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“bigravity”
= system of massive spin 2 field (massive graviton)
+ gravity (includes massless spin 2 field = graviton)

F(R) extension of bigravity

Application to Cosmology
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1 Introduction

Mainly based on

S. Nojiri and S. D. Odintsov, “Ghost-free F'(R) bigravity and
accelerating cosmology,’

Phys. Lett. B 716, 377 (2012) [arXiv:1207.5106 [hep-th]].
and

S. Nojiri, S. D. Odintsov, and N. Shirai, “Variety of cosmic
acceleration models from massive F'(R) bigravity,”
arXiv:1212.2079 [hep-th].

Review on Massive Gravity

K. Hinterbichler, “Theoretical Aspects of Massive Gravity,” Rev.
Mod. Phys. 84 (2012) 671 [arXiv:1105.3735 [hep-th]].
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& Motivation or status of the massive gravity:

» Consistent interacting theory of massive
spin-2 field?
cf. String Theory, Kaluza-Klein Theory.
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 Fierz-Pauli action (linearized or free theory)
M. Fierz and W. Pauli, “On relativistic wave equations for
particles of arbitrary spin in an electromagnetic field,” Proc.
Roy. Soc. Lond. A 173 (1939) 211.

The Lagrangian of the massless spin-two
field (graviton) h,,, is given by (h = h*,)).

1
Lo == 500 W + O\, 0, b

1
— 9"h,,0"h 5@110%.

Massive graviton: 5 degrees of freedom.
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The Lagrangian of the massive graviton with
mass m Is given by

2

L= Lo— = (huh = 1?) .
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« Boulware-Deser ghost.
D. G. Boulware and S. Deser, “Classical General Relativity
Derived from Quantum Gravity,” Annals Phys. 89 (1975)
193.

In non-linear (interacting) theory, 6th degree
of freedom appears as a ghost.
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« vDV/Z(van Dam, Veltman, and Zakharov)
discontinuity
H. van Dam and M. J. G. Veltman, “Massive and massless
Yang-Mills and gravitational fields,” Nucl. Phys. B 22 (1970)
397.
V. |. Zakharov, “Linearized gravitation theory and the

graviton mass,” JETP Lett. 12 (1970) 312 [Pisma Zh. Eksp.
Teor. Fiz. 12 (1970) 447].

Discontinuity of m — 0 limit in the free
massive gravity with the Einstein gravity due
to the extra degrees of freedom in the limit.
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= the Vainstein mechanism
A. |l. Vainshtein, Phys. Lett. B 39 (1972) 393.

Non-linearity screens the extra degrees of
freedom (non-linearity becomes strong when m
Is small).
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Massive gravity without ghost

C. de Rham and G. Gabadadze, “Generalization of the
Fierz-Pauli Action,” Phys. Rev. D 82, 044020 (2010)
[arXiv:1007.0443 [hep-th]].

C. de Rham, G. Gabadadze and A. J. Tolley, “Resummation of
Massive Gravity,” Phys. Rev. Lett. 106 (2011) 231101
[arXiv:1011.1232 [hep-th]].

S. F. Hassan and R. A. Rosen, “Resolving the Ghost Problem in
non-Linear Massive Gravity,” Phys. Rev. Lett. 108 (2012) 041101
[arXiv:1106.3344 [hep-th]].
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Non-dynamical metric f,,, (~ 1,,)

Vo lf - Vo Ve f =9

Minimal extension of Fierz-Pauli action:

S:Mg/d%\/Tg {R—QmQ (tr g—lf—?))} .

= vDVZ discontinuity =
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3

S=2} [ day=g |R+2m 3" Buen/TTP|

eo(X) =1, e(X)=[X] 626&) = 3 (X" = [X7])
e3(X) = 5 ([X]* — 3[X][X"] + 2[X*]),

es(X) = 57 ([X)* - 6[X]*[X*] + 3[X°]°
+8[X][X"] — 6[X7]),

er(X) =0 for k >4,

X=(XY), X=X,

~ @Galileon = Vainshtein mechanism
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Bimetric gravity

S. F. Hassan and R. A. Rosen, “Bimetric Gravity from Ghost-free

Massive Gravity,” JHEP 1202 (2012) 126 [arXiv:1109.3515
[hep-th]].

Dynamical f,, (background independent).

S = M2 [ dz\/—detgR” + M? | d*z/—det f R
g f

4
+2m2M§ﬁ/d4x\/—dethBn en(V 91 f),
n=0

1/ M4 =1/M;+1/M; .

R": scalar curvature for g,,,
R": scalar curvature for f,,,.
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Spectrum of the linearized theory

Minimal case:

60:37 61:_17 52:()7 63207 64:1
Linearize

1 |

Juv = LC_],LW + ﬁghuu 9 f,uu — g,uu - ﬁfl/w :
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S = / d*z (R &M *Phog + 1, EMPl4)

M [ g (%_ l@)l (h__l_)
4 M, M M, M

grvab: ysual Einstein-Hilbert kinetic operator.
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Change of variables

Ly = e+
Mg UW_Mf MM
1 1 1

_—h;w_

. N
Mg ™~ M, M; "
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S = /d4a: (uwc‘:’“’/o‘ﬁuaﬁ+vwé“mﬁva5)

m2

— 4 d*z (V" vy — v”uv”,/) .

One massless spin-2 particle u,, and one
massive spin-2 particle v, with mass m.
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2 F(R) bigravity
Standard F'(R) gravity < scalar tensor theory
F(R
SF(R) = /d4x\/—g< 2(/12) | ﬁmatter> :

Introducing the auxiliary field A,

S = d*z/—g{F'(A) (R — A) + F(A)} .

2/{2

Variation of A = A = R : original action
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Rescaling of metric
G — € g, o=—InF'(A).
= Einstein frame action:

1
d*z/— (R — ggmﬁpa@aa (o )
A

QK2

Sp =—

V()_eg( a)_e2af( ( )):F’(A)_F’(AP.

A=g(e?) < o=—In(1+ f(A)=—InF'(A)

Coupling of o with matters appears
by the rescaling g,, — €79,
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Adding the following actions to the bigravity action

3
Se =— M / d*z+\/—det g {59“”8Mg08ygo + V(gp)}

+/d4x£matter (e(pg,ul/aq)i) )

3
o= [ e (Lo o).
Conformal transformations

Guv — e_sog,ul/ ) fw/ — e_gf,w/ )
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Sp = M?/d‘la:\/—detf {e_gR(f) -+ e_%U(ﬁ)}
4
+ 2m* M2 / d*z\/—det g Zﬁne(%_z)w%gen ( g_lf)
n=0
L ]\Ig2 / d*z+/—det g {e_SDR(g) + 6_2“0V(g0)}

+ /d4x£matter (g,ul/;q)i) .

Kinetic terms of ¢ and £ vanish.
Coupling of ¢ with matters also disappears.
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Variation of v and ¢ =

4
0 :2”12]\462ff Zﬁn (g _ 2) e(%—2)¢—%€€n ( g_1f>
n=0

+ M; {—ePRY) — 2672V (p) + e 2V (p)} ,
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In principle, can be solved algebraically with respect to ¢
and &

© = (R(g),R(f),en( g—lf)> |
£ =¢ (R(g),R(f),6n< g—lf)> .

F (R) bigravity — p.24/48



= analogue of I'(R) gravity:
SF = M]%/d4x\/—det fFY) <R(9)7R(f)76n ( g—lf))
+ 2m* M2 / d*z+/—det g
3 el (D), (/g
n=0

+M92/d4x\/—detgF(9) (R(g),R(f),en( g_lf)>

+ /d437£matter (g,ul/aq)i) /
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It is difficult to explicitly solve equations with
respect to ¢ and ¢ and it might be better to define

the model by introducing the auxiliary scalar
fields ¢ and €.
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Cosmological Reconstruction

Minimal case:
Shi :MQQ/d4x\/—deth(9) = MJ% d*z\/—det f RY)
+2m* Mg | d'wy/~detg (3 —tr\/g=1f + det \/g_lf) .

Evaluation of 64/¢g=1f:
Two matrices M, N: M? = N.

1
OMM + M6M = 6N = troM = Str (M~'6N) .
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Start from the Einstein frame action. Neglect matter.
00w =

1
. 2
0= M: (igww - Rff’))

+77,L2]\4e2ﬂ {guv (3 —tr \/ﬁ) + fup ( glf)lyp}

3

1 /3
+ M92 [5 <§gp080908090 -+ V(SO)) Juv — §8M908V90] '
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0f =

1
_ Ag2 f f
0= M; (§fWR( ) — wa))

+ szesz {fuu (3 — tr g_1f> = Jue ( glf)_l: gmfw}

| 3

+ M [5 (%fﬁ“apwaf + U(€)> fiw = 5%58,,5] .
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Assume FRW universes by using the conformal time ¢

’ 3
dsy = ) gudz’dz” = a(t)’ (‘dﬁ +y (da:i)2> ,
=1

p,v=0
3

3
dst =" fudatde” = —c(t)?d? +b(t)* ) (dz')” .

w,v=0 1=1
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00y + 0= — 3]\492[—[2 — 3Im* M2 (a2 — ab)
3

1
2 2 2
# (=34 - gvioar ) 2
0gi; : 0 :Mj (QH + H2> +m*MZ; (3@2 — 2ab — ac)

+ (<260 vt ) as.

T
Il
S
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2 30
0f O:—SM]%K2+m Meffc ( 3+—C+—>

a a

+ (<3¢ - Jucw?) i}

- 7h
5+ 0 =M} (2K +3K* — 2LK ) + m* M <3_E__>
a a

+ (<Se+ Juieer) mg.

K=0b/b, L=¢lc.
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Redefinition of the scalar fields: ¢ = ©(n), £ = £(().
ldentify n =( =t

w(t)M; =AM (H — H2> + m*MZ (—ac + ab) ,

~

V(t)a(t)>M? = — M? (2H + 4H2>
— m*MZ (6a2 — bab — ac) :
| b
tM2:4M2(K—LK> oMz (£ 2
o(t) ¥ ¥ + 2m” M gC P

~

U (t)a(t)>M? = — M? (21’( 1 6K2 — 2LK>

3 7b
— m*MZc? (6 2 —) .
a a

F (R) bigravity — p.33/48



Here

For arbitrary a(t) and b(t), if we choose w(t), V (t), o(t), and

U(t) to satisfy the above equations, a model admitting the
given a(t) and b(t) evolution can be reconstructed.
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D  Cosmological Models

Physical metric: the scalar field does not directly coupled

with matter.
gggys N G -

FRW universe:
ds® = a(t (dt2+z (da") )

a(t)? = 4 de Sitter universe.
a(t)? = i with n # 1 case:
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Redefinition of time coordinate:
di = £5dt (t = £ 5

. t
= ds’ = —dt* + (:l:(n — 1)Z)

0 < n < 1: phantom universe,
n > 1: quintessence universe,
n < 0: decelerating universe
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Universe with a(t) = ¢(t) = 1

If we choose a(t) = 1 (flat Minkowski space) and ¢(t) = 1,

12M?H? = —m*MZ% (1 —b) ,

V(t)M? =5m>*MZ (1 — b) = 60M H?
o(t)M7 =AM7K + 2m> Mz (1 — b)

=AM7K — 24M?H?
U(t) M2 = — M? (2[’( + 6K2) — m2M2, (3 — Tb)

= — M} (2K + 6K?) + 4m? M + SAMZ .
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m2M?2. m2MZ2.

U(t)M]% — : 2 e~ 2
(1 + H2>
eff
— 24M?H?,
g {1 S (s )|
N(t)Mz—— m= e m= et
eff

+4Am* Mz + 84M7H? .

o(t) is not always positive:
inconsistent with o (¢) = 3¢'(¢)?, ghost.
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l2n

In case a(t)” = &,

288 M2 M?2n2 AM?2n2
fg g™
(1 T m2Me2fft2> 24M5n2

2702 44
2 L m Mefft
O'(t)Mf — ) )
(1 L l2Men? ) t2
2
m2 M2 t?
144 M7 M gn? 1+ 28 M 2n?
(~] 9 m?2 M gt m?2 M2 t2
(t)Mf = —

12M2n2 \ 2
(1 —I_ 2M92 t2>
m eff

4 2 2 M.92n2
+4m* M 1+21m2M2fft2 .
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When ¢t is small,
M2

In order to avoid the ghost,

M2
W>3n

When t is large,

Ghost or inconsistent!

5\ 1
t

5

F (R) bigravity —p.41/48



Universe with a(t) = b(t) = c(t)
We may choose a(t) =b(t) =c(t), H=K =L =
S(H—FI)Z:H—HQ,
V(t)a(t)>M2 = — M? (2H + 4H2) |
o(t)M} =AM} (H - H?) |
Ut)a(t)? M2 = — M? (2H + 4H2) +Am?M2a?

~\ 2
= o(t) = w(t) = 12 (H _ H) |
No ghost
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To determine a, solve the differential equation
1\ 2 .
S(H—H) - (H—H2> .

In case that there is no solution in the differential equation,
we cannot reconstruct such a model.
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In case a(t)” = &,

ho =

—6n —1++v—12n2 +12n + 1

8

In order that h, to be real,

3 —2/3 34+ 2/3

<n<

6 6

0>n> 3= 2f = —0.07735 - - - < decelerating
0<n<1 <:> phantom

1 <n< 328 107735 .- < quintessence
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12 (ho 4+ n)*

Cz
 —4hg + 2hg
I a3772+2h0
- —4h§ + 2hyg
i a3C2+2h0

?

)

4m? M= |

2
M;
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4 Summary

* Construction F(R) bigravity via auxiliary fields.
Stability of solution?

* Correction to the Newton law?
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In general, the cosmological singularities in ¢ metric are
manifested as cosmological singularities in f metric.
However, there are models where cosmological singularity
does not occur in g metric while it occurs in f metric and
vice-versa.

Example:

n = 1 case (de Sitter, no singularity) when a(t) = ¢(t) = 1.

3

3
dst = 3 fudatde” = —c(t)dt* + b(t)* Y (da')”

w,v=0 1=1

12M2 \?
2 g 7 2
~ — dt* + (m2 §ﬁt2) (da')” .
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3
(ds})z = Z ijdx“dx” = efdsic

p,v=>0
2
1 2 12M5 i) 2
OCt:Fm <dt S (m2M3ﬁt2 (dﬂf)
144 M4 .
2 g AL
X — dt} + pe— (d:z:) :
mAMY% |1 £ a| T ¢ 150
tl:l:a
I :
" Tl +q

If <222 > 0, t; = 0 corresponds to Big Rip singularity.
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