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1. Introduction to Invisibility Cloak of EM Waves
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paradigm for the design of dlectromagnetic struc-
tures at all fog ies foom optical down o DC.
Progress in # edgn of metmatkeriak has
heen impressive. A negative index of refraction
{7) iz an cxample of a material property that
does not exigt in nanne but has been enabled by
metamaterial concepts. As a mesult

Controlling Electromagnetic Fields

). B. Pendry,** D. Schurig,® D. R. Smith®

IR

Using the freedom of design that metamaterials provide, we show how electromagnetic fields can
be redirected at will and propose a design strategy. The conserved fields—electric displacement
field D, magnetic induction field B, and Poynting vector B—are all displaced in a consistent
manner. A simple illustration is given of the cloaking of a proscribed volume of space to exclude ™ 131' ¢ refraction has been much studied in
completely all electromagnetic fields. Our work has relevance to exotic lens design and to the years (4], and mealizations have been

cleaking of objects from electromagnetic fields. r"'I:""'“L at both GHz and optical frequencies
{5, Movel magnetic properties have also been

o exploit eloctromagnetism, we use ma- A new clas of clectromagnetic materials  roported over a poctrum of freguencies
I teriale to control and direct the fields: {1, 2) iz cumrently under study: metmaterials,  Further infomstion

J.B, Pendry'* , D, Schurig, D. R, Smith?
A&, REE . s %

I Julire Ot AP 5B AR 1 b BT Rk R i B
e FERBT—HI00 R, RO E D . SRAERD D a3 i s Fo e
A WA RE S, BN IAROEHE, ANIRT R — S E IR 0 R
ve design and constric- FeA RIS, RTS8 B A B B e A e e B | PN 3.
glaaa I-_*|'_4 n 4 camera to pr.'-..'u-: an  which owe their properies © subwavelength  ton of metamaterials may be found in (9-19).
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rals, optical design is largely a matter of
choosing the interface between two materials.
For example, the lens of 2 camera is optimized
by altering its shape a0 as to minimize geomet-
rical abemations. Electomagnetically inhomoge-
noous materiaks offer a different approach to
control light; the intmduction of specific gra-
dients in the refractive index of a maternial can be
used to form lenses and other optical elements,
although the types and ranges of such gradicnts
temd 0 b limited.

oos mate-  difficult or imposible © find in nature. We

show hoow the design flexibility of metamaierials
can be wsad 0 achiewe new clectromagnetic
devices and how metmaterials enable a new
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independently and arbitrarily iy roughout a
material, taking positive or negative values a

desired.
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Fig. 1. (A} A field line in
free space with the back
ground Cartesian  coondi
nate grid shown. (B} The
distorted field line with the
background coordinates
distorted in the same fash
on. The field in guestion
may be the eledric dis
placement or magnefic in
duction fields D or B, or the
Poynting vedor §, which &
equivalent o a ray of light
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Optical Conformal Mapping

Ulf Leonhardt

An invisibility device should guide light around an object as if nothing were there, regardless
of where the light comes from. Ideal invisibility devices are impossible, owing to the wave
nature of light. This study develops a general recipe for the design of media that create
perfect invisibility within the accuracy of geometrical optics. The imperfections of invisibility
can be made arbitrarily small to hide objects that are much larger than the wavelength. With
the use of modem metamaterials, practical demonstrations of such devices may be possible.
The method developed here can also be applied to escape detection by other electromagnetic

waves or sound.

ccording to Fermat’s principle ( /), hight
rays take the shortest optical paths

dielectnic media, where the refractive
mndex n mtegrated along the ray trajectory defines
the path length. When n 1s spatially varying, the
shortest optical paths are not straight lines, but are

curved. This hight bending 1s the cause of many
optical 1llusions. Imagmne a situation where a
medmum guides light around a hole 1n1t. Suppose
that all parallel bundles of incident rays are bent
around the hole and recombined m precisely the
same direction as they entered the medium. An
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U. Leonhardt, Science 312, 1777 (2006).




The Chinese Academy of Sciences (CAS)
and the American Association for
the Advancement of Scinece (AAAS)

we have agreed that it would be greatly beneficial
for CAS and AAAS to undertake joint activities.
For our first initiative, we determined to publish
a selection of papers from Science translated

into Chinese. ST
AAAS and CAS each established a high-level

expert committee chaired by the organizations's

top leaders. The AAAS expert committee
recommended Science's distinguished
Senior Editorial Board to nominate nearly
200 of the most influential Science papers
of the past decade in a range of fields,
including:...
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Metamaterial Electromagnetic Cloak
at Microwave Frequencies

D. Schurig,* ). ). Mock,” B. ]. Justice,” 5. A. Cummer,” . B. Pendry,“ A. F. Starr,” D. R. Smith™*

A recently publiehed theory has swggested that a cloak of invisibibty & 1n principle possible, at least
over 3 namow freguency band. We describe here the fist practi@l realzation of such a cloak; n
pur demonstration, a copper cylinder was “hidden” inside a cloak construded according to the
previcus theoretical presoiption. The cloak was constructed with the wse of artfically stredures
metamatenals, designed for operation over a band of morowave freguences. The cloak deoeased
scattenng from the hdden object while at the same time regucing 1ts shadow, 50 that the cloak

and object combined began to resemble empty space.

D. Schurig, J.J. Mock, B.J. Justice, S.A. Cummer, J.B. Pendry,
A.F. Starr, and D.R. Smith, Science 314, 977 (2006).




LETTERS

Optical cloaking with metamaterials

WENSHAN CAl, UDAY K. CHETTIAR, ALEXANDER V. KILDISHEV AND VLADIMIR M. SHALAEV*

School of Elecirical and Computer Engineering and Birck Nanotechnology Cener, Purdue University, West Lafayeite, Indiana 47907, USA
*g-mail: shalaev@purdue adu

Publishad online: 2 Aprill 2007 doil 01 38 nphoton 2007 28
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Artificially structured metamaterials have enabled unprecedented
Hexibility in manipulating electromagnetic waves and producing
new functionalities, including the doak of invisibility based
on ooordinate  tmnsformation'™. Unlike other cdoaking
approaches*®, which are typically limited to subwavelength
objects, the transtormation method allows the design of
cloaking devices that render a macroscopic object imvisible. In
addition, the design is not sensitive to the object that is being
cdoaked. The fird experimental demonstration of such a cloak at
microwave frequences was recently reported’. We note,
however, that that -|:|-r_~1i]_:;|'t:I camot be implemented for an optical
cloak, which is certainly of particular interest because optical
frequencies are where the word “invisibility' is comventionally
defined. Here we present the design of a non-magnetic cloak
operating at optical frequencies. The principle and structure of
the proposed cylindrical cloak are analysed, and the general
recipe for the implementation of such a device is provided.




Broadband Ground-Plane Cloak

R. Liu,™* C. Ji,%* ]. ]. Mock, ]. Y. Chin,? T. ]. Cui,?t D. R. Smith’t

The possibility of cloaking an object from detection by electromagnetic waves has recently become
a topic of considerable interest. The design of a cloak uses transformation optics, in which a
conformal coordinate transformation is applied to Maxwell's equations to obtain a spatially
distributed set of constitutive parameters that define the cloak. Here, we present an experimental
realization of a cloak design that conceals a perturbation on a flat conducting plane, under which
an object can be hidden. To match the complex spatial distribution of the required constitutive
parameters, we constructed a metamaterial consisting of thousands of elements, the geometry of
each element determined by an automated design process. The ground-plane cloak can be realized
with the use of nonresonant metamaterial elements, resulting in a structure having a broad
operational bandwidth (covering the range of 13 to 16 gigahertz in our experiment) and exhibiting
extremely low loss. Our experimental results indicate that this type of cloak should scale well
toward optical wavelengths.

16 JANUARY 2009 VOL 323 |SCIENCE| www.sciencemag.org

Fig. 3. Measured field mapping (E-field) of the ground, perturbation, and ground-plane doaked
perturbation. The rays display the wave propagation direction, and the dashed line indicates the
normal of the ground in the case of free space and that of the ground-plane cloak in the case of the
transformed space. (A) Collimated beam incdent on the ground plane at 14 GHz. (B) Collimated
beam incident on the perturbation at 14 GHz (control). (C) Collimated beam inddent on the ground-
plane doaked perturbation at 14 GHz. (D) Collimated beam incident on the ground-plane doaked
perturbation at 13 GHz. (E} Collimated beam incident on the ground-plane cloaked perturbation at
15 GHz (F) Collimated beam incident on the ground-plane cloaked perturbation at 16 GHz.




LETTERS

Three-dimensional photonic metamaterials
at optical frequencies

NA LIU', HONGCANG GUO', LIWEI FU', STEFAN KAISER?, HEINZ SCHWEIZER" AND HARALD GIESSEN'*
14, Physikalisches Institut, Universitat Stuttgart, D-70560 Stuttgart, Germany

21. Physikalisches Institut, Universitit Stutigart, D-70569 Stuttgart, Germany

*e-mail: Giessen@physik.uni-stuttgart.de

Publishad online: 2 Dacember 2007; doi:10.1038/nmat2072
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Metamaterials are artificially structured media with unit

cells much smaller than the wavelength of light. They have
proved to possess novel electromagnetic properties, such

. . e . - . o £ SE £
as negative magnetic permeability and negative refractive y7 ! l/é‘“ / lv» H’ ‘A’a/
index'”. This enables applications such as negative refraction®, (=]

superlensing’ and inyisibility cloaking®, Although the physical / e ek
properties can already be demonstrated in two-dimensional (2D) : 7 i Z M = _/Z =

{1)Mignmeni ek (2) Bactron beam exposire(7) Aedsotpic el
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metamaterials, the practical applications require 3D bulk-like
structures'™. This prerequisite has been achieved in the gigahertz
range for microwave applications owing to the ease of fabrication
by simply stacking printed circuit boards*. In the optical uuu

{4) Planatration {5} Algrment and 5} Anlsalropic elcs
eleciron besm exposare

domain, such an elegant method has been the missing building
block towards the realization of 3D metamaterials. Here, we Uy
present a general method to manufacture 3D optical (infrared) —
metamaterials using a layer-by-layer technique™. Specifically, we TR
introduce a fabrication process involving planarization, lateral ';E:“‘EE::E

W .

alignment and stacking. We demonstrate stacked metamaterials, VRV
investigate the interaction between adjacent stacked layers and 5{:{.:“:{:‘{
analyse the optical properties of stacked metamaterials with o o

- 2 - - r. Figurs 1 Structure geometry and fabrication procedures. a, Schamatic diagram of the siruchura with definitions of e geometrical parameters: f, — 430 nm, iy = 380rm,
respect to an increasing number of layers. e e
batore (c) and after () piananization. Batora planartzaion (¢). the peak-to-valey helgit is approdmately 27 nm. 1t is sightty larger than the orginal goid thicknass of the
‘SRR, 200, owing 1o e presance of 3 thin kayer of AR-N reskst after etching. Afier planarization (d) with a 70 nm PCAD3, the peai-to-valley helgh Is reduced ko ~Gnm.
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Broadband Invisibility by
Non-Euclidean Cloaking

ULf Leonhardt™** and Tomas Tyc*?

Invisibility and negative refraction are both applications of transformation optics where the
material of a device performs a coordinate transformation for electromagnetic fields. The device
creates the illusion that light propagates through empty flat space, whereas in physical space,
light is bent around a hidden interior or seems to run backward in space or time. All of the
previous proposals for invisibility require materials with extreme properties. Here we show that
transformation optics of a curved, non-Euclidean space (such as the surface of a virtual sphere)
relax these requirements and can lead to invisibility in a broad band of the spectrum.

2 JANUARY 2009 VOL 323 |SCIENCE] www.sciencemag.org

Fig. 3. 3D cloaking. One can extrapolate the ideas illustrated in Fig. 2 to 3D space, replacing the plane by flat
space and the sphere by a hypersphere. The lentil-shaped object indicates the hidden interior of the device,
and the partly shaded grid denotes the boundary of the invisibility device. For better contrast, light rays are
shown in red. (A) Rays are bent around the invisible region. (B) In three dimensions, some rays turn out to
perform two loops in hyperspace that appear in physical space as light wrapped around the invisible interior.




An optical cloak made of dielectrics

Jason Valentine'*, Jensen Li'*, Thomas Zentgraf'*, Guy Bartal' and Xiang Zhang"?"

Invisibility devices have captured the human imagination for
many years. Recent theories have proposed schemes for
cloaking devices using transformation optics and conformal
mapping'*. Metamaterials®®, with spatially tailored proper-
ties, have provided the necessary medium by enabling precise
control over the flow of electromagnetic waves. Using meta-
materials, the first microwave cloaking has been achieved’
but the realization of cloaking at optical frequencies, a key
step towards achieving actual invisibility, has remained elu-
sive. Here, we report the first experimental demonstration of
optical cloaking. The optical ‘carpet’ cloak is designed using
quasi-conformal mapping to conceal an object that is placed
under a curved reflecting surface by imitating the reflection
of a flat surface. The cloak consists only of isotropic dielectric
materials, which enables broadband and low-loss invisibility at
a wavelength range of 1,400-1,800nm.

Nature Mater. 8, 568 (2009).




Mirror

Figure 3 | Optical carpet cloaking at a wavelength of 1,540 nm. a-c, The results for a Gaussian beam reflected from a flat surface (a), a curved (without a
cloak) surface (b) and the same curved reflecting surface with a cloak (e). The left column shows the schematic diagrams. The middle column shows the

optical microscope images and normalized intensity along the output grating position. The curved surface scatters the incident beam into three separate
lobes, whereas the cloaked curved surface maintains the original profile, similar to reflection from aflat surface. The experimental intensity profile agrees
well with the intensity profile (|Ez|“) obtained from 2D simulations, which is plotted next to the spatial field magnitude (|E;|} in the right column.




Three-Dimensional Invisibility Cloak
at Optical Wavelengths

Tolga Ergin,>**t Nicolas Stenger,%* Patrice Brenner,? John B. Pendry,® Martin Wegener®%*

We have designed and realized a three-dimensional invisibility-cloaking structure operating at
optical wavelengths based on transformation optics. Our blueprint uses a woodpile photonic
crystal with a tailored polymer filling fraction to hide a bump in a gold reflector. We fabricated
structures and controls by direct laser writing and characterized them by simultaneous
high—numerical-aperture, far-field optical microscopy and spectroscopy. A cloaking operation with
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Fig. 1. (A} Blueprint of our 3D carpet-cloak structure, The 3D mne of 0-9

light comesponding to the NA = 0.5 microscope Lens is shown in red. (B} 0

The local pelymer volume filling fraction f of a woodpile photonic crystal

composed of rods controls the effective local re ve index n. The black,
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00
Volume filling fraction f (%)

the number of wxels (W = {034,568} that each rod & mmposed of. The case
5. of N=3 & illustmted by the inset in the lower right comer. For this case and
rod  for a vaoum wavelength of 2.4 pm and a rod spacing of 0.8 pm, the upper
The left imset depids the nearly spherial sofrequency surface i wave-vecior
1.00 Girk and 1.52 (bulk polymer). The filling fraction & adually mntrolled by space.




2. How to design an invisibility cloak of EM waves

Invisibility cloaks for classical waves that can hide an object from the detection
of the probe waves and is externally invisible were proposed in 2006.

J. B. Pendry et al., Science 312, 1780 (2006);
U. Leonhardt, Science 312, 1777 (2006).




Maxwell equations are expressed as
FostFaatFis=0, (1)

af,u Pu.a

G,aaﬂ — J ﬂ’ (2)

0 -cD, -cD, -cD,

cD 0 —H i
1 2 :EC Pu Fuv (3)

where G% =
¢D, -H, 0 -H,

cD, -H, -H, 0
with C“*" being the constitutive tensor representing the propeties of the medium,
Including the permittivity, and permeability.

Under coordinate transformation, C**" tansforms as
OX*
OX*
Specifically, the permitivity and permeability transform as
eV =[detA] " AALE
p S det Ay P ATAY 1

CoPuv < det(A% ) [ AL AG AL AL C where A =




Maxwell's equations, Eqgs (1) and (2), together with the medium specified by Eqg. (5)
describe a single electromagnetic behavior, but this behavior can be interpreted in
two ways (see D. Schurig et al., Optics Express 14, 9794 (2006)).

First (the traditional interpretation): the material propety tensors that appear on the left and
the right hand sides of (5) represent the same material properties, but in different spaces.
The components in the transformed space are different from those in the original space,
such as (gXX,gyy,gzz) - (grr,g%,gw . &7 = det A [* ATA T,

i i1 AT A
p = det A | AiA}/UJ ©)

Second: an alternative interpretation is that the material property tensors on the left

and right hand side of (5) represent different material porpeties. Both sets of tensor
components are interpreted as components in a flat Cartesian space. The form invariance
of Maxwell's equations insures that both interpretations lead to the same electromagnetic
behavior. Pentry refer to this second view as the materials interpretation.

Based on the second interpretation, (5) are the primary tools
for the transfomation design method of invisibility cloak.




U. Leonhardt, and T. Tyc, Science 323, 110 (2009).
The cloaking device performs a curvilinear coordinate transformation from

the flat Euclidean space (A) to physical space (B).
(i.e. the permitivity ¢ and permibility 2 are transformed from the values of free space

to ') and &' that bend the straight coordinate lines to the curved coordinate lines).
Because the curved coordinate lines of physical space

are transformations of straight lines. Physical space is Euclidean as well.

However, the device creates the illusion such that light feels it propagates

through the flat space. The interior of cloak can hide an object

from the detection of light and is externally invisible.




J. B. Pendry, D. Schurig, and D.R. Smith, Science 312, 1780 (2006).
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The experimental confimation

Metamaterial Electromagnetic Cloak
at Microwave Frequencies

D. Schurig,” ). J. Mock,” B. ). Justice,” 5. A. Cummer,” ). B. Pendry,” A. F. Starr,” D. R. Smith'*

A recently published theory has suggested that a cloak of imvisibibity & 1n principle possible, at least
over a3 namow frequency band. We describe here the first practhi@l realzation of such a cloak; m
pur demonstration, a copper cytinder was “hidden” inside a cloak construded according to the
previous theoretical presoiption. The cloak was constructed with the use of arihically struchred
metamatenals, designed for operation over a band of morowave freguences. The cloak dedeased
scattenng from the hdden object while at the same time redecing 1ts shadow, so that the cloak

and object combined began to resemble empty space.

D. Schurig, J.J. Mock, B.J. Justice, S.A. Cummer, J.B. Pendry,
A.F. Starr, and D.R. Smith, Science 314, 977 (2006).
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Fig. 1. 2D microwave cloaking
structure (background image) with
a plot of the material parameters
that are implemented. i, (red line)
is multiplied by a factor of 10 for
clarity. pg (green line) has the
constant value 1. £, (blue line)
has the constant value 3.423. The
SRRs of cylinder 1 (inner) and
cylinder 10 (outer) are shown in
expanded schematic form (trans-
parent square insets).

y-position (cm)

v=position (cm)

x-position (cm) x-position (cm)

Fig. 4. Snapshots of time-dependent, steady-state electric field patterns, with stream lines [black lines in
(A to Q] indicating the direction of power flow (i.e., the Poynting vector). The cloak lies in the annular
region between the black circles and surrounds a conducting Cu cylinder at the inner radius. The fields
shown are (A) the simulation of the cloak with the exact material properties, (B) the simulation of the cloak
with the reduced material properties, (C) the experimental measurement of the bare conducting cylinder,
and (D) the experimental measurement of the cloaked conducting cylinder. Animations of the simulations
and the measurements (movies S1 to 55) show details of the field propagation characteristics within the
doak that cannot be inferred from these static frames. The right-hand scale indicates the instantaneous
value of the field.

D. Schurig et al., Science 314, 977 (2006).
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The recent experimental report

Three-Dimensional Invisibility Cloak
at Optical Wavelengths

Tolga Ergin,»**t Nicolas Stenger,™** Patrice Brenner,? John B. Pendry,® Martin Wegener®**

We have designed and realized a three-dimensional invisibility-cloaking structure gperating at
optical wavelengths based on transformation optics. Our blueprint uses a woodpile photonic
crystal with a tailored polymer filling fraction to hide a bump in a gold reflector. We fabricated
structures and controls by direct laser writing and characterized them by simultaneous
high—numerical-aperture, far-field optical microscopy and spectroscopy. A cloaking operation with
a large bandwidth of unpolarized light from 1.4 to 2.7 micrometers in wavelength is demonstrated
for viewing angles up to 60°.
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3. Cloaking of Matter Waves
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Cloaking of Matter Waves

Shusng Fhang, Denicho A&. (enow, Cheng Son, sed Xieng #hang™

Moanscale Soieaoe and Eaplacerinp Cemler, Daherily of Callforais, 120 Eicheverry Rall, Bevkebey, Callforaio S720-1 740, 154
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imdependent Schridinger oguation is wrilien as
'Il- . o] T §
—1'|_' - 1'|_'I:' T I| I:' *.I:'. | I |

where the spatinlly dependent and anisoiropic effective
mass 8" = mepik is generally o temmor (we; is the masx in
free spacel, and ¥iF) is & “macroscopic” polential. For
imstance, for elecirons in & orystal with dewly warying
compaosition, ¥{F] = EgiF) + ['{F], where £, [} is the oo
ergy of the local band edpe and [4F) iz 2 dlowly warying
enizmal potental [15]. The ahove egualion can alm
rewritien as b firsl-onder differential equations

X = vk
L,

i = Tk,

Uhilizing the form Fg. (20, we consider an invariong
ordinate irsmsformation (i, ko X ) — (1, g gul, by =
mming both coondfinsie bases o be ordhogonel It &=
sirmighiforeand to show thei divergence of wecior 4 and
gradient of the wawe function & in the old coondizair frame
we relaied to those i the new coondinales by
—Wy (33
| =gl ]
where h; = |ax/ag| are the Lamé coefficients, ly;
b fy, 0 is the Kronscker delia), snd we defise o new
wector & = | dat )|~ 'i. Combining Eg. (2) and (3) we
thus obigin the Schriddimger equations in the new coondi-
nate sysiem,
—T, s = A E — Vi
L0
Tl 1 1 [T i o

Clearly, Fgs. (4} arr mathemalically equivalent i the
Fq. (21, under the follreing irensformations

II_""-._II\, ¥ o= E 4 | el — E (51
char |

of the poiential and effeciive mass, respoctively. Those
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Recently, Zhang et al. [Phys. Rev. Lett. 100, 123002 (2008)]
explore the possibility of cloaking matter waves.

They show that iIf the effective mass of a guantum particle and
the potential acting on it are controlled as follows:

1
g'(r)

r

2

Mrr:g’(r)[ M,

V(r,E){l—(?j g'(r)}E,

where M . is the rr componenent of effective mass, and g(r) is a
monotonic radial scaling function with g(r,) =0 and g(r,) =b
with r; (r,) being the inner (outer) radius of quantum cloak,

the matter wave of the particle can indeed be cloaked.




A guantum cloak with appropriate medium parameters can thus be
designed. A beam of matter wave incident on the cloak will be
guided along the cloaking shell without any distortion and loss
when it returns to the original propagation direction,

1.e. the Invisibility is at the quantum level!.

. The trajectories of particles passing through a cloaking system with r, = 2r,

Zhang et al. [Phys. Rev. Lett. 100, 123002 (2008)]




Such a quantum cloak with radial scaling property may be achieved
through the design of media as proposed by Zhang with BEC and
Greenleaf et al. [Phys. Rev. Lett. 101, 220404 (2008)]

with the aggregation of many ring-shaped potential barriers

to mimic the cloaking condition.

FIG. 3. (a) The dependence of effective mass and band edge
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pI t tlhe I: ulnl scaling function £ iblukr ettt- lI\

HOPOS fcmkln SYys lt-mt orry = ][I[Iﬂ_lll ra
400 pm and 6 = I[h{l pam. In et is a magnified view of the
shadowed area.

il
HI
. i| |J|| l | l UU HH‘ ‘J i

T

QN MO OO

|
=5 N
o
Q




Please allow me to tell you a story.
| consulted my schoolmate, Professor Pi-gang Luan, about the recent
development of invisibility cloak about the end of 2008.




4. A more general formulation of quantum cloaking

independent Schrisdinger equation is written as
" =
—T"-Ta'-lrﬂ' W) + Vi = Eifr, (Y

where the spatially dependent and anisotropic effective
mass " = mgefi is generally a tensor (my is the mass in
free space). and V(r] is a “macroscopic™ potential. For
instance, for electrons in a crystal with slowly varying
composition, V(F) = Ex(F) + U(F), where Eg(7) is the en-
ergy of the local band edge and I7(r) is a slowly varying
external potential [15]. The above egquation can also be
rewritten as two first-order differential equations

it = m "WV,

Utilizing the form Eq. (2), we consider an invariant co-
ordinate transformation (xy, xa. x3) — (g1, g2 g3 ). by as-
suming both coordinate bases to be orthogonal. It is
straightforward to show that divergence of vector @ and
gradient of the wave function ¢ in the old coordinate frame
are related to those in the new coordinates by

. - . 1 )

Vah=h "'-:'r#t.'.'r. V, i = - ?#-1-.

| detik )|
where h, = |af/dg,| are the Lamé coefficients, &, =
hydiy (& is the Kronecker delta), and we define a new
vector # = |det(h)|fi ~'d. Combining Eq. (2) and (3) we
thus obtain the Schridinger equations in the new coordi-
nate system,
" ) . .
- V, 0 = det|h|(E — V)
21y

7 = detlR|(h @ k) 'V

Clearly, Egs. (4) are mathematically eguivalent to the
Eq. (2), under the following transformations:
h st e -
——" .  W=E+|deR(V-E (5
det|Al

of the potential and effective mass, respectively. Those

Zhang et al. [Phys. Rev. Lett. 100, 123002 (2008)]

— J . 5 . o . . ;
wE |-|I - '|_.|'|,|_I' = _-_\.‘-_ -ﬁ-l.'l_.l .'1':r"'|.'::1]-" I+ I'Q'-&' .'-'I-.-'lrJ' "I.-'1..I:'1‘{'r

+ 2ighMIA AW + FMIAAYY, (1)

where g=|g;4 is the determinant of the generic metric tensor
g;-, ¥ is the scalar potential, MY=g¢%e/M; is the effective
mass tensor with g¥ being the inverse of gij» g is the charge
camried by the quantum particle, and 4; is the components of
the vector potential A that describes the magnetic field. The
property of a quantum cloak is completely determined by the
effective mass tensor MY in the sense of material interpreta-
tion [1]. Such a property can be achieved through the design
of media as proposed by Zhang with Bose-Einstein conden-
sation and Greenleaf with potentials approach. In view of
more feasible consideration, we shall study a 2D cloak and
assume the potential V=0. For the AB effect under consid-
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VElE = V)W = —i— A0 [ MYa, W) + igh(d MYA W
+ 2igh MUA 6 + .-;l.w-'.-..-t_.._-t o}, (1)

where g=|g;J is the determinant of the generic metric tensor
g V is the scalar potential, MY=g"%g/M; is the effective
mass tensor with g¥ being the inverse of £i;. g 15 the charpe
carried by the quantum particle, and A; is the components of
the vector potential A that describes the magnetic field. The
property of a quantum cloak is completely determined by the
effective mass tensor MY in the sense of material interpreta-
tion [1]. Such a property can be achieved through the design
of media as proposed by Zhang with Bose-Einstein conden-
sation and Greenleaf with potentials approach. In view of
more feasible consideration, we shall study a 2D cloak and
assume the potential V=0. For the AB effect under consid-

— E{—hz(’?i (MU3,%) +igh(o,M " A\W) +2iqaM " A0, ¥ + P AM U A W |

where M = g7, /g /M,




The Schrodinger equation of a free guantum particle
In arbitrary curvilinear coordinates

0 (\Jug'a;w)=ino, ¥

2|v|f

When a charged particle interacts with a EM field,
Its wave function is multiplied by a Dirac phase factor.

o - ri—q lu\
b4 _‘Pexpi ; J'Aﬂdx

J




(a Jog'A )T+2lqhg"A (6,%)+a°Ag"A \P}
g

1 . _ . _ ' .
:E{—hzai(M 16,%) +ign(6,M " A\W) +2igiM " Ao, + *AM U A W |

where M = g¥./g / M,.




4a. Quantum Cloak as an Ideal Setup
for Global Quantum Effect

The cloaking ability of a 2D quantum cloak does not

diminish or degrade even when the global AB effect is present,
see Phys. Rev. A 79, 051605 (R) (2009).

Since the quantum cloak can guide the matter wave detouring the
cloaked region, it provides us an ideal setup to manifest the
global AB effect, prohibiting the matter wave from penetrating
Into the region of nonzero magnetic field.

Thus, the quantum cloak not only can cloak an object from matter waves
but also is an ideal instrument for testing the global influence of
a magnetic flux.The idea can be generalized to other kinds of
nonlocal quantum effects, such as the scalar AB, AB-EPR, and
the Ahoronov-Casher effects and so forth.




Aharonov-Bohm Effect

The vector potential of a magnetic flux along the z-axis

—yi + X
2

hidden in the cloaked region can be expressed as A= @ o
X +y

where i and j stand for the unit vector along the x and y axis, respectively.
The associated magnetic field is confined to an infinitely thin tube,

Bszzgggijaia P(R)=DS(E, ) with %, =(x, Y).
7T

The magnitude of the magnetic flux is j J‘ dxdyB,=.

Here we see the vector potential of the flux spreads out through

the entire x-y plane such that the charged particles would be influenced
by the potential through the minimal coupling (p —gA) in Hamiltonian
even though they do not enter the region of nonzero magnetic field B.




Aharonov and Bohm first expected the nonlocal influence of

an infinitely thin magnetic flux on a charged particle and argued

that the scattering cross section caused by the nonlocal effect (the AB effect)

had the anaylitic expression o ,; = sz(jw) , Phys. Rev. 115, 485 (1959),
2k cos“ (@l 2)

where g =®/®, with ®,=h/q being the fundamental flux quantum.

(@p=0 (b) p=0.5 (c)yp=1 (dp=2

(L)

Phys. Rev. A 79, 051605 (R) (2009)

Fig. (a) to Fig. (d) show the scattering patterns of wave functions under the AB effect
of a magnetic flux along the z-axis. The matter waves are incident from the left
and leave towards the right.




The AB effect is the starting point

of studying the global effect of quantum physics.
Nevertheless, it is hard to realize such a bare flux experiment
under the assumption that the matter wave does not touch the
region of nonzero magnetic field.

Here, obviously, if we could have quantum cloak,

It would provides an ideal tool to check the physics caused by

the nonlocal quantum interference of a bare magnetic flux.
(@p=0 (b) p=0.5 (C)p=1 d)p=2

(L)

The Aharonov-Bohm Effect




With g = £(0) £ (p)/ o, M,,, =Mypf'(p)/ f(p),
M., =M, () /[ pf'(0)]

where f (p) Is an arbitrary radial function,
We can get the perfectly cloaking solution in the cloaking shell

y= i (i)™ 3, [k f(0)]e™.

where y=®/®, with ®,=h/q being the fundamental flux quantum.

(p—2)

Take the linear scaling f (p) =b :
(b—a)




Cloaking of Matter Waves
under the Aharonov - Bohm Effect

(@p=0 (b) p=0.5 (=1 (dyp=2
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Phys. Rev. A 79, 051605 (R) (2009)
The cloaking of charged matter waves under the Aharonov-Bohm effect of a thin magnetic flux
along the z-axis. In all cases, the matter waves are incident from the left and leave towards the right.
Fig. (a) to Fig. (d) show the scattering patterns of wave functions under the AB effect without
the quantum cloak, where p=®/®, is in unit of the fundamental flux quantum ®,=h/q.
Fig. (e) to Fig. (h) exhibit that the matter waves are perfectly cloaked and guided by the quantum
cloak in the presence of the AB effect. Outside the cloak, the outgoing waves completely coincide
with the patterns shown in the first row.




Here is the numerical simulation of cloaking of matter waves without the AB effect.
Fig. (a) shows the matter waves are incident from the left and

leave towards the right. Fig. (e) exhibit that the matter waves

are perfectly cloaked and guided by the quantum cloak. Outside the cloak,

the outgoing waves completely coincide with the patterns shown in the Fig. (a).




Fig. (b) ==l Fig. (f)

The numerical simulation of cloaking of charged matter waves

under the AB effect with x=®/®,=1. Fig. (f) exhibit that the matter waves

are perfectly cloaked and guided by the quantum cloak. Outside the cloak,

the outgoing waves completely coincide with the patterns shown in the Fig. (b).




The cloaking of charged matter waves. Fig. (c) shows the matter waves are incident
from the left and leave towards the right under the

Aharonov-Bohm effect with x=®/®,=2. Fig. (g) exhibit that the matter waves

are perfectly cloaked and guided by the quantum cloak. Outside the cloak,

the outgoing waves completely coincide with the patterns shown in heft hand side.




Fig. (d) “% " Fig. (h)

il |

Numerical simulation for cloaking of charged matter waves under the AB effect

with fractional flux quantum x=®/®,=0.5. The matter waves are incident from the left.

Fig. (h) exhibit the matter waves are perfectly cloaked and guided by the quantum cloak.
Outside the cloak, the outgoing waves completely coincide with the patterns shown in Fig. (d).




Perfectness of Quantum Cloaking System

The quantum cloaking system is sensitive to the incident energy of particles.
If the energy of particles is different from the designed cloaking energy, the
matter wave will be scattered, degrading the perfectness of the cloaking system.
We analyze this problem relying on the classical limit approach.
Since the classical exact solution in general gives the profile of a guantum system,
the classical limit affords us some useful insight on how critical the cloaking condition
needs to be satisfied. Besides, in contrast with a study through the classical limit,
the nonlocal quantum nature of the AB interference effect can be revealed.
(b) AE=0.1E
The sensitivity of the quantum cloak to the incident
energy. Fig. (a) shows the perfect conformal trajectories
of the classical particles when they are injected
with the designed cloaking energy, where AE = E — E,,.
Fig. (b) exhibits the departures of paths from

the perfect trajectories when the deviation
of the incident energy is AE = 0.1E,.




Conclusion remark for cloaking of matter waves

So far, we have explored the global influence of the Aharonov-Bohm effect

on a 2D quantum cloak. It is shown that the efficiency of the quantum cloak

Is unaltered even when there is a magnetic flux inside the cloaked region,

that exhibits the nonlocal influence on the charged paticle.

Owing to the perfect nature of guiding matter waves, the cloak not only cloaks an
object hidden in the cloaked region from the incident matter waves but also provides
an ideal instrument to test the physical effects of a single bare flux.

The idea may be generalized to the other kinds of global influence of quantum effects
such as the AB-EPR, AC effects, and so forth.

Two fundamental questions :
(1) Does there exists the cloaking transformation of
the most fundamental spin - 1/2 paticles?
(2) If itexists indeed, how to find it,
and how to formulate a cloaking theory for the spinnor fields?




5. Controlling Spinor Fields

Dirac equation of curved space-time, 4-component formulation:

{70, -T,)+iM W =0,
where spin connection

1 ~a s & : ~a a ., ]
Fy :_Z (7/a',,u_7//lriu) Wlth 7/ :h(J)yJ




Dirac equation of curved space-time, 2-component formulation:

V,.P"+iMQ, =0,
V,:Q"+iMP, =0.

Here A, B are the spinor index of the spinor field




Dirac equation of curved space-time, spin frame formulation:

V_P*+iMQ, =0,
V. Q% +IMP. =0.

Here the connections between spin frame and spinor are given by
P, =& Py VP = 00V P,
c _ C C d
V.Pr=0 P +I P
with £7 are the spin frame (dyad).




Dirac equation of curved space-time, in terms of spin coefficients:

(D+¢e—p)F +(S +7—a)F, =imG,,
(A+pu—y)F +(0-p-1)F =ImG,,
O0+7—a)G,—(D+&—-p)G, =—ImF,,

(A+17—-7)G,— (5 +B-7)G, =imF,.

Proposed by Penrose et al. (1962)
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Dirac equation in an arbitary curvilinear coordiante system,
described by the metric tensor (g,,) = diag(f,*(9), f,/(g), f7(g)) can be expressed as

417

81 1:12 + a a2 1:22 )

=0.

> : Y
JEff




That Dirac equation has the equivalent representation

u A?ff)—74+%}‘l’=0-

u=1 uu
In which the vector field
Aeff — Xg’(r) d (
2r dg
RCOKE

2r dg

N zg'(r) d (

2r dg

and (E,,) = diag (Ef,, Ef,, Ef,), (M,,) =diag(Mf,, Mf,, Mf,),
the quantity (M / E) = [tr(M,, ) /tr(E,,)] is invariant under
arbitrary coordinate transformations.

In f,f,f,+In f,)é

In f,f,f,+In f,)é,

In f,f,f,+1In f,)8,




With ¥=(®,,®,,®,,®,)", the Dirac equation has the explicit coupling expression
1 2 3 4

.1 : .. g'(r))|d .1
—1—(0, —10.)D, +1(x—1 3Inf, +In f,)O, —-1—0.®
fl ( X y) 4 ( y)( erl ]dg ( 1 3) 4 f3 z > 3

(z9'(r) | d
— 2In f, +2In f,)®,—(E-M,)D, =0,
[er3 )dg( 1 3) 3 ( 0) 1

.1 : : (g'(r))d 1
_|T(ax+|8y)®3+|(x+|y)[ orf }dg (3In f,+1In f3)CD3+|f—826D4

1 1 3

(z9'(r) | d
_.( gn(g)]dg 2In f,+2In f,)®, — (E-M,)®, =0,

D,

z

.1 : .. g'(r)|d 1
|— (0. —10.)D., —1(X—1 3Inf +In f,)®, —1—0
7 (6-10,), =i( y)[m]dg( #In £)0, i

. zg’(r) d
—I 2Inf, +2In )0, +(E+M,)D, =0,
( 2rf3 ]dg ( 1 3) 2 ( O) 3

o,

Z

.1 : : : '(r) | d 1
|f(8X+|8y)(131—|(x+|y)[gz(f)]dg (3In f,+1In f3)®1—|f—8

1 1 3

dg

+i(zg (r)] 9 2In f,+2In £,)®, + (E+M,)d, = 0.

2rf,




Conjucture the solution: 1/2
o= M2 gy,

J = *1’ 25 (G, s

.J' 3’Zf( (NWoot o

| +m 3/2
HC1(9)) "

=012,

| — m+l/2

J 2
J

CDl F(9(r)Y) 12

|+ m

1/2
(D2 f (g(r))Yl,m+1/2

21 +

|+ m— 1/2
I\/ ol — f( (r))Y| ~1,m-1/2

|-m-1/2 ;
(D4 I\/ 2|_1 f( ( ))YI -1,m+1/2

1=123,---




df gd(3|nf+|nf)+ Lt
dg |2 2rg’ | g

+(f1 g]'”/zh(fj(E M,) f =0,

frg") 9 9

af |99 Gg @ firint)+ 9 |14
dg | 2d 2rg’ | g

—( h 9,)'+1/2f—(i1,](|5+|\/|0)f=0.

f, rg g g

The conditions of invisibility cloaking of the spinor fields are

df{g(slnf +In f )+} 1 [fl g,jzl, and (f{j:l.
dg rg f, g 9




6. Cloaking the Spinor Fields

The conditions of invisibility cloaking of the spinor fields are

dg rg’

df+{g(3ln f,+Inf )+—

They are solved exactly by
f,(g)=09'(r), f;,(g)=g(r)/r,and g" =0.




AR Eemyf =0,

d

IRt L E-M)T =0,
g

dg

Here kx =+(j+1/2)=%+1,£2,£3,---.




The spinor field in the cloaking shell is given by

/
| JKO(E;M)jK(kOg>¢,¢n(e,¢>

- —i\/kO(Eﬂ__ i) jK_l(kog)¢ij (0,0)

/_\/|<0(E+|v|)j \

Iic|-1 (k.9 )¢jE:n (0, 9)

- _i\/kO(E =) j|x|(kog)¢j'?n (6, 9)
0 /

where the spherical spinors

[j-m+1 M+m
21+2 YJ'+1/2,m—1/2 2—ij—1/va—1/2

, ¢jE:n (0,9) =
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The unti-spinor field in the cloaking shell is given by

k0(|‘E‘—M) :

J

J

T

1y
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J

T

ko(\E\—M)j

K
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Using the the linear scaling function g(r) = (r—a)/ A for a spherical
cloaking shell with inner (outer) radius a (b), the energy and mass tensors become

(E, ) =diag(E,.E,, E, )=diag(E/1,E/4,E(r—a)/ 1) and

(M) =diag(M,,,M__, M )=diag(M /4, M /2, M(r—a)/1).

The effective vector potential and the corresponding magetic field B = vV x A*"
are given by

1{g" 1

Aff -1 9 _— (é\r—I—COSQé\Z),
2l g

and

et = ASN20 3 oaye.
Ar<(r —a) ?




The quantum cloaking of the large component of relativistic spin-1/2 particles.
The particles are incident along the z axis and the figure is plotted at the plane
of the equator,i.e., =x/2. The figure exhibits the large component as perfectly
cloaked and guided by the quantum cloak.

Outside the cloaking shell, the outgoing spherical waves completely coincide
with the pattern of the free space.




The modulation of the radial energy of relativistic spin-1/2 particles in the cloaking shell.
The solid curve corresponds to the modulated radial energy E,. = E(r—a)/Ar

with 4 = (b—a) /b, where E is the incident energy of spin particles and

we have taken a =1 and b = 2. When the spin-1/2 particles are controlled

moving on a 2D plane, such as the fermions on the graphene,

the modulation can be achieved by an aggregation of ring-shaped magnets that produces
a gradually alterable magnetic field to change the radial energy of spin particles

according to E(r) = a4/B(r) as shown by small circles, where a=./2eAvZ |n| is a constant,

with vZ the Fermi velocity and |n| the Landau levels index.
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Using magnets to cloak matter waves
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Cloaking started out as a cool way to demonstrate an insight that Pendry had: you can run the mathematics
for eleciromagnetism in any coordinate system, and the differences between the arbitrary coordinale system
and real space can be interpretad as physical proparties of the medium through which real light waves
propegeted. (We'll explain this idea more in @ minute. )

This iz a fantastic insight, and cloaking is only cne of many ideas to spring forth from that fount.

Of course, there are many physics situations that are similar to electromagnatism in terms of their
methemetics. Acoustic cloaking joined the bandwagon eary. Clogking matter waves joined the club a couple

of years ago. The matter waves considersd ware rather special, but now matter waves and structures that you

can test in the real world have tumed up in a Physical Heview A publication.
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7. Applications

(1) Spin cloak provides a novel method to guide the spin-1/2 matter waves.

As shown In the foregoing sections, the quantum cloak can perfectly guide

the spin-1/2 matter waves by controlling theirenergy and mass moving in an
effective vector field. One of the benefits of the method is that there is no leakage
of the guided spin waves in the specific cloaked region.

Thus, the quantum cloak actually guarantees the decuple of the spin waves

within the cloaked region. This perfect property may be very useful for accurately
revealing and measuring some spin-spin interactions by turning the cloak on and off
such as the interaction between an electron and a spin impurity, or even among

an electron and some spin impurities concealed in the cloaked region.
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(2) The quantum cloak of spin waves provides an ideal apparatus for testing

the nonlocal interferences of matter waves from the global effects of gauge fields.
The nonlocal physical phenomena such as from the Aharonov-Bohm (AB) effect,
hybrid AB and Einstein-Podolsdy-Rosen (AB-EPR) experiment, and so forth all
exhibit nonlocal interferences of matter waves from a remote magnetic field.

In these experiments, the allowed propagating paths of the matter waves must
circumscribe a region of space within which the magnetic field is confined

and from which the matter waves are excluded. Since the quantum cloak is

able to perfectly guide the matter waves through the cloaking shell without

any leakage, a quantum cloak that conceals a magnetic flux inside the
cloaked region provides an ideal setup for testing these nonlocal physical

phenomena.
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(3) The present cloaking construct provide a prototype to controlling

a spm-E matter wave at will. Since there is no restriction on the coordinate

transformation for the Dirac equation, it is then possible, through the desired
coordinate transformation, to control the spin wave porgagating along

the specified paths. For example, a transformation that lead to two
propagating channels of a spin wave with different lengths, would be

an ideal setup to exhibit the interesting self-interference phenomenon

of the spin wave.




(4) protect human being from bombing of high energy cosmic rays.
Cosmic rays include different kinds of high energy particles in which
charged ones can be deflected by the magnetic field of the Earth

while the uncharged particles such as neutron would go through

the aerosphere and seriously injure the human body. A spin cloak

with wide enough band could be used to guide the matter waves

and protect the human being. Moreover, if the outer shell of

buildings such as the international space station is built with the cloaking
matter, the cloak would protect the space station from their injuries.




(5) protect the Earth from the bombing of asteroids. All matter are
composed of spin-1/2 particles. If we could make a large enough quantum
cloak with frequencies sufficient to cover the matter of asteroids and put
It on the orbit of the Earth, it would guide the asteroids bypassing the
goals of bombing, and the Earth can be saved from the disaster.




(6) make a wall-through clothes.

Since matter are constructed from spin-1/2
particles, a quantum cloak that can cloak
all frequencies of spin-1/2 matter waves

IS equivalent to a sci-fi "clothes".

When one wears the sci-fi clothes

and go through a wall, the matter of

wall would perfectly flow through

the cloaking shell without leaving

any marks. Thus, such a cloak is a
sci-fi wall-through clothes.




| would like to thank Pi-gang Luan for introducing me to this interesting area.

Thank you!
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