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Lorentz group
The Lorentz group is a collection of linear transformations of space-time coordinates

xµ ! x 0µ = Λµ
νx

ν

which leaves the proper time

τ2 = (x o )2 � (!x )2 = xµx νgµν = x 2

invariant. This requires Λµ
ν to satisfy the pseudo-orthogonality relation,

Λµ
αΛν

βgµν = gαβ

Generators
For in�nitesmal transformation,write

Λµ
α = g

µ
α + ε

µ
α with jεµ

α j � 1

Pseudo-orthogonality relation implies�
g µ

α + ε
µ
α

�
(g ν

β + εν
β)gµν = gαβ

Or
εαβ + εβα = 0

We see that εαβ = �εβα. There are 6 independent group parameters.
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Example: Boost along x � axis

Λµ
α =

0BB@
coshω sinhω 0 0
sinhω coshω 0 0
0 0 1 0
0 0 0 1

1CCA �!

0BB@
1 ω 0 0
ω 1 0 0
0 0 1 0
0 0 0 1

1CCA
This implies that

ε01 = ω, ε10 = ω (1)

Or
ε01 = ω, ε10 = �ω

Similarly, ε02, and ε03 correspond to boosts in y and z directions respectively.
Example: rotation about z � axis

Λµ
α =

0BB@
1 0 0 0
0 cos θ � sin θ 0
0 sin θ cos θ 0
0 0 0 1

1CCA �!

0BB@
1 0 0 0
0 1 �θ 0
0 θ 1 0
0 0 0 1

1CCA
Then

ε12 = �θ, ε21 = θ

Or
ε12 = θ, ε21 = �θ

Similarly, ε23,and ε31 correspond to rotations about x� and y axis respectively.
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Consider f (xµ), function of xµ. Under the in�nitesimal Lorentz transformation, the change in f
is

f (xµ) ! f (x 0µ) = f (xµ + ε
µ
αx

α) � f (xµ) + εαβx
β∂αf + � � �

= f (xµ) +
1
2

εαβ[x
β∂α � x α∂β]f (x ) + � � �

Introduce operators Mµν to represent this change,

f (x 0) = f (x )� i
2

εαβM
αβf (x ) + � � �

then
M αβ = �i (x α∂β � x β∂α) (2)

generators Mµν are called the generators of Lorentz group. Note that for α, β = 1, 2, 3 these
are just the angular momentum operator Lij = i (xi ∂j � xj ∂i ).
Using the generators given in Eq(2) it is straightforward to work out commutators of these
generators,

[Mαβ,Mγδ] = �i (gβγMαδ � gαγMβδ � gβδMαγ + gαδMβγ)

De�ne
Mij = εijk Jk , Moi = Ki
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where J 0k s correspond to rotations and Ki the Lorentz boost operators. We can solve for Ji to
get

Ji =
1
2

εijkMjk

The commutator of J 0i s are,

[Ji , Jj ] =
�
1
2

�2
εikl εjmn [Mkl ,Mmn ] = (�i ) (

1
2
)2εikl εjmn(glmMkn � gkmMln � glnMkm + gknMlm )

= (
1
2
)2 (�i ) [�εikl εjlnMkn + εikl εjknMln + εikl εjmlMkm � εikl εjmkMlm ]

Using identity
εabc εalm = (δbl δcm � δbmδcl )

we get
[Ji , Jj ] = iεijk Jk (3)

Thus we can identify Ji as the angular momentum operator.
Similarly, we can derive

[Ki ,Kj ] = �iεijk Jk [Ji ,Kj ] = iεijkKk (4)

Eqs(3,4) are called the Lorentz algebra.
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To simplify the Lorentz algebra, we de�ne the combinations

Ai =
1
2
(Ji + iKi ) ,Bi =

1
2
(Ji � iKi )

Then it is straightforward to derive the following commutation relations,

[Ai ,Aj ] = iεijkAk , [Bi ,Bj ] = iεijkBk , [Ai ,Bj ] = 0

Thus algebra of Lorentz generators factorizes into 2 independent SU (2) algebra. The
representations are tensor products of the representation of SU (2) algebra. We label irrep by
(j1, j2) which transforms as (2j1 + 1)-dim rep under Ai algebra and (2j2 + 1)-dim rep under Bi
algebra.
Simple representations

1 ( 12 , 0) representation χa
This 2-component object has the following properties,

Aiχa = (
σi
2
)abχb =) 1

2
(Ji + iKi )χa = (

σi
2
)abχb

Biχa = 0 =) 1
2
(Ji � iKi )χa = 0
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Combining these realtions we get

~Jχ = (
~σ

2
)χ, ~Kχ = �i (~σ

2
)χ

2 (0, 12 ) representation ηa

Similarly, we can get

Ai ηa = 0 ) 1
2
(Ji + iKi )ηa = 0

Bi ηa = (
σi
2
)ab =) 1

2
(Ji � iKi )ηa = (

σi
2
)abηb

~Jη = (
~σ

2
)η, ~K η = i (

~σ

2
)η

If we de�ne a 4-component ψ by putting togather these 2 representations,

ψ =

�
χ
η

�
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Then the action of the Lorentz generators are

~Jψ =

�
~σ
2 0
0 ~σ

2

�
ψ, ~Kψ =

�
�i ~σ2 0
0 i ~σ2

�
ψ (5)

ψ are related to the 4-component Dirac �eld we studied before, but with di¤erent representation
for the γ matrices. This can be seen as follows.
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Consider Dirac matrices in the following form

γµ =

�
0 σµ
_
σ

µ
0

�
where σµ = (1,~σ) ,

_
σ

µ
= (1,�~σ)

More explicitly,

γo =

�
0 1
1 0

�
~γ =

�
0 ~σ
�~σ 0

�
It is straightforward to check that in this case.

γ5 = iγ
0γ1γ2γ3 =

�
1 0
0 �1

�

This means that in 4-component �eld ψ =

�
χ
η

�
, χ is right-handed and η is left-handed. In

this representation, usually called the Weyl representaiton, it is easy to check that

σ0i = iγ0γ1 = i
�
0 1
1 0

��
0 σi

�σi 0

�
=

�
�iσi 0
0 iσi

�

σij = iγiγj = i
�

0 σi
�σi 0

��
0 σj
�σj 0

�
= εijk

�
σk 0
0 σk

�
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In the Lorentz transformation of Dirac �eld,

ψ0(x 0) = Sψ = expf� i
4

σµνεµνg = expf� i
4
(2σ0i ε

0i + σij ε
ij )g

Write ε0i = βi , εij = εijk θk

σij ε
ij = εijk θk εijl

�
σl 0
0 σl

�
= 2

�
~σ �~θ 0
0 ~σ �~θ

�

σ0 i ε0 i =
�
�i~σ �~β 0
0 i~σ �~β

�
)

� i
4
(2σ0i ε

0i + σij ε
ij ) =

�i
2

 
~σ �

!
θ � i~σ �~β 0

0 ~σ �
!
θ + i~σ �~β

!

More precisely,

ψ0(x 0) = Sψ = expf� i
4

σµνεµνgψ = exp

"
�i
2

 
~σ �

!
θ � i~σ �~β 0

0 ~σ �
!
θ + i~σ �~β

!#
ψ (6)
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If we write the Lorentz transformations in terms of generators,

L = exp(�iMµνεµν)

then in terms of the generators
!
J ,

!
K

L = exp
�
(�i )

�!
J �

!
θ +

!
K �

!
β

��

We then see from Eq(6) that for this ψ,
!
J ,

!
K are of the form,

!
J =

1
2

�
~σ 0
0 ~σ

�
,

!
K =

1
2

�
�i~σ 0
0 i~σ

�
These are the same as those in Eq(5). This demonstrate that the wavefunction which satis�es

Dirac equation is just the representation
�
1
2
, 0
�
�
�
0,
1
2

�
under the Lorentz group.

Futhermore, the right-handed components transform as
�
1
2
, 0
�
represenation while left-handed

components transform as
�
0,
1
2

�
representation.

� � � � � � � � � � � � � � � � � � � -
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Alternative choice is to use ψR and the complex conjugate ψ�R ( sometime dotted indice are used
for this basis) instead of ψR and ψL . Since

~JψR = (
~σ

2
)ψR ,

~KψR = �i (
~σ

2
)ψR

we get for the complex conjuate

~Jψ�R = (
~σ�

2
)ψ�R , ~Kψ�R = i (

~σ�

2
)ψ�R

It is probably more clearer to use some other notation for ψ�R ,

~Jχ = (
~σ�

2
)χ, ~Kχ = i (

~σ�

2
)χ

Then
!
Aχ =

1
2
(
!
J + i

!
K )χ = 0,

!
Bχ =

1
2
(
!
J � i

!
K )χ = (

~σ�

2
)χ

and indeed χ belongs to the irrep (0,
1
2
).
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