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Introduction

Observations of type Ia supernovae give us the information about
background evolution of the Universe.
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Accelerated expansion of the Universe

—» Modification of the Einstein equation is needed.

Ry — guvR/z = KzTuv
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"How to clarify what model describes the nature?

 Background evolution of the Universe
(SN Ia, CMB, BAO, ...

However, the method, =" reconstruction”, have been developed in dark
energy and modified gravity models. Therefore, we can not find the
differences between models in the background evolution of the Universe.

 The matter density perturbation

(LSS, Microlensing of the galaxies and quasars)



FL equations in F(R) gravity

, 1
Action: S =-—— [ d'z/—g[R+ f(R)] + Smatter- K2 = 8TIG

22

Metric:  ds* = a*(n)(dn* — Eil dz'dx?)

Friedmann-Lemaitre equations

0t fa) %(R+ f) - %f& = —K'p

a2

%(H* +2H%)(1 + fr) — %(R +f) = %{?{f}g + fr) = KCwp

w=pp H = dfa R =6a2(H +H? fr=df(R)/dR

The equation of continuity

o'+ 3(1+w)Hp = 0.



Perturbative equations
Newtonian gauge  ds® = a?(n)[(1 +2®)dn? — (1+20) 7 | drida’]

Einstein equations
(1+ fr){ — K*(® + ¥) — 3H(®' + U') + (3H — 6H?*)D — 31"V}

(0,0)
+ fR(—9HD + 3HV — 3V') = k*pa’s
(i) (1+ fr){®"+U" + 3H(®' + U') + 3H'® + (H' + 21H°) U}
1,1
+R(BHE — HT +38") + fR(30 —T) = Ix’*pa’s
(0,1) 1+ fR{® + T + H(®+ )} + fr(20 — V) = —k%pa®(1+ w)v

.. ngH 7 ! . ’ / .
(i,j) ®—V- 201+ fﬁ){gm +6(H +H*)D + 3H(P' + 3T') — k*($ — 20)} =0

The equations of continuity
(0) 3U/ (1 +w) — & +3H(w — c2)d + k*(1 +w)v = 0, d=93p/p

2

(i) D + 0 +v +Hov(l —3w) = 0. E;rf" = 5})/5,0

1+ w



Subhorizon approximation

Quasi-static approximation Small scale approximation
¢ ~Hop Y ~HY,d~HO H ~ H H<<k
Einstein equations
(1+ fr){ — k3D + U) — 3H(D' + V') + (3H — 6H*)D — 3H' U}

(0,0)
+ fR(—9H® + 3HV — 3V') = x*pa?s
(i) (1+ fr){P"+0" + 3H(®' + V') + 3H'® + (H' + 2H*) U}
1,1
+fR(B3HD — HU + 38") + fR(3® — V) = x’pa’s
(0,1) (1+ fr){® + U +H(® + )} + fL(20 — T) = —k>pa’(1 +w)v

2frr

(i,j) P-V- 201 ) (30" + 6(H' + H*)® + 3H(P' + 30') —k*(® — 20)} =0

The equations of continuity

(0) 30/ (1 4+ w) — & + 3?{2[11: — )5+ k(1 +w)v = 0, 5= 3p/p
(i) D + 1jfw5—|—1ﬂ'+?{w(1 —3w) = 0. 2 = 0p/dp




Subhorizon approximation

Quasi-static approximation Small scale approximation
¢ ~Ho ' ~HY, d ~HO H ~ H H<<k
Einstein equations
(L+ fr){ k(2 + 7). 1
(0,0)

+ fR(=9H® + 3HV — 3V') = k*pa’s

(14 fr){P"+U" + 3H (D' + V') + 3H'® + (H' + 2H*) T}

(1,1)
+[R(BHE — HT +30") + fE(30 — 1) = c2x°pa’s
(0,1) (1 + fR){q)r + ' + H(‘I’ —+ ‘I')} + f}g(z‘b — lIf) — —.&{.gpazil + w)q_,r
- 2frr , )
(19.]) b — W — a?(1_|_fH) { -k (@—2‘1’)} = (
The equations of continuity
(0) 30 (1 + w) —5’+3?{2(w—cf)5+k2[1+w)1: — 0, 5= 50/p
(1) b+ 1jfw5+v’+?{w(1—3w) = 0. 2 = 6p/dp




Approximations adequate to a case

(1+ fr{ = F(®+T) }
(0,0)
+ fR(—9H® + 3HV — 3V') = x*pa’s
2 i
(19.]) - ﬂg(lfiﬁfﬂ) { - ki(i’ — 2‘1}')} =31
The equations of continuity
(0) 3V (1 4+ w) — & 4+ 3H(w — 2)d + k*(1 + w)v = 0, 5= 8p/p
2
(i) O+ o0+ Ho(1 - Bw) = 0. 2 = §p/sp
frr|k/a® << 1 frr|k*/a” >> 1
(i) —* o=4 ¢=2y
H'|fre| << a’k’ .
0,0) —» k(1 + fr)(@ + W) = K°pa’d
W, Cs = 0

. "+ HY — H_H|_|_k2:
0),G) —*  OTHI-3Y-3HY+Ie=0



Quasi-static equation of O

frr|k?/a® << 1 frr|k/a® >> 1
3a%Q 2420
5.’!_|_?_£5.F_ m d = 10. 5”_|_?_£5f_ m 5:0‘
2(1+ /&) (1+ fr)
* Qm = K’p/(3a°H’)

Consistent with the equation in ACDM model:

5+255_§ﬂmﬂﬂaxo, H=a¥H

Note: There are several ways to derive the differential equation of matter
density perturbation when we use approximations. However,

some procedure deduce the wrong result caused by the cancellation
of leading terms.



Other solutions of 0

oon~H,H<<k ——» 0/0n~k, H<<k

(1+ fr){®"+0" +3H(® + ')+ 3H'® + (H +2H*) T}

(1,1)
L (3HS — HU +30) + 130 — U) = 2k%pa?d

HY|fre| <<’k w, ¢s =0

> b~ U
SfHH i 2
- ] ] E-W) = 0.
(1)) - + ﬂg(l n fR)( + )
|fRR|k2/a2 << ] frr|k/a® >> 1
Pp=0 U= " L0

(0), (1) =3 §" = 20" —» § =20 " 4+ 20, + Cyn + O,

There are also oscillating solutions, but the effective growth rate of d is not
determined.



Differential equation without approximations

A. de la Cruz-Dombriz, A. Dobado, and A. L. Maroto, Phys. Rev. D 77, 123515 (2008)
fre|k/a> >> 1
Jcr 2
R

o 2 /1.2 " 2 k
0 +’H(3+ (1+fH)+O(’H /k ))6 +H (H?+O(1))

k2 2k2k? pa?
— +0(1) )& —H* O(1) |6 =0,
o (’Hﬂ+ ()) " (3?{4(1+fﬂ)+ ()) |

oon~H, H<k g 13 15 9 q
— e + (— —wﬂﬂ) IN 1% fﬂﬂma = 0.
N=Ina(t) wes = —2H/(3H?*) — 1. H = a(t)/a(t)
o/on~k, H<<k
_>5(T?) o Cl(n)eikfdn e Cg(?}')e_ikfd”
—ermst. X e*ldn | const. x | otk [dn

I et Ta



Differential equation without approximations II

[/ R, [fr|k¥/a% << 1

o 12H?(—2 +H"/H3) frrR N 1 —H'/H?
ﬂzfﬂﬂ -2 + %H/HS

+x? {(1 +O(H? /X)) 8" +H (1 + O(H*/x*)) & +H* (

1 O(%E/XE)} %6”1

?{f /HH )
2?{2 CTE + O('Hg/xg)) [“} =0,

\/ a2 1 —"H'JH?
3 —2 - H"H3
olon ~H, H<<k, X Inr /

d25 1 3 ) H H)\.
— (- Cwg +(2—+—=5 |0=0.

X

dN?2 2 2 dN H? HS3
JH  H _ 30 fh R, 4
H?> H?3 201+ fr) H(+fr) H*(1+fr) 2H* 1+ fr)



Differential equation without approximations III

[/ R, [fr|k¥/a% << 1

o 12H?(—2 +H"/H3) frrR N 1 —H'/H?
ﬂzfﬂﬂ -2 + %H/HS

+x? {(1 +O(H? /X)) 8" +H (1 + O(H*/x*)) & +H* (

1 O(%E/XE)} %6”1
9?{ H

"2 s + O('Hg/xg)) 6} =0,

a1 —H'/H?
X = BfHR —2—|—H”/’H3.

o/on ~ X, H <<k, X

—_— 5[:.‘-,?) _ Clef fefdN+i [ xdn 4 Cge-'r festdN —i [ xdn

 5d ood 4 1 —H'JH?
Joit = —imlﬂbd — Elﬂm frrl — 2+ HH




Actual models of F(R) gravity

W. Hu and 1. Sawicki, Phys. Rev. D 76,064004 (2007).
c(R/m?)"

J(B) = —m co(R/m?)" + 1

A. A. Starobinsky, JTEP Lett. 86, 157 (2007).

f(R) = AR, ((1 + i—z)_n - 1)

E. V. Linder, Phys. Rev. D 80, 123528 (2009); G. Cognola, E. Elizalde, S. Nojiri,
S. D. Odintsov, and S. Zerbini, Phys. Rev. D 77, 046009 (2008).

f(R) = —cr(1—e /"),

The parameters in these models are tuned to be |fr| << 1 to satisfy local
gravity constraints, and |fre[k*/a* << 1 would be satisfied as a result of it.



Behaviors of the solutions

Quasi-static modes

dﬂa+ 1 3_w ds 2H+H* s
dN 2 )N T\ T

AT
H H 30, o " "

T 2+ fn) A+ fn) HE4 Tn) IR+ fa)

—> L 2H6 — ggmﬂﬂg ~ 0 Same as ACDM model's

Fast variational modes f=dIlnd/dN =1
5(17) = Cyel FrdN+i [xin 4 ol fondN—s fxan
5 d d 4 1 —H'JH?

Jer = —aﬁlﬂbd — ﬁlﬂm frr| — 2+ HHE

\/ a2 1—H|H? 1 — M JH2
X

3frr —2+H'[H 2+ HHD
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Best fit models to the Sloan Digital Sky Survey (SDSS) and the seven years data
of the Wilkinson Microwave Anisotropy Prove (WMAP7)

V. F. Cardone, 5. Camera, and A. Diaferio, [arXiv:1201.3272 [astro-ph.CO]]
AT 1
> a(R/m*)
co(R/m?)" + 1

n=153,ca=10"and 2= 10**, f(R)=-m
R2\ "
n=134,A=10""and Rx/Ro=10"7, f(R) = ARg (1 + R—%) —1
f(R) = —cr(1—e f/7),
» frRr<()

o o - a2 1 —"H'/H?
5(}}1) — Cleffeffdﬁ' +i [ xdn + Cgeffeffdﬁ"_lfxdﬂ_ X = ngR 924 HH/’?{S'

The growth rate of the matter density perturbation, f = dInd/dN =X/ 2 , is
too large compared to the observed value.



Summary

 Cosmological perturbations in F(R) gravity have been considered.

Not only quasi-static modes of the matter density perturbation but
also fast variational modes of that should be considered.

Models thought of viable ones have an instability when we fit the
background evolution to that of ACDM model.

 Exponential type model is completely rejected.
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