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Lorentz group
The Lorentz group is a collection of linear transformations of space-time coordinates

xt — xM = Al xY

which leaves the proper time
= (Xo)2 - (X)2 = X”XVg;n/ =x?

invariant. This requires A} to satisfy the pseudo-orthogonality relation,
A]fx/\vlggpw = 8up

Generators
For infinitesmal transformation,write

A =gl + € with |ef] < 1
Pseudo-orthogonality relation implies
(gt +€%) (gf +€'p)gm = gup

Or
Eup + €8y = 0

We see that e,5 = —épy. There are 6 independent group parameters.

(Institute) Group




Example: Boost along x — axis

coshw sinhw 0 0 1 w 0 O
AL — sinhw coshw 0 0 | w 1 00
e 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1

This implies that

d=w =w (1)
Or
&1 = W, €10 = —w

Similarly, €2, and €p3 correspond to boosts in y and z directions respectively.
Example: rotation about z — axis

1 0 0 0 1 0 0 O
AR — 0 cosf —sinf O ] 01 -6 0
* 0 sinf cosf O 0 6 1 0
0 0 0 1 0 0 0 1
Then
g, = -6, e =0
Or
812:9, 821:79

Similarly, €23,and €31 correspond to rotations about x— and y axis respectively.
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Consider f(x"), function of x*. Under the infinitesimal Lorentz transformation, the change in f
is
f(xH)  — () = F(xF el x®) ~ F(x") + saﬁxﬂaaf + -

— M)+ %%[xﬁaa — P () + - - -

Introduce operators My, to represent this change,
i
f(x')=f(x)— Esalgl\/l"‘ﬁf(x) + .-
then
M = —j(x"oP — xPo") (2)

generators M, are called the generators of Lorentz group. Note that for a, 8 = 1,2,3 these
are just the angular momentum operator Lj = i (x;0; — xj0;).
Using the generators given in Eq(2) it is straightforward to work out commutators of these
generators,

[Ma/Sv M’y&] = *"(gﬁmeS - gﬁwMﬁ& - g/SZSMa'y +goaSMﬁ'y)

Define
M = € dk,  Moi = K;
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where J s correspond to rotations and K the Lorentz boost operators. We can solve for J; to

get
1
Ji = Eeijk Mjk

The commutator of J,{s are,
1)\? 1
Ui Jj] = 5 €iki€jmn[Mk1, Mmn) = (—1) (5) €iki€jmn (&imMin — &kmMin — &inMim + &knMim)

1 .
= (5)2 (—=1) [—€it€jinMin + €iki€jin Min + €i1€jmi Mim — €iki€jmk Mim]

Using identity
€abc€alm = (éblécm - 5bmfsc/)
we get

[Ji, Ji] = e (3)

Thus we can identify J; as the angular momentum operator.
Similarly, we can derive
[Ki, K] = —iejcdic [Jin Kj] = iejKi (4)

Eqs(3,4) are called the Lorentz algebra.
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To simplify the Lorentz algebra, we define the combinations

Ui +iK) ,—%(J —iK)

I\J\n—-

Then it is straightforward to derive the following commutation relations,

[A,',Aj] = ie,jkAk, [B,‘, Bj} = ieijkka [A,', BJ] =0

Thus algebra of Lorentz generators factorizes into 2 independent SU(2) algebra. The
representations are tensor products of the representation of SU(2) algebra. We label irrep by
(j1,J2) which transforms as (2j; + 1)-dim rep under A; algebra and (2j, 4+ 1)-dim rep under B;
algebra.

Simple representations

o (%O) representation X,
This 2-component object has the following properties,

[0 1 . (%
Aixa = (E)ab)(b = E(Ji +iKi)x, = (j)ab){b

B,‘Xa =0 -
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Combining these realtions we get

- Iog - ¢
JX—(E)X, KX—*’(E)X
@ (0, 1) representation 7,
Similarly, we can get
1 .
A,‘ﬂa:O = 5(./,'+le)7]2:0
o 1 ] o
Bin, = (5 )ab = U= iK), = (5 )avy
- = 0
I =( ), Kip=i(5)m

If we define a 4-component 1§ by putting togather these 2 representations,
_( X
r=(7)
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Then the action of the Lorentz generators are

=5 9 e Re=(0F ) (%)
2 2

1 are related to the 4-component Dirac field we studied before, but with different representation
for the v matrices. This can be seen as follows.

[=R /SN
o
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Consider Dirac matrices in the following form

M
(;,, ‘; ) where o = (1,5) ,¢" = (1, -

o (0 1 .

It is straightforward to check that in this case.

More explicitly,

1 0
s —170717273—< 0 -1 )

This means that in 4-component field { = x , x is right-handed and 7 is left-handed. In
this representation, usually called the Weyl representaiton, it is easy to check that

. (0 1 0 o —ic 0
g0i =111 =1 4 0 o0 = 0 il
_ _ . 0 g 0 U'j _ Tk 0

AR —o; 0 )Tk o
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In the Lorentz transformation of Dirac field,
i i ; i
P() = S = expl— T} = exp{— - (200e” + oy}

Write €0 = g/, ¢l = ¢likgk

U',jé‘ij :Eijkf)ke,‘j/< UOI U’O/ > :2( 0—09 306 )

# —
I(2ao;€0i+a,-js"f)—_l< g-0-i7-p 0 - >
4 2 0 F-0+i7-p
More precisely,
i —i( . 60-i7p 0
Y'(x)=Syp= exp{—ZUWS’“/}lp = exp {2 ( ig-p Lo o >} yp  (6)
0 g-0+ic-p
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If we write the Lorentz transformations in terms of generators,

L = exp(—iM,,e"")

then in terms of the generators 7 R
L =exp {(7i) <J-9 +K-‘B>}
We then see from Eq(6) that for this ¢, J, K are of the form,

- 1/ ¢ 0 - 1/ —ig 0
J’E(o 3)' K*§<0 iﬁ)
These are the same as those in Eq(5). This demonstrate that the wavefunction which satisfies
1 1
Dirac equation is just the representation (5'0) &) (0, 5) under the Lorentz group.

1
Futhermore, the right-handed components transform as <§O) represenation while left-handed

1 .
components transform as <0, 5) representation.
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Alternative choice is to use {5 and the complex conjugate 5 ( sometime dotted indice are used

for this basis) instead of ¢ and ;. Since

- g - 0
J¢R:(§)4’Rr K¢R:_’(§)¢R
we get for the complex conjuate
=k 3* * 11k . (_7"* *
JlPR:(?)EDR- KIPR:’(T)IPR
It is probably more clearer to use some other notation for lp’[?,
. = B S
= (— Ky = i(—
Jx=(F x=i(Z)x
Then
— 1 — - — 1 — - F*
Ax=5+iK)x=0, Bx=(J—-iK)x=(5)x

1
and indeed x belongs to the irrep (0, 5)
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