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Turbulence in everyday life
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Da Vinci’s code on classical turbulence

Turbulence is not simply a disordered state, but rather
some kind of self-organized motion with vortices.
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Reynolds number as a measure for
the formation of turbulence
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1012Typical atmospheric low-
pressure system

2×108Wing of a commercial jet
airplane

107An automobile driving at
highway speeds

3×105A mild 10m/s breeze

2×105A baseball thrown by a major
league picture

2×104Water flow in a 2.5cm diameter
bathroom supply pipe
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Reynolds numbers in everyday life



Energy cascade in the turbulent flow

NOTE:It is believed that turbulence is sustained by this
Richardson cascade. However, this is only a cartoon;
nobody has ever confirmed it clearly. One reason is that it
is too difficult to identify each individual eddy in the fluid.



Kolmogorov’s scaling law of incompressible
kinetic energy
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In the inertial range, the energy spectrum takes the form

Simple dimensional argument leads to

Kolmogorov’s first universality assumption:

At very high, but not infinite Reynlds numbers, all the small-
scale statistical properties are uniquely and universally
determined by the scale 1/k, the mean energy dissipation rate
and the viscosity .
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Any observational evidence
of K41?



See Plus e-zine News, 21/07/2006

Troubled minds and perfect turbulence

Two Mexican physicists, J. L. Aragón and G. Naumis, have examined
the patterns in van Gogh’s Starry Night and concluded that the pair
distribution function of luminosity follows a Kolmogorov -5/3 scaling law.



BEC ─ the Holy Grail of Atomic Physics!

M. H. Anderson, et. al., Science 269, 198 (1995)
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Characterization of superfluidity

1. Existence of a critical velocity
such that the viscosity disappears if
the relative velocity between the fluid
and the wall of container is smaller
than (Landau criterion)

2. Existence of vortices with quantized
circulation (Feynman-Onsager criterion)
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Feynman’s theorem of circulation
quantization
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superfluid velocity

circulation quantization
around the singularity
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Formation of vortex lattice in a quenched
rotating BEC

(Simulation based on the stochastic GPE formalism by
NCUE group) r11 , =0.8 , =8fT nk   



J. R. Abo-Shaeer, et al. Science 292, 476 (2001)

Large Abrikosov Vortex Lattices

Up to 150 vortices!



There are two main cooperative phenomena of
quantized vortices; vortex array under rotation and
vortex tangle. Feynman considered the latter as the
source of quantum turbulence.



Recently, it has been found theoretically that QT
follows Komogorov’s -5/3 law even at T=0.

Decaying Kolmogorov turbulence in a model of superflow

C. Nore, et,al. Phys. Fluids 9, 2644 (1997)

Energy Spectrum of Superfluid Turbulence with No Normal-
fluid component

T. Araki, M. Tsubota, and S. K. Nemirovskii, Phys. Rev. Lett. 89,
145301 (2002)

Kolmogorov Spectrum of Superfluid Turbulence: Numerical
Analysis of the Gross-Pitaevskii Equation with a Small
Dissipation

M. Kobayashi and M. Tsubota, Phys. Rev. Lett. 94, 065302
(2005).



Classical Turbulence vs Quantum Turbulence

CT QT

•The quantized vortices are stable topological defects

•Every vortex has the same circulation

•Circulation is conserved

QT is much simpler than CT, because each
element of turbulence is definite.
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Gross-Pitaevskii Equation for a BEC

1. Gross, E. P., 1961, Nuovo Cimento 20, 454.
2. Pitaevskii, L. P., 1961, Zh. Eksp. Teor. Fiz.
40, 646 [Sov. Phys. JETP 13, 451 (1961)].

L.P. Pitaevskii
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For stationary solutions

Time-independent
GPE

Thomas-Fermi approximation for GPE
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Neglecting the kinetic term

Thomas-Fermi
approximation



Aspect ratio and the shape of the trapped
condensate

(cigar) (spherical) (pancake)
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Vortex rings



Vortex rings underwater



Bending waves on a vortex ring

undisturbed ring

disturbed ring

(bending wave)
wavy distortion



B.P. Anderson et al., PRL 86, 2926 (2001)

D.L. Feder et al., PRA 62, 053606 (2000)

Using the snake instability of a dark soliton
to generate vortex rings in BEC
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A trap of slightly oblate geometry ( ) is necessary
to ensure the stability of a vortex ring in a trapped BEC
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Conclusion:

No stable vorte
x rin

g!

No stable vorte
x rin
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Question:

What will BEC become after the disruption of vortex ring?





Skyrmion in a trapped two-component BEC

J. Ruostekoski and J.R.
Anglin, PRL 86, 3934
(2000)

C.-H. Hsueh et al., J. Phys.
B :At. Mol. Opt. Phys. 40,
4561(2007)





Velocity field in the non-turbulent regime



Velocity field in the turbulent regime



They all went to the outer region of BEC!

Where have all the vortices gone?



Vortex-sound separation



Kolmogrov -5/3 law for the kinetic
energy spectrum of the vortex





1.New prototype of QT characterized by vortex-
sound separtion.

2.Kolmogorov’s -5/3 law holds in this new type of
QT.

Conclusions:

Questions:

1.When , we get a 2D superfluid, what are the
corresponding scaling laws for QT?

2. Is this new 2D QT similar with 2D CT?





2D CT vs. 3D CT
•2D Turbulence

–Energy & Enstrophy
conserved

–No vortex stretching

•3D Turbulence
–Enstrophy not conserved
–Vortex stretching present

inverse
cascade

forward
cascade

Kraichnan-Bachelor
theory
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is a conserved quantity in 2Dω



2D Turbulence

•Standard 2D turbulence theory predicts:

–Upscale energy cascade from the point of
energy injection (spectral slope –5/3)

–Downscale enstrophy cascade to smaller
scales (spectral slope –3)

However, 2D CT still remains open to
question!





Distribution of incompressible kinetic energy
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Distribution of compressible kinetic energy
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Distribution of enstrophy
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Contours of stream lines



Distribution of stream lines



Cumulative spatial distribution of incompressible
kinetic energy at different scales
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1.New prototype of compressible QT characterized
by vortex-sound separtion.

2.There are two inertial ranges, corresponding to
inverse cascade and forward cascade.

3.The inverse cascade follows Kolmogorov’s -5/3
law and the forward cascade follows a k-4 law.

4.The scaling behavior are universal.

Conclusions:
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