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1. Introduction to Invisibility Cloak of EM Waves

J. B. Pendry, D. Schurig, and D.R. Smith, Science 312, 1780 (2006).



U. Leonhardt,  Science 312, 1777 (2006).



The Chinese Academy of Sciences (CAS)
and the American Association for
the Advancement of Scinece (AAAS)
...
we have agreed that it would be greatly beneficial
for CAS and AAAS to undertake joint activities.
For our first initiative, we determined to publish
a selection of papers from Science translated
into Chinese.
...
AAAS and CAS each established a high-level
expert committee chaired by the organizations's
top leaders. The AAAS expert committee
recommended Science's distinguished
Senior Editorial Board to nominate nearly
200 of the most influential Science papers
of the past decade in a range of fields,
including:...





D. Schurig, J.J. Mock, B.J. Justice, S.A. Cummer, J.B. Pendry,
A.F. Starr, and D.R. Smith, Science 314, 977 (2006).











Nature Mater. 8, 568 (2009).



The carpet cloak design that transforms a mirror with a bump into a virtually mirror.





2. How to design an invisibility cloak of EM waves

Invisibility cloaks for classical waves that can hide an object from the detection
of the probe waves and is externally invisible were proposed in 2006.

J. B. Pendry  ., Science 312, 1780 (2006);
U. 

et al
Leonhardt,  Science 312, 1777 (2006).
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Maxwell equations are expressed as
0,                       (1)

,                                           (2)

0
0 1where =

0
0

F F F

G J

cD cD cD
cD H H

G
cD H H
cD H H

     

 




  



   
    
  
 

  

                      (3)
2

with  being the constitutive tensor representing the propeties of the medium,
including the permittivity, and permeability.
Under coordinate transformation,  
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Specifically, the permitivity and permeability transform as
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Maxwell's equations, Eqs (1) and (2), together with the medium specified by Eq. (5)
describe a single electromagnetic behavior, but this behavior can be interpreted in
two ways (see D. Schurig  ., Oet al ptics Express 14, 9794 (2006)).

First (the traditional interpretation): the material propety tensors that appear on the left and
the right hand sides of (5) represent the same material properties, but in different spaces.
The components in the transformed space are different from those in the original space,
such as ( , , ) ( , , ).

Second: an alternative interpretation is that the material

xx yy zz rr       

 property tensors on the left
and right hand side of (5) represent different material porpeties. Both sets of tensor
components are interpreted as components in a flat Cartesian space. The form invariance
of Maxwell's equations insures that both interpretations lead to the same electromagnetic 
behavior. Pentry refer to this second view as the materials interpretation.

Based on the second interpretation, (5) are the primary tools
for the transfomation design method of invisibility cloak.
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The cloaking device performs a curvilinear coordinate transformation from
the flat Euclidean space (A) to physical space (B).
(i.e. the permitivity  and permibility  are transformed from the values of 

' ' ' '

free space
to  and  that bend the straight coordinate lines to the curved coordinate lines). 
Because the curved coordinate lines of physical space
are transformations of straight lines. Physi

i j i j 

cal space is Euclidean as well.
However, the device creates the illusion such that light feels it propagates
through the flat space. The interior of cloak can hide an object
from the detection of light and is externally invisible.

U. Leonhardt, and T. Tyc, Science 323, 110 (2009).



J. B. Pendry, D. Schurig, and D.R. Smith, Science 312, 1780 (2006).



D. Schurig, J.J. Mock, B.J. Justice, S.A. Cummer, J.B. Pendry,
A.F. Starr, and D.R. Smith, Science 314, 977 (2006).

The experimental confimation



D. Schurig  .,  Science 314, 977 (2006).et al
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The recent experimental report



3. Cloaking of Matter Waves



Recently, Zhang  . [Phys. Rev. Lett. 100, 123002 (2008)]
explore the possibility of cloaking matter waves.
They show that if the effective mass of a quantum particle and 
the potential acting on it a

et al
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re controlled as follows:

1( ) ,    ,
( ) ( )

( , ) 1 ( ) ,

where  is the  componenent of effective mass, and ( ) is a
monotonic radial scaling function 
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with ( ) 0 and ( )
with  ( ) being the inner (outer) radius of quantum cloak,
the matter wave of the particle can indeed be cloaked.

g r g r b
r r

 



A quantum cloak with appropriate medium parameters can thus be
designed. A beam of matter wave incident on the cloak will be
guided along the cloaking shell without any distortion and loss
when it returns to the original propagation direction,
i.e. the invisibility is at the quantum level!.

Zhang  . [Phys. Rev. Lett. 100, 123002 (2008)]et al



Such a quantum cloak with radial scaling property may be achieved
through the design of media as proposed by Zhang with BEC and
Greenleaf  . [Phys. Rev. Lett. 101, 220404 (2008)]
with the aggregation

et al
 of many ring-shaped potential barriers

to mimic the cloaking condition.

Zhang  . [Phys. Rev. Lett. 100, 123002 (2008)]et al



Please allow me to tell you a story.
I consulted my schoolmate, Professor Pi-gang Luan, about the recent
development of invisibility cloak about the end of 2008.



4. A more general formulation of quantum cloaking

Zhang  . [Phys. Rev. Lett. 100, 123002 (2008)]et al

Phys. Rev. A 79, 051605 (R) (2009)
D.H. Lin, and P.G. Luan



Phys. Rev. A 79, 051605 (R) (2009)
D.H. Lin, and P.G. Luan
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The Schrodinger equation of a free quantum particle
in arbitrary curvilinear coordinates
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When a charged particle interacts with a EM field,
its wave function is multiplied by a Dirac phase factor. 
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4a. Quantum Cloak as an Ideal Setup
    for Global Quantum Effect

The cloaking ability of a 2D quantum cloak does not
diminish or degrade even when the global AB effect is present,
see Phys. Rev. A 79, 051605 (R) (2009).
Since the quantum cloak can guide the matter wave detouring the
cloaked region, it provides us an ideal setup to manifest the
global AB effect, prohibiting the matter wave from penetrating
into the region of nonzero magnetic field.
Thus, the quantum cloak not only can cloak an object from matter waves
but also is an ideal instrument for testing the global influence of
a magnetic flux.The idea can be generalized to other kinds of
nonlocal quantum effects, such as the scalar AB, AB-EPR, and 
the Ahoronov-Casher effects and so forth. 
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The vector potential of a magnetic flux along the z-axis
ˆ ˆ

hidden in the cloaked region can be expressed as ,

ˆ ˆwhere  and  stand for the unit vector along the  and  axis, respectivel
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y.
The associated magnetic field is confined to an infinitely thin tube,

= ( )= ( ) with =( , ).
2

The magnitude of the magnetic flux is = .

Here we see the vector potential of t

ij i jB x x x x y
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he flux spreads out through
the entire -  plane such that the charged particles would be influenced

by the potential through the minimal coupling ( ) in Hamiltonian

even though they do not enter th

x y

p qA


e region of nonzero magnetic field .B


Aharonov-Bohm Effect



Aharonov and Bohm first expected the nonlocal influence of
an infinitely thin magnetic flux on a charged particle and argued
that the scattering cross section caused by the nonlocal effect (the AB effec

2

2

0 0

t)
sin ( )had the anaylitic expression ,  Phys. Rev. 115, 485 (1959),

2 cos ( / 2)
where /  with = /  being the fundamental flux quantum.

AB k
h q


 





   

Fig. (a) to Fig. (d) show the scattering patterns of wave functions under the AB effect
of a magnetic flux along the -axis. The matter waves are incident from the left
and leave towards the right.

z

Phys. Rev. A 79, 051605 (R) (2009)



The AB effect is the starting point
of studying the global effect of quantum physics.
Nevertheless, it is hard to realize such a bare flux experiment
under the assumption that the matter wave does not touch the
region of nonzero magnetic field.
Here, obviously, if we could have quantum cloak, 
it would provides an ideal tool to check the physics caused by
the nonlocal quantum interference of a bare magnetic flux.

The Aharonov-Bohm Effect
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0 0where /  with = /  being the fundamental flux quantum.h q    
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where ( ) is an arbitrary radial function,
We can get the perfectly cloaking solution in the cloaking shell
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( )Take the linear scaling ( ) .
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     Cloaking of Matter Waves
under the Aharonov - Bohm Effect

The cloaking of charged matter waves under the Aharonov-Bohm effect of a thin magnetic flux
along the z-axis. In all cases, the matter waves are incident from the left and leave towards the right.
Fig. 

0 0

(a) to Fig. (d) show the scattering patterns of wave functions under the AB effect without
the quantum cloak, where = /  is in unit of the fundamental flux quantum = / .
Fig. (e) to Fig. (h) exhibit

h q   
 that the matter waves are perfectly cloaked and guided by the quantum

cloak in the presence of the AB effect. Outside the cloak, the outgoing waves completely coincide
with the patterns shown in the first row.

Phys. Rev. A 79, 051605 (R) (2009)



Here is the numerical simulation of cloaking of matter waves without the AB effect.
Fig. (a) shows the matter waves are incident from the left and
leave towards the right. Fig. (e) exhibit that the matter waves
are perfectly cloaked and guided by the quantum cloak. Outside the cloak,
the outgoing waves completely coincide with the patterns shown in the Fig. (a).

Fig. (a) Fig. (e)0.
/h q

 
 



Fig. (b) Fig. (f)

0

The numerical simulation of cloaking of charged matter waves
under the AB effect with = / =1. Fig. (f) exhibit that the matter waves
are perfectly cloaked and guided by the quantum cloak. Outside the 

  

cloak,
the outgoing waves completely coincide with the patterns shown in the Fig. (b).

1.
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Fig. (c) Fig. (g)

0

The cloaking of charged matter waves. Fig. (c) shows the matter waves are incident
from the left and leave towards the right under the
Aharonov-Bohm effect with = / =2. Fig. (g) exhibit that the matte   r waves
are perfectly cloaked and guided by the quantum cloak. Outside the cloak,
the outgoing waves completely coincide with the patterns shown in heft hand side.

2.
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Numerical simulation for cloaking of charged matter waves under the AB effect
with fractional flux quantum = / =0.5. The matter waves are incident from the left.
Fig. (h) exhibit the matter waves are 

  

perfectly cloaked and guided by the quantum cloak.
Outside the cloak, the outgoing waves completely coincide with the patterns shown in Fig. (d).

Fig. (d) Fig. (h)0.5.
/h q

 
 



Perfectness of Quantum Cloaking System
The quantum cloaking system is sensitive to the incident energy of particles.
If the energy of particles is different from the designed cloaking energy, the
matter wave will be scattered, degrading the perfectness of the cloaking system.
We analyze this problem relying on the classical limit approach.
Since the classical exact solution in general gives the profile of a quantum system,
the classical limit affords us some useful insight on how critical the cloaking condition
needs to be satisfied. Besides, in contrast with a study through the classical limit,
the nonlocal quantum nature of the AB interference effect can be revealed.

The sensitivity of the quantum cloak to the incident
energy. Fig. (a) shows the perfect conformal trajectories
of the classical particles when they are injected
with the designed cloaking energy, where  0

0

.
Fig. (b) exhibits the departures of paths from
the perfect trajectories when the deviation
of the incident energy is 0.1 .
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Conclusion remark for cloaking of matter waves

So far, we have explored the global influence of the Aharonov-Bohm effect
on a 2D quantum cloak. It is shown that the efficiency of the quantum cloak
is unaltered even when there is a magnetic flux inside the cloaked region,
that exhibits the nonlocal influence on the charged paticle.
Owing to the perfect nature of guiding matter waves, the cloak not only cloaks an
object hidden in the cloaked region from the incident matter waves but also provides
an ideal instrument to test the physical effects of a single bare flux.
The idea may be generalized to the other kinds of global influence of quantum effects
such as the AB-EPR, AC effects, and so forth.

(1) 

(2) 

Two fundamental questions :
Does there exists the cloaking transformation of

      the most fundamental spin -1/2 paticles?
If it exists indeed, how to find it,

      and how to formulate a cloaking theory for the spinnor fields?



5. Controlling Spinor Fields

Dirac equation of curved space-time, 4-component formulation:
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Dirac equation of curved space-time, 2-component formulation:
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Here ,  are the spinor index of the spinor field
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Dirac equation of curved space-time, spin frame formulation:
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Here the connections between spin frame and spinor are given by
,   ,

with  are the spin frame (dyad).
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Dirac equation of curved space-time, in terms of spin coefficients:
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Proposed by Penrose  . (1962)et al



Theor. Math. Phys. 70, 289 (1987)
I.E. Andrushkevich, and G.V. Shishkin
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Dirac equation in an arbitary curvilinear coordiante system,
described by the metric tensor ( ) diag( ( ), ( ), ( )) can be expressed asuvg f g f g f g
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That Dirac equation has the equivalent representation
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arbitrary coordinate transformations.
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1 2 3 4With =( , , , ) ,  the Dirac equation has the explicit coupling expressionT    
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Conjucture the solution:



 

 

1 3

1 1
0

3

1 3

1 1
0

3

1(3ln ln )
2 2

3/ 2 0,

1(3ln ln )
2 2

1/ 2 0.

df g d gf f f
dg dg rg g

f fg l f E M f
f rg g g

df g d gf f f
dg dg rg g

f fg l f E M f
f rg g g

 
    

   
         

 
    

   
         








1 1
1 3

3

(3ln ln ) 1,  1,  and 1.f fdf d g gg f f
dg dg rg f rg g

    
               

The conditions of invisibility cloaking of the spinor fields are



They are solved exactly by
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6. Cloaking the Spinor Fields

The conditions of invisibility cloaking of the spinor fields are

1 1
1 3

3

(3ln ln ) 1,  1,  and 1.f fdf d g gg f f
dg dg rg f rg g

    
               



1 ( ) 0,

1 ( ) 0.

df f E M f
dg g

df f E M f
dg g
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The spinor field in the cloaking shell is given by
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where the spherical spinors



The unti-spinor field in the cloaking shell is given by
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Using the the linear scaling function ( ) ( ) /  for a spherical
cloaking shell with inner (outer) radius  ( ), the energy and mass tensors become
( ) diag( , , )=diag( / , / , ( ) / ) and

(
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The effective vector potential and the corresponding magetic field 
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The quantum cloaking of the large component of relativistic spin-1/2 particles.
The particles are incident along the z axis and the figure is plotted at the plane
of the equator,i.e., = /2. The figure   exhibits the large component as perfectly
cloaked and guided by the quantum cloak.
Outside the cloaking shell, the outgoing spherical waves completely coincide
with the pattern of the free space.



The modulation of the radial energy of relativistic spin-1/2 particles in the cloaking shell.
The solid curve corresponds to the modulated radial energy ( ) /
with ( ) / , where  is the incid

rrE E r a r
b a b E




 
  ent energy of spin particles and

we have taken 1 and 2. When the spin-1/2 particles are controlled
moving on a 2D plane, such as the fermions on the graphene,
the modulation can be achieved by an agg

a b 

2

regation of ring-shaped magnets that produces
a gradually alterable magnetic field to change the radial energy of spin particles

according to ( ) ( )  as shown by small circles, where = 2 | |  is aFE r B r e v n  

2

constant,

with  the Fermi velocity and | | the Landau levels index.Fv n





7. Applications

(1) Spin cloak provides a novel method to guide the spin-1/2 matter waves.
As shown in the foregoing sections, the quantum cloak can perfectly guide
the spin-1/2 matter waves by controlling theirenergy and mass moving in an
effective vector field. One of the benefits of the method is that there is no leakage
of the guided spin waves in the specific cloaked region.
Thus, the quantum cloak actually guarantees the decuple of the spin waves
within the cloaked region. This perfect property may be very useful for accurately
revealing and measuring some spin-spin interactions by turning the cloak on and off
such as the interaction between an electron and a spin impurity, or even among
an electron and some spin impurities concealed in the cloaked region.



a

b  
electron

cloaking shell

spin impurities



(2) The quantum cloak of spin waves provides an ideal apparatus for testing
the nonlocal interferences of matter waves from the global effects of gauge fields.
The nonlocal physical phenomena such as from the Aharonov-Bohm (AB) effect,
hybrid AB and Einstein-Podolsdy-Rosen (AB-EPR) experiment, and so forth all
exhibit nonlocal interferences of matter waves from a remote magnetic field.
In these experiments, the allowed propagating paths of the matter waves must
circumscribe a region of space within which the magnetic field is confined
and from which the matter waves are excluded. Since the quantum cloak is
able to perfectly guide the matter waves through the cloaking shell without
any leakage, a quantum cloak that conceals a magnetic flux inside the
cloaked region provides an ideal setup for testing these nonlocal physical
phenomena.





entangled electron pair

magnetic flux inside
the clocked region

magnetic flux inside
the clocked region

quantum
clock

quantum
clock



(3) The present cloaking construct provide a prototype to controlling
1a spin-  matter wave at will. Since there is no restriction on the coordinate
2

transformation for the Dirac equation, it is then possible, through the desired
coordinate transformation, to control the spin wave porgagating along
the specified paths. For example, a transformation that lead to two
propagating channels of a spin wave with different lengths, would be
an ideal setup to exhibit the interesting self-interference phenomenon
of the spin wave.



(4) protect human being from bombing of high energy cosmic rays.
Cosmic rays include different kinds of high energy particles in which
charged ones can be deflected by the magnetic field of the Earth
while the uncharged particles such as neutron would go through
the aerosphere and seriously injure the human body. A spin cloak
with wide enough band could be used to guide the matter waves
and protect the human being. Moreover, if the outer shell of
buildings such as the international space station is built with the cloaking
matter, the cloak would protect the space station from their injuries.



(5) protect the Earth from the bombing of asteroids. All matter are
composed of spin-1/2 particles. If we could make a large enough quantum
cloak with frequencies sufficient to cover the matter of asteroids and put
it on the orbit of the Earth, it would guide the asteroids bypassing the
goals of bombing, and the Earth can be saved from the disaster. 

Quantum
Cloak

Earth



(6) make a wall-through clothes.
Since matter are constructed from spin-1/2
particles, a quantum cloak that can cloak
all frequencies of spin-1/2 matter waves
is equivalent to a sci-fi "clothes".
When one wears the sci-fi clothes
and go through a wall, the matter of
wall would perfectly flow through
the cloaking shell without leaving
any marks. Thus, such a cloak is a
sci-fi wall-through clothes.



Thank you!

I would like to thank Pi-gang Luan for introducing me to this interesting area.





cloaking shellelectrons moving
in a 2D plane

guiding tunnel of electrons


