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AdS/CFT Correspondence

N = 4 SYM in 4D ~ IIB String in AdSg x S°
S%  X?+ X3+ X534+ X7+ XZ+XZ=R? in RO
AdSs: —X2; — X5 + X7 + X5+ X3+ X7 = —R? in R>*

N=4 SYM | Conformal Sym. in 4D: SO(4,2) | R-sym.: SU(4)

IIB String | Isometry in AdSs: SO(4,2) Isometry in S°: SO(6)

't Hooft coupling: A = g2 ,,N = gsN, R = (4mgsN) /4 ~ A1/4,
gs. string coupling, 27rl§: inverse string tension.

ForA>1, R> lpl, SUGRA |imit.
e [ he holographic principle.
e CFT calculation of BH entropy, BH greybody factor.

e PP wave |limit.



Let X_1 = RcoshpcosT, Xo = RcoshpsinT,
X1 = Rsinhpsinfysinf>cos¢, X-> = Rsinhpsinfysinf>sing, (1)

X3 = Rsinh psinf; cosf,, X4 = Rsinh pcos6;.

Global coordinate: ds® = R? [— cosh? pdr? + dp? + sinh? de%} (2)
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Figure 1. Penrose diagram and the AdS boundary (S3 x R).

Define dx = dp/coshp, tan(z/2) = tanh(p/2), p — 0 ~ z = 7/2.

= — cosh? pdr?2 + dp? = sec?2z(—dr? + dr?).



Let X_ 1+ X4 =R/z, X;, = Rxy/z for p=20,---3.

—dx3 + dx$ + dx3 + dx5 + dz2> (3)
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Figure 2. AdS boundary: S3 x R.
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M~
T R _ e Operator
L
~N_
States of CFT on S° = Operators of Euclidean CFT on R*
> _ N1 — /) d* ¥)O(Z
Zyutte [0(F, 2)la=0 = ¢o(&)] = (&) T #P0@DO@ Theory (4)

4
T EL2007 + mP R ()

Scalar field of mass m: S = N2/

2 p2
= 20.(50:6) ~ PP~y 6 =0 (6)
Z Z
O = 22 [A+Iy(pz) + A_Ky(pz)} , With v = \/4 + m2R2. (7)
Near z =0, ¢ ~ BLz?TV + B_ 2277, (8)

Boundary condition: ¢(z, 2)|.=e = €2 Y¢}(z), ¢4(x) fixed for e — 0.
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The rescaling z, — Az, 2 — Az is a isometry in AdS,
¢ does not get rescaled, ¢ has dimension 2 — v,

= the correponding operator O has dimension A =2 + v.

A
Bulk Green function in AdSs: Ga(z, 2!, 2'*) = - 9
X X2
X3
Figure 4. Three point functions.
With a cubic term in the action,
d*xdz
(010,03) ~ [ “EEGA (5, 2,21)Ga (2 2,22)Ga (27, 73). (10)



~

0> m2R?2>—4, 2—1v <0, ¢ induces relevant pertubation;
\
\ m2R2 > 0, 2—v >0, ¢ induces irrelevant pertubation.
<’ (ErT) = 2(Eproper); z — 0 ~ spatial infinity, UV;
| (size)pT = z(proper size). z — oo ~ horizon, IR.

IR/UV Correspondence: UV in field theory ~ IR in gravity .

Blackhole = Hawking temperature(Ty) = thermal effect.

Simplest black hole in Poicare coordinate (S5 supressed):

—1
ds® = 5—22 { <1 — 2) dt? + di° + <1 — 2) sz} . (11)

2
For z ~ 2, ds® {16 <1 - i) dt? + dz? +] . (12)
<0



Period in imaginary time: g = mwzg/2.

(Area) S 71'2

Bekenstein Hawking entropy: S = - —— = ~_N273. 13
g py: Spy 2Cy % 5 (13)
S 472
Weakly coupled field theory entropy: % = 57%N2T3. (14)
S

T N?T?V

| 92N

Figure 5. Field theory entropy vs. Bekenstein Hawking entropy.

g2N correction to Sy and R* to Sy 90 in the right direction.



AdS3/CFT, Correspondence

CFT interpretation of BH QMN
The BTZ blackhole (R = 1), part of SUGRA:

2 .2 2 .2 2 2
b= [(T T+)2(T T)] " [(7“2 — 7"?5(7"2 — rz)] dr 472 [de B Ttg_dt (18)

.
M = (7“3_ +72), J= 2ryr.
Ty = (7“3_ — r%)/(27r7“_|_), Ag =2nry, Qg = J/(Qr?i_).

Locally equivalent to AdSs3:

ds® = —sinh? p(rydt — r_de)? + du? + cosh? u(rydp — r_dt)?. (16)

The dual CFT on the boundary is (1+1)-D.

Two independent copies of CFT with

T, =@y —r)/@2m), Tp= (4 +r_)/(2r), 1/T, +1/Tp =2/Ty.
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Operators O in (141)-D CFT are charaterized by

the conformal weights: (hy,hR):
h; +hgp=A, hrp—h=+s. (17)
Scalar: A =+/14+m2;
Spinor and vector: A =14 |m]|.

Retarded Green function: Dyet(x,z") = i0(t — t'){[O(z), O(z)]) 7, (18)

= i0(t —t)D(z, ).
D(z,z') = Dy (z,2") — D_(z,a), ¥ =t+o.

_ (nTR)*"n (nTy,)?"e .
Do) = sinh2'r(nTpz— — ie) sinh2PL (7T at — i€)’ (19)
oy (TR (+TL)?" 09

sinh2'k(nTpz— + i) sinh2PL(aTp ot + ie)



With k+ = (w F k)/2, Fourier transform of D(z):

— 1k 1k_ 1k 1k_
D(ky,k—) =T (h A | hr — | hr — : 21
(k4 k=) ( L+ 27TTL) ( R+ 27TTR) ( L 27TTL) ( R 27TTR) (21)

Two sets of poles in the lower complex plane of w:

wr, = k—4miT(n+hp); wrp=—k—4nmiTr(n+ hpr). (22)

n=20,1,2,.... They characterize they decay of the perturbation.

These poles coincide precisely with the QMN in the BTZ backgound!

1
Scalar perturbation satisfies ﬁau(wgygway) —m?|d=0. (23)
g

Let & = e_i(k+x++k—x_)f(,u), ot =yt — rro, z = tanh? u,

(bt +k)(rp—r)=w—k (kp—k)(ry+r)=w+k

_ _ k?i_ k2 m2 ,.
A= D+ A= @+ |- - 21—l D=0 (4
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f(2) = 2%(1 — 2) o2 Fy (as, bs; cs; 2), (25)
a = —iky/2, Bs = (1 _ /1 —|—m2> /2
as = —i(ky —k_)/2 4+ Bs, bs = —i(ky +k_)/2+ Bs, cs = 1 + 20

QNM: vanishing Dirichlet condition at infinity.

r(CS)I—(CS — as — bs)
M (cs —as)l (cs — bg)

2
. (26)

1
Flux: F = \/§2—i (f*Ouf — fOuf") x ‘

JF vanishes if

{ ST ik k)2 =t (1—|—\/1—|—m2> /2. (27)

cs — bsg = —n
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For spinors,
Br=—-(m—+1/2)/2, cf=1/2+4 2a.
ar=—ilky —k_)/24+Br+1/2, by = —i(ky +k_)/2+ By.

For vectors,

5U:m/2, C'U:].—l_QOé.

Ay = —’i(k—l- —k-)/2+ Bv, by = —’i(k—|- +k-)/2+ Bu.
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CFT interpretation of BH Greybody Factor

ds? = — [(Tz B G Tz)] dt? + [ _ r 2)] dr® 4 r [de _ T dt} (28)

r2 (r —ri)(rQ —7r r2

Consider massless scalar ®. Let ® = e~ Wi+imipR . (r),

1 2r 2r
A T r2
4 m2
r > — Jum
—m? R r) = 0. 29
+(’r2 — r?,_)z(’f“Q — ’r?,_)Q [w + r2 ] w,m(T) (29)
2
Y\ 2 wr? —mSyr2

Let z = (r? —"“3_)/(7“2 —r2), Ay = (w47TTHH) Pr= < 47rTHr+7"—+>

2(1- )R/ m<z>+<1—z>me<z>+[ +Bl]me<z>—o (30)

z = 0 ~ horizon, z — oo ~ spatial infinity.
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In-going into BH at horizon:
Rum(2) = 2% 2F1(a,b;c; 2), a =i\/Aq,
a+b=2a, ab=—A1 — By, c=1+4 2a. At horizon, z =0,

Flux: F =2A5(w—mQg). (31)

BTZ ~ AdS3, hard to tell in-coming from out-going.

RN = A (1 - z%) . ROUL = 4, (1 + z%) . (32)
T T
f
= Fin = 87TC’A7;’2; o= — (33)
Fin

oM=0 _ Ap|M(a+ DI+ 1)
e |M(a+b+ 1)

In low energy limit w — 0, ogpg =~

. (34)
Choose ¢ so that o3ps|lw=0 = Apg.
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Decay rate:

Oabs
-
ew/Tg — 1
/(2Tx) W W ’
— 472w Y Tre @/ CTH) M [ 1 4+ {14 35
T W L1 Re < +Z47TTL> < +Z47TTR> (35)
OT 2
From CFT, ' = /da_ eiw(o——ic) | _ L
sinh(27To™)
- 2
X / dot e~ iw(oq—ic) 21r . (36)
sinh(27TRro ™)

The result is identical to that obtained from the gravity side.
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Warped AdS3/CFT, Correspondence
Warped BTZ Black Hole

The warped BTZ black hole is a solution of TMG:

1
[ A— / d3xv/—a (R + 2/62
TMG = J6 - | x g( + 2/ )
¢ 3 A
A2/ —ge VT ( r" rr )
967Gr /M TVTIE T e vt 3
where 7% = +1/,/—g, v = nge .

For v = 1/3, critical chiral gravity theory.

_|_

1 14 1

(37)

(38)
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0% dr?
AR2(r)N2(r)’

Rz(r) = 2 [3(1/2 — 1r+ (1/2 +3)(ryp +r-) — 41/\/7“+7“_(V2 —+ 3)] :

62(y2—|—3)(r—7“_|_)(7“—7“—) 2vr — \/’I“_|_’I“_(V2—|—3)
4R2 2R2 |

ds? = —N?(r)dt? + (?R?(r)[d0 + Ng(r)dt]? + (39)

N2(r) =

, Ng(r) =

2 + 3 T4 —T—
4m 2ury — \/(V2 + 3)rpr_
v > 1, streched AdS3, v=1, BTZ limit,

Ty = : .AH=7T{21/7“_|_—\/7“_|_7“_(V2—|—3)}.

v < 1, squashed AdS3, closed time-like curve.

t,r,0 differnent from the BT Z case.

Warped AdS3 (locally equvalent to warped BTZ):
02

2+ 3

412

ds? =
° 2+ 3

(du 4 sinhadr)?|. (40)

17
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Greybody Factor in Warped BTZ

Consider scalar ® with mass u. Let & = e~ wtt+imb gy,

d2¢(r) n 2r —rq —r— do(r) (ar? + Br +7)

dr? (r—ry)(r—r_) dr (r — 7“_|_)2(7“ — r_)Q(b =0 (41)
3w2(r? — 1) 202 4m [m B W\/r'a‘i‘r'a_(y2 + 3)] u2e2r  r_
T2 Tt 1T (> 137 T
5 _w2(y2 +3)(ryp +r-) —4v [wQ\/r+T_(y2 + 3) — Qmw] N Mzgz("“—k )
B (v2 + 3)? 243
z=-_——*t  z=0~ horizon, z = 1 ~ spatial infinity.
- ~ A B -
A1 =)'+ 1 -F )+ | S+ 1+ @) =0 (42)
) 4(wQ " +m)? B o C— 4(wQ=t + m)?

B (ro —r_)2(? 4+ 3)?’ _(7“_|_ —r_)2(w?2+3)2
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__i_l = vUry — \/"“—l—"“—(Q’/Q il 3), Q l=ur_ — \/7“_|_7“_(21/2 + 3).
H(2) = 2P(1 — 2)%u(z), with p = —iVA, g = % (1 —Vv1+ 4a) :

= 2(1 —2)u"(2) + {c = (a+ b+ 1)z} (2) — abu(z) = 0O, (43)
with a=p+q+VC,b=p+q—VC, c=2p+ 1.

In-going at horizon: u(z) = 2P(1 — 2)95F1(a, b; c; 2). (44)

At r — ool ¢~ Ay (T_ht — @r_hi) + Aout (r_ht + @’r—hi) : (45)
/s

7

2(,,2_ 292
hfl: — %(1 + A*)a A* = V 1 —l_ 4o = \/1 o 12{;25{53)21) —l_ ig_i_g:g

n is chosen so that oyps|w=0 = Apx.
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Retaining w dependence,

2(1—|—\/1—|—4oz)—z

| a4+ viFae) - iy 2’ o

T
Tub :
s r[l QWT} [\/14—404}
2 2 .
Ty = Ve + 3, T = (ve + 3)(7“_|_ r_) | (47)
Smv 8t [V(’I“+ +7r_) — \/7“_|_7“_(1/2 -+ 3)]
2/Ty = 1/T, + 1/Tk. (48)
Waped AdS3, ® = e~ WoTTikug () :
d? ¢y doyg (V2 +3)k*  p2e? .
g + tanho o + [(wg secho 4 ktanho)? — 1 iz 3] g = 0. (49)
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Define ¢y = 250 TH)/2(1 — 2 )@o= k)27 (20), 2 =

2
zg(1 — zg) " + [cg — (14 a9+ bg)zg} ff—agbgf =0

3k2(12 — 1) 2

agbg = wglwg + 1) + ="~ a3

For zg — 00, ¢g(zg) — C_|_zg+ + C_zg_,

1 3k2(v2 — 1)  4p2e?
with  he = =(1+ A), A=,1- .
4 2( ) J . + 213
Boundary of warped AdS3 : o — oc.
x=-e % and t = 7/2, local patch:
2 2 2 2
ds? ¢ 307D a2+ M a2+ 8 il

T (2 +3)22| 12 +3 V2 + 3 b2+ 3

1+ :sinho

(

(

21

50)

51)

(52)



On the boundary,

1
Vg
. . - h
K(z,u) = e*axl+ = K(z,u,t) = : (54)
)
Bulk field: ¢(z,t,u) ~ /dt’du’Kb(az,t,u,t’,u’)(bo(t’,u’). (55)

eik(u—u’)¢o R
’t _ t/’2h+

. (56)

0]
In the limit z — O, 8—qb(a:,t,u) ~ azh+_1/dt’du’
x

_ 1
Seff = aljino {_E/dt du\/—ggmqb(?g;qﬁ}
1/ dt du dt’ d ettt b0 (t, u)po(t', u') (57)
~ — u u u u ).
> ’t—t”Qh"‘ o\% O\%,
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From the AdS/CFT dictionary: e Seff(®) = <ef¢00>. (58)

L eiwu_|_
Correlator: <O*(u+,u_)0*(0,0)> ~ TR (59)
ju— "+
R eiwu_
<O*(u+,u_)0*(0,0)> ~ sps Ut = utt/2c. (60)
jug |

Assigning 17, and T to the left and right sectors.

<0< )0.(0 0>> (2hy — Dyeieteto)| UK m[ “ rhi (61)
et A T + c sinh(mTruy ) sinh (7Tru_) '
_ : : . _
O*(at_l_,a:_) with conformal dimension hJr = h+‘k:k*51/22_1|/_3w’
Tabs ~ / daz+dw—e‘”<x++w—><o*<az+,az_)o*m,0>> . (62)
T
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Discussions
e There is indeed a warped AdS3/CF T, correspondence.

eGravity side:

[2(1—|—\/1—|—4a) —1

| ia+ viFae - iy

InT
Oabs X ] )
M1 —ig| T VI F4a
2 2 —
7=V t3 o W2+ 3+ =) 2Ty = 1/Ty + 1/Tn.

S 8 [v(ry +1) — \/rir (2 +3)]
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L eiwu_|_
o CFT side: <O*(u+,u_)0*(0,0)> ~ ’ ’2h>l<|_7
u—

ezwu_

R
<O*(u+,u_)0*(0,0)> ~

2h"
luy [
Assigning 17, and Tr to the left and right sectors.

2h7, 7TT'L 2h7,
[Sinh (WTL’LL)] '

7TT'R
sinh (WTRU+)

<O*(u+,u)0*(0, O)> ~ (2hg — 1) (uwtu)
T

Ou(xq,2-) ~ Ox(uy,u_) with b = h+‘k:k*z oy

w
1/2—|—3

Tabs ™ /d$+d$—e_iw(x++x_)<0*($+v r_)O«(0, O)>T7
r [%(1 +vI¥da) - i4WWTR] r [%(1 +vI¥da) - i4:TL] :
T[] T Vi Aa |
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e > 1, superradiant modes appear when
2 2 2
v 3 v 3
w? > ( —2|_ ) + 2+ ,uQEQ.
12(vs—-1) 3(w<-1)
Conformal weight h%. becomes complex. w ~ angular velocity.

The effective mass of scalar is below the B-F bound

412 12(v2 — 1)w? 1
e =243 (b2 4 3)22 02

e Tortoise coordinate r*: ¢*(r*) = z(r)o(r), r* = f(r).

d2
Choose f(r),z(r) s.t. — — W24+ U*(r") | ¢(r*) = 0.
T
In spatial infinity, the effective potential
2 2 292
3 34+ 420
lim U*(r) — U% = 2+ 3)(w” + 3 +4u707)
r—00 12(v2 —1)

Superrandiance: w? — UZ% > 0.
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e Comparing the poles of bulk QNM and boundary retarded

Green function.

e Dual theory of a rotating background.
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