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Outline

• Motivation.

• Do Higgs and Yukawa live close to a critical point?         
--- ideas and strategy (non-chiral example).

• Preliminary results (chiral theory) from our on-
going study.

• Outlook.
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Motivation

9

λ̂ Λ [GEV] mresonance
H Γresonance

H Γpert
H mp

H mc
H

0.01 883(1) 0.278(3) 0.0018(14) 0.0054(1) 0.278(2) 0.274(4)

1.0 1503(5) 0.383(6) 0.0169(4) 0.036(8) 0.386(28) 0.372(4)

∞ 1598(2) 0.403(6) 0.037(9) 0.052(2) 0.405(4) 0.403(7)

TABLE I: The results (taken from Ref. [29]) of a study comparing the resonance parameters of the Higgs boson with the results
of fits to the temporal correlation function and momentum space Higgs boson propagator. Errors are statistical only. Except
for the cut-off scale, all the results are in lattice units. The fermion mass is set to be the physical top-quark mass. Results
from three values of the quartic coupling are presented. Also shown are the resonance mass and width from Breit-Wigner fits
to the scattering cross-section. Finally, a perturbative estimate of the resonance width is included. We note that because of
some data losses the error on mp

H at λ̂ = 1.0 is larger than for the other parameters.

B. Results of the Higgs boson mass bounds

We now turn to the results of the Higgs boson mass bound calculations discussed in the previous section. We first
discuss the results of Ref. [28], where the upper and lower bounds were computed at several choices of the cut-off
scale, with the fermion masses at the physical top-quark mass, and also at mf ∼ 676GeV. The main result from
Ref. [28] is shown in Fig. 4. In the left graph, the situation for a SM top quark mass is shown. The right graph shows
the situation for a fermion mass of mf ∼ 676GeV. It can be clearly seen that while the upper bound is relatively
unaffected when using a heavy fermion mass, the lower bound increases substantially.
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FIG. 4: The cut-off dependence of the upper and lower Higgs boson mass bounds for fermion mass at ∼ 173GeV (left) and
∼ 676GeV (right). All data have been extrapolated to infinite volume.

Apart from the cut-off dependence of the bounds at a fixed value of mf , the dependence of the bounds on mf itself
has also been examined at a fixed value of the lattice cut-off [57], the results of which are shown in Fig. 5 (left). We
clearly observe the increase of the lower bound with increasing mf in this figure. In particular, Fig. 5 suggests that
with a Higgs boson mass of ∼ 125GeV, the mass of a mass-degenerate fourth generation of quarks is restricted to be
less than ∼ 350GeV. This is clearly already below the bounds from direct experimental searches.

P. Gerhold and K. Jansen, 2011

* Constraints on the masses of extra-generation fermions from the 125 GeV scalar. 
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The 125 GeV scalar

• It may be a dilaton in a strongly-coupled theory:

       Does it have to be walking technicolour?
       HY model exhibits quasi scale inavariance?

• It may be the Standard Model Higgs:

       Evade the hierarchy problem w/o SUSY?       

• Both require non-perturbative studies:

       Second-order non-thermal phase transitions.

P.Q. Hung and C. Xiong, 2009
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Hierarchy and triviality problem:
 perturbation theory (misleading)

• Scalar mass operator is of dimension 2 and is not 
protected by chiral symmetry.

• The one-loop beta-functions for the scalar and 
Yukawa coupling are positive.

• Perturbation theory over-simplifies the problem 
and may lead to misleading statements. 
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The scalar field theory as a spin model
• Scalar theory on the lattice (a=1),

• Perform the change of variables,

                                                                   .

•  Bulk phase structure of the resulting spin model,

3

II. LATTICE SETTING AND SIMULATION STRATEGY

A. The action

The Euclidean action of the continuum Higgs-Yukawa model containing one doublet of fermions, denoted as t(c) and
b(c), and a complex scalar doublet, ϕ(c), is

Scont[ ¯ψ(c),ψ(c),ϕ(c)] =

∫

d4x

{

1

2

(

∂µϕ
(c)

)† (

∂µϕ(c)
)

+
1

2
m2

0ϕ
(c)†ϕ(c) +

λ0

4

(

ϕ(c)†ϕ(c)
)2

}

+

∫

d4x
{

t(c)/∂t(c) + b(c)/∂b(c) + yb0ψ
(c)
L ϕ(c) b(c)R + yt0ψ

(c)
L ϕ̃(c) t(c)R + h.c.

}

, (1)

where ϕ̃(c) = iτ2ϕ
(c) (τi are the Pauli matrices),

ψ(c)
L = P−ψ

(c) = P−

(

t(c)

b(c)

)

=

(

1− γ5
2

)(

t(c)

b(c)

)

,

t(c)R = P+t
(c) =

(

1 + γ5
2

)

t(c), and similar for b(c)R .

In the above equation, m0 is the bare mass, λ0 labels the bare quartic coupling, and yt0/b0 denote the bare Yukawa
couplings. The superscript, (c), in the scalar and spinor fields indicates that these are dimensionful variables defined
in the continuum. Here we stress that gauge fields are not included in our study, and we perform calculations for only
one doublet of fermions throughout this work. Moreover, if not stated otherwise, the Yukawa couplings yb0 and yb0
are set equal.

It is straightforward to discretise the pure-scalar component of the above action to obtain

Slatt
Φ =

4
∑

α=1

{

−
∑

x,µ

Φα
xΦ

α
x+µ̂ +

∑

x

[

1

2
(8 + m̄2

0)Φ
α
xΦ

α
x +

λ0

4
(Φα

xΦ
α
x)

2
]

}

, (2)

where x is a site on the space-time lattice. The symbol µ̂ denotes the unit vector in the space-time direction µ. The
mass parameter, m̄0 = am0 with a being the lattice spacing, is dimensionless. The real-valued field variables, {Φα

x},
are rendered dimensionless by a proper rescaling with a, and are defined on all lattice sites. These field variables are
related to the discretised version of the complex scalar doublet, ϕ(c), in Eq. (1) through

aϕ(latt) =

(

Φ2 + iΦ1

Φ4 − iΦ3

)

. (3)

It is convenient to rewrite the scalar action in Eq. (2) as

Slatt
φ =

4
∑

α=1

{

−2κ
∑

x,µ

φα
xφ

α
x+µ̂ +

∑

x

[

φα
xφ

α
x + λ̂ (φα

xφ
α
x − 1)2

]

}

, (4)

with the change of variables,

Φα =
√
2κφα, λ0 =

λ̂

κ2
, m̄2

0 =
1− 2λ̂− 8κ

κ
. (5)

For the fermions we use the action

Slatt
f =

∑

x

ψ̄x

[

Dov + P
+
φα
xθ

†
αdiag(ŷt, ŷb)P̂+

+ P
−

diag(ŷt, ŷb)φ
α
xθαP̂−

]

ψx, (6)

where ŷt/b =
√
2κyt0/b0 , and

θ1,2,3 = −iτ1,2,3, θ4 = 12×2 , (7)

Reminder: Notaion for scalar field theory

• The discretised scalar action (a = 1)

Sϕ = −
∑

x,µ

ϕαxϕ
α
x+µ̂ +

∑

x

[

1

2
(2d + m2

0)ϕ
α
xϕ

α
x +

1

4
λ0(ϕ

α
xϕ

α
x)

2

]

.

• ϕ =
√

2κφ, m2
0 = 1−2λ̂

κ
, λ0 = λ̂

κ2

Sφ = −2κ
∑

x,µ

φαxφ
α
x+µ̂ +

∑

x

[

φαxφ
α
x + λ̂(φαxφ

α
x − 1)2

]

,

Zφ =

∫

∏

x,α

dφαx exp(−Sφ) =

∫

∏

x,α

dµ(φαx) exp

(

2κ
∑

x,µ

φαxφ
α
x+µ̂

)

,

dµ(φαx) = dφαx exp
[

−φαxφαx − λ̂(φαxφ
α
x − 1)2

]

.

• “staggered symmetry”: κ→ −κ and φαx → (−1)x1+x2+...+xdφαx.

Reminder: Notaion for scalar field theory

• The discretised scalar action (a = 1)

Sϕ = −
∑

x,µ

ϕαxϕ
α
x+µ̂ +

∑

x

[

1

2
(2d + m2

0)ϕ
α
xϕ

α
x +

1

4
λ0(ϕ

α
xϕ

α
x)

2

]

.

• ϕ =
√

2κφ, m2
0 = 1−2λ̂

κ
, λ0 = λ̂

κ2

Sφ = −2κ
∑

x,µ

φαxφ
α
x+µ̂ +

∑

x

[

φαxφ
α
x + λ̂(φαxφ

α
x − 1)2

]

,

Zφ =

∫

∏

x,α

dφαx exp(−Sφ) =

∫

∏

x,α

dµ(φαx) exp

(

2κ
∑

x,µ

φαxφ
α
x+µ̂

)

,

dµ(φαx) = dφαx exp
[

−φαxφαx − λ̂(φαxφ
α
x − 1)2

]

.

• “staggered symmetry”: κ→ −κ and φαx → (−1)x1+x2+...+xdφαx.
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Fermions

• The overlap fermion (exact chiral symmetry).

• The lattice Yukawa operator takes the same form 
as its continuum counterpart.

• Extremely computationally demanding.
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What is it like with the Yukawa coupling

κ

y

λ

AFM

FMκc(λ)

PM

FI

Figure 1: Schematic phase diagram of the Y3 model. The region below the upper critical
surface is the paramagnetic phase (PM), the region above it the ferromagnetic phase (FM).
The y = 0 plane and the κ = λ = 0 line correspond to the φ4

3 and GN3 models, respectively.
For negative values of the parameter κ we further expect an antiferromagnetic phase (AFM)
and a ferrimagnetic phase (FI). We have investigated the PM-FM transition for κ ! 0 and
κ > 0, in particular at the points and directions indicated by the arrows.

theory. The χfp presumably dominates (has a domain of attractivity) everywhere as long as
the Yukawa coupling does not vanish, and in the limit of infinite cutoff the Y3 model is thus
equivalent to the GN3 model. This expectation has been recently supported at weak scalar
selfcoupling and large Yukawa coupling by the 1/N expansion [9, 10, 11] and a consequent
combined analytic and numerical investigation [12]. A discussion of the equivalence between
the Yukawa and four-fermion theories, as well as earlier references, can be found in ref. [13].

In fig. 3 we show schematic RG flows also outside the critical sheet for three special cases
of restricted parameter space: y = 0, κ = 0 and κ = λ = 0. This figure indicates that the
known RG flows in the φ4

3 and GN3 models can be consistently embedded into the RG flows
in the Y3 model.

When in the Y3 model the Yukawa coupling decreases and the φ4
3 theory is approached,

the WFfp gets presumably influential, as some crossover to the magnetic universality class
must occur. This consideration warns us that for limited lattice volumina and consequently
limited correlation lengths either no unique finite size scaling behavior can be found or the
wrong fixed point dominates. Thus a detection of the genuine – presumably chiral – character
of the transition gets more and more difficult in numerical simulations. This is the situation
we are most interested in, as it might occur in 4D without a prior warning.

Apart from this particle physics motivation our work might be of interest also for other
reasons, related mainly to statistical mechanics:

1. We have applied the Binder method of finite size scaling analysis [14, 15] to the chiral
phase transition and found that it works very well also when a composite scalar field
is used in the finite size scaling theory, as long as the χfp alone dominates the finite
size scaling behavior.

E. Focht, J. Jersak,  J. Paul,  1995

Second-order phase transitions Natural scale separation (continuum limit)

* Question: Is the theory non-trivial in 4D? 
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At stronger bare Yukawa coupling
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The bulk phase structure (3D)

κ

y

λ

WFfp

χfp

Gfp

Figure 2: A suggestion for the renormalization group flow on the PM-FM critical surface of
the Y3 model. The fixed points are Gfp (Gaussian), WFfp (Wilson-Fisher) and χfp (chiral,
or GN3). The indicated position of the χfp is very schematic, it could lie anywhere on the
PM-FM sheet, at y > 0.

κ

y

λ

WFfp

χfp

Gfp

Figure 3: The schematic RG-flow in the φ4
3 model (y = 0, κ > 0), in the κ = 0 surface of

the Y3 model and on the κ = λ = 0 line, which corresponds to the GN3 model. The fixed
point of the latter model is indicated by an arrow.

E. Focht, J. Jersak,  J. Paul,  1995

Only the Gfp remains in 4D scalar sector....
*The hierarchy problem is a consequence of triviality in 4D
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The 4D bulk phase structure 

532 A. Hasenfratz eta!. / U(l) Higgs—Yukawa model

possible [5]. We start with the action in eqs. (1) and (5), only now assuming that
YN 0(1) and KN 0(1/N1). After integrating out the fermions, we get an
effective action for the scalar variables

Nf
Seff = SH — -~--trlog MMt, (15)

where ~ and M are given by eqs. (5) and (3), respectively. One may expand the
fermion determinant in powers of 1/N,. The leading term in 1/Nf fixes the
amplitude of coa(x):

-

2N~
coa(x) = ~)~Ya(X), 1 + 2AN —1 — —i-- = 0, (16)

N
1

where °~a~1~is a two-component field with unit length. At next-to-leading order in
1/N,., the effective action (15) becomes, up to an additive constant, an effective
four-dimensional XY model

5eff ~KeffEO~a(X)[Ua(X+/~L)+fTa(X~/2)]. (17)
X

0.2

XN—0.1, N~=10
A

_ H
0 \ FM ~ -~

SYM’\ _..K’
c

-0.2 -

AFM
0

-0.4 E -

0 1 2 3 4

YN

Fig. 1. The phase diagram in the large-N
1 limit at AN = 0.1 and N~= 10. The MC data are indicated by

circles where the solid symbol denotes seeond and the open symbols first-order phase transitions. The
solid and dashed lines are the results from the i/N1 expansions, where the solid lines represent
second-order and the dashed line first-order phase transitions. In the middle of the phase diagram,
where the i/N1 expansions break down, the dotted lines indicate how the phase transition lines might

continue.

A.Hasenfratz et al.,  1993

Evidence for a tri-critical point?  
If so, is the Yukawa coupling non-trivial there?
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Our target

• Study the chiral theory.

• Investigate the phase structure in detail.

• Make contact with phenomenology.

Wednesday, May 15, 13



Finite-size scaling (a’la M. Fisher)

• Renormalisation Group near fixed points.

• Central statement:  “Universal” function

                            , with observable P.                           

• Magnetic susceptibility and Binder’s cumulant:

•   and    are the critical exponents.

14

scalar non-linear σ-model at infinite bare Yukawa couplings [58, 59], and hence becomes trivial at a certain cut-off
scale. However, it is not clear what happens at large but finite Yukawa couplings. To be able to detect any differences
from a Gaussian (trivial) theory the critical exponents of the phase transition have to be extracted and compared
with those of the O(4) model. If the strong-coupling regime is indeed different from the weak-coupling one and hence
would be governed by a non-trivial fixed point2, it would be very interesting to investigate the possibility of very
heavy fermions which give rise to a fourth generation, while still maintaining a light Higgs boson in the theory. In
such a scenario it is unclear, whether an analysis as, e.g. [72] is applicable and also, whether the Higgs boson mass
bounds of section III are valid.

The magnetisation, defined in Eqs. (15) and (16), can act as an order parameter to identify and determine the order
of the phase transition. In Fig. 7, the magnetisation for the Higgs-Yukawa model obtained on different lattice volumes
is shown as a function of y for two κ values. In addition, we show the magnetisation as a function of κ for the O(4)
model. The SYM and FM phases can be clearly distinguished and the phase transition is washed out because of finite
volume effects as previously discussed.

The absence of any discontinuities in the magnetisation is strong evidence for a second-order phase transition in all
three depicted cases. In general, second-order phase transitions are classified through their critical exponents and the
question arises if these exponents are different in the strong-Yukawa and pure O(4) models. To answer this question,
a careful investigation of the susceptibility and Binder’s cumulant will be presented in the following.
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FIG. 7: Magnetisation, 〈m〉, for the Higgs-Yukawa model at κ = 0.06 (left), κ = 0.00 (middle) and the pure O(4) model (right)
for various volumes. For the O(4) 〈m〉 is plotted as a function of decreasing κ to match optically with the Higgs-Yukawa model.
The absence of discontinuities in 〈m〉 is an evidence for a second order phase transition.

The critical exponents can be calculated by using the finite-size scaling of the susceptibility, Eq. (26). The susceptibility
is shown in Fig. 8 for the Higgs-Yukawa and O(4) models. This quantity diverges at the critical point in the infinite
volume limit. Such a divergence in infinite volume is reflected in a bulk finite-size scaling behaviour in lattice
calculations. As mentioned before in Eq. (27), the finite-size scaling is predicted by renormalisation group theory,
with modifications resulting from scaling violation such as that discussed in Ref. [61],

χm (t, L) · L−γ/ν
s = g

(

t̂L1/ν
s

)

, with t̂ =
[

T/
(

T (L=∞)
c − C · L−b

s

)

− 1
]

, (32)

where C is a phenomenological parameter and b is a shift exponent [61]. This modification comes from the fact that
the position of the maximum of χm is volume dependent. From Eq. (27) the infinite-volume critical temperature can
be extracted directly. For the O(4) model we do not observe any shift of the maximum and hence Eq. (27) is a good
description of our data in this case. It should be stressed, that the temperature, T , in this section is the control
parameter. In our work, it is either the Yukawa coupling, y, in the Higgs-Yukawa model or the hopping parameter,

2 There has been early lattice work on the 3-dimensional Higgs-Yukawa model [71], attempting at finding fix points that are different
from that of the pure scalar field theory.

16

An alternative way of determining critical exponents is via Binder’s cumulant, Eq. (28). One advantage of this
quantity over the susceptibility is its milder power-law scaling violation which is given by

QL = gQL

(

tL1/ν
)

, (34)

where gQL is a universal function and t is defined in Eq. (27). This behaviour can be observed in Fig. 10 where all
volumes intersect at the phase transition point in infinite volume where t = 0. Even for the Higgs-Yukawa model no
shift can be observed and hence the parameters C and b can be completely neglected in the scaling variable.
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FIG. 9: Scaling behaviour of susceptibility at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various volumes.

The value of Binder’s cumulant in the broken phase comes from the fact that
〈

m4
〉

≈
〈

m2
〉2

and hence QL ≈ 2/3 [67].
Our results for QL at the critical point come close to this value for all setups considered here. Still, QL obtained in
the Higgs-Yukawa model differs from the one in the O(4) model. This may arise from effects of finite renormalisation
because of the inclusion of fermions. Its implication in the difference of the O(4) model and the Higgs-Yukawa model
is under investigation now. Furthermore, it can be demonstrated that for Binder’s cumulant, as contrary to the
susceptibility, there is no logarithmic corrections to the scaling behaviour arising from triviality in the pure O(4)
model [64]. Whether or not such corrections can be present in the Higgs-Yukawa model is being studied now.
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FIG. 10: Binder’s Cumulant QL at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various volumes where the
subscript L indicates the finite volume quantity. Note that the value of QL at the critical point is different in the Higgs-Yukawa
and the O(4) models.

The basic idea of extracting the critical exponent, ν, from Binder’s cumulant is the use of the curve collapse of
Eq. (32). If the scaling function gQL is known one will simply minimise [74]

RQL =
1

N

∑

∣

∣

∣
QL − gQL

(

tL1/ν
)
∣

∣

∣
, (N = total number of data points) (35)
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An investigation of finite size scaling
E. Brézin

Service de Physique Théorique, Orme des Merisiers, 91191 Gif sur Yvette Cedex, France

(Reçu le 23 juillet 1981, accepté le 16 septembre 1981)

Résumé. 2014 De nombreux calculs sur les systèmes finis (ou partiellement infinis), les simulations numériques par la
méthode de Monte-Carlo par exemple ou bien la diagonalisation de matrices de transfert finies, sont extrapolés
à la limite thermodynamique à l’aide d’hypothèses où les dimensions finies L du système sont incorporées dans des
lois d’échelle. Nous montrons ici que ces relations de similitude où apparait L sont la conséquence des deux faits
suivants : (i) dans les équations de groupe de renormalisation la longueur L n’est pas renormalisée ; (ii) il n’y a pas
de singularité au point fixe du groupe de renormalisation. Or un examen plus attentif montre que cette deuxième
propriété est en défaut à quatre (et au-dessus de quatre) dimensions, et qu’en conséquence les relations de similitude
n’y sont pas vérifiées. Pour illustrer le phénomène nous présentons des calculs détaillés relatifs à un modèle de
vecteurs classiques à N composantes résolu dans la limite où N tend vers l’infini. Nous montrons également qu’en
dessous de quatre dimensions le développement en 03B5 = 4 - d, des fonctions qui apparaissent dans les lois d’échelle
est singulier.

Abstract. 2014 Calculations on finite (or partially finite) systems, such as Monte-Carlo simulations or the diagonali-
zation of a finite transfer matrix, are often extrapolated to the thermodynamic limit by the use of scaling assump-
tions involving the finite sizes L of the system. It is shown here that these finite size scaling laws follow from the fact
that : i) in the renormalization group flow equations the length L is not renormalized ; ii) there is no singularity
at the fixed point. This second property fails in four (and above four) dimensions and finite size scaling does not
hold there. An illustration of these points is presented, with detailed calculations of the large N limit of the N-
vector model. As a consequence, the 03B5-expansion of finite size scaling properties is singular.
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1. Introduction. - Finite size scaling, formulated
several years ago by Fisher [1], has been used increa-
singly in many ways in order to extrapolate the infor-
mation available from a finite (or partially infinite)
system to the thermodynamic limit. Let us recall here
the statements of finite scaling limit. First of all we
shall consider two typical geometries : A) a finite
system characterized by some length scale L in all
dimensions; B) a system infinite in one of the dimen-
sions but finite with some length scale L in transverse
directions. Manifestly we could consider many other
situations (such as p infinite dimensions (d - p)
finite (1) etc...) but we hope our points will be suffi-
ciently clear with these two cases. The geometry B
is very often considered : the transfer matrix formalism
or the Hamiltonian formulation of lattice field theory
deals indeed with one infinite dimension. In any of

(1) However additional interesting features appear when there
are two (or three) infinite dimensions [10] since the partially finite
system already displays criticality. Thus in addition one sees a
crossover from one sort of critical behaviour to another. Such
effects are not discussed in this article.

these geometries, we consider some physical property P
of the system (which may be singular at the critical
point), such as the specific heat, the magnetic suscep-
tibility, the correlations length ç [2], etc... ; P is a func-

tion of the reduced temperature t =- T - -Tc whichp T
we can calculate for finite L

Finite size scaling states that, near Tc, for L large
enough compared to the lattice spacing

in which ç 00 is the bulk correlation length. The function
f is universal in the sense that it does not depend upon
the type of lattice upon irrelevant operators, etc...
but it does depend upon the geometry, the observable
P, and is not the same for A and B ; it may also depend
upon boundary conditions (periodic, free, etc...).
Two asymptotic limits of the function f (x) are

known a priori :
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which is the connected two-point function in the scalar sector. This quantity is proportional to the square of the
correlation length, ξ, and diverges at second-order phase transitions in the infinite-volume limit. Solving the RGE for
this correlator for a finite-size system at fixed cut-off scale (lattice spacing) near a second-order phase transition, one
obtains the scaling law,

χm (t, Ls) · L−γ/ν
s = g

(

tL1/ν
s

)

, with t = (T/Tc − 1) (27)

where g is a universal scaling function, Ls is the spatial extent of the lattice, and Tc is the critical temperature in
the infinite-volume limit, which could also be represented by the critical value of a particular coupling. The critical
exponents, γ and ν are related to the anomalous dimensions of the scalar field and the mass operator, φ2. This scaling
behaviour is exact near the critical point for space-time dimension, d < 3. Therefore it is an appropriate tool in our
study of the finite-temperature phase transition. However, in the investigation of the bulk phase structure, we have
a d = 4 field theory, and the above scaling relation should be modified because of triviality [62–66], if the transition
is governed by a Gaussian fixed point. These modifications appear as logarithmic corrections in Eq. (27). They are
not included in the analysis presented in this article, but are being considered in our on-going work.

As will be discussed in the following, the scaling tests and the extraction of anomalous dimensions using Eq. (27) are
complicated because of the number of free parameters that are involved in the methods for modelling the unknown
universal function, g. In particular, it is difficult to accurately determine ν using this procedure. This complication
can be reduced by studying Binder’s cumulant [67],

QL = 1−
〈

m4
〉

3 〈m2〉2
. (28)

This quantity is simply the connected four-point function, normalised by the square of the two-point function, in the
scalar sector. Because of the normalisation, QL is independent of the critical exponent γ. Furthermore, it is related
to the renormalised scalar quartic coupling in the infinite-volume limit by a proportionality factor V4/ξ4 [68]. Since
Binder’s cumulant is normalised to be dimensionless, its values computed on different (dimensionless) lattice sizes
with the same cut-off scale will coincide with each other at the critical point. It is also expected to exhibit milder
scaling violations resulting from higher-dimensional operators [69, 70].

In the next three sections, we discuss details of the investigation of the thermal and bulk phase structures using the
quantities defined in this section. Errors on all the numerical results in this section are statistical only.

B. Bulk phase structure at small Yukawa couplings

Before reporting the details of our on-going investigation in the bulk phase structure of the Higgs-Yukawa model in
the strong-Yukawa regime, we briefly summarise the results obtained in the region of weak-Yukawa coupling [24] in
this section. The order parameters characterising the different phases are the magnetisation defined in Eqs. (15) and
(16), and the staggered magnetisation

〈s〉 =

〈

1

V4

∑

x

(−1)x1+x2+x3+x4

(

∑

α

|φα
x |2

)1/2〉

. (29)

The staggered magnetisation is relevant for the breaking of the symmetry,

κ −→ −κ,

φα
x −→ (−1)x1+x2+x3+x4φα

x , (30)

in the action in Eq. (4).

In the Higgs-Yukawa model, four phases have been observed:

1. A symmetric (SYM) phase with 〈m〉 = 〈s〉 = 0.
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How different are they from the mean-field values?
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κ, in the pure O(4) model. To extract the critical exponents from the susceptibility, we perform a simultaneous fit of
all data obtained at all volumes to the partly-empirical formula [73],

χm = A

(

L−2/ν
s +B

[

T/T (L=∞)
c − C · L−b

s − 1
]2
)−γ/2

. (33)

This formula was also used for a fit to χm of the O(4) model, but with the modification of excluding the parameters C
and b because of the reasons mentioned above. The fit results are summarised in Tab. II and will be discussed later.
Notice that there may be logarithmic corrections to the scaling behaviour of the susceptibility because triviality may
still be present also in the strong-Yukawa model. These corrections should, in principle, be included in Eq. (33)3.
This is on-going work, and the result will be presented in a later publication. Therefore, we consider our present
values of the critical exponents as preliminary and they should be taken with caution.
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FIG. 8: Susceptibility χm at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various volumes. The curves are
the result of a fit to Eq. (33). The right top boxes in the middle and the right panels show χm for the largest volumes. For the

Higgs-Yukawa model a volume-dependent shift of yc towards y(L=∞)
c can be observed. This shift is not observed in the O(4)

model.

T (L=∞)
c ν γ C b fit interval

κ = 0.06 18.119(67) 0.576(28) 1.038(30) 4.7(1.6) 1.95(18) 17.5, 20.0

κ = 0.00 16.676(15) 0.541(22) 0.996(15) 10(2) 2.42(10) 15.0, 19.0

O(4) 0.304268(27) 0.499(12) 1.086(19) N/A N/A 0.300, 0.308

TABLE II: Results of a correlated fit to the susceptibility according to Eq. (33) where the last column indicates the fit interval.
The parameter T stands either for y in the Higgs-Yukawa model or for κ in the O(4) model. Since no volume-dependent shift
can be observed in the O(4) model for χm, the parameters C and b have not been fitted here. All quoted errors are statistical
only.

It is possible to re-scale the susceptibility according to Eq. (32) for the Higgs-Yukawa theory, or Eq. (27) for the O(4)

model, respectively. The fitted parameters extracted from Eq. (33) can be used to construct χm (t, Ls) · L−γ/ν
s and

test its scaling against t ·L1/ν
s . This is shown in Fig. 9. Points for all volumes collapse on the same curve in each of the

three cases shown. This behaviour is typical for second-order phase transitions and hence provides further evidence
that such a second-order transition happens in the regime of strong Yukawa couplings.

3 These logarithmic corrections are surely present in the finite-size scaling behaviour of the susceptibility in the pure O(4) model [62–66].
However, our exploratory numerical results show that their inclusion produces minor changes in the results of the critical exponents in
the O(4) model.
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An alternative way of determining critical exponents is via Binder’s cumulant, Eq. (28). One advantage of this
quantity over the susceptibility is its milder power-law scaling violation which is given by

QL = gQL

(

tL1/ν
)

, (34)

where gQL is a universal function and t is defined in Eq. (27). This behaviour can be observed in Fig. 10 where all
volumes intersect at the phase transition point in infinite volume where t = 0. Even for the Higgs-Yukawa model no
shift can be observed and hence the parameters C and b can be completely neglected in the scaling variable.
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FIG. 9: Scaling behaviour of susceptibility at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various volumes.

The value of Binder’s cumulant in the broken phase comes from the fact that
〈

m4
〉

≈
〈

m2
〉2

and hence QL ≈ 2/3 [67].
Our results for QL at the critical point come close to this value for all setups considered here. Still, QL obtained in
the Higgs-Yukawa model differs from the one in the O(4) model. This may arise from effects of finite renormalisation
because of the inclusion of fermions. Its implication in the difference of the O(4) model and the Higgs-Yukawa model
is under investigation now. Furthermore, it can be demonstrated that for Binder’s cumulant, as contrary to the
susceptibility, there is no logarithmic corrections to the scaling behaviour arising from triviality in the pure O(4)
model [64]. Whether or not such corrections can be present in the Higgs-Yukawa model is being studied now.
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subscript L indicates the finite volume quantity. Note that the value of QL at the critical point is different in the Higgs-Yukawa
and the O(4) models.

The basic idea of extracting the critical exponent, ν, from Binder’s cumulant is the use of the curve collapse of
Eq. (32). If the scaling function gQL is known one will simply minimise [74]

RQL =
1

N

∑

∣

∣

∣
QL − gQL

(

tL1/ν
)
∣

∣

∣
, (N = total number of data points) (35)
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κ, in the pure O(4) model. To extract the critical exponents from the susceptibility, we perform a simultaneous fit of
all data obtained at all volumes to the partly-empirical formula [73],

χm = A

(

L−2/ν
s +B

[

T/T (L=∞)
c − C · L−b

s − 1
]2
)−γ/2

. (33)

This formula was also used for a fit to χm of the O(4) model, but with the modification of excluding the parameters C
and b because of the reasons mentioned above. The fit results are summarised in Tab. II and will be discussed later.
Notice that there may be logarithmic corrections to the scaling behaviour of the susceptibility because triviality may
still be present also in the strong-Yukawa model. These corrections should, in principle, be included in Eq. (33)3.
This is on-going work, and the result will be presented in a later publication. Therefore, we consider our present
values of the critical exponents as preliminary and they should be taken with caution.
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model.
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κ = 0.00 16.676(15) 0.541(22) 0.996(15) 10(2) 2.42(10) 15.0, 19.0

O(4) 0.304268(27) 0.499(12) 1.086(19) N/A N/A 0.300, 0.308

TABLE II: Results of a correlated fit to the susceptibility according to Eq. (33) where the last column indicates the fit interval.
The parameter T stands either for y in the Higgs-Yukawa model or for κ in the O(4) model. Since no volume-dependent shift
can be observed in the O(4) model for χm, the parameters C and b have not been fitted here. All quoted errors are statistical
only.

It is possible to re-scale the susceptibility according to Eq. (32) for the Higgs-Yukawa theory, or Eq. (27) for the O(4)

model, respectively. The fitted parameters extracted from Eq. (33) can be used to construct χm (t, Ls) · L−γ/ν
s and

test its scaling against t ·L1/ν
s . This is shown in Fig. 9. Points for all volumes collapse on the same curve in each of the

three cases shown. This behaviour is typical for second-order phase transitions and hence provides further evidence
that such a second-order transition happens in the regime of strong Yukawa couplings.

3 These logarithmic corrections are surely present in the finite-size scaling behaviour of the susceptibility in the pure O(4) model [62–66].
However, our exploratory numerical results show that their inclusion produces minor changes in the results of the critical exponents in
the O(4) model.
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An alternative way of determining critical exponents is via Binder’s cumulant, Eq. (28). One advantage of this
quantity over the susceptibility is its milder power-law scaling violation which is given by

QL = gQL

(

tL1/ν
)

, (34)

where gQL is a universal function and t is defined in Eq. (27). This behaviour can be observed in Fig. 10 where all
volumes intersect at the phase transition point in infinite volume where t = 0. Even for the Higgs-Yukawa model no
shift can be observed and hence the parameters C and b can be completely neglected in the scaling variable.
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FIG. 9: Scaling behaviour of susceptibility at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various volumes.

The value of Binder’s cumulant in the broken phase comes from the fact that
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≈
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m2
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and hence QL ≈ 2/3 [67].
Our results for QL at the critical point come close to this value for all setups considered here. Still, QL obtained in
the Higgs-Yukawa model differs from the one in the O(4) model. This may arise from effects of finite renormalisation
because of the inclusion of fermions. Its implication in the difference of the O(4) model and the Higgs-Yukawa model
is under investigation now. Furthermore, it can be demonstrated that for Binder’s cumulant, as contrary to the
susceptibility, there is no logarithmic corrections to the scaling behaviour arising from triviality in the pure O(4)
model [64]. Whether or not such corrections can be present in the Higgs-Yukawa model is being studied now.

Q
L

y

κ = 0.06

L=8
L=12
L=16

0.48

0.52

0.56

0.60

0.64

0.68

16 17 18 19 20 21 22

0.658

0.664

17.7 18.1 18.5

Q
L

y

κ = 0.00

L=8
L=12
L=16
L=24

0.48

0.52

0.56

0.60

0.64

0.68

14 15 16 17 18 19 20 21

0.658

0.664

16.2 16.5 16.8

Q
L

κ

O(4)

L=8
L=12
L=16
L=20
L=24

0.48

0.52

0.56

0.60

0.64

0.68

0.2950.30.3050.310.315

FIG. 10: Binder’s Cumulant QL at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various volumes where the
subscript L indicates the finite volume quantity. Note that the value of QL at the critical point is different in the Higgs-Yukawa
and the O(4) models.

The basic idea of extracting the critical exponent, ν, from Binder’s cumulant is the use of the curve collapse of
Eq. (32). If the scaling function gQL is known one will simply minimise [74]

RQL =
1

N

∑

∣

∣

∣
QL − gQL

(

tL1/ν
)
∣

∣

∣
, (N = total number of data points) (35)
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which would allow to extract ν as a direct consequence of the scaling behaviour. The sum is taken over all data
points, and RQL is minimal for the correct choice of the parameters ν and TL=∞

c . In the absence of any statistical
and systematic errors the function RQL would become zero.

The scaling function gQL is unknown. However, this can be overcome by the observation that any volume, in the
following called p, can act as a reference function for the correct choice of parameters, taking thus over the role of
gQL . Instead of minimising Eq. (35), we minimise [74]

Pb =





1

Nover

∑

p

∑

j "=p

∑

i,over

∣

∣

∣
QLj − Ep

(

tijL
1/ν
j

)
∣

∣

∣

2





1/2

. (36)

Here, the scaling function is replaced by the interpolating function Ep which is constructed by interpolating the data

points obtained on volume p to volume j for the values of the scaling variable tijL
1/ν
j , with the index i going through

all data points of volume j. In our case, Ep is computed by picking a point in j and taking the four nearest points
in p as a basis for a quadratic interpolation. The normalisation factor Nover is the total number of points used to
evaluate Ep. The results are summarised in Tab. III and the corresponding curve collapse for Binder’s cumulant is
shown in Fig. 11.

In principle, this method could also be used for χm, but it would be necessary to minimise for five parameters.
Our investigation shows that this leads to numerical instabilities and the extraction of critical exponents from the
susceptibility using this method is not possible hitherto.

T (L=∞)
c ν interval

κ = 0.06 18.147(24) 0.550(1) 17.4, 18.8

κ = 0.00 16.667(27) 0.525(6) 16.0, 17.2

O(4) 0.3005(34) 0.50000(3) 0.294, 0.314

TABLE III: Curve collapse results of Binder’s cumulant where the last column indicates the interval of the control parameter
in which the procedure has been used. The parameter T stands either for y in the Higgs-Yukawa model or for κ in the O(4)
model. All errors are statistical only.
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FIG. 11: Scaling behaviour of Binder’s cumulant at κ = 0.06 (left), κ = 0.00 (middle) and the O(4) model (right) for various
volumes using the parameters listed in table III.

At this point we can claim that we have found a second order phase transition between the SYM and the FM phases
in the strong Yukawa coupling regime. The absence of discontinuities in 〈m〉 and the second-order finite size scaling
of χm are strong evidence for such a statement. It is interesting to compare the critical exponents extracted from the
susceptibility and Binder’s cumulant with the ones of the weak-Yukawa model and the O(4) model.
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which would allow to extract ν as a direct consequence of the scaling behaviour. The sum is taken over all data
points, and RQL is minimal for the correct choice of the parameters ν and TL=∞

c . In the absence of any statistical
and systematic errors the function RQL would become zero.

The scaling function gQL is unknown. However, this can be overcome by the observation that any volume, in the
following called p, can act as a reference function for the correct choice of parameters, taking thus over the role of
gQL . Instead of minimising Eq. (35), we minimise [74]
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. (36)

Here, the scaling function is replaced by the interpolating function Ep which is constructed by interpolating the data

points obtained on volume p to volume j for the values of the scaling variable tijL
1/ν
j , with the index i going through

all data points of volume j. In our case, Ep is computed by picking a point in j and taking the four nearest points
in p as a basis for a quadratic interpolation. The normalisation factor Nover is the total number of points used to
evaluate Ep. The results are summarised in Tab. III and the corresponding curve collapse for Binder’s cumulant is
shown in Fig. 11.

In principle, this method could also be used for χm, but it would be necessary to minimise for five parameters.
Our investigation shows that this leads to numerical instabilities and the extraction of critical exponents from the
susceptibility using this method is not possible hitherto.

T (L=∞)
c ν interval

κ = 0.06 18.147(24) 0.550(1) 17.4, 18.8

κ = 0.00 16.667(27) 0.525(6) 16.0, 17.2

O(4) 0.3005(34) 0.50000(3) 0.294, 0.314

TABLE III: Curve collapse results of Binder’s cumulant where the last column indicates the interval of the control parameter
in which the procedure has been used. The parameter T stands either for y in the Higgs-Yukawa model or for κ in the O(4)
model. All errors are statistical only.
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volumes using the parameters listed in table III.

At this point we can claim that we have found a second order phase transition between the SYM and the FM phases
in the strong Yukawa coupling regime. The absence of discontinuities in 〈m〉 and the second-order finite size scaling
of χm are strong evidence for such a statement. It is interesting to compare the critical exponents extracted from the
susceptibility and Binder’s cumulant with the ones of the weak-Yukawa model and the O(4) model.
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Concluding remarks and outlook

• Evidence for novel FP in the HY model.

• Complication in 4d (work in progress)

     Gaussian FP in the scalar sector.
     Does it remain in the HY model?
     Logarithmic corrections to FSS.

• Spectrum calculation (on-going work).
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