriers are

[ d3k
/(271‘)365(@ ) 41’
and the chemical potential u is determined by keeping the total
density of the itinerant carriers ny +n| = n; constant.



"
Self-Consistency (ll)

Once the chemical potential is solved, the polarization of the
itinerant carriers is

n (o, T) —nq(ar,T)
ng .

Oéh(Oé[, T) —

In general, oy (ay,T) do not have a simple analytical form in terms
of the impurity spin polarization «; and the temperature T'. To
complete the self-consitency, we now compute the polarization
of the impurity oy with a given polarization «j. The calculation
leads to the Brillouin function,

aj(ap,T) = Bg [(Jnh5> Oéh] :

2kT
where the Brillouin function is Bg(z) = 22}'1 coth (Qg‘glx) -

Qi coth (%a}) The above equations complete the self-consistency

loop in Weiss mean-field theory.




" A
Mean-Field Prediction

The polarization can be evaluated in
mean-field limit by replacing all

S(S+1)
other spins with an effective (Sz2) = xc H =mngp LT gupH
magnetic field.
XP *
(s2) = xph = [ ] 9" pgh
) g (g*pp)? b

k The spin polarizations of Mn ions
and itinerant holes under external

magnetic field are described by

Curie and Pauli susceptibilities.
Self-consistent equations at T=T_

o S(S+1)
(Sz) =ng 3%T J (sz) G054 1)
2 Xp
(82) = Xp J (Sz) T o [(g*“B)Q}

(g*pg)?
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"
Why Spin-Wave Theory?

Spin-wave theory -> the spatial = grsm pesms ,::-i—j e
fluctuations are inevitable once f ‘ i f
the SU(2) continuous symmetry

is spontaneously broken. T
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FIG. 1. Spin-wave dispersion for ¢* = 0.1 nm . The short .
wavelength limit is the mean-field result xA. For comparison, extra Cted from IS Pole_

we show also the result obtained from an RKKY picture.



" A
Holstein-Primakov Boson

The spin-flip interactions (STo~ 4+ S~ ¢1) were totally ignored
in Weiss mean-field theory and the predicted gapless spin-wave
excitations by Goldstone theorem are Killed.

Making use of the path integral formalism, we can develop a spin-
wave theory for the impurity spins by integrating out the itinerant
ones. However, the spin operator inside the path integral has the
annoying T herefore, some tweaking is in order...

st = 2npS — bl (m)b() b(r),

S=(r) = bi()\/2nS — bT(r)b(r),
S%(z) = n;S —bl(r)b(r).

In above, we introduce the Holsteiin-Primakov boson bT(r), b(r)
to represent the coarse-grained impurity spin density S(r).



" JEE
Path Integral Formalism

Writing down the path integral for the HP bosons and the itin-
erant carriers,

z = [ Dl [ Digyle Sz
B / D[zz] / Dpiple Jo 4rJ r £L0
where £ = >, [Vo(r, 7)0r0s(r,7) + 2(r,7)0r2(r,7)] + H[Y1),z2] is

the Lagarangian density in the imaginary-time formalism.

Separating the action into two parts S = S, + Sw,

S, = /dT/d37“ z(r,7)0rz(r, 1),
Sy = /dT/d?)’l“ /dT’/d3T/ D(r, )G Y, i, WG T,

2
Gl = (87— v — I gS(zz)T> 1,

2m*

where the short-hand notation is used, 1 = §(r — 7)83(r — /).




"
Integrating Out Itinerant Carriers

Since the action is quadratic in ¥, we can integrate out the
itinerant carriers,

7z = [ Dlzzle S [ DRjyleSulbv=

— / Dlzz]e % det G~ 1(z2) = / Dlzz]eSerr[Z2]

where Sefr[z2] = | [dr[d®r Z(r,7)0r2(r,7)| — Indet G~1(22) s the
effective action for the HP bosons.

Split G—1 into and 6G~1(z-dependent) parts,

2 A
<87-— v —,LL+2’TZ> 1,

2m*

J J
sG~t = EN/QNIS(ZT_ ET_I_)—EEZTZ,

where A = Jn;S is the Zeeman splitting at zero temperature.




"
Expanding the Series...

Making use of the following identity to expand the determinant,

trinG—% = trln(Ga1 +6G7 )
trin Gal + trin(1 + GoéG_l)

Indet G~ 1

©.@)
= trinGgt —tr }° (—GosG™1)".
n=1
Since §G~1 is at least linear in z, if we are interested in the
quadratic terms of z,z (that i
tion), we o trineata tha envic

Weiss mean-field theory l

Se

—tr(Goc 5tr(GO(SG—1c;05c;—1)

Crucial for spin-wave propagation|

leaving out t




"
Spin-Wave Propagator (I)

The first term gives the same result as in Weiss MF T,
J
—tr(GO5G_1) — 5/dT/d?’fr ZaGg(r,T;r, T_I')Z(’r, 7)z(r, )
o

J
= “(n — d /d3 #(r, ).
2(nl nT)/ T r z(r,7)z(r, 1)
To go from the first to the second line, we recall the definition

that G§(r,7; 7, 71) = (T (r, )5 (r, 7)) = — (b (r, )Y (r, 7)) =
—ng. | he second term is slightly more complicated,

1 J2S
tr(GodG 1 GooG ) = HEE far [aPr [ar [ a3

Go(r, 'z (! TG T ) 2 (e 7).

Collecting both contributions, the spin-wave propagator is

J J2S
nhah)l ! "I Gg(T,T;T/T/)G%(T/,T/;T, 7).

D—l /7 /;7 :a|
(TTTT) (7‘| 5 5




"
Spin-Wave Propagator (Il)

Or, the propagator would look more familiar in momentum space,
—1
— 2 W — st(p, Vn)
where the self energy corrections from integrating out the itin-
erant carriers are,

D(p7 VTL) -

1
ZW o 5] np op — J<O'Z>,

n]JQS

™
)
g
~~
S
N
3
—
|

d3k
Z/ G(T)(ka Wn)G%(k ~+ p, wm + vn).

(27)3

Note that, the constant part of the self energy >y is the same as
the Weiss mean-field theory at low temperatures, while >s,,(p, vn)
carries frequency dependency, implying that there are



" A
Collective Excitations
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"
Transport Property

MacDonald et al.
Nature Materials 4, 195 (2005)

T32dependence expected for
a homogeneous ferromagnet

Magnetization (e.m.u. cm=3)
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The conventional mean-
field theory neglects the
scattering between
electronic magnons and
spin waves. In order to
address the transport
issues, Green’s function
approach is necessary!!
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What is the origin of the resistivity
peak around the Curie temperature?



Green’s Function Approach

(1) We start with the Zener model but keep both the
itinerant and impurity spins.

(2) To describe the correlations between itinerant and
impurity spins, we introduce the Green’s functions:

D(ry,r2;t) = {((ST(r1,t); S™(ra,0)))

F(’I“]_,TG_,TQ; t)

(Wl(ry, )9 (1, £); S~ (2, 0))).

(3) Writing down the dynamical equations for the Green’s
function self-consistently.

(4) Solve the coupled differential equations and compute
interested physical quantities, such as magnetization,
spin-wave relaxation rate and so on.



" A
Definition of Green’s Function

It describes the correlation of creating
The Green’s function ar a spin wave at r=r2 and t=0, then
does not approximate : gnnjhilating it at r=r1in later time t.
function for the impurit
D(ry,ro;t) = ((ST(r1,8); S (r2,0)))
- | | (12,0)ST (r1,t)).
It describes the correlation of creating a 2; 1
spin wave at r=r2 and t=0, then
annihilate an electronic magnon (particle- fconsistency, it is
hole pair) at r=r1, r=r1"in later time t. which describes
sSpins,

F(ry,rh,r2it) = (9] (r1, )9 (7, £); S~ (r2,0))).




" A
Time Evolution

Taking time derivative of the Green’'s function D(rq1,ro;1t),

+ T
9D 5)(ST(r1, 008 (ra, 0)) + © (1) (B (1Y)

ot a2 20))
dS+(T1, t)>

dt

—0(¢)(5 (12,0)57(r1,0)) +©(t)(5 (r2,0)

= 5(t) (|ST(r1,0),5 (r2,0)|) +

The first term consists of the equal-time commutator and can
be easily calculated,

5()([ST(r1,0),5 (r2,0)]) = ()53 (r1 — r2)(5%(r1))-

As for the second term, we need to derive the Heisenberg equa-
tion of the spin operator ST(rqy,t).



"
Heisenberg Equations

The time evolution of the spin operator ST (rq,t) is,

dST(rq1,t)

S
since the Kinetic energy of the itinerant carriers is independent
of the impurity spin and thus does not contribute.

= [ST(r1,1), H] = [ST(r1,1), Heal,

_ _I_ >~ mposed into three terms,
S O he first term gives trivial

the remaining two terms,

'dS‘F/m‘ +\ :

JS*(—JST (rq,t)07%(rq,t)

(]




" A
Mean-Field Decomposition

Finally, we get the last piece of the puzzle,

— 7 <<SZ(T1,t)O'+(T17t); S~ (r2, O)>> —iJ <<O’Z(T1,t)5+(7“1,t); S~ (ro, O)>> ;
~ J (S%(r1)) <<J+(’r1,t); S~ (ro, O)>> — J(6%(r1)) <<S+(’P1,t); S~ (ro, O)>> a
= J(S*(r1)) F'(r1,7r1,7m2:t) — J(0%(r1)) D(r1,7m2; ).

Since the mean-field approximation is carried out at the level of
equations of motion (not at the Hamiltonian level, as in Weiss
mean-field theory),



" A
Self-Consistent EOM’s

After some algebra, the self-consistent differential equations
for the Green’s functions are:

i0:D(r1,12;1) = 2(S*(r1))6(£)53(r1 — r2)
— J(o*(r1))D(r1,72;1)
+ J(S*(r1))F(r1,7r1,7m2, 1),

V2 o J
iatF(Tl,’T’a_,’f‘Q;t) — (le* — 2<SZ(T1)>) F(’T‘l,’r’ﬁ,’l"Q;t)
A
= (zn’;{k 'r2<sz<r’1)>) F(ry,r1,72;t)
J T / :
— S )Y (r1)) D(ry,r20t)
J

(WL r) (D)) D, i ),

2




" A
Callen Formula

Yang, Chang, Sun
Phys. Rev. Lett. 86, 5636 (2001)

Yang, Chang and Sun pointed out Konig, Lin, MacDonald

that the spin-wave theory can be Phys. Rev. Lett. 86, 5637 (2007)
extended to finite temperature and

the magnetization can be computed We further notice that the

by the well-known Callen formula, connection to the conventional

Weiss MFT is rather simple,
(28 + 1)c

(1+) /o> 1

(S%) =¢cS — c® +
Sy =c{S — n(Q)) + 2S5 + DHn[2S + 1)OQ]},

1
b= — Q2
CV%:N( p)l n(Q);VEp:n(Qp)I

S(S+1)/3

kBTc — 1. :
lims=y,nx—0(1/V) D i51<p. (5%) /2pc?




" A
Estimate Curie Temperature?

To estimate the Curie temperature, it is crucially important to
include the thermal fluctuations correctly. That is to say, one
needs to respect the spin-wave kinematics:

EGij (E) = 2)\@523 -+ (Z Jlj)\l> Gij (E) — € |:)\z Z JilGlj (E)
l [
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" A
Spin-Wave Relaxation
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We can solve the spin-wave propagator
first and compute its imaginary part to
obtain the spin spectral function:

Apw) = — (=) mDE,9),
=259 () @™ wpr>(2p>+ ()2

(1) The spin spectral function takes the Lorentzian shape with
temperature-dependent halfwidth.

(2) The spectral function actually sharpens up when T increases!!



"
Anomalous T dependence (l)

15 - ny/n;=0.1 -

Magnetization S?, 6 (nm™)

It is rather surprising that the
spin-wave relaxation rate shows
a significant peak around the
Curie temperature!!

For the density ratio ny/ni=0.1, the
magnetization curve shows rather
unusual shape compared with the
conventional Brillouin function.
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"
Anomalous T dependence (Il

For the density ratio ny/ni=0.3,
the magnetization curve becomes
normal.

Magnetization S?, o* (nm™)

! ! I | 0.0002 I I I T T T

0.00016

0.00012

The peak near the Curie
temperature disappears
as well!!
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"
Trilayer Magnetic Junction

2>DEG with Rashba interaction

Hard magnet

Soft magnet

we model the intermediate layer by the Rashba Hamiltonian,

kQ
H = /dzr W [2m*1 F YR (kyo” — k:vffy)] v,

where vp is the strength of the Rashba interaction.




Non-Collinear Spiral Angle?

The spin of the itinerant carriers
will align the soft magnet with

Following Datta-Das’ argument,
the same spiral angle.

the orientation of the spin will ro-
tate along the effective B field

with a spiral angle 6(d), where d dx(d) :
is the width of the junction. /

7t/2

]

]

]

]
1

v

I \
v
b
i
# % LS
.
’ 9 v
¥ 1 '
' : |
' ! 1
1 \
h 4 v
\ g v
e o R W

Therefore, we expect an effective

non-collinear exchange coupling!




" A
RKKY Instead?

BUT! Our conventional wisdom tells us that the mediated
effective coupling is collinear RKKY interaction...

d
J(d) by(d)
(\ /2 ——
| o é
5 N\ 15 20 0 g 5 g d
) — —

RKKY interaction:

It can be viewed as the quantum interferences due to patches of
the Fermi surface related by the time-reversal symmetry.



Who's the Boss?

x(d)

T — S

'TC/Z —— —




"
Chirality and Eigenstates

Due to the spin-orbital interac-
tion, spin is no longer the good
quantum number but replaced by
the chirality instead,

A= (kx3) -z2==+1.

It is important to remind the read-
ers that, under the time reversal
transformation, both momentum
and spin reverse their directions
and make the chirality invariant.

The Rashba Hamiltonian can be brought into its eigenbasis in
momentum space,

r) — eZk°ru —
i ( A (@) 7 ( .

where 0, = tan—1(k,/kz) with dispersion|e,, = k?/2m* — A\ypk.




Weak Rashba Regime

When Rashba coupling is small
(compared with the Fermi energy),
\/ the Fermi surfaces consist of two
» particle-like circles with opposite

\/\/ ] chiralities.

Weak Rashba regime with Agp/ep < 1



Dilute Density Regime

When the Fermi energy is small,

'\ E
the Fermi surfaces consist of one
particle-like and one hole-like
circles with the same chiralities. \/ .k

Dilute density regime with Ag/ep > 1



" A
Numerical Results

b
~ Robust spiral backbone with minor

oscillatory residues resembling the
RKKY oscillations.

t/2

—t/2 |

0 10 20 30 40 50 60
r(nm)
7t/2

Weak Rashba regime with Agr/ep < 1

—7t/2

Modified RKKY oscillation with a x | | |
gradual upwinding trend due to ° > O em ™%
Rashba interaction. Dilute density regime with Ap/ep > 1



"
Fermi Surface Topology

By changing the carrier density, we can change the
topology of the Fermi surfaces from two disks (with
opposite chiralities) to one ring (with one chirality).

Liftshitz Transition
n

- | ‘ ) ) ) . i
0 10 20 30 40 50 60
r(nm)



SUMMANRY |

T32dependence expected for
a homogeneous ferromagnet

v -~ A\
/T N : /
R .
Carrier-mediated ferromagnetism in || /
diluted magnetic semiconductor. o t
N ' \ s
Self-consistent Green’s function r "ot
approach for spin-wave dynamics. Za
Strong correlation between !
magnetization curve and spin i
relaxation rate. ey
p=0.39 nm™’
p=1.67 nm™ i
More needs to be done ... : i k :
p=2.73
- p=3.51 nm’’ s
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SUMMANRY 1

Non-collinear exchange coupling
mediated by Rashba interaction.

RKKY or Spiral? Depending on the
Fermi surface topology.

Liftshitz transition by changing the
carrier density in the 2DEG.

Potential applications? Ballistic vs
diffusive? & Lots of open questions...







