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Introduction

Introduction
Bjorken idea of the possible formation of a disoriented chiral condensate in
hadronic collisions:

Relativistic heavy ion collisions 
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restoration 

Disoriented 

Chiral  

Condensate? 

The highly Lorentz contracted nuclei essentially pass through each other,
leaving behind a hot plasma of baryon free in the central rapidity region
where the chiral symmetry is restored.
This plasma then cools down via rapid hydrodynamic expansion to go
through the NONEQUILIBRIUM chiral phase transition.
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Introduction

( For a review, see B. Mohantya, J. Serreau , Physics Reports 414 (2005)
263-358)
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Chiral Restoration Chiral Symmetry Breaking 
Cool down 

Disoriented Chiral Condensate 

The DCCs are the correlated regions of space-time where the chiral order
parameter of QCD is chirally rotated from its usual orientation in isospin
space.
The growth of DCCs is triggered by the instabilities of long-wavelength
fluctuations ( spinodal instabilities) during the second order ( or weakly
first order ) phase transition. Subsequent relaxation of such DCCs to the
true ground state is expected to radiate copious soft pions.
Some theoretical models predict that DCC domain is of size 3− 4 fm in
radius with a typical life time about 10 fm/c, and can emit 50− 200 pions.
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Introduction

The formation of DCC leads to large event-by-event fluctuation in the
neutral pion fraction given by f = Nπ0/Nπ0 + Nπ± .
For DCC, since f = cos2 θ where θ is the angle between the direction of
the isospin in a particular condensate and the third axis in isospin space,
the event-by-event distribution on f is given by

dP(f )

df
=

∫
dΩ

4π
δ(f − cos2 θ) =

1

2
√
f

assuming that there is no privileged isospin direction.
If pions are incoherently produced,the probability distribution of f will be a
Gaussian, peaked at the value f = 1/3.
The event-by-event fluctuation in the neutral pion fraction is the most
basic signature of DCC formation. But the pions decay into photons by
the time they reach the detector. This study is equivalent to studying the
fluctuation in the number of charged particles and photons.
We propose that to search for non-equilibrium photons in the direct
photon measurements of heavy-ion collisions can be a potential test
of the formation of a disoriented chiral condensate.
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Introduction

Let us cite Bjorken’s words in his DCC trouble list on Existence of DCC:
Must it exist? NO
Should it exist? MAYBE
Might it exist? YES
Does it exist? IT’S WORTH HAVE A LOOK
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Concluding remark:

Concluding remark:

We propose that to search for non-equilibrium photons in the direct
photon measurements of heavy-ion collisions can be a potential test of the
formation of disoriented chiral condensates. This has been stressed in
ALICE: Physics performance report, volume II. by ALICE Collaboration (B.
Alessandro et al. (ed.)), published in J. Phys.G32:1295-2040 (2006).
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Concluding remark:
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Linear σ model + Sudden quench

Linear σ model + Sudden quench
The relevant phenomenological Lagrangian density is given by

L = Lσ + Lγ + Lπ0γγ + LV + LVπγ ,
where

Lσ =
1

2
∂µ~Φ · ∂µ~Φ−

1

2
m2(t)~Φ · ~Φ− λ

(
~Φ · ~Φ

)2
+ hσ,

Lγ + Lπ0γγ = −1

4
FµνFµν +

e2

32π2

π0

fπ
εαβµνFαβFµν ,

LV + LVπγ = −1

4
V µνVµν −

1

2
mVV

µVµ +
eλV
4mπ

εαβµνFαβVµνπ
0,

where Fµν = ∂µAν − ∂νAµ is the electromagnetic field-strength tensor,
and Vµν = ∂µVν − ∂νVµ is the field-strength tensor of the vector meson

with mass mV . In addition, ~Φ = (σ, π0, ~π) is an O(N + 1) vector with
~π = (π1, π2, ..., πN−1) representing the N − 1 pions. Thus, we take

m2(t) =
m2
σ

2

[
T 2
i

T 2
c

Θ(−t)− 1

]
, Ti > Tc .
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Linear σ model + Sudden quench

The parameters can be determined by the low-energy pion physics as
follows:

mσ ≈ 600 MeV, fπ ≈ 93 MeV, λ ≈ 4.5, Tc ≈ 200 MeV,

h ≈ (120 MeV)3, mV ≈ 782 MeV, λV ≈ 0.36,

where V is identified as the ω meson, and the coupling λV is obtained
from the ω → π0γ decay width ((Davidson et al. PRD 43, 71 (1991)).
Since we are only interested in the photon production, we can integrate
out the vector meson to obtain the effective Lagrangian density that
contains the relevant degrees of freedom given by

Leff = Lσ + Lγ + Lπ0γγ −
e2λ2

V

8m2
πm

2
V

εµνλδεαβγδ ∂λπ
0∂γπ

0FµνFαβ,

where the higher derivative terms are dropped out. At this point it must
be noticed that here we have assumed the validity of the low-energy
effective vertices.
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Nonequilibrium Quantum Field Theory

Nonequilibrium Quantum Field Theory

Suggested review article: D. Boyanovsky, M. D’Attanasio, H.J. de Vega,
R. Holman, D.-S. Lee, and A. Singh : Proceedings of International School
of Astrophysics, D. Chalonge: 4th Course: String Gravity and Physics at
the Planck Energy Scale, Erice, Italy (1995) , hep-ph/9511361.
Initial valued problem in a nonequilibrium system
In the Schrödinger picture the evolution of the density matrix ρ is
determined by

ρ(t) = U(t, t0) ρ(t0)U−1(t, t0),

where U(t, t0) is the time evolution operator:

U(t, t0) = T exp

[
−i
∫ t

t0

dt
′
H(t ′)

]
for a time-dependent Hamiltonian H. The symbol T means to take the
time-ordered product.
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Nonequilibrium Quantum Field Theory

The expectation value of an operator O in the Schrödinger picture is given
by

〈O〉(t) =
Tr [U(t, t0) ρ(t0)U(t0, t)O]

Tr [ρ(t0)]
,

Consider the case in which the initial density matrix describes a system in
equilibrium. When a perturbation is switched on at time t0, the resulting
time-dependent Hamiltonian can drive the initial state out of equilibrium.
Conveniently, we can model the dynamics by the following Hamiltonian:

H(t) = Θ(t0 − t)H0(t0) + Θ(t − t0)[H0(t0) + Hint(t)].

where Θ(t − t0) is the Heaviside step function.
The initial density matrix is assumed to be in equilibrium with respect to
H0(t0) at a temperature T = 1/β given by

ρ(t0) = exp[−βH0(t0)] .
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Nonequilibrium Quantum Field Theory

Notice that the initial density matrix can be expressed in terms of the time
evolution operator along imaginary time in the distant past:
ρ(t0) = U(−∞− iβ,−∞). This allows us to write the expectation value
as

〈O〉(t) =
Tr [U(t, t0)U(−∞− iβ,−∞)U(t0,−∞)U(−∞, t0)U(t0, t)O ]

Tr [U(−∞− iβ,−∞)]

=
Tr [U(t,−∞)U(−∞− iβ,−∞)U(−∞, t)O ]

Tr [U(−∞− iβ,−∞)]

where we have inserted
U(t0,−∞)U−1(t0,−∞) = U(t0,−∞)U(−∞, t0) = 1 to the right of
ρ(t0) in the numerator, commuted U(t0,−∞) with ρ(t0), and used the
composition property of the evolution operator:
U(ta, t0)U(t0, tb) = U(ta, tb). Another insertion of 1 = U(t,∞)U(∞, t)
yields

〈O〉(t) =
Tr [U(−∞− iβ,−∞)U(−∞,∞)U(∞, t)OU(t,−∞)]

Tr [U(−∞− iβ,−∞)]
.
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Nonequilibrium Quantum Field Theory
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Nonequilibrium Quantum Field Theory

Consider the case of a scalar field ϕ as an example. The generating
functional above has the following path-integral representation

Z[j+, j−] =

∫
dϕdϕ1dϕ2

∫
Dϕ+Dϕ−Dϕβ

exp

(
i

∫ ∞
−∞

dt

∫
d3x

{
L
[
ϕ+
]

+ j+ϕ+
})

× exp

(
−i
∫ ∞
−∞

dt

∫
d3x

{
L
[
ϕ−
]

+ j−ϕ−
})

exp

(
i

∫ −∞−iβ
−∞

dt

∫
d3x

{
L0

[
ϕβ
]})

with the boundary conditions: ϕ+(x,−∞) = ϕβ(x,−∞− iβ) = ϕ(x),
ϕ+(x,∞) = ϕ−(x,∞) = ϕ1(x), and ϕ−(x,−∞) = ϕβ(x,−∞) = ϕ2(x).

-i Β

-¥ +¥O

´

t

j+, j+

j-, j-

jΒ
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Nonequilibrium Quantum Field Theory

Thus, the relevant generating functional for computing real-time
correlation functions can be obtained as

Z[j+, j−] = exp

{
i

∫
d4x

(
Lint

[
−i δ

δj+

]
− Lint

[
i
δ

δj−

])}
exp

{
−1

2

∫
d4x

∫
d4x ′

[
j+(x)G++(x , x ′) j+(x ′)

−j+(x)G+−(x , x ′) j−(x ′)− j−(x)G−+(x , x ′) j+(x ′)

+j−(x)G−−(x , x ′) j−(x ′)
]}

.

-i Β

-¥ +¥O

´

t

j+, j+

j-, j-

jΒ
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Nonequilibrium Quantum Field Theory

The nonequilibrium propagators are given by

G++(x, x′; t, t ′) = 〈ϕ+(x, t)ϕ+(x′, t ′)〉
= G>(x, x′; t, t ′) Θ(t − t ′) + G<(x, x′; t, t ′) Θ(t ′ − t) ,

G−−(x, x′; t, t ′) = 〈ϕ−(x, t)ϕ−(x′, t ′)〉
= G>(x, x′; t, t ′) Θ(t ′ − t) + G<(x, x′; t, t ′) Θ(t − t ′) ,

G+−(x, x′; t, t ′) = 〈ϕ+(x, t)ϕ−(x′, t ′)〉
= G<(x, x′; t, t ′) = 〈ϕ(x′, t ′)ϕ(x, t)〉 ,

G−+(x, x′; t, t ′) = 〈ϕ−(x, t)ϕ+(x′, t ′)〉
= G>(x, x′; t, t ′) = 〈ϕ(x, t)ϕ(x′, t ′)〉 .

The assumed initial thermal state gives the boundary condition (the
Kubo-Martin-Schwinger (KMS) condition)

G<(x, x′;−∞, t ′) = G>(x, x′;−∞− iβ, t ′) .

In the perturbative expansion for weak couplings, there are four sets of
nonequilibrium propagators. Two sets of interaction vertices are defined by
the interaction Lagrangian Lint[±].
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Nonequilibrium evolution

Nonequilibrium action+ equations of motion
Following the non-equilibrium quantum field theory that requires a path
integral representation along the complex contour in time, the
non-equilibrium Lagrangian density is given by

Lneq = Leff [Φ+,A+
µ ]− Leff [Φ−,A−µ ],

where +(−) denotes the forward (backward) time branches. As mentioned
before, the situation of interest to us is a DCC in which both the σ and π0

fields acquire the vacuum expectation values. We then shift σ and π0 by
their expectation values described by the initial non-equilibrium states
specified later,

σ(~x , t) = φ(t) + χ(~x , t), φ(t) = 〈σ(~x , t)〉,
π0(~x , t) = ζ(t) + ψ(~x , t), ζ(t) = 〈π0(~x , t)〉,

with the tadpole conditions,

〈χ(~x , t)〉 = 0, 〈ψ(~x , t)〉 = 0, 〈~π(~x , t)〉 = 0.
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Nonequilibrium evolution

Large-N approximation

To incorporate quantum fluctuation effects from the strong σ − π
interactions, we will use the large-N limit to provide a consistent,
non-perturbative framework to study this dynamics. The corresponding
Hartree factorizations are given by

χ4 → 6〈χ2〉χ2 + constant

χ3 → 3〈χ2〉χ

(~π · ~π)2 → (2 +
4

N
)〈~π2〉~π2 + constant

~π2χ2 → ~π2〈χ2〉+ 〈~π2〉χ2

~π2χ → 〈~π2〉χ,
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Nonequilibrium evolution

To leading order in the 1/N expansion, the Lagrangian then becomes

Leff

[
φ+ χ+, ζ + ψ+, ~π+,A+

µ

]
− Leff

[
φ+ χ−, ζ + ψ−, ~π−,A−µ

]
=

{
1

2
(∂χ+)2 +

1

2
(∂ψ+)2 +

1

2
(∂~π+)2 − U1(t)χ+ − U2(t)ψ+

−1

2
M2
χ(t)χ+2 − 1

2
M2
ψ(t)ψ+2 − 1

2
M2
~π(t)~π+2 − 1

4
F+
µνF

+µν

+
e2

32π2fπ
ζ(t)εαβµνF+

αβF
+
µν +

e2

32π2fπ
ψ+εαβµνF+

αβF
+
µν

−
e2λ2

V

8m2
Vm

2
π

(ζ̇(t))2εµν0δεαβ0
δ F

+
µνF

+
αβ +

e2λ2
V

4m2
Vm

2
π

ζ̈(t)ψ+εµν0δεαβ0
δ F

+
µνF

+
αβ

+
e2λ2

V

4m2
Vm

2
π

ζ̇(t)ψ+εµν0δεαβσδ ∂σF
+
µνF

+
αβ

−
e2λ2

V

8m2
Vm

2
π

εµνλδεαβγδ ∂λψ
+∂γψ

+F+
µνF

+
αβ

}
− {+→ −} .

We treat the linear and non-linear terms in fields as interactions and
impose the tadpole condition consistently in a perturbative expansion.

Da-Shin Lee (NDHU) Photon Production from Nonequilibrium Disoriented Chiral CondensatesApril 2, 2011 20 / 53



Nonequilibrium evolution

We define:

U1(t) = φ̈(t) +
[
m2(t) + 4λφ2(t) + 4λζ2(t) + 4λΣ(t)

]
φ(t)− h,

U2(t) = ζ̈(t) +
[
m2(t) + 4λφ2(t) + 4λζ2(t) + 4λΣ(t)

]
ζ(t),

M2
χ(t) = m2(t) + 12λφ2(t) + 4λζ2(t) + 4λΣ(t)

M2
ψ(t) = m2(t) + 4λφ2(t) + 12λζ2(t) + 4λΣ(t),

M2
~π(t) = m2(t) + 4λφ2(t) + 4λζ2(t) + 4λΣ(t),

Σ(t) = 〈~π2〉(t)− 〈~π〉(0). (1)

For example, the tadpole condition reads < χ±(~x , t) >= 0 . One obtains
expressions of the form (here we quote the equation obtained from
< χ+(~x , t) >= 0 )∫

d~x ′dt ′
[
< χ+(~x , t)χ+(~x ′, t ′) > − < χ+(~x , t)χ−(~x ′, t ′) >

]
U1(t ′) = 0

and similarly for < χ−(~x , t) >= 0. Because the Green’s functions
< χ+(~x , t)χ+(~x ′, t ′) >, etc. are all independent one obtains the equations
of motion in the form U1(t) = 0.
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Nonequilibrium evolution

With the above Hartree-factorized Lagrangian in the Coulomb gauge,
following the tadpole conditions, we can obtain the full one-loop equations
of motion while we treat the weak electromagnetic coupling perturbatively:

φ̈(t) +
[
m2(t) + 4λφ2(t) + 4λζ2(t) + 4λΣ(t)

]
φ(t)− h = 0,

ζ̈(t) +
[
m2(t) + 4λφ2(t) + 4λζ2(t) + 4λΣ(t)

]
ζ(t)

− e2

32π2fπ
εαβµν〈FαβFµν〉(t)−

e2λ2
V

m2
πm

2
V

d

dt

[
ζ̇(t)〈Ai

T
~∇2Ai

T〉(t)
]

= 0.

Now we decompose the fields ~π and ~AT into their Fourier mode functions
U~k(t) and V

λ~k
(t) respectively,

~π(~x , t) =

∫
d3k√

2(2π)3ω
π~k

[
~a~kU~k(t)e i

~k·~x + h.c.
]
,

~AT (~x , t) =
∑
λ=1,2

∫
d3k ~ε

λ~k√
2(2π)3ω

A~k

[
b
λ~k
V
λ~k

(t)e i
~k·~x + h.c.

]
,

where ~a~k and b
λ~k

are destruction operators, and ~ε
λ~k

are circular
polarization unit vectors.
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Nonequilibrium evolution

Then the mode equations can be read off from the quadratic part of the
Lagrangian in the form[

d2

dt2
+ k2 + m2(t) + 4λφ2(t) + 4λζ2(t) + 4λΣ(t)

]
Uk(t) = 0,

d2

dt2
V1k(t) +

[
1−

e2λ2
V

m2
πm

2
V

ζ̇2(t)

]
k2V1k(t)− k

e2

2π2fπ
ζ̇(t)V1k(t) = 0,

d2

dt2
V2k(t) +

[
1−

e2λ2
V

m2
πm

2
V

ζ̇2(t)

]
k2V2k(t) + k

e2

2π2fπ
ζ̇(t)V2k(t) = 0.

The expectation values with respect to the initial states are given by

Σ(t) = (N − 1)

∫ Λ d3k

2(2π)3ωπk

[
|Uk(t)|2 − 1

]
coth

[
ωπk
2Ti

]
,

εαβµν〈FαβFµν〉(t) =

∫ Λ d3k

2(2π)3ωAk
(4k)

d

dt

[
|V2k(t)|2 − |V1k(t)|2

]
,

〈Ai
T
~∇2Ai

T〉(t) =

∫ Λ d3k

2(2π)3ωAk
(−k2)

[
|V1k(t)|2 + |V2k(t)|2

]
,

where we set the cutoff scale Λ ' mV and N = 3.
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Photon production

The initial conditions for the mode functions are given by

Uk(0) = 1, U̇k(0) = −iωπk , ω2
πk = k2 + m2(t < 0) + 4λ[φ2(0) + ζ2(0)] ;

Vλk(0) = 1, V̇λk(0) = −iωAk . ωAk = k ,

We choose to represent the quench from an initial temperature set to be
Ti = 220 MeV = 1.1 fm−1 to zero temperature. The initial conditions for
the mean fields are ζ(0) = 0.5 fm−1 and 1 fm−1, and
ζ̇(0) = φ(0) = φ̇(0) = 0.
The expectation value of the number operator for the asymptotic photons
with momentum ~k is given by

〈Nk(t)〉 =
1

2k

[
~̇AT (~k, t) · ~̇AT (−~k, t) +k2~AT (~k , t) · ~AT (−~k, t)

]
− 1

=
1

4k2

∑
λ

[
|V̇λk(t)|2 + k2|Vλk(t)|2

]
− 1.

This gives the spectral number density of the photons produced at time t,
dN(t)/d3k.
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Photon production

0 2 4 6 8 10

t (fm)
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(f

m
-1

)

Fig1 shows the temporal evolution of the ζ(t) by choosing the initial
conditions ζ(0) = 0.5 fm−1 and 1 fm−1, and ζ̇(0) = φ(0) = φ̇(0) = 0.
The ζ(t) evolves with damping due to the backreaction effects from the
quantum fluctuations.
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Photon production

In Fig2, we present the time-averaged invariant photon production rate,
kdR/d3k, where

dR =
1

T

∫ T

0

dN(t)

dt
dt,

over a period from the initial time to time T = 10 fm.

0 1 2 3 4 5

k (fm
-1

)

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

kdR
/d3 k (f

m-2 )

Note that the peaks are located at k = ωζ/2 and k = ωζ where ωζ is the
oscillating frequency of the ζ(t) field with ζ(0) = 1 fm−1 in Fig1 Thus,
the photon production mechanism is that of parametric amplification.
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Photon production

We now provide the analytical analysis to understand qualitatively the
above numerical results.
Let us approximate the ζ(t) as ζ(t) ' ζ̄ sin(ωζt). The ζ̄ is the average
amplitude over a period from the initial time up to time of 10 fm. When
λV = 0, we change the variable to z = ωζt/2.Then, the photon mode
equation becomes

d2

dz2
V1k +

4k2

ω2
ζ

V1k −
4ke2ζ̄

2π2fπωζ
cos(2z)V1k = 0. (2)

This is the standard Mathieu equation. The widest and most important
instability is the first parametric resonance that occurs at k = ωζ/2 with a
narrow bandwidth δ ' e2ζ̄/(2π2fπ). The instability leads to the
exponential growth of photon modes with a growth factor f = e2µz , where
the growth index µ ' δ/2. This growth explains the peak at k = ωζ/2.
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Photon production

When the UA(1) anomalous vertex is turned off (fπ →∞), we change the
variable to z ′ = ωζt. Then, the photon mode equation becomes

d2

dz ′2
V1k +

k2

ω2
ζ

V1k −
k2e2λ2

V ζ̄
2

2m2
πm

2
V

cos(2z ′)V1k = 0. (3)

Now, the parametric resonance occurs at k = ωζ with a growth factor
f ′ = e2µ′z ′ , where µ′ ' e2λ2

V ζ̄
2ω2

ζ/(8m2
πm

2
V ). This growth explains the

peak at k = ωζ . Putting all values together, the ratio of their growth rates
is given by ḟ ′/ḟ ' 0.5 consistent with the numerical result.
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Linear σ model+ Spherical expansion

Linear σ model+ Spherical expansion

In ultra-relativistic heavy-ion collisions, it is expected that the rapidity
density of the particles produced in the hot central region has a plateau (
an approximate Lorentz boost invariance along the longitudinal
hydrodynamic expansion). However, at late times, a transverse flow can be
generated due to the multi-scattering between the produced particles, so
the expansion becomes three dimensional.
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Linear σ model+ Spherical expansion

Here we will simply assume that the hydrodynamical flow is spherically
symmetric, and that the boost is along the radial direction.
The natural coordinates for spherical boost invariant hydrodynamical flow
are the proper time τ and the space-time rapidity η defined as

τ ≡ (t2 − r2)
1
2 , η ≡ 1

2
ln

(
t + r

t − r

)
,

where (t,~r) are the coordinates in the laboratory,

t = τ cosh η, r = τ sinh η.

The ranges of these coordinates are set to be 0 ≤ τ <∞ and 0 ≤ η <∞,
restricted to the forward light cone. In terms of spherical coordinates, the
Minkowski line element is given by

ds2 = dt2 − d~r2

= dτ2 − τ2(dη2 + sinh2 η dθ2 + sinh2 η sin2 θ dφ2)

= dτ2 − τ2d~η2.

This is a good first-order approximation since the boost invariance is in
anyway applied only for small values of η.
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Linear σ model+ Spherical expansion

The relevant phenomenological effective action in a general expanding
space-time is given by

S =

∫
d4x
√
g (Lσ + LA + Lπ0A) ,

where

Lσ = −1

2
gµν∂µ~Φ · ∂ν~Φ +

1

2

M2
σ

2
~Φ · ~Φ− λ

(
~Φ · ~Φ

)2
+ hσ,

LA = −1

4
gαµgβνFαβFµν ,

Lπ0A =
1
√
g

e2

32π2

π0

fπ
εαβµνFαβFµν

+
1

(
√
g)2

e2λ2
V

8m2
πm

2
V

εµνλσεαβγδgσδ∂λπ
0∂γπ

0FµνFαβ,

where Fµν = ∂µAν − ∂νAµ is the photon field, and ~Φ = (σ, π0, ~π) is an
O(N + 1) vector of scalar fields with ~π = (π1, π2, ..., πN−1) representing
the N − 1 pions.
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Linear σ model+ Spherical expansion

It is convenient to work with the conformal time defined by

du ≡ τi
dτ

τ

where τi is the initial proper time after which we expect that the
quark-gluon plasma is formed and thermalized. Integration gives

u = τi ln

(
τ

τi

)
.

Rewrite the metric as

ds2 = −gµνdxµdxν = a2(u)(du2 − d~x2),

where a(u) = τ/τi = eu/τi and d~x = τid~η.
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Linear σ model+ Spherical expansion

Defining ~Φ = ~Φa/a, the action becomes

S =

∫
du d3~x L =

∫
du d3~x (Lσ + LA + Lπ0A) ,

where

Lσ = −1

2
ηµν∂µ~Φa · ∂ν~Φa +

1

2

[
1

2
a2M2

σ +
1

a

d2a

du2

]
~Φa · ~Φa

−λ
(
~Φa · ~Φa

)2
+ a3hσa,

LA = −1

4
ηαµηβνFαβFµν ,

LπA =
e2

32π2

π0
a

afπ
εαβµνFαβFµν

+
1

a2

e2λ2
V

8m2
πm

2
V

εµνλσεαβγδησδ∂λ

(
π0
a

a

)
∂γ

(
π0
a

a

)
FµνFαβ,

where ~Φa = (σa, π
0
a , ~πa) and ηµν is the Minkowski metric. In terms of the

conformal time, the effective action now has the time dependent mass
term and interactions.
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Linear σ model+ Spherical expansion

Here we first shift σa and π0
a by their expectation values with respect to an

initial non-equilibrium states:

σa(~x , u) = φa(u) + χa(~x , u), 〈σa(~x , u)〉 = φa(u); 〈χa(~x , u)〉 = 0,

π0
a(~x , u) = ζa(u) + ψa(~x , u), 〈π0

a(~x , u)〉 = ζa(u); 〈ψa(~x , u)〉 = 0;

〈~πa(~x , u)〉 = 0.

Using the tadpole conditions, the large-N equations are as follows:[
d2

du2
+ m2

a(u) + 4λφ2
a(u) + 4λζ2

a (u) + 4λ〈~π2
a〉(u)

]
φa − a3h = 0,[

d2

du2
+ m2

a(u) + 4λφ2
a(u) + 4λζ2

a (u) + 4λ〈~π2
a〉(u)

]
ζa −

e2

32π2fπ

1

a
〈F F̃ 〉

+
e2λ2

V

4m2
πm

2
V

1

a

d

du

[
1

a2

d

du

(
ζa
a

)]
εµν0σεαβ0δησδ〈FµνFαβ〉

+
e2λ2

V

4m2
πm

2
V

1

a3

d

du

(
ζa
a

)
εµν0σεαβγδησδ〈∂γFµνFαβ〉 = 0,

where m2
a(u) = −(1/2) a2M2

σ − ä/a, ζ(u) = ζa(u)/a, k = |~k |, and the dot
means d/du.
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Linear σ model+ Spherical expansion

The Fourier mode functions U
a~k

(u) and V
λ~k

(u) respectively are defined by

~πa(~x , u) =

∫
d3~k√

2(2π)3ω
~πa~k,i

[
~a~kUa~k

(u)e i
~k·~x + h.c.

]
,

~AT (~x , u) =

∫
d3~k√

2(2π)3ω
A~k,i

{[
b

+~k
V

1~k
(u)~ε

+~k
+ b−~kV2~k

(u)~ε−~k

]
e i
~k·~x

+h.c.} ,
with the mode equations:[

d2

du2
+ k2 + m2

a(u) + 4λφ2
a(u) + 4λζ2

a (u) + 4λ〈~π2
a〉(u)

]
Uak = 0,{

d2

du2
+

[
1−

e2λ2
V

m2
πm

2
V

ζ̇2

a2

]
k2 − e2

2π2fπ
ζ̇k

}
V1k = 0,{

d2

du2
+

[
1−

e2λ2
V

m2
πm

2
V

ζ̇2

a2

]
k2 +

e2

2π2fπ
ζ̇k

}
V2k = 0.

The frequencies ω
~πa~k,i

and ω
A~k,i

can be determined from the initial states.
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Linear σ model+ Spherical expansion

The expectation values with respective to the initial states are given by

〈~π2
a〉(u) = (N − 1)

∫ Λa(u) d3~k

2(2π)3ω~πak

[
|Uak(u)|2

]
coth

[
ω~πak
2Ti

]
,

εαβµν〈FαβFµν〉(u) =

∫ Λa(u) d3~k

2(2π)3ωAk
(4k)

d

du

[
|V2k(u)|2 − |V1k(u)|2

]
,

εµν0σεαβ0δησδ〈FµνFαβ〉(u) =

∫ Λa(u) d3~k

2(2π)3ωAk
(4k2)[

|V1k(u)|2 + |V2k(u)|2
]
,

εµν0σεαβγδησδ〈∂γFµνFαβ〉(u) =

∫ Λa(u) d3~k

2(2π)3ωAk
(4k2)

d

du

[
|V1k(u)|2 + |V2k(u)|2

]
,

where 〈~π2
a〉(u) is self-consistently determined. In particular, when u = 0, it

becomes the gap equation,

〈~π2
a〉(0) = (N − 1)

∫ Λ d3~k

2(2π)3ω~πak,i
coth

[
ω~πak,i
2Ti

]
. (4)
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Linear σ model+ Spherical expansion

In this conformal frame, the momentum cutoff we choose depends linearly
on a so as to keep the physical momentum cutoff Λ fixed in the laboratory
frame. Here we choose

Uak<Λ(0) = 1, U̇ak<Λ(0) = −iω~πak,i ,
ω2
~πak,i = k2 + m2

a(0) + 4λφ2
a(0) + 4λζ2

a (0) + 4λ〈~π2
a〉(0);

V1,2k<Λ(0) = 1, V̇1,2k<Λ(0) = −iωAk,i , ωAk,i = k ;

Uak>Λ(uk) = 1, U̇ak>Λ(uk) = −iω~πak,i ,
ω2
~πak,i = k2 + m2

a(uk) + 4λφ2
a(uk) + 4λζ2

a (uk) + 4λ〈~π2
a〉(uk);

V1,2k>Λ(uk) = 1, V̇1,2k>Λ(uk) = −iωAk,i , ωAk,i = k .

Therefore, for the momentum lying below the momentum cutoff Λ at the
initial conformal time, the initial condition for the mode function can be
set at u = 0 as above. However, for the momentum above the cutoff
momentum Λ at u = 0, it will become dynamical when k ≤ Λa(u) after
u = uk = τi ln(k/Λ), and the initial condition for this mode function must
be set at that conformal time uk .
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Linear σ model+ Spherical expansion

The photon spectral number density at time u is given by the expectation
value of the number operator for the asymptotic photons,

dN

d3~xd3~k
=

dN+

d3~xd3~k
+

dN−

d3~xd3~k

=
1

2k

[
~̇AT (~k , u) · ~̇AT (−~k, u) + k2~AT (~k , u) · ~AT (−~k , u)

]
− 1

=
1

4k2

[
|V̇1k(u)|2 + k2|V1k(u)|2

]
+

1

4k2

[
|V̇2k(u)|2 + k2|V2k(u)|2

]
− 1,

and the invariant photon spectral production rate is given by

kdN

dud3~xd3~k

=
1

4

{
e2λ2

V

m2
πm

2
V

ζ̇2

a2
k
d

du

[
|V1k |2 + |V2k |2

]
+

e2

2π2fπ
ζ̇
d

du

[
|V1k |2 − |V2k |2

]}
.
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Linear σ model+ Spherical expansion

We now need to relate this spectral production rate to the invariant
production rate measured in the laboratory frame. From the coordinate
transformations, we find that

q = p cosh η + pr sinh η,

qη = pτ sinh η + prτ cosh η,

qθ = pθ,

qφ = pφ,

and the zero-mass condition of the photon, i.e., gµνpµpν = 0,

q =
|~q|
τ

=
1

τ

(
q2
η +

1

sinh2 η
q2
θ +

1

sinh2 η sin2 θ
q2
φ

) 1
2

,

p = |~p| =

(
p2
r +

1

r2
p2
θ +

1

r2 sin2 θ
p2
φ

) 1
2

,

where qµ = (q, ~q) is the photon four-momentum in the proper time and
spatial rapidity coordinates and pµ = (p, ~p) is that measured in the
laboratory frame.
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Linear σ model+ Spherical expansion

Because of the spherical symmetry of the problem, for convenience, we
can choose ~p to be along the z-axis, which is also the polar axis. This
gives pr = p cos θ, and then

q = p(cosh η + cos θ sinh η).

We then find that

dN

dΓ
=

q dN

dqηdqθdqφdτdηdθdφ
=

p dN

d3~p τ3 sinh2 η sin θdτdηdθdφ
,

where dΓ stands for the invariant phase space element in the comoving
frame. Therefore, the photon spectrum measured in the laboratory at the
final time τf can be obtained as

p dN

d3~p
=

∫ τf

τi

dτ

∫ ηmax

0
dη

∫ π

0
dθ

∫ 2π

0
dφ τ3 sinh2 η sin θ

dN

dΓ
(τ, q) ,

where q = p(cosh η + cos θ sinh η).
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Linear σ model+ Spherical expansion

Now, in the small η approximation, one can link the invariant rate in the
comoving frame to that of the conformal frame, where k = qτ/τi and
~k = ~q/τi , in the following way:

dN

dΓ
' q dN

dτd3~ηd3~q
'
(τi
τ

)2 k dN

dud3~xd3~k
,

where u = τi ln(τ/τi ). Then, we can approximate

p dN

d3~p

'
∫ τf

τi

dτ

∫ ηmax

0
dη

∫ π

0
dθ

∫ 2π

0
dφ τ2τi sinh2 η sin θ

k dN

dud~xd~k
(u, k)

'
2πτ2

i

p

∫ τf

τi

dτ

∫ τpeηmax/τi

τpe−ηmax/τi

dk

[
cosh(ηmax)− 1

2

(
k

p

τi
τ

+
p

k

τ

τi

)]
× k dN

dud3~xd3~k
(u, k) .
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Linear σ model+ Spherical expansion

Here we consider the photon emission from the states of the local thermal
equilibrium that are presumably produced in heavy-ion collisions.
FORMATION OF QUAKR-GLUON PLASMA:
After the ultra-relativistic heavy collisions, in the central rapidity regime,
multi-scatterings among the constituents of nuclei cause the produced
quarks and gluons to reach local thermal equilibrium at the time scale of
τi .
The conservation law of entropy for a hydrodynamic expansion of spherical
symmetry reads

s(T )τ3 = s(Ti )τ
3
i .

In the QGP phase, the entropy density is dominated by the relativistic
massless gas composed of quarks and gluons given by

sQ =
2π2

45
gGT

3, (5)

where the degeneracy gG = (2 · 8 + 2 · 2 · 3 · 2 · 7
8 ) for the two-flavor quarks

and the eight SU(3) gluons.
The cooling law in the QGP phase can be obtained as T = (τi/τ)Ti .
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Linear σ model+ Spherical expansion

FIRST ORDER P.T. TO HADRONIC GAS
Subsequently, the plasma cools adiabatically down to the quark-hadron
P.T. about Tc when the QGP starts to hadronize at τQ = (Ti/Tc)τi .
The entropy density of hadronic matter is taken as

sH =
2π2

45
gH(T )T 3.

The effective degeneracy gH(T ) ∼ 13(T/fm−1)δ where δ ' 3.4 (the
Walecka model (Alam et al.,Ann. of Phys.(2001)).
The entropy density of the mixed state is equal to the sum of the entropy
densities of QGP and hadronic matter at Tc , weighted by their fractions:

smix(τ) = fQ(τ)scQ + fH(τ)scH

The entropy conservation leads to

fQ(τ) =
scQ
( τQ
τ

)3 − scH
scQ − scH

, fH(τ) = 1− fQ(τ).

Therefore, the mixed phase ends at τH = (scQ/s
c
H)1/3τQ determined from

fQ(τH) = 0 above.
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Linear σ model+ Spherical expansion

HADRONIC PHASE
As for the hadronic phase, the entropy conservation law gives the cooling
law, T = Tc(τH/τ)3/(δ+3). The freeze-out time can be obtained as
τf = τH(Tc/Tf )(δ+3)/3 where the mean free path for all hadrons is of the
order of the size of the plasma,, and after that all hadrons cease further
interactions.
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Linear σ model+ Spherical expansion

The equilibrium photon emission arising from an expanding quark-gluon
plasma (QGP) as well as hadronic matter can be obtained by convoluting
the equilibrium photon production rates with the expansion dynamic as

p dN

d3~p
=

∫ τQ

τi

dτ

∫ ηmax

0
dη

∫ π

0
dθ

∫ 2π

0
dφ τ3 sinh2 η sin θ

dN

dΓ
|Q
(
q,T = Ti

τi
τ

)
+

∫ τH

τQ

dτ

∫ ηmax

0
dη

∫ π

0
dθ

∫ 2π

0
dφ τ3 sinh2 η sin θ(

fQ(τ)
dN

dΓ
|Q (q,Tc) + fH(τ)

dN

dΓ
|H (q,Tc)

)
+

∫ τf

τH

dτ

∫ ηmax

0
dη

∫ π

0
dθ

∫ 2π

0
dφ τ3 sinh2 η sin θ

dN

dΓ
|H
(
q,T = Tc

(τH
τ

) 3
δ+3

)
,

where again q = p(cosh η + cos θ sinh η).
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Linear σ model+ Spherical expansion

We now turn into the discussions of the photon production processes from
the QGP and the hadronic phase (Peitzmann & Thoma, Phys. Rep.
(2002)).
The thermal photon production rates in the high energy regime (E >> T )
from the QGP take account of the following important processes:

Da-Shin Lee (NDHU) Photon Production from Nonequilibrium Disoriented Chiral CondensatesApril 2, 2011 46 / 53



Linear σ model+ Spherical expansion

As for the photon production processes from the hadronic phase, the
dominant processes in the energy regime of our interest are those of the
reactions:

The reaction for producing photons that involves the intermediary axial
vector meson a1 is also important, for example, πρ→ a1 → πγ.
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Numerical results

We assume that the QGP is formed with temperature Ti = 1.0 fm−1 at
the formation time τi = 1.0 fm.
In addition, the cooling law in the QGP phase gives the time scale
τQ = 1.1 fm when the QGP begins hadronizing and the subsequent
quark-hadron mixed state is formed at the critical temperature assumed to
be Tc = 0.9 fm−1. One can also estimate the time when the mixed state
ends, τH = (scQ/s

c
H)1/3 = 1.77 fm.

In the final stage, the system turns into the hadronic phase starting at τH
till the freeze-out time τf = 5.6 fm estimated from the cooling law of the
hadronic phase and the freeze-out temperature chosen as Tf = 0.5 fm−1.
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Numerical results

(a) Temporal evolution of the π0 mean field ζ(u). (b) Evolution of the
derivative ζ̇(u). (c) Photon spectral number density dN/d3xd3k for
ζ(0) = 1.0 fm−1 at different times, where u is in units of fm.
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Numerical results

Photon energy spectrum measured in laboratory. The solid line denotes
the initial mean field ζ(0) = 1.0 fm−1, while the dashed line denotes
ζ(0) = 0.3 fm−1. The dotted line is the thermal photons emitted from
quark-gluon phase transition.
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Concluding remark:

Concluding remark:

We propose that to search for non-equilibrium photons in the direct
photon measurements of heavy-ion collisions can be a potential test of the
formation of disoriented chiral condensates. This has been stressed in
ALICE: Physics performance report, volume II. by ALICE Collaboration (B.
Alessandro et al. (ed.)), published in J. Phys.G32:1295-2040 (2006).
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Longitudinal hydrodynamic expansion

Longitudinal hydrodynamic expansion ( in progress)
In the longitudinal hydrodynamic expansion, for example along the z
direction, the natural coordinates for describing the boost invariant
phenomena can be the proper time and spatial rapidity given by

τ = (t2 − z2)1/2 , η =
1

2
ln

(
t − z

t + z

)
. (6)

Then, the Minkowski metric can be reexpressed as:

ds2 = dτ2 − dx2 − dy2 − τ2dη2 , (7)

which lies within the category of the metric of the Bianchi-type I
cosmologies of this type:

ds2 = C 2
0 (τ)dτ2 − C 2

1 (τ)dx2 − C 2
2 (τ)dy2 − C 2

3 (τ)dz2 . (8)

1. Quantizing gauge potentials of electromagnetic fields under this
metric can be done by a proper choice of the gauge conditions.
(DONE).

2. Numerical study of photon creation that arises via the couplings to
nonequilibrium relaxation of DCCs is in progress.
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Longitudinal hydrodynamic expansion

Thank you for your attention!!
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