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Turbulence in everyday life
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Da Vincr’'s code on classical turbulence

Turbulence is not simply a disordered state, but rather
some kind of self-organized motion with vortices.







Reynolds number as a measure for
the formation of turbulence
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Wavy Vortes Flow (Re = 3)

Woeakly Turbutent Vortes Flow Re = 3027) Turbulent Vortes Flow (Re=$072)



Reynolds numbers in everyday life

Re
Water flow in a 2.5cm diameter 2x10%
bathroom supply pipe
A baseball thrown by a major 2x10°
league picture
A mild 10m/s breeze 3x10°
An automobile driving at 10/
highway speeds
Wing of a commercial jet 2x108
airplane
Typical atmospheric low- 1012

pressure system




Energy cascade In the turbulent flow
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NOTE:It is believed that turbulence Is sustained by this
Richardson cascade. However, this is only a cartoon;
nobody has ever confirmed it clearly. One reason is that it
IS too difficult to identify each individual eddy in the fluid.




Kolmogorov's scaling law of incompressible
Kinetic energy
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Kolmogorov’s first universality assumption:

At very high, but not infinite Reynlds numbers, all the small-
scale statistical properties are uniguely and universally
determined by the scale 1/k, the mean energy dissipation rate
¢ and the viscosity v.

In the inertial range, the energy spectrum takes the form

gkiin (k) —F (k?])ga kB F (kn): dimensionless function

. 3 1/4.
n=(v®/¢) : Kolmogorov length

Simple dimensiona argument leads to

Ekiin (k) _ 82/3k_5/3 (K41)
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q‘ p]ll$ _Iiving See Plus e-zine News, 21/07/2006
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Troubled minds and perfect turbulence

Two Mexican physicists, J. L. Aragon and G. Naumis, have examined
the patterns in van Gogh's Starry Night and concluded that the pair
distribution function of luminosity follows a Kolmogorov -5/3 scaling law.



BEC — the Holy Grall of Atomic Physics!

M. H. Anderson, et. al., Science 269, 198 (1995)
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~ |Characterization of superfluidity |

1. Existence of a critical velocity V,
such that the viscosity disappears Iif
the relative velocity between the fluid
and the wall of container is smaller
than V, (Landau criterion)

2. Existence of vortices with quantized
circulation (Feynman-Onsager criterion)



quantization

Feynman’s theorem of circulation

— \/p (r )eie(r) order parameter
Vg —V@( ) superfluid velocity

2mh . . L
<j5 V., dr = n— circulation quantization
around the singularity



quantization

Feynman’s theorem of circulation

— \/p (r )eie(r) order parameter
Vg —V@( ) superfluid velocity

2mh . . L
<j5 V., dr = n— circulation quantization
around the singularity



Formation of vortex lattice in a quenched
rotating BEC

tt=4 x10

(Simulation based on the stochastic GPE formalism by
NCUE group) T, =11nk, Q=0.8w,, u=8



Large Abrikosov Vortex Lattices

J. R. Abo-Shaeer, et al. Science 292, 476 (2001)




There are two main cooperative phenomena of
guantized vortices; vortex array under rotation and
vortex tangle. Feynman considered the latter as the
source of guantum turbulence.
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Recently, it has been found theoretically that QT
follows Komogorov's -5/3 law even at T=0.

®Decaying Kolmogorov turbulence in a model of superflow
C. Nore, et,al. Phys. Fluids 9, 2644 (1997)

®Energy Spectrum of Superfluid Turbulence with No Normal-
fluid component

T. Araki, M. Tsubota, and S. K. Nemirovskii, Phys. Rev. Lett. 89,
145301 (2002)

®Kolmogorov Spectrum of Superfluid Turbulence: Numerical
Analysis of the Gross-Pitaevskii Equation with a Small
Dissipation

M. Kobayashi and M. Tsubota, Phys. Rev. Lett. 94, 065302
(2005).



Classical Turbulence vs Quantum Turbulence
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*The quantized vortices are stable topological defects
*Every vortex has the same circulation

Circulation is conserved

QT is much simpler than CT, because each
element of turbulence is definite.



Gross-Pitaevskil Equation for a BEC

Ve (1) + g ()

.. O
h—Y(r,t)=
| ot (r )

‘ 2

Y(r,t)

1. Gross, E. P., 1961, Nuovo Cimento 20, 454.
2. Pitaevskii, L. P., 1961, Zh. Eksp. Teor. Fiz.
40, 646 [Sov. Phys. JETP 13, 451 (1961)].

L.P. Pitaevskii



~ | Thomas-Fermi approximation for GPE

For stationary solutions

|~

h°V*°
2m

+ VeXt

P(r,t)=w(r)e"”

+g“lf

Neglecting the kinetic term

= ‘LPTF (r)‘z _ M —Vey (I’)

g

Time-independent
GPE

‘P(r):u\P(r)

Thomas-Fermi
approximation



Aspect ratio and the shape of the trapped
condensate
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Vortex rings




Vortex rings underwater
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Bending waves on a vortex ring
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undisturbed ring

disturbed ring

e

wavy distortion
(bending wave)



Using the snake instability of a dark soliton
to generate vortex rings in BEC

B.P. Anderson et al., PRL 86, 2926 (2001)
D.L. Feder et al., PRA 62, 053606 (2000)




RAPID COMMUNICATIONS

Bending-wave instability of a vortex ring in a trapped Bose-Einstein condensate

PHYSICAL REVIEW A 74, 041603(R) 12006)

T-L. Horng,' §.-C. Gou,” and T.-C. Lin’

Department of Applied Mathematics, Feng Chia University, Taichung 40074, Taiwan
:Dcpurm:cur of Plysics, National Chunghne University of Edwcarion, Changlua 50058, Taiwan
"Df;mr.‘menr of Marhematics, Natiemal Taowan University, Taipel 10617, Taiwan
(Recaived 31 March 2006; published 18 October 2006)

Using o veloeity formuly denived by muatched asvmptotic expansion, wie study the dynbmics of o vorieX ring
tn an axisymmetric Bose-Einstein condensate in the Thomas-Fermi limit. The trajectory for an axisymmuetri-
cally placed and orented vorteX ring shows that i1 gengrally precesses in a condensare. The linenr instability
due to bending woves 18 investigated both numereally and amalytically. General stability boundaries for various
perturbed wave numbers are compuied. Our analysis suggests that a slightly oblate (rap is needed (o prevent the

vartex ring from becoming unstuble,

DOI: 1 1 103/PhysRevA, 74,04 1603 PACS pumber(s): 03,75 Lm, 03,75 Kk, 67.40.Vs
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Conclusion:

A trap of slightly oblate geometry (1< 4 < 2) is necessary
to ensure the stability of a vortex ring in a trapped BEC

0<A<l [1<A<2

Question:

What will BEC become after the disruption of vortex ring?
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Vortex-ring solutions of the Gross-Pitaevskii equation
for an axisymmtrically trapped Bose—Einstein
condensate

C-H Hsueh', 8-C Gou', T-L Hl:n'u_g3 and Y-M Kao'

; Department of Physics, Nationol Chonghua University of Education, Chonghun 50038, Taiwan
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“ | Skyrmion in a trapped two-component BEC
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J. Ruostekoski and J.R.
Anglin, PRL 86, 3934
(2000)

C.-H. Hsueh et al., J. Phys.
B :At. Mol. Opt. Phys. 40,
4561(2007)




PHYSICAL REVIEW A 77, D63625 (2008)

Transition to quantum turbulence in a Bose-Einstein condensate through the bending-wave
instability of a single-vortex ring

T.-L. Homg,' C.-H. Hsueh,” and S.-C. Gou®
N lﬂfpﬁdlﬂﬂnf af Applied Muathemativs, Feng Chin University, Taichung 40724, Taiwan
“Department of Physicy, National Clianghin University of Edueation, Clinnghuu 50058, Tuiwan
(Received 25 April 2008; published 30 June 2008)

We investigate the dynamics of un unstable vortex ring in 4 pancake-shuped Bose-Einsten condensate by
solving the Gross-Pitusvakil equation aumerically. It is found rthat a quosisteady turbulent state with long
relaxarion time can be achieved through the distuption of o perturbed vortex ring in the condensate owing o
the Bendmpg-wave instability. We venfy that this gquantum turbolear stare is characterized by Kolmogorov
energy spoelrii,

DOL 1L IDAPhysRevA 77063625 BACS pumber(s): 03, 75Kk, 47,32.C—, 47.37. <y, 67.25.dk

=0, abs(u)=0.
t=0, abs(1)=0.015 te0iabstus0.03




Velocity field in the non-turbulent regime
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Where have all the vortices gone?
They all went to the outer region of BEC!




Vortex-sound separation
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FlG, 4, (Color online) Contour plot for the kinetic energy deén-
sities (a) incompressible field and (b) compressihle field, on the xv
plane at ¢=5(), and the perspective view of three-dimensional spatial
distribution of vortices at (c) r=20 and (d) r=30.



Kolmogrov -5/3 law for the kinetic
energy spectrum of the vortex
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Conclusions:

1. New prototype of QT characterized by vortex-
sound separtion.

2. Kolmogorov's -5/3 law holds in this new type of

QT.
Questions:

1.When 4 — © , we get a 2D superfluid, what are the
corresponding scaling laws for QT?

2.1s this new 2D QT similar with 2D CT?



e 2D Turbulence

2D CT vs. 3D CT

— Energy & Enstrophy
conserved

— No vortex stretching

log(energy density)

A

-5/3

/

Injection

%/

« 3D Turbulence

— Enstrophy not conserved
— Vortex stretching present

iInverse
cascade

Kraichnan-Bachelor
theory

-3
Q’m forward
% < cascade

6
dissipation
e .

log (1/eddy size)



vorticity vector @ =V xv
® IS aconserved quantity in 2D

Enstrophy = %_Hco\zdr = %HV x v\zdr



2D Turbulence

« Standard 2D turbulence theory predicts:

— Upscale energy cascade from the point of
energy injection (spectral slope -5/3)

— Downscale enstrophy cascade to smaller
scales (spectral slope -3)

However, 2D CT still remains open to
guestion!



Two-dimensional quantum turbulence in a nonuniform Bose-Einstein condensate

T-L. Horng.' C-H. Hsueh,? $-W. Su.? YN, Kao? and S-C Gou™?

" Department of A

ied Muthematies, Feng Clhia Univeraity, Toichung 40724, Thiwan
“Depurtment of Physies, Natrong! Changhua Undversity of Educetion, Changlve 30038, Taiwan

fDepartment of Physies, Nativnal Tsing Hug University, Hsinchu 30047, T an
Dated: April 14, 2009

We nvestigate the dyomnies of rurbulent How in a two-dinensional trapped Bose-Ensten cou-
densate by solving the Gross-Pitaevskil eguittion dumerically. The development of the gquantuam
turbadence i= activated v the distuption of au initially embedded vortex guadrupole. By calcu-
lating the incompressible kivetic energy speotoun of the superfow, we conclude that this guantam
turbulent state is unviserally chnracterized by the Kolmogomv-Satfman sealing law in the whavenuin-

ber space. Our study predicts the coeastence of two sub-inertinl ranges responsible for the

cascaide aud enstmoply cascade o this new pmtype of two=dunensional quantum turbulence
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Distribution of incompressible kinetic energy
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Distribution of compressible kinetic energy
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Distribution of enstrophy
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Contours of stream lines
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Distribution of stream lines




Cumulative spatial distribution of incompressible
Kinetic energy at different scales
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Conclusions:

1. New prototype of compressible QT characterized
by vortex-sound separtion.

2. There are two Inertial ranges, corresponding to
Inverse cascade and forward cascade.

3. The inverse cascade follows Kolmogorov's -5/3
law and the forward cascade follows a k4 law.

4. The scaling behavior are universal.






