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�bigravity�= system of massive spin 2 �eld (massive graviton)+ gravity (in
ludes massless spin 2 �eld = graviton)

F (R) extension of bigravity

Appli
ation to Cosmology
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1 Introdu
tion

Mainly based onS. Nojiri and S. D. Odintsov, �Ghost-free F (R) bigravity anda

elerating 
osmology,�Phys. Lett. B 716, 377 (2012) [arXiv:1207.5106 [hep-th℄℄.andS. Nojiri, S. D. Odintsov, and N. Shirai, �Variety of 
osmi
a

eleration models from massive F (R) bigravity,�arXiv:1212.2079 [hep-th℄.

Review on Massive GravityK. Hinterbi
hler, �Theoreti
al Aspe
ts of Massive Gravity,� Rev.Mod. Phys. 84 (2012) 671 [arXiv:1105.3735 [hep-th℄℄.
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� Motivation or status of the massive gravity:� Consistent intera
ting theory of massivespin-2 �eld?
f. String Theory, Kaluza-Klein Theory.
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� Fierz-Pauli a
tion (linearized or free theory)M. Fierz and W. Pauli, �On relativisti
 wave equations forparti
les of arbitrary spin in an ele
tromagneti
 �eld,� Pro
.Roy. So
. Lond. A 173 (1939) 211.

The Lagrangian of the massless spin-two�eld (graviton) h�� is given by �h � h���.

L0 =� 12��h����h�� + ��h����h��

� ��h����h+ 12��h��h :Massive graviton: 5 degrees of freedom.F(R) bigravity � p.6/48



The Lagrangian of the massive graviton withmass m is given by
Lm = L0 � m22 �h��h�� � h2� :
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� Boulware-Deser ghost.D. G. Boulware and S. Deser, �Classi
al General RelativityDerived from Quantum Gravity,� Annals Phys. 89 (1975)193.
In non-linear (intera
ting) theory, 6th degreeof freedom appears as a ghost.
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� vDVZ(van Dam, Veltman, and Zakharov)dis
ontinuityH. van Dam and M. J. G. Veltman, �Massive and masslessYang-Mills and gravitational �elds,� Nu
l. Phys. B 22 (1970)397.V. I. Zakharov, �Linearized gravitation theory and thegraviton mass,� JETP Lett. 12 (1970) 312 [Pisma Zh. Eksp.Teor. Fiz. 12 (1970) 447℄.

Dis
ontinuity of m! 0 limit in the freemassive gravity with the Einstein gravity dueto the extra degrees of freedom in the limit.
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) the Vainstein me
hanismA. I. Vainshtein, Phys. Lett. B 39 (1972) 393.

Non-linearity s
reens the extra degrees offreedom (non-linearity be
omes strong when mis small).
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Massive gravity without ghostC. de Rham and G. Gabadadze, �Generalization of theFierz-Pauli A
tion,� Phys. Rev. D 82, 044020 (2010)[arXiv:1007.0443 [hep-th℄℄.

C. de Rham, G. Gabadadze and A. J. Tolley, �Resummation ofMassive Gravity,� Phys. Rev. Lett. 106 (2011) 231101[arXiv:1011.1232 [hep-th℄℄.

S. F. Hassan and R. A. Rosen, �Resolving the Ghost Problem innon-Linear Massive Gravity,� Phys. Rev. Lett. 108 (2012) 041101[arXiv:1106.3344 [hep-th℄℄.
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Non-dynami
al metri
 f�� (� ���)pg�1f : pg�1fpg�1f = g��f�� :Minimal extension of Fierz-Pauli a
tion:

S = M 2p Z d4xp�g hR� 2m2 (trpg�1f � 3)i :

) vDVZ dis
ontinuity)

F (R) bigravity � p.12/48



S = M 2p Z d4xp�g "R + 2m2 3Xn=0 �n en(pg�1f)# ;

e0(X ) = 1 ; e1(X ) = [X ℄ ; e2(X ) = 12([X ℄2 � [X 2℄) ;e3(X ) = 16([X ℄3 � 3[X ℄[X 2℄ + 2[X 3℄) ;e4(X ) = 124([X ℄4 � 6[X ℄2[X 2℄ + 3[X 2℄2+8[X ℄[X 3℄� 6[X 4℄) ;ek(X ) = 0 for k > 4 ;X = (X��) ; [X ℄ � X�� ;� Galileon) Vainshtein me
hanism
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Bimetri
 gravityS. F. Hassan and R. A. Rosen, �Bimetri
 Gravity from Ghost-freeMassive Gravity,� JHEP 1202 (2012) 126 [arXiv:1109.3515[hep-th℄℄.Dynami
al f�� (ba
kground independent).

S = M 2g Z d4xp�det g R(g) +M 2f Z d4xp�det f R(f)

+2m2M 2e� Z d4xp�det g 4Xn=0 �n en(pg�1f) ;

1=M 2e� � 1=M 2g + 1=M 2f :R(g): s
alar 
urvature for g��,R(f): s
alar 
urvature for f��. F (R) bigravity � p.14/48



Spe
trum of the linearized theoryMinimal 
ase:�0 = 3 ; �1 = �1 ; �2 = 0 ; �3 = 0 ; �4 = 1 :Linearize
g�� = �g�� + 1Mgh�� ; f�� = �g�� + 1Mf l�� :
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)
S = Z d4x (h�� ^E����h�� + l�� ^E����l��)

�m2M 2e�4 Z d4x "�h��Mg � l��Mf�2 � �h��Mg � l��Mf�2# :

^E����: usual Einstein-Hilbert kineti
 operator.
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Change of variables1Me� u�� = 1Mf h�� + 1Mg l�� ;1Me� v�� = 1Mg h�� � 1Mf l�� :
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) S = Z d4x (u�� ^E����u�� + v�� ^E����v��)�m24 Z d4x �v��v�� � v��v��� :

One massless spin-2 parti
le u�� and onemassive spin-2 parti
le v�� with mass m.
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2 F (R) bigravity

Standard F (R) gravity, s
alar tensor theory

SF (R) = Z d4xp�g�F (R)2�2 + Lmatter� :

Introdu
ing the auxiliary �eld A,

S = 12�2
Z d4xp�g fF 0(A) (R� A) + F (A)g :

Variation of A) A = R : original a
tion
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Res
aling of metri
g�� ! e�g�� ; � = � lnF 0(A) :) Einstein frame a
tion:

SE = 12�2 Z d4xp�g�R� 32g�������� � V (�)� ;

V (�) =e�g �e���� e2�f �g �e���� = AF 0(A) � F (A)F 0(A)2 :A = g (e��) ( � = � ln (1 + f 0(A)) = � lnF 0(A)

Coupling of � with matters appearsby the res
aling g�� ! e�g�� . F (R) bigravity � p.20/48



Adding the following a
tions to the bigravity a
tion

S' =�M 2g Z d4xp�det g�32g����'��'+ V (')�

+ Z d4xLmatter (e'g�� ;�i) ;

S� =�M 2f Z d4xp�det f �32f�������� + U(�)� :

Conformal transformationsg�� ! e�'g�� ; f�� ! e��f�� ;
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SF = M 2f Z d4xp�det f �e��R(f) + e�2�U(�)	

+ 2m2M 2e� Z d4xp�det g 4Xn=0 �ne(n2�2)'�n2 �en �pg�1f�

+M 2g Z d4xp�det g �e�'R(g) + e�2'V (')	

+ Z d4xLmatter (g�� ;�i) :

Kineti
 terms of ' and � vanish.Coupling of ' with matters also disappears.
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Variation of ' and � )

0 =2m2M 2e� 4Xn=0 �n �n2 � 2� e(n2�2)'�n2 �en �pg�1f�

+M 2g ��e�'R(g) � 2e�2'V (') + e�2'V 0(')	 ;

0 =� 2m2M 2e� 4Xn=0 �nn2 e(n2�2)'�n2 �en �pg�1f�

+M 2f ��e��R(f) � 2e�2�U(�) + e�2�U 0(�)	 :
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In prin
iple, 
an be solved algebrai
ally with respe
t to 'and �
' ='�R(g); R(f); en �pg�1f�� ;� =� �R(g); R(f); en �pg�1f�� :
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) analogue of F (R) gravity:

SF = M 2f Z d4xp�det fF (f) �R(g); R(f); en �pg�1f��

+ 2m2M 2e� Z d4xp�det g

� 4Xn=0 �ne(n2�2)'
�R(g);en�pg�1f��en �pg�1f�

+M 2g Z d4xp�det gF (g) �R(g); R(f); en �pg�1f��

+ Z d4xLmatter (g�� ;�i) ;
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HereF (g) �R(g); R(f); en �pg�1f�� � �e�'�R(g);R(f);en�pg�1f��R(g)

+e�2'�R(g);R(f);en�pg�1f��V �'�R(g); R(f); en �pg�1f���� ;

F (f) �R(g); R(f); en �pg�1f�� � �e���R(g);R(f);en�pg�1f��R(f)

+e�2��R(g);R(f);en�pg�1f��U �� �R(g); R(f); en �pg�1f���� :

It is dif�
ult to expli
itly solve equations withrespe
t to ' and � and it might be better to de�nethe model by introdu
ing the auxiliary s
alar�elds ' and �. F (R) bigravity � p.26/48



Cosmologi
al Re
onstru
tionMinimal 
ase:Sbi =M2g Z d4xp�det g R(g) +M2f Z d4xp�det f R(f)

+ 2m2M2e� Z d4xp�det g �3� trpg�1f + detpg�1f� :

Evaluation of Æpg�1f :Two matri
es M , N : M 2 = N .

ÆMM +MÆM = ÆN ) tr ÆM = 12tr �M�1ÆN� :
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Start from the Einstein frame a
tion. Negle
t matter.Æg�� )
0 = M 2g �12g��R(g) �R(g)���

+m2M 2e� �g�� �3� trpg�1f�+ f�� �pg�1f��1 �� �+M 2g �12 �32g����'��'+ V (')� g�� � 32��'��'� :
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Æf�� )
0 = M 2f �12f��R(f) �R(f)�� �

+m2M 2e� �f�� �3� trpg�1f�� f�� �pg�1f��1�� g��f���

+M 2f �12 �32f�������� + U(�)� f�� � 32������� :
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Assume FRW universes by using the 
onformal time t

ds2g = 3X�;�=0 g��dx�dx� = a(t)2 �dt2 + 3Xi=1 �dxi�2
! ;

ds2f = 3X�;�=0 f��dx�dx� = �
(t)2dt2 + b(t)2 3Xi=1 �dxi�2 :
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) Ægtt : 0 =� 3M 2gH2 � 3m2M 2e� �a2 � ab�+ ��34 _'2 � 12V (')a(t)2�M 2g ;

Ægij : 0 =M 2g �2 _H +H2�+m2M 2e� �3a2 � 2ab� a
�

+ ��34 _'2 + 12V (')a(t)2�M 2g ;

H � _aa : F (R) bigravity � p.31/48



Æftt : 0 =� 3M 2fK2 +m2M 2e�
2��3 + 2
a + 3ba �+ ��34 _�2 � 12U(�)
(t)2�M 2f ;

Æfij : 0 =M 2f �2 _K + 3K2 � 2LK�+m2M 2e�
2�3� 
a � 7ba �+ ��34 _�2 + 12U(�)
(t)2�M 2f :

K � _b=b ; L = _
=
 :
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Rede�nition of the s
alar �elds: ' = '(�), � = �(�).Identify � = � = t
!(t)M 2g =4M 2g � _H �H2�+m2M 2e� (�a
+ ab) ;~V (t)a(t)2M 2g =�M 2g �2 _H + 4H2��m2M 2e� �6a2 � 5ab� a
� ;�(t)M 2f =4M 2f � _K � LK�+ 2m2M 2e�
2� 
a � ba� ;~U(t)a(t)2M 2f =�M 2f �2 _K + 6K2 � 2LK�

�m2M 2e�
2�6� 3
a � 7ba � :
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Here !(�) = 3'0(�)2 ; ~V (�) = V (' (�)) ;�(�) = 3�0(�)2 ; ~U(�) = U (� (�)) :

For arbitrary a(t) and b(t), if we 
hoose !(t), ~V (t), �(t), and~U(t) to satisfy the above equations, a model admitting thegiven a(t) and b(t) evolution 
an be re
onstru
ted.
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3 Cosmologi
al Models

Physi
al metri
: the s
alar �eld does not dire
tly 
oupledwith matter. gphys�� = e'g�� :FRW universe:
ds2 = ~a(t)2 �dt2 + 3Xi=1 �dxi�2

! :

~a(t)2 = l2t2 : de Sitter universe.~a(t)2 = l2nt2n with n 6= 1 
ase:
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Rede�nition of time 
oordinate:d~t = � lntndt �~t = � lnn�1t1�n�

) ds2 = �d~t2 + ��(n� 1)~tl�� 2n1�n 3Xi=1 �dxi�2 :0 < n < 1: phantom universe,n > 1: quintessen
e universe,n < 0: de
elerating universe
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e'(t)a(t)2 = ~a(t)2 �gphys�� = e'g��� )!(t) = 12�H � ~H�2 �!(�) = 3'0(�)2� ; ~H � 1~a d~adt
F (R) bigravity � p.37/48



Universe with a(t) = 
(t) = 1If we 
hoose a(t) = 1 (�at Minkowski spa
e) and 
(t) = 1,12M 2g ~H2 =�m2M 2e� (1� b) ;~V (t)M 2g =5m2M 2e� (1� b) = 60M 2g ~H2 ;�(t)M 2f =4M 2f _K + 2m2M 2e� (1� b)=4M 2f _K � 24M 2g ~H2 ;~U(t)M 2f =�M 2f �2 _K + 6K2��m2M 2e� (3� 7b)=�M 2f �2 _K + 6K2�+ 4m2M 2e� + 84M 2g ~H2 :
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)
�(t)M2f = 96M2fM2gm2M2e� � ~H �~H + _~H2 + 12M2gm2M2e� � ~H3 �~H � ~H2 _~H2���1 + 12M2gm2M2e� ~H2�2� 24M2g ~H2 ;

~U(t)M2f =� 48M2fM2gm2M2e� � ~H �~H + _~H2 + 12M2gm2M2e� � ~H3 �~H + 5 ~H2 _~H2���1 + 12M2gm2M2e� ~H2�2+ 4m2M2e� + 84M2g ~H2 :�(t) is not always positive:in
onsistent with �(�) = 3�0(�)2, ghost. F (R) bigravity � p.39/48



In 
ase ~a(t)2 = l2nt2n ,
�(t)M 2f = 288M2fM2gn2m2M2e� t4 �1 + 4M2gn2m2M2e� t2��1 + 12M2gn2m2M2e� t2�2 � 24M 2gn2t2 ;

~U(t)M 2f =� 144M2fM2gn2m2Me� t4 �1 + 28M2gn2m2M2e� t2��1 + 12M2gn2m2M2e� t2�2+ 4m2M 2e� �1 + 21 M 2gn2m2M 2e�t2� :
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When t is small,
�(t) �  8� 24M 2gM 2f n2

! 1t2 :In order to avoid the ghost,M 2fM 2g > 3n2 :

When t is large, �(t) � �24M 2gn2M 2f t2 :

Ghost or in
onsistent! F (R) bigravity � p.41/48



Universe with a(t) = b(t) = 
(t)We may 
hoose a(t) = b(t) = 
(t), H = K = L)

3�H � ~H�2 = _H �H2 ;~V (t)a(t)2M 2g =�M 2g �2 _H + 4H2� ;�(t)M 2f =4M 2f � _H �H2� ;~U(t)a(t)2M 2f =�M 2f �2 _H + 4H2�+ 4m2M 2e�a2 ;) �(t) = !(t) = 12�H � ~H�2 ;No ghost

F (R) bigravity � p.42/48



To determine a, solve the differential equation

3�H � ~H�2 = � _H �H2� :

In 
ase that there is no solution in the differential equation,we 
annot re
onstru
t su
h a model.
F (R) bigravity � p.43/48



In 
ase ~a(t)2 = l2nt2n ,
H =h0t ;

h0 =�6n� 1�p�12n2 + 12n+ 18 :

In order that h0 to be real,3� 2p36 < n < 3 + 2p36 :

0 > n > 3�2p36 = �0:07735 � � � , de
elerating0 < n < 1, phantom1 < n < 3+2p36 = 1:07735 � � � , quintessen
e F (R) bigravity � p.44/48



)

!(�) =12 (h0 + n)2�2 ;

�(�) =12 (h0 + n)2�2 ;

~V (�) =�4h20 + 2h0a20�2+2h0 ;

~U(�) =�4h20 + 2h0a20�2+2h0 + 4m2M 2e�M 2f :
F (R) bigravity � p.45/48



4 Summary
� Constru
tion F (R) bigravity via auxiliary �elds.Stability of solution?� Corre
tion to the Newton law?

F (R) bigravity � p.46/48



In general, the 
osmologi
al singularities in g metri
 aremanifested as 
osmologi
al singularities in f metri
.However, there are models where 
osmologi
al singularitydoes not o

ur in g metri
 while it o

urs in f metri
 andvi
e-versa.Example:n = 1 
ase (de Sitter, no singularity) when a(t) = 
(t) = 1.

ds2f = 3X�;�=0 f��dx�dx� = �
(t)2dt2 + b(t)2 3Xi=1 �dxi�2�� dt2 + � 12M 2gm2M 2e�t2�2 �dxi�2 :
F (R) bigravity � p.47/48



) �dsJf�2 = 3X�;�=0 fJ��dx�dx� = e�ds2f

/ 1t�2�  �dt2 + � 12M 2gm2M 2e�t2�2 �dxi�2!

/� dt2f + 144M 4gm4M 4e� j1� �j 4�2�1�� t 4�2�1��f �dxi�2 ;

tf � t1��j1� �j :If 4�2�1�� > 0, tf = 0 
orresponds to Big Rip singularity.
F (R) bigravity � p.48/48
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