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IMPLICATIONS OF HUGHES-DREVER EXPERIMENTS
Wei-Tou Ni
Department of Physics

National Tsing Hua University
Hsinchu, Taiwan, Republic of China

I. Mach's Principle and Mass Anisotropy

Mach! holds the following point view about motions: "For me only
relative motions exist.... When a body rotates relatively to the fixed
stars, centrifugal forces are produced; when it rotates relatively to
some different body not relative to the fixed stars, no centrifugal forces
are produced. I have no objection to calling the first rotation as long
as it be remembered that nothing is meant except relative rotation with
respect to fixed stars." This has become known as Mach's principle.
Mach's principle has been the source of imaginations of many people. It
has influenced Einstein? in his formulation of gravitation theories. It
may mean different things for different people. Mach's principle suggests
that an inertial frame of reference is determined by the mass distribution
in the universe, that the inertial force on a body is the gravitational
interaction of distant matter on the body, and that the inertial mass of
a body is determined by all the matter in the universe. In the framework
of this view, one can ask whether an anisotropic distribution of matter
in the universe has the consequence that inertial mass itself has a direc-
tional dependence, that is, is anisotropic3.

If anisoetropicdistribution of matter in our universe can induce mass
anisotropy, then since we are at the edge of our Galaxy, and our Galaxy
is at the edge of Virgo Supercluster, we would see mass anisotropy at
certain level.

II. Hughes-Drever Experiments

Cocconi and Salpeter"” propose that the contribution 8m to the inertial

mass m by the mass SM is given by

om o= &, (1)
r

in which
0<v <1. (2)

As to the directional dependence, they argued that if the angular depen-
dence is expressed as a series of Legendre polynomials, the simplest
allowed anisotropic term then is Pz(cose) = (3cos?6 - 1)/2, so that

Sm = §E P (COS@)- (3)
£ 2
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Newton's second law and the kinetic energy can then be generalized to

3
F = ¥m a ] (4)
o =1 oaB B
and
3
= by
T a,B=l,Pu PB /2th8 . (5)
whe're m.8 is the mass tensor, and Pa is the momentum.
For v=1, Cocconi and Salpeter calculated that
-5
Am/m ~ 2 x 10 (6)

due to the anisotropic distribution of matter of our Galaxy, where Am
is the anisotropic part and m is the isotropic part of the mass tensor.
If we use the formula

fm o, &, 7
m 2
re
then
Am 1970 (8)
m

due to the anisotropic distribution of matter of our Galaxy. (6) and (8)
agree in rough orders of magnitudes.

For any bound particle, there is an additional anisotropic-mass
contribution AE to the binding energy

AE = (Am/m)T'Fz(cose) Pz(cosB). (9)

Here T is the average kinetic energy of the particle. 9 is the angle
between the direction of acceleration of the particle (For an electron
in an atom, this is determined by the direction of an external magnetic
field and by the magnetic quantum state.) and the direction to the galac-
tic center. £ is the angle between the magnetic field and the direction
to the galactic center. TFor a P3/p electron state in an atom, the per-
turbed Zeeman levels are shown in Figure 1. For other atomic systems,
there are corresponding shifts and splittings. There are many observa-
tions on the Zeeman levels. These give various constraints on Am/m.
Radford and Hughes® observed the Zeeman transitions AMJ = +1, +2 in the
3P2 state of atomic oxygen and gave a limit of

10

Am/m < 10~ (10)

In 1960, Cocconi and Salpeter6 pointed out that because the kinetic
energy for a nucleon in a nucleus is much larger than the kinetic energy
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Figure 1. Zeeman energy levels and resonance lines for a P3/o electron
as perturbed by mass anisotropy. The width of a normal Zeeman line is
noted as W, and the width of the unresolved lines associated with mass
anisotropy is W + (4/5)(ﬂm/mO)T P. (cosB). This figure is also applicable
to the nuclear energy levels and Tesonance lines for a nucleus with spin
I =3/2. (After 3)

for an electron in an atom, higher sensitivity in the search for mass
anisotropy could be achieved by studying nuclear energy levels as compared
with atomic energy levels. Sherwin et al.’ looked for the mass anisotropic
effects in the very sharp 14.4 kev Fe®’ Méssbaner transition from an upper
nuclear state with I=3/2 to the ground state with I=1/2. They concluded
that

Am/m < 5 x 10_16 : (11)

In a magnetic field, the Li’ nucleus will have four energy levels
corresponding to the allowed values of the magnetic quantum number M;. 1In
the absence of any mass anisotropy, adjacent levels are equally spaced,
and a single nuclear resonance line will be observed. If the mass aniso-
tropy effect is present, there will be three different intervals that will
lead to a triplet nuclear resonance line, if the structure is resolved, or
to a single broadened line if the structure is unresolved (see Figure 1)
Over a 12-hour period, the width of the resonance line for Li’ was observed
by Hughes, Robinson and Beltran- Lopez and by Drever?. To very high
precision, the width does not change. From these Hughes, Robinson and
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Beltran-Lopez® obtained the limit

%? < 10_22 g (12)

9

and Drever” obtained the limit

Am

— < 5 x lO_23 .
m

(13)

These high precision experiments are call the Hughes-Drever experiments.
Comparing with (6), they rule out the model of Salpeter and Coconni
entirely. (If v=0 in (1), Cocconi and Salpeter predicted Am/m ~ 3x10—10
from the anisotropic distribution of mass in our Galaxy. This is ruled
out entirely too.)

In the following, we will analyze implications of the Hughes-Drever
experiments in somewhat details.

III. A Framework for Analyzing Hughes-Drever Experiments

In Cocconi-Salpeter model of Mach's principle, mass in the kinetic
energy term is replaced by a mass tensor mgg. This mass tensor can be
considered as mass times a metric tensor, mg,g- But the mass distribu-
tion of our Universe and gravity influence electromagnetism and electro-
magnetic binding energy too. If they influence the electromagnetism in
the same way, by the metric gups then the anisotropic terms due to the
electromagnetic binding energy may cancel the anisotropic terms in the
kinetic energy and there are no observable effects. In section IV, we
will explicitly demonstrate this. If the gravity-coupling to all matter
and nongravitational fields (electromagnetic, weak, strong) is universal
as in Einstein Equivalence Principle (EEP), then there would be no obser-—
vable effects. Therefore Hughes-Drever experiments lend supports to EEP.

To put the above arguments in definite terms and to look for detailed
implications of the Hughes-Drever experiments, we need a suitable frame-
work. The framework (H-g-y-¢ framework) given by equation (9) with xiik?®
defined by (28) in reference 10, i.e.,

ds

2 _ L. ’ijkﬂ, 3 ,k_ 1/2_ 5 ok g
Py (l6ﬂ)k FiijQ Akj (-g) Zm, a7 S(x xI), (14)
with
--kQ‘ I/ - . . 0 s .
XlJ' L (_H)z(;ﬂlkﬂjl N %leHkJ)w & ¢e13k2’ (15)

would be a good one to start with. Here.i% is the Lagrangian density

for an electromagnetic system in gravitational field. In according to
the arguments of the preceding paragraph, we have the tensor g+ (in sp)
coupled to the relalivistic mass terms and the tensor Hij coupled to
electromagnetism. If we want to start with a more general framework, we
could use equation (14) with a general yiik%, But the analysis of pulsar
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signal propagations in reference 10 shows that to a high precision (15)
is valid. Therefore, to simplifyv the analysis, we may almost as well
use (14) with (15), i.e., H-g-y-¢ framework. Two scalars (or pseudo-
scalars) § and ¢ will not give any anisotropic effects and have little
to do with our analysis of the Hughes-Drever experiments.

IV. Implications of Hughes-Drever Experiments

Even in the H-g-y-¢ framework, the analysis of Hughes-Drever experi-
ments is somewhat complicated. Therefore in this section, we demonstrate
the analysis with a simplified model problem, and give qualitative argu-
ments to derive the results of full analysis.

Consider the nonrelativistic Coulomb problem with the Hamiltonian

3 PP
B = 5 o o Ze (16)
0 =1 2 3 ok ”
L

a=1

To quantize it, canonical commutation relation

o - a
[qQ-, PB] it 8 (17)

is imposed. In Schrddinger representation

il

Po=1—g - (18)

9Q
Suppose in a gravitational field, the Hamiltonian H becomes
aB
3 g P P
_ b i o B _ Ze .
= a,pB=1 2m (19)

a Byl
(a,g=lhd8Q Q)

Here gaB is the metric coupled to the particle, and is essential equiva-
lent to mass tensor in section II. h,, is the metric coupled to the
Coulomb field. To quantize it, we impose the canonical commutation
relation (17) again.

Now we prove an extension of virial theorem for a quantum system
with the Hamiltonian

PP 3

H—g B8 . yigt, o7 ) (20)
_O‘.=I. Zm QQQSQ .

For a stationary state (energy eigenstate) in this system, the time deri-
vative of the expectation value of P Q" is zero:

d B, -
5 <PaQ >=0, (21)
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From the quantum dynamics, we have, therefore,

B _ ww B. _
<[PGQ , Hl> = ia & P, =0 - (22)
Since
B - 14 _ im OV B
[PGQ , H] = = FoFa il - , (23)
3Q
we have

_]; <P P >=< v QB> (24)
m a B aQa

for an energy eigenstate. This is an extension of the virial theorem.
For Hydrogen-like atoms (16), (24) becomes

2 o
% B =<_{)_g_2er3 - . (25)
where
3 o0\
T = (uElQ g R (26)

B B

a
and ha are close to & .

In a weak field, ga 8

as follows:

We can express them

gaB = %P +Ea8 ) (27)

e Tl (28)
where h®® ig the inverse of haB so that

b= s -5 4 o@D, (29)

aB

Therefore in a weak field, the Hamiltonian (19) can be expressed as

H=Hj + AH + 0('1?2) ; (30)
where
3 gFp oy 5 . BenBid
= I o a8 _ p zelh¥Qi” (31)
a,R=1 2m a,B=1 2r3 )

The first term in AH is the anisotropic term in the kinetic energy and
is what Cocconi and Salpeter have considered. The second term is the
anisotropic term in the electromagnetic binding energy. In this system,
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the extended virial equation is approximately valid, i.e.,

2 o B

1 _ .Ze QQ e o
ﬁ—<pups> =g ¥ o(p,g) - (32)
r
Hence the change in energy AE for an energy eigenstate is
3 PP
_ 5 —of_~oB o B ki
AE u,8=1(g h ) "QET'+ o(h™,g7). (33)
. of apf . . ] .

Thus, if g = h ", i.e. gravity coupled to particles and Coulomb inter-

action in the same way, then the anisotropic terms cancel each other in
first-order approximation. Since Hughes-Drever-type experiments verify
to a high precision that there are no anisotropic effects, g®P equals
h,g to a high precision and we have universal coupling and equivalence.
ofB aB . . .
If g7 =h (or In metric theories of gravity), we transform to a
local Cartesian frame (to a local Minkowskian frame in 4-dimensional
spacetime), then H=Hpy up to curvature corrections. These curvature
corrections are usually extremely small.!l This is an easy way to see
that in metric theories of gravity, there are no anisotropic effects.

In 1977, Dr. Yilmaz'!? did a calculation and claimed that general
relativity violates the Hughes-Drever experiments. He used a non-inertial
frame to calculate the anisotropic kinetic-energy effects. But, I
believe, he missed the anisotropic potential-energy effects. In the
above, I demonstrated this cancellation in a simple model. But I guess,

a full calculation about Li” nucleus in a non-inertial frame has to be
done in order to convince Dr. Yilmaz that general relativity and all
other metric theories of gravity are in agreement with Hughes-Drever
experiments to the present precision. Dr. Yilmaz will express his view-
point after my talk.!3

In (14), ds is the line element determined from the metric g4~
From (15), the gravitational coupling to electromagnetism is determined
by the metric H;; and two scalar fields ¢ and y. If Hj; is not propor-
tional to g4, t%en the hyperfine levels of the lithium atom will have
additional sﬂifts. But this is not observed to high accuracy in Hughes-
Drever exr-riments [8,9]. Therefore Hijg is proportional to g;.: Lo cer-
tain Aacruracy. Since a change of Hik t5 amnik does not affect xiij in
(15), we can define H11 = gll to remove this scale freedom.

In Hughes-Drever experiments Am/m < 0.5x10 or Am/m, < 0.3x10 L
where my , is the electromagnetic binding energy. Using (15) in (14),
we have three kinds of contributions to Am/me_m.. These three kinds are
of the order of (i) (Huv—guv), (ii) (Hou"gou)vs and (iii) (Hoo—goo)vz
*»neciively. Here the Greek indices p, v denote space indices. Consi-
a .ng the motion of laboratories in our Galaxy, in the solar system and
from earth rotation, we can set limits on various components of (Hij-gi
from Hughes-Drever '~eriments as follows:

N

8

el
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-12
I, - g, l/v <10
-7 -8
@ - 34
mou g0u|/Ui 10 10 (34)
e -¢g |/Uucx 107%,
00 (o] 6]

where U (N10_6) is the galactical gravitational potential. If we use the
gravitational potential of Virgo Supercluster (we are at an edge of Virgo
Supercluster), then the above limits are improved by a couple of orders.

V. Acceleration Effects

In the actual Hughes-Drever experiments, apparatuses are held station-—
ary in the laboratory, not in a free-fall frame. Therefore, even in metric
theories, there are acceleration effects. In the following, we shall
obtain the order of magnitude of these acceleration effects.

The simplest way to obtain the order of magnitude of these metric
acceleration effects is to add a term AH to the Hamiltonian H:

M = mgX , (35)

where X is the coordinate operator corresponding to the height of the
electron (or nucleon).

For atoms AL " 10—8cm and

Eﬂ/mcz v gAQ/cz u 10—26 ; (36)

This needs a precision of 1017 to 10720 in infrared and visible laser
spectroscopy Lo see it.!* This kind or accuracy might be achievable in
the future. For microwave and radiowave spectroscopy, the precision could
be several orders of magnitude lower, but the achievable precisions at
present are many-orders of maguitude lower than those in laser spectroscopy.

For nucleus A% v 10_13cm and

EH/mcz " gAR/cZ Y 10_31 (37)

It is several orders of magnitude away from the precision of Hughes-Drever
experiments.

VI. Concluding Remarks

Hughes-Drever experiments verify the uniqueness of metric to a high
precision. This implies the universality of gravity coupling and equiva-
lence. For such fundamental experiments, it is important to improve their
precisions. It will be also interesting when the acceleration effects
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could be detected.
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In his talk on '"Neutral Atom Trapping', Professor Wing comes up with
the results that gravity (acceleration) effects would be larger on
trapped ion energy levels. He demonstrates that the precision of
laser spectroscopy needed to detect these effects is 1011 o 107+°.
This number is quoted in his article "On the Limits to Precision in
Spectroscopy", p.325, these proceedings. When these effects are
detected and confirmed, they provide a hard way to 'measure" g through
spectroscopy.





