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Abstract, Outline

For the Poincaré gauge theory of gravity (PG, aka PGT)
two good dynamical torsion modes with spin O have been found.

An effective Lagrangian analysis of cosmological models
reveals some of the dynamical possibilities
Including damped oscillations in the expansion rate.
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e Summary
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GEOMETRY:
connection, torsion, curvature, metric

A connection determines
the covariant derivative V,, and parallel transport.

From a connection 2 tensor fields can be constructed,
curvature and torsion:

V., V,VY =R, V-1,V V
v Bu pv VvV oy

Physical spacetime has also a metric g,,. It determines the causal
structure, the magnitude of vectors, angles, path length and a relation
between tangent vectors and covectors (one-forms).

Consider Riemann-Cartan geometry:
metric compatible connection V,,g,3 = 0.
l.e., lengths and angles are preserved under parallel transport.
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local gauge theories

e All the known physical interactions can be formulated in a common
framework as local gauge theories:

e However the standard theory of gravity, Einstein’s GR, based on the
spacetime metric, Is a rather unnatural gauge theory

e Physically (and geometrically) it is reasonable to consider gravity as a
gauge theory of the local Poincaré symmetry of Minkowski spacetime

e There is a perfect correspondence between the natural geometric
symmetries of Riemann-Cartan geometry and local Poincaré gauge
symmetries.
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The Poincar € gauge theory of gravity (PG)

[Hehl '80, Hayashi & Shirafuji '80],
the local gauge potentials are, for translations, the orthonormal co-frame,
(which determines the metric):

9 = e%;dzt — Gij = eaieﬁjn(w, Nap = diag(—1. +1,+1,+1),
and, for Lorentz/rotations, the metric-compatible (Lorentz) connection
(one-form):

Faﬁidﬂﬁi — F[aﬁ]idibi.
The associated field strengths are the torsion and curvature (2-forms):
1
T :=Dy%:= d9*+T% A" = ST " A,
1
R = DI = AT + T, AT = QRO‘B a0 A9,
which satisfy the respective Bianchi identities:

DT* = R*s A9’  DR% =0.

Dark 121230 5/36



General PG Lagrangian

The general quadratic PG Lagrangian density has the form
(see [Baekler, Hehl & Nester PRD 2011, Baekler & Hehl CQG 2011])

LW, ~ k1 {A + scalar curvature + pseudoscalar curvature -+ torsion”(3 + 2)}

+o~ ! [curvature®(6 + 4)] .

where A = cosmological constant, x = 87G/c*, p~! has the dimensions of action.
The general theory has 11 scalar parameters and 7 pseudoscalar parameters.

There are 3 total derivative “topological terms”
(one scalar and two pseudoscalar),

which effectively reduce the number of physical parameters to to 10 scalar and 5
pseudoscalar.

Note: There is no fundamental reason to expect gravity to be parity invariant so
no fundamental reason to exclude odd parity coupling terms
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field equations

Gravitational field egns are 2nd order egns for the gauge potentials:

o, A+ apG,' + DT + T? + R* = energy-momentum density
oT8 T + DR = source spin density.

Bianchi identities —
conservation of source energy-momentum & angular momentum.
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good dynamic modes

early studies did not seriously consider pseudoscalar parameters.

e Investigations of the linearized theory identified six possible dynamic
connection modes carrying spin-2+, 1=, 0.
[Hayashi & Shirafuji 1980, Sezgin & van Nuivenhuizen 1980, ...]

e A good dynamic mode transports positive energy at speed < c.
At most three modes can be simultaneously dynamic;
all the cases were tabulated,;
many combinations are satisfactory to linear order.

e A Hamiltonian analysis revealed the related constraints
[Blagojevic & Nicoli¢, 1983].

e Then detailed investigations
[Hecht, N & Zhytnikov 1996, Chen, N & Yo 1998, Yo & N 1999, 2002]
concluded that effects due to nonlinearities could be expected to
render all of these cases physically unacceptable—
except for the two “scalar modes”: spin-0™ and spin-0~.
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exploring the dynamics

In order to explore the dynamics of these two scalar modes at NCU we
considered cosmological models.

The 0T mode was considered first:
[Yo & N, Mod Phys Lett A, 2007], [Shie, N & Yo PRD 2008]

The model was extended to also include the 0~ mode
[Chen et al JCAP 2009]

Those investigations did not consider any pseudoscalar parameter terms.
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BHN Lagrangian

e Now, the model has been extended to include parity violating terms
[Baekler Hehl & N PRD 2011].

e The Lagrangian of the BHN model is

3
1 1 (n)
L[Y,T] = - [—ZA +aoR - 5 d anT? +boX + SJQTMP’“‘]

R n=1
I |we 9 w3 9o /U3
— | —R —X —RX
+2Q [12 + 12 + 12 ’

where R & X = 6Ry;93) are the scalar & pseudoscalar curvatures,
T, =T%,,, P, = 3€,,°PT" .5 are the torsion trace & axial vectors and
by & oo & g are the odd parity coupling constants.

There is one odd parity topological identity (Nieh-Yan)

A0 ANTy) = T ATy — 9% A Rog A 9P
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Cosmological models

e Earlier PGT cosmology: Minkevich [e.g., 1980, 1983, 1995, 2007] and
Goenner & Muller-Hoissen [1984];
recent. Shie, N & Yo [2008], Wang & Wu [2009], Chen et al [2009], Li,
Sun & Xi [2009ab], Ao, Li & Xi [2010], Baekler, Hehl & N [2011], Ao &
Li [2012], Ho & N [2011, 2012], Tseng, Lee & Geng [2012].

e manifestly homogeneous & isotropic models: Bianchi | & IX
manifestly isotropic orthonormal coframe:

W0 = dt, 9 .= ac”,

where a = a(t) is the scale factor and o’ depends on the (never
needed) spatial coordinates in such a way that

do' = (€' jp07 N o”,

where ¢ = 0 for Bianchi | (equivalent to FLRW k£ = 0, which appears to
describe our physical universe) and ¢ = 1 for Bianchi IX (FLRW
k = +1), thus ¢? = k, the curvature parameter.
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e isotropy = non-vanishing connection one-form coefficients
[% = (t) 0% T% = x(t)e%s 0,
— nonvanishing curvature components:

RaObO _ a—lwcsba’ Raboc _ a—lxeaba

Raobc — 2a_2¢(>< — C)eabm Rabcd — a_2(¢2 — X2 T ZXC)nggIl)

— scalar and pseudoscalar curvatures:

R = 6[a_1¢—|—a_2(¢2—[X_C]2‘|‘C2)]v
X = 6la " x+2a *p(x — Q).

Dark 121230

12 /36



Isotropy = nonvanishing torsion tensor components
T = u(t)(Sba, T%. = —2x(t)€e"pe.
they depend on the gauge variables:

u=a(a—v), w=a " (x-)

Isotropy = energy-momentum tensor has the perfect fluid form with
an energy density and pressure: p, p.

0 When p = 0, the gravitating material behaves like dust with
pa® = constant.

Isotropy = most of the source spin density components vanish. We
assume they all vanish (reasonable except in the very early universe).
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effective Lagrangian, egns

e The dynamical equations for the homogeneous cosmology can be
obtained by imposing the Bianchi symmetry on the field equations
found by BHN from the BHN Lagrangian density

e These same dynamical equations can be obtained directly from a
classical mechanics type effective Lagrangian, which in this case can
be simply obtained by restricting the BHN Lagrangian density to the
Bianchi symmetry.

e This procedure is known to be successful for all Bianchi class A
models in GR, and it is conjectured to also be true for the PG theory.
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e The effective Lagrangian L.z = Lg + Lint Includes the interaction

Lagrangian: ;
Ling = pa®, p = p(t) pressure,
and the gravitational Lagrangian:
3 b 3
Lo = e —A + @R 1+ Ox - Zasu® 4 6asz? + 60sux
K 2 2 2
a’ We w3 3
——R*4+ —2X* - “RX
L [ 24 o 24 ]
with ay <0, ws <0, w3>0, —4da:=4dwswg+ p?> <0

signs necessary for least action/positive kinetic energy
e In the following we often take for simplicity units such that k = 1 = p.

e For convenience we introduce the modified parameters as, ag, o9 With

the definitions

_ _ 1 -
ag — CL2—26L0, as :— as — 5&0, O9 (— O'Q—l—b().
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Energy function

e The energy function obtained from L is an effective energy; Gy, the
“Hamiltonian constraint” with magnitude —a?p:

3
E = a3{2&2u2 — 3agH? — 6asx® — 3asuH + A
CQ
+669x(H — u) — 3a0?
we | 2 2 ) CQ
~ SR _12R{(H —u)? — el
o4 _R R{( u) T +a2}]
ot X2+ 24X (H — u)
pa | ¢
~94 RX—GX{(H—U)2 —z? + —2} +12R:13(H—u)] :
a

time independent Lagrangian — work-energy relation:

3 3
dpa”) _ 997 e 0 = A late-time field fall-off a3/

dt dt
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The Dynamical Equations

e 2nd order Lagrange eqns for 1), x and a:

d 0L d /s, W 13 dL¢
@gre @ _Sp_Bxl)=Z=¢
dt oy dt (a” [3ac 2 17 /) 0y

= 3(asu — 202:13)a2 -+ [Gao — weR — %X} a)

+ |6bo - %R+ng} alx — 0, — R X.

d 0L d / 13 w3 dL¢
292G O (a2 8hy - BR4 Bx|) = €
di 0 7 (@ [3b — PR+ 2 ]) dx

=  —6(2a3x + oou)a” — [6@0 — wgR — %X} a(x — ()

+ {61)0 _ %R + ng} arh, — R, X.
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d(‘)LG B d 2 _aLG 6)Lint

i oa = a0 8leu—2ma]) = 5k 4
_ —17 (4 W6 , H3 2 2 [ 12 2
= 3a 'L (2 12R 24X)[aR+6(¢ x — ¢+ ¢7)]

bo w3 3
_ (E + EX — ﬂR) [@® X + 12¢(x — ()]

+3a*(asu — 209x)u — 6a*[2a3x + ooulx + 3pa?, = 1, .

e First order eqns from:

a = aH Hubble relation
X
T = —H:c—E—Zx(H—u),
: R 2
H—u = E—H(H—u)—(H—u)ZJr:cQ—C—Q.
a
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First order equations with parity coupling

a = aH,
. 1 o — 4a 2
H = —(a9R—25.X)—2H? + 22 a3x2—<—2
6a- az a
-3 4A
Llp=3p)  4A
3&2 3&2
: 1 ~ o daz o
v = ——(agR+062X)—-3Hu+u*— —x
3as a
-3 4A
L(p=3p), 4n
3&2 3&2
X
T = —E—(SH—Zu)az,
~PR-X = 36+ weR+ 2 X|ut |66+ DR —wyX|a
_%RJF%X _ _—6&2+%R—w3X}u—{12&3—|—w6R—|—%X}x

For our numerical evolution we consider only p = 0, dust.
Note obvious special constant curvature solutions.
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Isotropic Bianchi V

Isotropic Bianchi V is equivalent to the FLRW k£ = —1 model.

It is a class B model; the effective Lagrangian method is not expected to
succeed. Let us try it and see what happens.

Following the above approach with suitably modifications:

Type V coframe
W0 = dt, V¢ = ao?,

where a = a(t) is the scale factor and o7 depends on the (never needed)
spatial coordinates in such a way that

dot = o1 A ot
connection one-form components
Tlabl . — (Xeabc — 52{))06, ['% := 1o?,

where x = x(t), ¢ = $(t)
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torsion
T =0, T = [6 — ]dt A 0% — axepeo® A o€, (2-form)

T = udd = a o — ]6%, T%. = —2x%. = —2a" L xe%,.,

(frame components)
w=a tla— ], r=a ty. (torsion scalar and pseudoscalar)

Note that = '¢ = H — u, where H = o~ 'a is the Hubble function.
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curvature components

R%. = a 'xe™.,

RO, = a2y — % 1],
R = a '4dy,

R = 2a "y

scalar curvature
R =6l +a?(¢? = x* = 1)].
pseudoscalar curvature

X = 6[a "y + 2a %]
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Isotropic Bianchi V energy function &
dynamical equations

The results obtained from the detailed calculations using the above

effective Lagrangian are similar to those found for the Bianchi I,IX
expressions:

One need merely make the simple replacements y — ¢ — v, (? =k — —1.

The final equations completely agree with the BHN FLRW k£ = —1 case.
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Hamiltonian formulation

From the effective Lagrangian we have also found a Hamiltonian
formulation for the manifestly homogeneous-isotropic Bianchi I,V,IX

models.

This is the most powerful formulation for analytical investigations.
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Constant Curvature: a special subclass

From the 6 linear equations, for R = X = 0, = ay = 4ds:

3, 5 3 By 5
R = —(w3a2 — IU30'2) and X = _(@CLQ -+ 2’(1}60'2).
Q a2
In this case the 6 equations reduce to the 4 dynamical equations:
a = aH,
- ¢>  (p=3p) 4N 1 .
H = —-2H*- Ry — 262X
a? i 3as + 3as + 6as (G280 = 202X0),
-3 4\ 1
@ = —3Hu+u®—2%+ (P~ 3p) - — —(apRo + 52X0),
3&2 3&2 3&2
X
T = . (3H — 2u)x,
along with the energy with constant curvatures Ry, and Xj:
Jws , _ (4302 35% 3 k
E=_ 3 — 3|59 o 2 et }]2 v A
P8, (@ w3 )"+ S8ws 2a2( + a2) A

To have a positive p (with vanishing A, ¢) we tried evolution with some
“unphysical” parameter values; it is unstable.
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The (black) solid lines represent the result of R(t = 0) = Ry, X (t = 0) = X the

(blue) dashed lines represent the result of R(t = 1) = Ry — 10~%, and the (red)

dot-dashed lines represent the result of R(t = 1) = Ry + 10~% while all the other
initial choices are fixed.
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Linearized first order equations

a=aH,
: 1
3&2[‘[ = §C~7,QR — 5‘2X,

3&22./, = —CL()R — 5‘2X,

X
T =——,
6
—%R _ %X — 3dou — 669,
—%R n %X — —669u — 12asz,

the associated “energy”

3
E = a3{§~2u2 — 3agH? — 6asx® — 3uHas

6502 (H — u) — %RQ + %)@ - %RX}.
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normal modes
The variable combination

~

a2 -
2= agH + ?u — 09,

to linear order is constant. It describes a zero frequency normal mode.

Two pairs of equations have a neat matrix form:

R U U R
(1)) (5)-(5)
which combine to give a 2nd order system:
R R
o(x)-=(x)

The matrices T, V turn out to be symmetric, so a standard technique gives
2 orthogonal normal modes and their eigenfrequencies.
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Late time asymptotical expansion

e At late times the scale factor a is large. For A = 0 the quadratic terms
will dominate, then H, u, z, R, and X should have a a—3/2 fall off. Let

H=Ha3? u=ua"3? z=2a"3? R=Ra3? X =Xa3?

dropping higher order terms, gives 6 linear equations with odd parity

coupling: |
a=a Y2H, H=—[aR — 26:X],
s 2= g, et X
X 1
i:_?7 g:_%[GOE_'_&QKL
. 6 . ) ) .
R = o [(wsag — p3o2)u — 2(wsoe + psas)x|,
. 6 ) . . )
X = a[(2’w602 + §M3CL2)Q + (dwgas — ps3o2)x],

plus the energy constraint

3a 3 w w [
3 2 2 2 ~ ~ 2 3 2 6 2 3
_ = 2 (H—u)—Za,H*+6 H—u)—6 +—X"——R"———RX.
a’Kkp 5 (H—u) 502 gox(H —u)—6asx o4 A "oy
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Linear late time evolution
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Time/T,
Hubble function H, “constant mode” z, scalar curvature R, pseudoscalar

curvature X, scalar torsion u and pseudoscalar torsion, . The blue (solid) lines
represent the rescaled late time evolution and the red (dashed) lines represent

the linear approximation evolution.
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The effect of odd coupling parameters:

000 %

R R R RS R SR O 10 Ts 200 25 30

TIME/T, TIME/T,

The effect of the cross coupling odd parity parameters o, and u3 (i). The red
(dashed) line represents the evolution with the parameter o, activated. The blue

(doted) line represents the evolution including both pseudoscalar parameters o5
and ps3.
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Typical time evolution:
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Figure 1: Full evolution of a, H, a, p, w and x, R, X for Case I.
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supernova distance modulus  p vs redshift =z

45t
———— Casel
_ ———— Case 11
40/ o
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z
Figure 2:
Supernovae data (brown) circles. Standard ACDM model (€2,, = 0.3,
Qx = 0.7) bold solid line. Scalar models I, Il, and Ill: red dashed line, the

green dot-dashed line, and the blue dotted line. Inset, the models and
data relative to an empty universe model (€2 = 0).
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Summary and concluding remarks

e We considered the dynamics of the BHN model in the context of
manifestly homogeneous and isotropic Bianchi I, V & IX cosmologies.

e The BHN cosmological system of ODEs resemble those of a particle
with 3 degrees of freedom. Putting the homogeneous & isotropic
Bianchi I, V and IX symmetry into the BHN PG theory Lagrangian
density leads to an effective Lagrangian which directly gives the
evolution equations. We also obtained the associated Hamilton
equations.

e Imposing symmetries and variations do not commute in general. For
GR they commute for all Bianchi class A models. Here, for the BHN
PG model we found that they commute for the class A isotropic
Bianchi | and IX, (= FLRW k£ = 0 and k£ = +1) models and,
surprisingly, also for the class B isotropic Bianchi V Model (FLRW
k= —1).
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e The system of first order equations obtained from an effective
Lagrangian was linearized, the normal modes were identified, and it
was shown analytically how they control the late time asymptotics.

e numerical evolution examples show that the late time linear mode
approximation is good,

e Inthese models, at late times the acceleration oscillates. It can be
positive at the present time.

e The scalar and pseudoscalar torsion modes do not directly couple to
any known form of matter,

e the scalar mode does couple directly to the Hubble expansion, and
thus it can directly influence the acceleration of the universe.
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