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Cosmological principle:  

    Our universe is homogeneous and isotropic in large scales. 

    →  

Einstein field equation: 

Friedmann equation 

ΛCDM

Standard Cosmology:

ds

2 = gµ⌫dx
µ
dx

⌫ = �dt

2 + a

2(t)d~x2
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Rµ⌫ � 1

2
gµ⌫R� ⇤gµ⌫ = 8⇡GTµ⌫
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H2 =

✓
ȧ

a

◆2

=
8⇡G

3
(⇢m + ⇢r + ⇢DE)
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Expansion of the universe:

• In 1917, Einstein proposed a static 
universe by adding cosmological  
constant in the Einstein field equation. 

• In 1920,  Friedmann presented the 
Friedmann equation to show the 
possibility that the universe can 
expand. 

• The expanding universe was shown 
with the observational data (galaxies) 
by Lemaitre (1927) and Hubble (1929).                                        (Edwin Hubble) 
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• Fact:  The universe is accelerated expanding. 

• Evidence:   

     Supernovae Observation (1998) 

    Paper: “Observational Evidence from  
    Supernovae for an Accelerating Universe  
    and a  Cosmological Constant”    
     ~(The Nobel Prize in Physics 2011 ) 

• Acceleration Equation: 

                                         

6

Dark Energy:

( )4 3 0,
3

3 0,
1  (negative pressure ).
3 3

a G P
a

P

w P

π
ρ

ρ

ρ

= − + >

+ <

⇒ < − < −

!!

ä

a
= �4⇡G

3
(⇢+ 3P ) > 0
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ρDE =
Λ
8πG

= 10−47GeV 4

• Problems:  

A. Why is the cosmological constant so small if 
compared with the vacuum energy 

B. Coincidence problem?  
 
The density parameters of  dark matter and dark 
energy are compatible at the current stage.

Cosmological Constant:

ρvac =
1
2

d 3k
(2π )3

k2 +m2

0

∞

∫ = 1
4π 2 dkk2 k2 +m2 ≈ kmax

4

16π 20

kmax∫ = 1074GeV 4



Introduction NCTS Dark Physics Workshop   / 398

Modified gravity
Modified Gravity

Name Time Authors

f(R) gravity 1969 Ruzmaǐkina, T. V.   
Ruzmaǐkin, A. A.

Scalar-tensor 
theories 1955 Pascual Jordan

Gauss-Bonnet 
gravity 2005

S. Nojiri,  
S. D. Odintsov, 

M. Sasaki
⋮

Alternative approaches:

Rµ⌫ � 1

2
gµ⌫R = 8⇡GTµ⌫
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Modified Matter

Name Time Authors

Quintessence 1998
R. R. Caldwell, 

R. Dave,  
P. J. Steinhardt

k-essence 2000
T. Chiba,  
T. Okabe,  

M. Yamaguchi

Phantom 2002 R. R. Caldwell

⋮
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What is f(R) gravity?

S =

Z
d

4
x

p
�g

22
f(R) + SM ,

<latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="1rre3RGcS+bBE+MgWC6v/MKsqyw="></latexit><latexit sha1_base64="1rre3RGcS+bBE+MgWC6v/MKsqyw="></latexit><latexit sha1_base64="gvUtIZsiE+JloGrnISljoDbcaRk="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit><latexit sha1_base64="IBCAIMj1q438AdrmNQF9FFIZ7R8="></latexit>

S =

Z
d

4
x

p
�g
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(R� 2⇤) + SM !
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g : the determinant of the metric tensor gµ⌫
<latexit sha1_base64="ApjWJ5CHzb6ZAbs4ujuflWeTiLQ=">AAACInicbVC7TgJBFJ31ifhCLW0mgokV2bXxURFtLDERNQFCZoe7MGEem5m7JmTDt9j4KzYWGrUy8WMckELFW52cc2/uOSdOpXAYhh/B3PzC4tJyYaW4ura+sVna2r52JrMcGtxIY29j5kAKDQ0UKOE2tcBULOEmHpyP9Zs7sE4YfYXDFNqK9bRIBGfoqU7ppNKr0FOKfaBdQLBKaKaRmmRCKUArOEXQzlha6XXylspaOhtVisVOqRxWw8nQWRBNQZlMp94pvbW6hmcKNHLJnGtGYYrtnFkUXMKo2MocpIwPWA+aHmqmwLXzScQR3fdMlybeRWK8vwn78yJnyrmhiv2mYth3f7Ux+Z/WzDA5budCp5lPyb8fJZmkaOi4L9oVFjjKoQeMW+G9Ut5nlnFflhuXEP2NPAuuD6tRWI0uD8u1s2kdBbJL9sgBicgRqZELUicNwsk9eSTP5CV4CJ6C1+D9e3UumN7skF8TfH4BkTiidA==</latexit><latexit sha1_base64="ApjWJ5CHzb6ZAbs4ujuflWeTiLQ=">AAACInicbVC7TgJBFJ31ifhCLW0mgokV2bXxURFtLDERNQFCZoe7MGEem5m7JmTDt9j4KzYWGrUy8WMckELFW52cc2/uOSdOpXAYhh/B3PzC4tJyYaW4ura+sVna2r52JrMcGtxIY29j5kAKDQ0UKOE2tcBULOEmHpyP9Zs7sE4YfYXDFNqK9bRIBGfoqU7ppNKr0FOKfaBdQLBKaKaRmmRCKUArOEXQzlha6XXylspaOhtVisVOqRxWw8nQWRBNQZlMp94pvbW6hmcKNHLJnGtGYYrtnFkUXMKo2MocpIwPWA+aHmqmwLXzScQR3fdMlybeRWK8vwn78yJnyrmhiv2mYth3f7Ux+Z/WzDA5budCp5lPyb8fJZmkaOi4L9oVFjjKoQeMW+G9Ut5nlnFflhuXEP2NPAuuD6tRWI0uD8u1s2kdBbJL9sgBicgRqZELUicNwsk9eSTP5CV4CJ6C1+D9e3UumN7skF8TfH4BkTiidA==</latexit><latexit sha1_base64="ApjWJ5CHzb6ZAbs4ujuflWeTiLQ=">AAACInicbVC7TgJBFJ31ifhCLW0mgokV2bXxURFtLDERNQFCZoe7MGEem5m7JmTDt9j4KzYWGrUy8WMckELFW52cc2/uOSdOpXAYhh/B3PzC4tJyYaW4ura+sVna2r52JrMcGtxIY29j5kAKDQ0UKOE2tcBULOEmHpyP9Zs7sE4YfYXDFNqK9bRIBGfoqU7ppNKr0FOKfaBdQLBKaKaRmmRCKUArOEXQzlha6XXylspaOhtVisVOqRxWw8nQWRBNQZlMp94pvbW6hmcKNHLJnGtGYYrtnFkUXMKo2MocpIwPWA+aHmqmwLXzScQR3fdMlybeRWK8vwn78yJnyrmhiv2mYth3f7Ux+Z/WzDA5budCp5lPyb8fJZmkaOi4L9oVFjjKoQeMW+G9Ut5nlnFflhuXEP2NPAuuD6tRWI0uD8u1s2kdBbJL9sgBicgRqZELUicNwsk9eSTP5CV4CJ6C1+D9e3UumN7skF8TfH4BkTiidA==</latexit><latexit sha1_base64="ApjWJ5CHzb6ZAbs4ujuflWeTiLQ=">AAACInicbVC7TgJBFJ31ifhCLW0mgokV2bXxURFtLDERNQFCZoe7MGEem5m7JmTDt9j4KzYWGrUy8WMckELFW52cc2/uOSdOpXAYhh/B3PzC4tJyYaW4ura+sVna2r52JrMcGtxIY29j5kAKDQ0UKOE2tcBULOEmHpyP9Zs7sE4YfYXDFNqK9bRIBGfoqU7ppNKr0FOKfaBdQLBKaKaRmmRCKUArOEXQzlha6XXylspaOhtVisVOqRxWw8nQWRBNQZlMp94pvbW6hmcKNHLJnGtGYYrtnFkUXMKo2MocpIwPWA+aHmqmwLXzScQR3fdMlybeRWK8vwn78yJnyrmhiv2mYth3f7Ux+Z/WzDA5budCp5lPyb8fJZmkaOi4L9oVFjjKoQeMW+G9Ut5nlnFflhuXEP2NPAuuD6tRWI0uD8u1s2kdBbJL9sgBicgRqZELUicNwsk9eSTP5CV4CJ6C1+D9e3UumN7skF8TfH4BkTiidA==</latexit>

f(R) : an arbitrary function of the Ricci scalar R
<latexit sha1_base64="daXo0Rn4m5r3d31V6Y8HjUeoDxA=">AAACIXicbVDLSgNBEJz1GeMr6tFLYyLoJezmongSvXjUYFSIIfR2Zs3g7Owy0yuEkF/x4q948aCIN/Fn3I05+CoYKKqq6ekKU60c+/67NzU9Mzs3X1ooLy4tr6xW1tYvXJJZki1KdGKvQnRSKyNbrFjLq9RKjEMtL8Pb48K/vJPWqcSc8yCVnRhvjIoUIedSt7Jfi3aauzU4ADSANlRs0Q4gygwVAUgi4L6EpiJS4Ag1Wqg1a+Vyt1L16/4Y8JcEE1IVE5x2K2/XvYSyWBomjc61Az/lzhAtK9JyVL7OnEyRbvFGtnNqMJauMxxfOILtXOlBlNj8GYax+n1iiLFzgzjMkzFy3/32CvE/r51xtN8ZKpNmLA19LYoyDZxAURf0lJXEepATJKvyvwL10SJxXmpRQvD75L/kolEP/Hpw1qgeHk3qKIlNsSV2RCD2xKE4EaeiJUjci0fxLF68B+/Je/XevqJT3mRmQ/yA9/EJmf+grQ==</latexit><latexit sha1_base64="daXo0Rn4m5r3d31V6Y8HjUeoDxA=">AAACIXicbVDLSgNBEJz1GeMr6tFLYyLoJezmongSvXjUYFSIIfR2Zs3g7Owy0yuEkF/x4q948aCIN/Fn3I05+CoYKKqq6ekKU60c+/67NzU9Mzs3X1ooLy4tr6xW1tYvXJJZki1KdGKvQnRSKyNbrFjLq9RKjEMtL8Pb48K/vJPWqcSc8yCVnRhvjIoUIedSt7Jfi3aauzU4ADSANlRs0Q4gygwVAUgi4L6EpiJS4Ag1Wqg1a+Vyt1L16/4Y8JcEE1IVE5x2K2/XvYSyWBomjc61Az/lzhAtK9JyVL7OnEyRbvFGtnNqMJauMxxfOILtXOlBlNj8GYax+n1iiLFzgzjMkzFy3/32CvE/r51xtN8ZKpNmLA19LYoyDZxAURf0lJXEepATJKvyvwL10SJxXmpRQvD75L/kolEP/Hpw1qgeHk3qKIlNsSV2RCD2xKE4EaeiJUjci0fxLF68B+/Je/XevqJT3mRmQ/yA9/EJmf+grQ==</latexit><latexit sha1_base64="daXo0Rn4m5r3d31V6Y8HjUeoDxA=">AAACIXicbVDLSgNBEJz1GeMr6tFLYyLoJezmongSvXjUYFSIIfR2Zs3g7Owy0yuEkF/x4q948aCIN/Fn3I05+CoYKKqq6ekKU60c+/67NzU9Mzs3X1ooLy4tr6xW1tYvXJJZki1KdGKvQnRSKyNbrFjLq9RKjEMtL8Pb48K/vJPWqcSc8yCVnRhvjIoUIedSt7Jfi3aauzU4ADSANlRs0Q4gygwVAUgi4L6EpiJS4Ag1Wqg1a+Vyt1L16/4Y8JcEE1IVE5x2K2/XvYSyWBomjc61Az/lzhAtK9JyVL7OnEyRbvFGtnNqMJauMxxfOILtXOlBlNj8GYax+n1iiLFzgzjMkzFy3/32CvE/r51xtN8ZKpNmLA19LYoyDZxAURf0lJXEepATJKvyvwL10SJxXmpRQvD75L/kolEP/Hpw1qgeHk3qKIlNsSV2RCD2xKE4EaeiJUjci0fxLF68B+/Je/XevqJT3mRmQ/yA9/EJmf+grQ==</latexit><latexit sha1_base64="daXo0Rn4m5r3d31V6Y8HjUeoDxA=">AAACIXicbVDLSgNBEJz1GeMr6tFLYyLoJezmongSvXjUYFSIIfR2Zs3g7Owy0yuEkF/x4q948aCIN/Fn3I05+CoYKKqq6ekKU60c+/67NzU9Mzs3X1ooLy4tr6xW1tYvXJJZki1KdGKvQnRSKyNbrFjLq9RKjEMtL8Pb48K/vJPWqcSc8yCVnRhvjIoUIedSt7Jfi3aauzU4ADSANlRs0Q4gygwVAUgi4L6EpiJS4Ag1Wqg1a+Vyt1L16/4Y8JcEE1IVE5x2K2/XvYSyWBomjc61Az/lzhAtK9JyVL7OnEyRbvFGtnNqMJauMxxfOILtXOlBlNj8GYax+n1iiLFzgzjMkzFy3/32CvE/r51xtN8ZKpNmLA19LYoyDZxAURf0lJXEepATJKvyvwL10SJxXmpRQvD75L/kolEP/Hpw1qgeHk3qKIlNsSV2RCD2xKE4EaeiJUjci0fxLF68B+/Je/XevqJT3mRmQ/yA9/EJmf+grQ==</latexit>

SM : the action of the matter

<latexit sha1_base64="0i+c7R6y3qGzJxguNBE5z523ZTY=">AAACDXicbVC7TsMwFHXKq4RXgJHFokViqpIuIKYKFhakIuhDaqPKcW9aq85DtoNURf0BFn6FhQGEWNnZ+BucNAO0HMnS8Tn36t57vJgzqWz72yitrK6tb5Q3za3tnd09a/+gLaNEUGjRiEei6xEJnIXQUkxx6MYCSOBx6HiTq8zvPICQLArv1TQGNyCjkPmMEqWlgVWt3g3Sm1kVX2A1BkxoJuPIz38BUQqEaQ6sil2zc+Bl4hSkggo0B9ZXfxjRJIBQUU6k7Dl2rNyUCMUoh5nZTyTEhE7ICHqahiQA6ab5NTN8opUh9iOhX6hwrv7uSEkg5TTwdKVecCwXvUz8z+slyj93UxbGiYKQzgf5Cccqwlk0eMgEUMWnmhAqmN4V0zEROhMdYBaCs3jyMmnXa45dc27rlcZlEUcZHaFjdIocdIYa6Bo1UQtR9Iie0St6M56MF+Pd+JiXloyi5xD9gfH5AztrmcA=</latexit><latexit sha1_base64="0i+c7R6y3qGzJxguNBE5z523ZTY=">AAACDXicbVC7TsMwFHXKq4RXgJHFokViqpIuIKYKFhakIuhDaqPKcW9aq85DtoNURf0BFn6FhQGEWNnZ+BucNAO0HMnS8Tn36t57vJgzqWz72yitrK6tb5Q3za3tnd09a/+gLaNEUGjRiEei6xEJnIXQUkxx6MYCSOBx6HiTq8zvPICQLArv1TQGNyCjkPmMEqWlgVWt3g3Sm1kVX2A1BkxoJuPIz38BUQqEaQ6sil2zc+Bl4hSkggo0B9ZXfxjRJIBQUU6k7Dl2rNyUCMUoh5nZTyTEhE7ICHqahiQA6ab5NTN8opUh9iOhX6hwrv7uSEkg5TTwdKVecCwXvUz8z+slyj93UxbGiYKQzgf5Cccqwlk0eMgEUMWnmhAqmN4V0zEROhMdYBaCs3jyMmnXa45dc27rlcZlEUcZHaFjdIocdIYa6Bo1UQtR9Iie0St6M56MF+Pd+JiXloyi5xD9gfH5AztrmcA=</latexit><latexit sha1_base64="0i+c7R6y3qGzJxguNBE5z523ZTY=">AAACDXicbVC7TsMwFHXKq4RXgJHFokViqpIuIKYKFhakIuhDaqPKcW9aq85DtoNURf0BFn6FhQGEWNnZ+BucNAO0HMnS8Tn36t57vJgzqWz72yitrK6tb5Q3za3tnd09a/+gLaNEUGjRiEei6xEJnIXQUkxx6MYCSOBx6HiTq8zvPICQLArv1TQGNyCjkPmMEqWlgVWt3g3Sm1kVX2A1BkxoJuPIz38BUQqEaQ6sil2zc+Bl4hSkggo0B9ZXfxjRJIBQUU6k7Dl2rNyUCMUoh5nZTyTEhE7ICHqahiQA6ab5NTN8opUh9iOhX6hwrv7uSEkg5TTwdKVecCwXvUz8z+slyj93UxbGiYKQzgf5Cccqwlk0eMgEUMWnmhAqmN4V0zEROhMdYBaCs3jyMmnXa45dc27rlcZlEUcZHaFjdIocdIYa6Bo1UQtR9Iie0St6M56MF+Pd+JiXloyi5xD9gfH5AztrmcA=</latexit><latexit sha1_base64="0i+c7R6y3qGzJxguNBE5z523ZTY=">AAACDXicbVC7TsMwFHXKq4RXgJHFokViqpIuIKYKFhakIuhDaqPKcW9aq85DtoNURf0BFn6FhQGEWNnZ+BucNAO0HMnS8Tn36t57vJgzqWz72yitrK6tb5Q3za3tnd09a/+gLaNEUGjRiEei6xEJnIXQUkxx6MYCSOBx6HiTq8zvPICQLArv1TQGNyCjkPmMEqWlgVWt3g3Sm1kVX2A1BkxoJuPIz38BUQqEaQ6sil2zc+Bl4hSkggo0B9ZXfxjRJIBQUU6k7Dl2rNyUCMUoh5nZTyTEhE7ICHqahiQA6ab5NTN8opUh9iOhX6hwrv7uSEkg5TTwdKVecCwXvUz8z+slyj93UxbGiYKQzgf5Cccqwlk0eMgEUMWnmhAqmN4V0zEROhMdYBaCs3jyMmnXa45dc27rlcZlEUcZHaFjdIocdIYa6Bo1UQtR9Iie0St6M56MF+Pd+JiXloyi5xD9gfH5AztrmcA=</latexit>

Viable f(R) gravity model:

The model of the f(R) gravity, which satisfies the viable 
f(R) conditions, could avoid some unphysical phenomena 
and instability perturbation happening. (Next page)
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Viable f(R) conditions

• A positive effective gravitational coupling, leading to  
    

• The steady cosmological perturbations causing to  

• An asymptotic action to the ΛCDM in the larger 
curvature regime 

• A late-time stable de-Sitter like solution. 

• Obeying the Weak Equivalence Principle (WEP)

df(R)

dR
> 0

<latexit sha1_base64="Fr1Pozu3Ro8+OUi/AG/XIyWyymI=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREBD1J0YvHWuwHtKVsNpt26WYTdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmnhdzprTjfFuFtfWNza3idmlnd2//wD4st1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjTW5nfueRSsUi8aCnMR2EeCRYwAjWRhra5X4gMUn9oNo8y1K/mV07Q7vi1Jw50Cpxc1KBHI2h/dX3I5KEVGjCsVI914n1IMVSM8JpVuonisaYTPCI9gwVOKRqkM5vz9CpUXwURNKU0Giu/p5IcajUNPRMZ4j1WC17M/E/r5fo4GqQMhEnmgqyWBQkHOkIzYJAPpOUaD41BBPJzK2IjLEJQ5u4SiYEd/nlVdI+r7lOzb2/qNRv8jiKcAwnUAUXLqEOd9CAFhB4gmd4hTcrs16sd+tj0Vqw8pkj+APr8wcme5PY</latexit><latexit sha1_base64="Fr1Pozu3Ro8+OUi/AG/XIyWyymI=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREBD1J0YvHWuwHtKVsNpt26WYTdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmnhdzprTjfFuFtfWNza3idmlnd2//wD4st1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjTW5nfueRSsUi8aCnMR2EeCRYwAjWRhra5X4gMUn9oNo8y1K/mV07Q7vi1Jw50Cpxc1KBHI2h/dX3I5KEVGjCsVI914n1IMVSM8JpVuonisaYTPCI9gwVOKRqkM5vz9CpUXwURNKU0Giu/p5IcajUNPRMZ4j1WC17M/E/r5fo4GqQMhEnmgqyWBQkHOkIzYJAPpOUaD41BBPJzK2IjLEJQ5u4SiYEd/nlVdI+r7lOzb2/qNRv8jiKcAwnUAUXLqEOd9CAFhB4gmd4hTcrs16sd+tj0Vqw8pkj+APr8wcme5PY</latexit><latexit sha1_base64="Fr1Pozu3Ro8+OUi/AG/XIyWyymI=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREBD1J0YvHWuwHtKVsNpt26WYTdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmnhdzprTjfFuFtfWNza3idmlnd2//wD4st1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjTW5nfueRSsUi8aCnMR2EeCRYwAjWRhra5X4gMUn9oNo8y1K/mV07Q7vi1Jw50Cpxc1KBHI2h/dX3I5KEVGjCsVI914n1IMVSM8JpVuonisaYTPCI9gwVOKRqkM5vz9CpUXwURNKU0Giu/p5IcajUNPRMZ4j1WC17M/E/r5fo4GqQMhEnmgqyWBQkHOkIzYJAPpOUaD41BBPJzK2IjLEJQ5u4SiYEd/nlVdI+r7lOzb2/qNRv8jiKcAwnUAUXLqEOd9CAFhB4gmd4hTcrs16sd+tj0Vqw8pkj+APr8wcme5PY</latexit><latexit sha1_base64="Fr1Pozu3Ro8+OUi/AG/XIyWyymI=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZREBD1J0YvHWuwHtKVsNpt26WYTdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmnhdzprTjfFuFtfWNza3idmlnd2//wD4st1WUSEJbJOKR7HpYUc4EbWmmOe3GkuLQ47TjTW5nfueRSsUi8aCnMR2EeCRYwAjWRhra5X4gMUn9oNo8y1K/mV07Q7vi1Jw50Cpxc1KBHI2h/dX3I5KEVGjCsVI914n1IMVSM8JpVuonisaYTPCI9gwVOKRqkM5vz9CpUXwURNKU0Giu/p5IcajUNPRMZ4j1WC17M/E/r5fo4GqQMhEnmgqyWBQkHOkIzYJAPpOUaD41BBPJzK2IjLEJQ5u4SiYEd/nlVdI+r7lOzb2/qNRv8jiKcAwnUAUXLqEOd9CAFhB4gmd4hTcrs16sd+tj0Vqw8pkj+APr8wcme5PY</latexit>

d2f(R)

dR2
> 0

<latexit sha1_base64="Q2vIkm1cEylN6AZJMMQAOpoFEhQ=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4iXMBEFPEvTiMQazQDIJPT09SZOehe4eIYxz8Fe8eFDEq7/hzb+xsxw08UHB470qquq5MWdSWda3kVtZXVvfyG8WtrZ3dvfM/YOmjBJBaINEPBJtF0vKWUgbiilO27GgOHA5bbmjm4nfeqBCsii8V+OYOgEehMxnBCst9c2jri8wSb1exS/Vz7LUq/cq2ZXVN4tW2ZoCLRN7ToowR61vfnW9iCQBDRXhWMqObcXKSbFQjHCaFbqJpDEmIzygHU1DHFDppNP7M3SqFQ/5kdAVKjRVf0+kOJByHLi6M8BqKBe9ifif10mUf+mkLIwTRUMyW+QnHKkITcJAHhOUKD7WBBPB9K2IDLEOROnICjoEe/HlZdKslG2rbN+dF6vX8zjycAwnUAIbLqAKt1CDBhB4hGd4hTfjyXgx3o2PWWvOmM8cwh8Ynz+KP5Ug</latexit><latexit sha1_base64="Q2vIkm1cEylN6AZJMMQAOpoFEhQ=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4iXMBEFPEvTiMQazQDIJPT09SZOehe4eIYxz8Fe8eFDEq7/hzb+xsxw08UHB470qquq5MWdSWda3kVtZXVvfyG8WtrZ3dvfM/YOmjBJBaINEPBJtF0vKWUgbiilO27GgOHA5bbmjm4nfeqBCsii8V+OYOgEehMxnBCst9c2jri8wSb1exS/Vz7LUq/cq2ZXVN4tW2ZoCLRN7ToowR61vfnW9iCQBDRXhWMqObcXKSbFQjHCaFbqJpDEmIzygHU1DHFDppNP7M3SqFQ/5kdAVKjRVf0+kOJByHLi6M8BqKBe9ifif10mUf+mkLIwTRUMyW+QnHKkITcJAHhOUKD7WBBPB9K2IDLEOROnICjoEe/HlZdKslG2rbN+dF6vX8zjycAwnUAIbLqAKt1CDBhB4hGd4hTfjyXgx3o2PWWvOmM8cwh8Ynz+KP5Ug</latexit><latexit sha1_base64="Q2vIkm1cEylN6AZJMMQAOpoFEhQ=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4iXMBEFPEvTiMQazQDIJPT09SZOehe4eIYxz8Fe8eFDEq7/hzb+xsxw08UHB470qquq5MWdSWda3kVtZXVvfyG8WtrZ3dvfM/YOmjBJBaINEPBJtF0vKWUgbiilO27GgOHA5bbmjm4nfeqBCsii8V+OYOgEehMxnBCst9c2jri8wSb1exS/Vz7LUq/cq2ZXVN4tW2ZoCLRN7ToowR61vfnW9iCQBDRXhWMqObcXKSbFQjHCaFbqJpDEmIzygHU1DHFDppNP7M3SqFQ/5kdAVKjRVf0+kOJByHLi6M8BqKBe9ifif10mUf+mkLIwTRUMyW+QnHKkITcJAHhOUKD7WBBPB9K2IDLEOROnICjoEe/HlZdKslG2rbN+dF6vX8zjycAwnUAIbLqAKt1CDBhB4hGd4hTfjyXgx3o2PWWvOmM8cwh8Ynz+KP5Ug</latexit><latexit sha1_base64="Q2vIkm1cEylN6AZJMMQAOpoFEhQ=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQ4iXMBEFPEvTiMQazQDIJPT09SZOehe4eIYxz8Fe8eFDEq7/hzb+xsxw08UHB470qquq5MWdSWda3kVtZXVvfyG8WtrZ3dvfM/YOmjBJBaINEPBJtF0vKWUgbiilO27GgOHA5bbmjm4nfeqBCsii8V+OYOgEehMxnBCst9c2jri8wSb1exS/Vz7LUq/cq2ZXVN4tW2ZoCLRN7ToowR61vfnW9iCQBDRXhWMqObcXKSbFQjHCaFbqJpDEmIzygHU1DHFDppNP7M3SqFQ/5kdAVKjRVf0+kOJByHLi6M8BqKBe9ifif10mUf+mkLIwTRUMyW+QnHKkITcJAHhOUKD7WBBPB9K2IDLEOROnICjoEe/HlZdKslG2rbN+dF6vX8zjycAwnUAIbLqAKt1CDBhB4hGd4hTfjyXgx3o2PWWvOmM8cwh8Ynz+KP5Ug</latexit>
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Viable f(R) models

Tsujikawa Model:

Exponential Model:

Starobinsky Model:

Hu-Sawicki Model:

f (R) = R − βRch (1− e
− R
Rch )

f (R) = R − λRch tanh(
R
Rch
)

f (R) = R − λRch 1− 1+ R
Rch
2

⎛
⎝⎜

⎞
⎠⎟

−n⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

f (R) = R − c1Rch (R / Rch )
p

c2 (R / Rch )
p +1
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Cosmological evolutions in 
Tsujikawa Model 
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In Tsujikawa Model (TM): f (R) = R − λRch tanh(
R
Rch
)

The relations are needed 
in the cosmological 

background and 
perturbation calculation.

fR = 1� � cosh�2

✓
R

Rch

◆

fRR = 2

�

Rch
cosh

�2

✓
R

Rch

◆
tanh

✓
R

Rch

◆

˙fR = 2

�

Rch
cosh

�2

✓
R

Rch

◆
tanh

✓
R

Rch

◆
˙R

˙fRR = 2

�

R2
ch

cosh

�4

✓
R

Rch

◆
[�2 + cosh

✓
2R

Rch

◆
]

˙R

¨fR = 2

�

Rch
cosh

�2

✓
R

Rch

◆
tanh

✓
R

Rch

◆
¨R

+2

�

R2
ch

cosh

�4

✓
R

Rch

◆
[�2 + cosh

✓
2R

Rch

◆
]

˙R2

R = 6(

˙H + 2H2
)

<latexit sha1_base64="qNNmN3Sr42+lgD3rQVmHdh09uik="></latexit><latexit sha1_base64="qNNmN3Sr42+lgD3rQVmHdh09uik="></latexit><latexit sha1_base64="qNNmN3Sr42+lgD3rQVmHdh09uik="></latexit><latexit sha1_base64="qNNmN3Sr42+lgD3rQVmHdh09uik="></latexit>

fR :
df(R)

dR

fRR :
d2f(R)

dR2

ḟ :
df(R)

dt

f 0 :
df(R)

d ln a
<latexit sha1_base64="AxDmXwdY1kE4f/AQCA0YS5rDCmM="></latexit><latexit sha1_base64="AxDmXwdY1kE4f/AQCA0YS5rDCmM="></latexit><latexit sha1_base64="AxDmXwdY1kE4f/AQCA0YS5rDCmM="></latexit><latexit sha1_base64="AxDmXwdY1kE4f/AQCA0YS5rDCmM="></latexit>
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• From the variation of the Lagrangian with  
respect to      , we get  

14

Modified Einstein field Equations:

gµ⌫
<latexit sha1_base64="NdFoQtHyBwgv1t2q59rKeOFqrUI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC3sLiWbZtvQbLIkE6Es/RlePCji1V/jzX9j2u5BWx8MPN6bYWZekgtuwPe/vcra+sbmVnW7trO7t39QPzzqGmU1ZR2qhNK9hBgmuGQd4CBYL9eMZIlgj8n4duY/PjFtuJIPMMlZnJGh5CmnBJwUDvtFlFkcSTvt1xt+058Dr5KgJA1Uot2vf0UDRW3GJFBBjAkDP4e4IBo4FWxai6xhOaFjMmSho5JkzMTF/OQpPnPKAKdKu5KA5+rviYJkxkyyxHVmBEZm2ZuJ/3mhhfQ6LrjMLTBJF4tSKzAoPPsfD7hmFMTEEUI1d7diOiKaUHAp1VwIwfLLq6R70Qz8ZnB/2WjdlHFU0Qk6RecoQFeohe5QG3UQRQo9o1f05oH34r17H4vWilfOHKM/8D5/AFF0kUM=</latexit><latexit sha1_base64="NdFoQtHyBwgv1t2q59rKeOFqrUI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC3sLiWbZtvQbLIkE6Es/RlePCji1V/jzX9j2u5BWx8MPN6bYWZekgtuwPe/vcra+sbmVnW7trO7t39QPzzqGmU1ZR2qhNK9hBgmuGQd4CBYL9eMZIlgj8n4duY/PjFtuJIPMMlZnJGh5CmnBJwUDvtFlFkcSTvt1xt+058Dr5KgJA1Uot2vf0UDRW3GJFBBjAkDP4e4IBo4FWxai6xhOaFjMmSho5JkzMTF/OQpPnPKAKdKu5KA5+rviYJkxkyyxHVmBEZm2ZuJ/3mhhfQ6LrjMLTBJF4tSKzAoPPsfD7hmFMTEEUI1d7diOiKaUHAp1VwIwfLLq6R70Qz8ZnB/2WjdlHFU0Qk6RecoQFeohe5QG3UQRQo9o1f05oH34r17H4vWilfOHKM/8D5/AFF0kUM=</latexit><latexit sha1_base64="NdFoQtHyBwgv1t2q59rKeOFqrUI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC3sLiWbZtvQbLIkE6Es/RlePCji1V/jzX9j2u5BWx8MPN6bYWZekgtuwPe/vcra+sbmVnW7trO7t39QPzzqGmU1ZR2qhNK9hBgmuGQd4CBYL9eMZIlgj8n4duY/PjFtuJIPMMlZnJGh5CmnBJwUDvtFlFkcSTvt1xt+058Dr5KgJA1Uot2vf0UDRW3GJFBBjAkDP4e4IBo4FWxai6xhOaFjMmSho5JkzMTF/OQpPnPKAKdKu5KA5+rviYJkxkyyxHVmBEZm2ZuJ/3mhhfQ6LrjMLTBJF4tSKzAoPPsfD7hmFMTEEUI1d7diOiKaUHAp1VwIwfLLq6R70Qz8ZnB/2WjdlHFU0Qk6RecoQFeohe5QG3UQRQo9o1f05oH34r17H4vWilfOHKM/8D5/AFF0kUM=</latexit><latexit sha1_base64="NdFoQtHyBwgv1t2q59rKeOFqrUI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC3sLiWbZtvQbLIkE6Es/RlePCji1V/jzX9j2u5BWx8MPN6bYWZekgtuwPe/vcra+sbmVnW7trO7t39QPzzqGmU1ZR2qhNK9hBgmuGQd4CBYL9eMZIlgj8n4duY/PjFtuJIPMMlZnJGh5CmnBJwUDvtFlFkcSTvt1xt+058Dr5KgJA1Uot2vf0UDRW3GJFBBjAkDP4e4IBo4FWxai6xhOaFjMmSho5JkzMTF/OQpPnPKAKdKu5KA5+rviYJkxkyyxHVmBEZm2ZuJ/3mhhfQ6LrjMLTBJF4tSKzAoPPsfD7hmFMTEEUI1d7diOiKaUHAp1VwIwfLLq6R70Qz8ZnB/2WjdlHFU0Qk6RecoQFeohe5QG3UQRQo9o1f05oH34r17H4vWilfOHKM/8D5/AFF0kUM=</latexit>

fRRµ⌫ � f

2
gµ⌫ � (rµr⌫ � gµ⌫⇤) fR = 2T (M)

µ⌫
<latexit sha1_base64="+TSo3sHtJJf3qKRJK3WmpkLAyQU="></latexit><latexit sha1_base64="+TSo3sHtJJf3qKRJK3WmpkLAyQU="></latexit><latexit sha1_base64="+TSo3sHtJJf3qKRJK3WmpkLAyQU="></latexit><latexit sha1_base64="+TSo3sHtJJf3qKRJK3WmpkLAyQU="></latexit>

where

S =

Z
d

4
x

p
�g

22
f(R) + SM

<latexit sha1_base64="LcbNxK9c6ntzGrXtceybfANgSsg="></latexit><latexit sha1_base64="LcbNxK9c6ntzGrXtceybfANgSsg="></latexit><latexit sha1_base64="LcbNxK9c6ntzGrXtceybfANgSsg="></latexit><latexit sha1_base64="LcbNxK9c6ntzGrXtceybfANgSsg="></latexit>

• Action of f(R) gravity:

rµ : Covariant Derivative, ⇤ ⌘ gµ⌫rµr⌫
<latexit sha1_base64="sJgGp8PSSYuYBMCJr0cbzICNAd4="></latexit><latexit sha1_base64="sJgGp8PSSYuYBMCJr0cbzICNAd4="></latexit><latexit sha1_base64="sJgGp8PSSYuYBMCJr0cbzICNAd4="></latexit><latexit sha1_base64="sJgGp8PSSYuYBMCJr0cbzICNAd4="></latexit>

fR ⌘ df(R)

dR
, fRR ⌘ d2f(R)

dR2
<latexit sha1_base64="mCkQ52EAeER2aArL1+/9mRWT8BM="></latexit><latexit sha1_base64="mCkQ52EAeER2aArL1+/9mRWT8BM="></latexit><latexit sha1_base64="mCkQ52EAeER2aArL1+/9mRWT8BM="></latexit><latexit sha1_base64="mCkQ52EAeER2aArL1+/9mRWT8BM="></latexit>
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3fRH
2 =

1

2
(fRR� f)� 3H ˙fR + 2⇢M

<latexit sha1_base64="JOWJbBPdiy10Kfdby4AYt7shm5I="></latexit><latexit sha1_base64="OuVSbf12Ib2y69+wQwf29dW7QrM="></latexit><latexit sha1_base64="OuVSbf12Ib2y69+wQwf29dW7QrM="></latexit><latexit sha1_base64="+n1KU1kpukMQ6YyFVmamZj1nl5k="></latexit>

2fRḢ = �f̈R +H ˙fR � 2 (⇢M + PM )
<latexit sha1_base64="uhM4H6fY+Lmpbj4GCKOkCDXQ5Dk="></latexit><latexit sha1_base64="UP6wee7mscJn+Vti0LkOTQPogIY="></latexit><latexit sha1_base64="UP6wee7mscJn+Vti0LkOTQPogIY="></latexit><latexit sha1_base64="SOwYgUjBx5WafDbtMLAYJffo4s8="></latexit>

Effective Density and Pressure of Dark Energy:

⇢DE = �2

✓
1

2
(fRR� f (R))� 3H ˙fR + 3 (1� fR)H

2

◆
,

PDE = �2

✓
�1

2
(fRR� f(R)) + f̈R + 2H ˙fR � (1� fR)

⇣
2Ḣ + 3H2

⌘◆
.

<latexit sha1_base64="X4t4PYEFyp2c6qkPy6G8WPpmAA0="></latexit><latexit sha1_base64="X4t4PYEFyp2c6qkPy6G8WPpmAA0="></latexit><latexit sha1_base64="X4t4PYEFyp2c6qkPy6G8WPpmAA0="></latexit><latexit sha1_base64="X4t4PYEFyp2c6qkPy6G8WPpmAA0="></latexit>

Modified Friedmann Equations:

wDE =
PDE

⇢DE
<latexit sha1_base64="td/v75SgemyDC5EpM9ADiqzX0d4=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcFVmRNCNULyAywr2Ap2hZNJMG5pJhiSjlGGWbnwVNy4UcesjuPNtTKez0NYfAl/+cw7J+YOYUaUd59sqLSwuLa+UVytr6xubW/b2TkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF1O6u17IhUV/E6PY+JHaMBpSDHSxurZ+w+99Oo6O/dCiXDayC9Z6smhmGLPrjo1JxecB7eAKijU6NlfXl/gJCJcY4aU6rpOrP0USU0xI1nFSxSJER6hAeka5Cgiyk/zRTJ4aJw+DIU0h2uYu78nUhQpNY4C0xkhPVSztYn5X62b6PDMTymPE004nj4UJgxqASepwD6VBGs2NoCwpOavEA+RiUSb7ComBHd25XloHddcp+benlTrF0UcZbAHDsARcMEpqIMb0ABNgMEjeAav4M16sl6sd+tj2lqyipld8EfW5w8vkJoS</latexit><latexit sha1_base64="td/v75SgemyDC5EpM9ADiqzX0d4=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcFVmRNCNULyAywr2Ap2hZNJMG5pJhiSjlGGWbnwVNy4UcesjuPNtTKez0NYfAl/+cw7J+YOYUaUd59sqLSwuLa+UVytr6xubW/b2TkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF1O6u17IhUV/E6PY+JHaMBpSDHSxurZ+w+99Oo6O/dCiXDayC9Z6smhmGLPrjo1JxecB7eAKijU6NlfXl/gJCJcY4aU6rpOrP0USU0xI1nFSxSJER6hAeka5Cgiyk/zRTJ4aJw+DIU0h2uYu78nUhQpNY4C0xkhPVSztYn5X62b6PDMTymPE004nj4UJgxqASepwD6VBGs2NoCwpOavEA+RiUSb7ComBHd25XloHddcp+benlTrF0UcZbAHDsARcMEpqIMb0ABNgMEjeAav4M16sl6sd+tj2lqyipld8EfW5w8vkJoS</latexit><latexit sha1_base64="td/v75SgemyDC5EpM9ADiqzX0d4=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcFVmRNCNULyAywr2Ap2hZNJMG5pJhiSjlGGWbnwVNy4UcesjuPNtTKez0NYfAl/+cw7J+YOYUaUd59sqLSwuLa+UVytr6xubW/b2TkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF1O6u17IhUV/E6PY+JHaMBpSDHSxurZ+w+99Oo6O/dCiXDayC9Z6smhmGLPrjo1JxecB7eAKijU6NlfXl/gJCJcY4aU6rpOrP0USU0xI1nFSxSJER6hAeka5Cgiyk/zRTJ4aJw+DIU0h2uYu78nUhQpNY4C0xkhPVSztYn5X62b6PDMTymPE004nj4UJgxqASepwD6VBGs2NoCwpOavEA+RiUSb7ComBHd25XloHddcp+benlTrF0UcZbAHDsARcMEpqIMb0ABNgMEjeAav4M16sl6sd+tj2lqyipld8EfW5w8vkJoS</latexit><latexit sha1_base64="td/v75SgemyDC5EpM9ADiqzX0d4=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcFVmRNCNULyAywr2Ap2hZNJMG5pJhiSjlGGWbnwVNy4UcesjuPNtTKez0NYfAl/+cw7J+YOYUaUd59sqLSwuLa+UVytr6xubW/b2TkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF1O6u17IhUV/E6PY+JHaMBpSDHSxurZ+w+99Oo6O/dCiXDayC9Z6smhmGLPrjo1JxecB7eAKijU6NlfXl/gJCJcY4aU6rpOrP0USU0xI1nFSxSJER6hAeka5Cgiyk/zRTJ4aJw+DIU0h2uYu78nUhQpNY4C0xkhPVSztYn5X62b6PDMTymPE004nj4UJgxqASepwD6VBGs2NoCwpOavEA+RiUSb7ComBHd25XloHddcp+benlTrF0UcZbAHDsARcMEpqIMb0ABNgMEjeAav4M16sl6sd+tj2lqyipld8EfW5w8vkJoS</latexit>



NCTS Dark Physics Workshop   / 39Cosmological Evolution in TM 16

y00H + J1y
0
H + J2yH + J3 = 0 ,

<latexit sha1_base64="SpVL6E4PXtQowVRytvp5GlLVda0="></latexit><latexit sha1_base64="SpVL6E4PXtQowVRytvp5GlLVda0="></latexit><latexit sha1_base64="SpVL6E4PXtQowVRytvp5GlLVda0="></latexit><latexit sha1_base64="SpVL6E4PXtQowVRytvp5GlLVda0="></latexit>

yH ⌘ ⇢DE

⇢
(0)
m

=
H2

m2
� a�3 � �a�4

J1 = 4 +
1

yH + a�3 + �a�4

1� fR
6m2fRR

J2 =
1

yH + a�3 + �a�4

2� fR
3m2fRR

J3 = �3a�3 �
(1� fR)

�
a�3 + 2�a�4

�
+ (R� f) /3m2

yH + a�3 + �a�4

1

6m2fRR
,

<latexit sha1_base64="neeYg8hDxDu+gIHvL4RsRlZ2iM0="></latexit><latexit sha1_base64="neeYg8hDxDu+gIHvL4RsRlZ2iM0="></latexit><latexit sha1_base64="neeYg8hDxDu+gIHvL4RsRlZ2iM0="></latexit><latexit sha1_base64="neeYg8hDxDu+gIHvL4RsRlZ2iM0="></latexit>

where

Solve the evolution by 2nd Differential Equation
Using the special parametrization, we rewrite Friedmann 
equations as the 2nd differential equation:

m2 ⌘ 2⇢(0)m

3
<latexit sha1_base64="Vh5GvFalXrAAXRNUnCh+0xj74qk=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCWpgi6LblxWsA9o0jCZTtqhM0mcmRRKyEe48VfcuFDErQt3/o3TNgttPXDhcM693HuPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3Uz99pgISaPwXk1i4nI0CGlAMVJa8swz3qtBhzwkdAydQCCcOiMUx6hXc8Qw6qUV6zTzUp5l6XnmmWWras0Al4mdkzLI0fDML6cf4YSTUGGGpOzaVqzcFAlFMSNZyUkkiREeoQHpahoiTqSbzp7K4IlW+jCIhK5QwZn6eyJFXMoJ93UnR2ooF72p+J/XTVRw5aY0jBNFQjxfFCQMqghOE4J9KghWbKIJwoLqWyEeIh2N0jmWdAj24svLpFWr2lbVvrso16/zOIrgCByDCrDBJaiDW9AATYDBI3gGr+DNeDJejHfjY95aMPKZQ/AHxucPbneecA==</latexit><latexit sha1_base64="Vh5GvFalXrAAXRNUnCh+0xj74qk=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCWpgi6LblxWsA9o0jCZTtqhM0mcmRRKyEe48VfcuFDErQt3/o3TNgttPXDhcM693HuPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3Uz99pgISaPwXk1i4nI0CGlAMVJa8swz3qtBhzwkdAydQCCcOiMUx6hXc8Qw6qUV6zTzUp5l6XnmmWWras0Al4mdkzLI0fDML6cf4YSTUGGGpOzaVqzcFAlFMSNZyUkkiREeoQHpahoiTqSbzp7K4IlW+jCIhK5QwZn6eyJFXMoJ93UnR2ooF72p+J/XTVRw5aY0jBNFQjxfFCQMqghOE4J9KghWbKIJwoLqWyEeIh2N0jmWdAj24svLpFWr2lbVvrso16/zOIrgCByDCrDBJaiDW9AATYDBI3gGr+DNeDJejHfjY95aMPKZQ/AHxucPbneecA==</latexit><latexit sha1_base64="Vh5GvFalXrAAXRNUnCh+0xj74qk=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCWpgi6LblxWsA9o0jCZTtqhM0mcmRRKyEe48VfcuFDErQt3/o3TNgttPXDhcM693HuPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3Uz99pgISaPwXk1i4nI0CGlAMVJa8swz3qtBhzwkdAydQCCcOiMUx6hXc8Qw6qUV6zTzUp5l6XnmmWWras0Al4mdkzLI0fDML6cf4YSTUGGGpOzaVqzcFAlFMSNZyUkkiREeoQHpahoiTqSbzp7K4IlW+jCIhK5QwZn6eyJFXMoJ93UnR2ooF72p+J/XTVRw5aY0jBNFQjxfFCQMqghOE4J9KghWbKIJwoLqWyEeIh2N0jmWdAj24svLpFWr2lbVvrso16/zOIrgCByDCrDBJaiDW9AATYDBI3gGr+DNeDJejHfjY95aMPKZQ/AHxucPbneecA==</latexit><latexit sha1_base64="Vh5GvFalXrAAXRNUnCh+0xj74qk=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCWpgi6LblxWsA9o0jCZTtqhM0mcmRRKyEe48VfcuFDErQt3/o3TNgttPXDhcM693HuPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3Uz99pgISaPwXk1i4nI0CGlAMVJa8swz3qtBhzwkdAydQCCcOiMUx6hXc8Qw6qUV6zTzUp5l6XnmmWWras0Al4mdkzLI0fDML6cf4YSTUGGGpOzaVqzcFAlFMSNZyUkkiREeoQHpahoiTqSbzp7K4IlW+jCIhK5QwZn6eyJFXMoJ93UnR2ooF72p+J/XTVRw5aY0jBNFQjxfFCQMqghOE4J9KghWbKIJwoLqWyEeIh2N0jmWdAj24svLpFWr2lbVvrso16/zOIrgCByDCrDBJaiDW9AATYDBI3gGr+DNeDJejHfjY95aMPKZQ/AHxucPbneecA==</latexit>
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Deceleration Parameter:

This quantity describes whether the expansion rate of the 
universe is accelerating (q < 0) or decelerating (q > 0)

q ⌘ �
 
1 +

Ḣ

H2

!

= � äa

ȧ2
= � ä

a

1

H2

=
2

6 ((1 + 3wm)⇢m + (1 + 3wr)⇢r + (1 + 3wDE)⇢DE)
2

3 (⇢m + ⇢r + ⇢DE)
,

=
1

2

a�3 + 2�a�4 + (1 + 3wDE)yH
a�3 + �a�4 + yH
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Perturbation theory 

Metric perturbation:

Do the scalar perturbation on metric:

 The Einstein equations for scalars, vectors and tensors don’t 
mix at linear order and can therefore be treated separately.

SVT Decomposition theory:

ds

2
= � (1 + 2 ) dt

2
+ a

2
(t) (1� 2�) d~x

2
(Newtonian Gauge)
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ds

2 = a

2(⌧)[�(1 + 2A)d⌧2 + (B,i + Sj)dx
i
d⌧

+ ((1 + 2C)�ij + E,ij + Fi,j + Fj,i + hij)dx
i
dx

j ],
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Perturbing the modified Einstein Equations,

Perturbation theory 

We obtain the following equations in Fourier space,

� =  +
�F

F
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(The equations are too complicated so we need some approximation.)

Discussing perturbation theory in two limits:

Regime limit Description

Super-horizon 𝒌 ≪ 𝒂𝑯
The scale on which the physical wavelength  λ 

=  (𝟐𝞹 /𝒌)𝒂 of perturbations is much larger 
than the Hubble radius (𝟭 / 𝑯 ).

Sub-horizon 𝒌 ≫ 𝒂𝑯
The scale on which the physical wavelength λ  
=  (𝟐𝞹 /𝒌)𝒂 of perturbations is much less than 

the Hubble radius ( 𝟭 / 𝑯 ).



NCTS Dark Physics Workshop   / 39Cosmological Evolution in TM 21

We can drop out the higher order terms:
⇢
k2

a2
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2

a2
| |, k
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|�F |,M2|�F |

�
�

�
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,
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|Ẋ| . |HX| , where X = �, , F, Ḟ , �F, ˙�F .
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Finally, we get 

Under the Sub-Horizon limit (k ≫ aH):

k2

a2
 = �4⇡Gµ (k, a) ⇢M�M ,
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where

�M ⌘ �M + 3H (1 + !M ) vM/k (Comoving density perturbation)
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(Density contrast)
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(Geff = µG)
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Post-Newtonian Parameter
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Evolution equation of density contrast under the Sub-Horizon:

Ignoring the peculiar velocity of the matter, we get  

f(R) model:

GR: �̈m + 2H �̇m � 4⇡G⇢m�m = 0
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Performance in different regimes:

k2 ⌧ fRR/(a
2fR)
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k2 � fRR/(a
2fR)
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µ = f�1
R
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�̈m + 2H �̇m � 4⇡Gµ(k, a)⇢m�m = 0
<latexit sha1_base64="CQu78RSAgonB4vgz4FHeQObNZcE="></latexit><latexit sha1_base64="CQu78RSAgonB4vgz4FHeQObNZcE="></latexit><latexit sha1_base64="CQu78RSAgonB4vgz4FHeQObNZcE="></latexit><latexit sha1_base64="CQu78RSAgonB4vgz4FHeQObNZcE="></latexit>

µ =
1

fR

1 + 4k2fRR/(a2fR)

1 + 3k2fRR/(a2fR)
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Under the Super-Horizon limit (k ≪ aH):

B =
fRR

fR
R0 H

H 0 , E =
H2

H2
0

, �eff =
1

2
(�+ ) , S = �2�+ .
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where

We can choose to drop out the higher order terms: 

or starting from the “Curvature fluctuation conservation” 
and the “momentum conservation”. (Wayne Hu 2006) 
We finally get the the following relation in the limit (k→0)

⇢
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Using Code: MGCAMB + MGCosmoMC

Code Author Description

CAMB 

Antony Lewis

A code for computing CMB, matter 
power spectra and cosmological 

background evolutions, etc.

CosmoMC
Using the Markov-Chain Monte-Carlo 
(MCMC)  method to fit the cosmological 

parameters with observational data.

MGCAMB 
Gong-Bo Zhao 

Alex Zucca,  

Levon Pogosian,  

Alessandra Silvestri

Besides GR, it can also be used to 
calculate the dynamical dark energy 
model (which depends in time) with 

different parameterizations.MGCosmoMC
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Fitting results, Contour plots …

25

MGCAMB

MCMC: Markov-Chain Monte-Carlo

MG-CosmoMC

Calculate 𝜒2 with the data 
1. Baryon Acoustic Oscillations 
2. Planck 2015 likelihoods 
3. Supernova Legacy Survey
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Solve the Cosmological Background,  
such as  

Calculate the metric perturbation  
(synchronous gauge) and matter  
perturbation, such as  

Output : CMB power spectrum,  
Matter power spectrum…

Input parameters: 

26

Modified part

⌦b, ⌦c, ⌦⌫ ,H0,As,ns,�,...
<latexit sha1_base64="hC7OT6dnKppGKNH17Y4iEY6g7NY=">AAACL3icbZBLS8NAEMc3Pmt9RT16WWwEDyUkveixKkhvVrAPaELYbLbt0s0m7G6EEvqNvPhVehFRxKvfwu1DqK0DO/z4zwyz8w9TRqVynDdjbX1jc2u7sFPc3ds/ODSPjpsyyQQmDZywRLRDJAmjnDQUVYy0U0FQHDLSCge3k3rriQhJE/6ohinxY9TjtEsxUloKzDvLu49JDwWhVYa/jBc493g2sspWLXB0vg6kznyaPabXRMgq27YdmCXHdqYBV8GdQwnMox6YYy9KcBYTrjBDUnZcJ1V+joSimJFR0cskSREeoB7paOQoJtLPp/eO4LlWIthNhH5cwam6OJGjWMphHOrOGKm+XK5NxP9qnUx1r/yc8jRThOPZom7GoErgxDwYUUGwYkMNCAuq/wpxHwmElba4qE1wl09ehWbFdh3bfaiUqjdzOwrgFJyBC+CCS1AFNVAHDYDBMxiDd/BhvBivxqfxNWtdM+YzJ+BPGN8/ExOkKg==</latexit><latexit sha1_base64="hC7OT6dnKppGKNH17Y4iEY6g7NY=">AAACL3icbZBLS8NAEMc3Pmt9RT16WWwEDyUkveixKkhvVrAPaELYbLbt0s0m7G6EEvqNvPhVehFRxKvfwu1DqK0DO/z4zwyz8w9TRqVynDdjbX1jc2u7sFPc3ds/ODSPjpsyyQQmDZywRLRDJAmjnDQUVYy0U0FQHDLSCge3k3rriQhJE/6ohinxY9TjtEsxUloKzDvLu49JDwWhVYa/jBc493g2sspWLXB0vg6kznyaPabXRMgq27YdmCXHdqYBV8GdQwnMox6YYy9KcBYTrjBDUnZcJ1V+joSimJFR0cskSREeoB7paOQoJtLPp/eO4LlWIthNhH5cwam6OJGjWMphHOrOGKm+XK5NxP9qnUx1r/yc8jRThOPZom7GoErgxDwYUUGwYkMNCAuq/wpxHwmElba4qE1wl09ehWbFdh3bfaiUqjdzOwrgFJyBC+CCS1AFNVAHDYDBMxiDd/BhvBivxqfxNWtdM+YzJ+BPGN8/ExOkKg==</latexit><latexit sha1_base64="hC7OT6dnKppGKNH17Y4iEY6g7NY=">AAACL3icbZBLS8NAEMc3Pmt9RT16WWwEDyUkveixKkhvVrAPaELYbLbt0s0m7G6EEvqNvPhVehFRxKvfwu1DqK0DO/z4zwyz8w9TRqVynDdjbX1jc2u7sFPc3ds/ODSPjpsyyQQmDZywRLRDJAmjnDQUVYy0U0FQHDLSCge3k3rriQhJE/6ohinxY9TjtEsxUloKzDvLu49JDwWhVYa/jBc493g2sspWLXB0vg6kznyaPabXRMgq27YdmCXHdqYBV8GdQwnMox6YYy9KcBYTrjBDUnZcJ1V+joSimJFR0cskSREeoB7paOQoJtLPp/eO4LlWIthNhH5cwam6OJGjWMphHOrOGKm+XK5NxP9qnUx1r/yc8jRThOPZom7GoErgxDwYUUGwYkMNCAuq/wpxHwmElba4qE1wl09ehWbFdh3bfaiUqjdzOwrgFJyBC+CCS1AFNVAHDYDBMxiDd/BhvBivxqfxNWtdM+YzJ+BPGN8/ExOkKg==</latexit><latexit sha1_base64="hC7OT6dnKppGKNH17Y4iEY6g7NY=">AAACL3icbZBLS8NAEMc3Pmt9RT16WWwEDyUkveixKkhvVrAPaELYbLbt0s0m7G6EEvqNvPhVehFRxKvfwu1DqK0DO/z4zwyz8w9TRqVynDdjbX1jc2u7sFPc3ds/ODSPjpsyyQQmDZywRLRDJAmjnDQUVYy0U0FQHDLSCge3k3rriQhJE/6ohinxY9TjtEsxUloKzDvLu49JDwWhVYa/jBc493g2sspWLXB0vg6kznyaPabXRMgq27YdmCXHdqYBV8GdQwnMox6YYy9KcBYTrjBDUnZcJ1V+joSimJFR0cskSREeoB7paOQoJtLPp/eO4LlWIthNhH5cwam6OJGjWMphHOrOGKm+XK5NxP9qnUx1r/yc8jRThOPZom7GoErgxDwYUUGwYkMNCAuq/wpxHwmElba4qE1wl09ehWbFdh3bfaiUqjdzOwrgFJyBC+CCS1AFNVAHDYDBMxiDd/BhvBivxqfxNWtdM+YzJ+BPGN8/ExOkKg==</latexit>

H(z), ⇢m(z), ⇢r(z)
<latexit sha1_base64="Vos/9yFJg9WI2TH+CP1NotVJdzE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqCBlRgRdFt10WcFeoB1KJs20obkMSUaoQ8GNr+LGhSJufQl3vo1pO6C2/hD4+M85nJw/jBnVxvO+nNzS8srqWn69sLG5tb3j7u41tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHwelJv3hGlqRS3ZhSTgKO+oBHFyFir6x5US/cnp7CjBrLLf1BZ7LpFr+xNBRfBz6AIMtW67menJ3HCiTCYIa3bvhebIEXKUMzIuNBJNIkRHqI+aVsUiBMdpNMbxvDYOj0YSWWfMHDq/p5IEdd6xEPbyZEZ6PnaxPyv1k5MdBmkVMSJIQLPFkUJg0bCSSCwRxXBho0sIKyo/SvEA6QQNja2gg3Bnz95ERpnZd8r+zfnxcpVFkceHIIjUAI+uAAVUAU1UAcYPIAn8AJenUfn2Xlz3metOSeb2Qd/5Hx8AwXFldc=</latexit><latexit sha1_base64="Vos/9yFJg9WI2TH+CP1NotVJdzE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqCBlRgRdFt10WcFeoB1KJs20obkMSUaoQ8GNr+LGhSJufQl3vo1pO6C2/hD4+M85nJw/jBnVxvO+nNzS8srqWn69sLG5tb3j7u41tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHwelJv3hGlqRS3ZhSTgKO+oBHFyFir6x5US/cnp7CjBrLLf1BZ7LpFr+xNBRfBz6AIMtW67menJ3HCiTCYIa3bvhebIEXKUMzIuNBJNIkRHqI+aVsUiBMdpNMbxvDYOj0YSWWfMHDq/p5IEdd6xEPbyZEZ6PnaxPyv1k5MdBmkVMSJIQLPFkUJg0bCSSCwRxXBho0sIKyo/SvEA6QQNja2gg3Bnz95ERpnZd8r+zfnxcpVFkceHIIjUAI+uAAVUAU1UAcYPIAn8AJenUfn2Xlz3metOSeb2Qd/5Hx8AwXFldc=</latexit><latexit sha1_base64="Vos/9yFJg9WI2TH+CP1NotVJdzE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqCBlRgRdFt10WcFeoB1KJs20obkMSUaoQ8GNr+LGhSJufQl3vo1pO6C2/hD4+M85nJw/jBnVxvO+nNzS8srqWn69sLG5tb3j7u41tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHwelJv3hGlqRS3ZhSTgKO+oBHFyFir6x5US/cnp7CjBrLLf1BZ7LpFr+xNBRfBz6AIMtW67menJ3HCiTCYIa3bvhebIEXKUMzIuNBJNIkRHqI+aVsUiBMdpNMbxvDYOj0YSWWfMHDq/p5IEdd6xEPbyZEZ6PnaxPyv1k5MdBmkVMSJIQLPFkUJg0bCSSCwRxXBho0sIKyo/SvEA6QQNja2gg3Bnz95ERpnZd8r+zfnxcpVFkceHIIjUAI+uAAVUAU1UAcYPIAn8AJenUfn2Xlz3metOSeb2Qd/5Hx8AwXFldc=</latexit><latexit sha1_base64="Vos/9yFJg9WI2TH+CP1NotVJdzE=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqCBlRgRdFt10WcFeoB1KJs20obkMSUaoQ8GNr+LGhSJufQl3vo1pO6C2/hD4+M85nJw/jBnVxvO+nNzS8srqWn69sLG5tb3j7u41tEwUJnUsmVStEGnCqCB1Qw0jrVgRxENGmuHwelJv3hGlqRS3ZhSTgKO+oBHFyFir6x5US/cnp7CjBrLLf1BZ7LpFr+xNBRfBz6AIMtW67menJ3HCiTCYIa3bvhebIEXKUMzIuNBJNIkRHqI+aVsUiBMdpNMbxvDYOj0YSWWfMHDq/p5IEdd6xEPbyZEZ6PnaxPyv1k5MdBmkVMSJIQLPFkUJg0bCSSCwRxXBho0sIKyo/SvEA6QQNja2gg3Bnz95ERpnZd8r+zfnxcpVFkceHIIjUAI+uAAVUAU1UAcYPIAn8AJenUfn2Xlz3metOSeb2Qd/5Hx8AwXFldc=</latexit>

CAMB part:

↵, ⌘, �m, �r, q
<latexit sha1_base64="Sd6Y+IcUyd8lThVF+xD24iHdjlE=">AAACC3icbZC7SkNBEIb3eI3xFrW0WRIEixDOEUHLoI1lBHOBnBDmbCbJkj0Xd+cIIaS38VVsLBSx9QXsfBs3l0ITf1j49p8ZducPEiUNue63s7K6tr6xmdnKbu/s7u3nDg5rJk61wKqIVawbARhUMsIqSVLYSDRCGCisB4PrSb3+gNrIOLqjYYKtEHqR7EoBZK12Lu+DSvpQ5D4SFP0OKoJ2aK8z0kV+384V3JI7FV8Gbw4FNlelnfvyO7FIQ4xIKDCm6bkJtUagSQqF46yfGkxADKCHTYsRhGhao+kuY35inQ7vxtqeiPjU/T0xgtCYYRjYzhCobxZrE/O/WjOl7mVrJKMkJYzE7KFuqjjFfBIM70iNgtTQAggt7V+56IMGQTa+rA3BW1x5GWpnJc8tebfnhfLVPI4MO2Z5dso8dsHK7IZVWJUJ9sie2St7c56cF+fd+Zi1rjjzmSP2R87nDzo0meE=</latexit><latexit sha1_base64="Sd6Y+IcUyd8lThVF+xD24iHdjlE=">AAACC3icbZC7SkNBEIb3eI3xFrW0WRIEixDOEUHLoI1lBHOBnBDmbCbJkj0Xd+cIIaS38VVsLBSx9QXsfBs3l0ITf1j49p8ZducPEiUNue63s7K6tr6xmdnKbu/s7u3nDg5rJk61wKqIVawbARhUMsIqSVLYSDRCGCisB4PrSb3+gNrIOLqjYYKtEHqR7EoBZK12Lu+DSvpQ5D4SFP0OKoJ2aK8z0kV+384V3JI7FV8Gbw4FNlelnfvyO7FIQ4xIKDCm6bkJtUagSQqF46yfGkxADKCHTYsRhGhao+kuY35inQ7vxtqeiPjU/T0xgtCYYRjYzhCobxZrE/O/WjOl7mVrJKMkJYzE7KFuqjjFfBIM70iNgtTQAggt7V+56IMGQTa+rA3BW1x5GWpnJc8tebfnhfLVPI4MO2Z5dso8dsHK7IZVWJUJ9sie2St7c56cF+fd+Zi1rjjzmSP2R87nDzo0meE=</latexit><latexit sha1_base64="Sd6Y+IcUyd8lThVF+xD24iHdjlE=">AAACC3icbZC7SkNBEIb3eI3xFrW0WRIEixDOEUHLoI1lBHOBnBDmbCbJkj0Xd+cIIaS38VVsLBSx9QXsfBs3l0ITf1j49p8ZducPEiUNue63s7K6tr6xmdnKbu/s7u3nDg5rJk61wKqIVawbARhUMsIqSVLYSDRCGCisB4PrSb3+gNrIOLqjYYKtEHqR7EoBZK12Lu+DSvpQ5D4SFP0OKoJ2aK8z0kV+384V3JI7FV8Gbw4FNlelnfvyO7FIQ4xIKDCm6bkJtUagSQqF46yfGkxADKCHTYsRhGhao+kuY35inQ7vxtqeiPjU/T0xgtCYYRjYzhCobxZrE/O/WjOl7mVrJKMkJYzE7KFuqjjFfBIM70iNgtTQAggt7V+56IMGQTa+rA3BW1x5GWpnJc8tebfnhfLVPI4MO2Z5dso8dsHK7IZVWJUJ9sie2St7c56cF+fd+Zi1rjjzmSP2R87nDzo0meE=</latexit><latexit sha1_base64="Sd6Y+IcUyd8lThVF+xD24iHdjlE=">AAACC3icbZC7SkNBEIb3eI3xFrW0WRIEixDOEUHLoI1lBHOBnBDmbCbJkj0Xd+cIIaS38VVsLBSx9QXsfBs3l0ITf1j49p8ZducPEiUNue63s7K6tr6xmdnKbu/s7u3nDg5rJk61wKqIVawbARhUMsIqSVLYSDRCGCisB4PrSb3+gNrIOLqjYYKtEHqR7EoBZK12Lu+DSvpQ5D4SFP0OKoJ2aK8z0kV+384V3JI7FV8Gbw4FNlelnfvyO7FIQ4xIKDCm6bkJtUagSQqF46yfGkxADKCHTYsRhGhao+kuY35inQ7vxtqeiPjU/T0xgtCYYRjYzhCobxZrE/O/WjOl7mVrJKMkJYzE7KFuqjjFfBIM70iNgtTQAggt7V+56IMGQTa+rA3BW1x5GWpnJc8tebfnhfLVPI4MO2Z5dso8dsHK7IZVWJUJ9sie2St7c56cF+fd+Zi1rjjzmSP2R87nDzo0meE=</latexit>

.

.

MGCAMB

Solve
by evolution equation 

⇢DE(z), wDE(z)
<latexit sha1_base64="9QEHH7X+acD/TLqJBpwzdLYkzdA=">AAACBHicbVDLSgMxFM3UV62vUZfdBFuhgpSZbnRZfIDLCvYB7TBk0rQNzSRDklHq0IUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0niBhV2nG+rMzS8srqWnY9t7G5tb1j7+41lIglJnUsmJCtACnCKCd1TTUjrUgSFAaMNIPh+cRv3hKpqOA3ehQRL0R9TnsUI20k384XO3Ig/OTicly6Pyoew+Ldz8O3C07ZmQIuEjclBZCi5tufna7AcUi4xgwp1XadSHsJkppiRsa5TqxIhPAQ9UnbUI5CorxkesQYHhqlC3tCmuIaTtXfEwkKlRqFgekMkR6oeW8i/ue1Y9079RLKo1gTjmcf9WIGtYCTRGCXSoI1GxmCsKRmV4gHSCKsTW45E4I7f/IiaVTKrlN2ryuF6lkaRxbkwQEoARecgCq4AjVQBxg8gCfwAl6tR+vZerPeZ60ZK53ZB39gfXwDcymWBQ==</latexit><latexit sha1_base64="9QEHH7X+acD/TLqJBpwzdLYkzdA=">AAACBHicbVDLSgMxFM3UV62vUZfdBFuhgpSZbnRZfIDLCvYB7TBk0rQNzSRDklHq0IUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0niBhV2nG+rMzS8srqWnY9t7G5tb1j7+41lIglJnUsmJCtACnCKCd1TTUjrUgSFAaMNIPh+cRv3hKpqOA3ehQRL0R9TnsUI20k384XO3Ig/OTicly6Pyoew+Ldz8O3C07ZmQIuEjclBZCi5tufna7AcUi4xgwp1XadSHsJkppiRsa5TqxIhPAQ9UnbUI5CorxkesQYHhqlC3tCmuIaTtXfEwkKlRqFgekMkR6oeW8i/ue1Y9079RLKo1gTjmcf9WIGtYCTRGCXSoI1GxmCsKRmV4gHSCKsTW45E4I7f/IiaVTKrlN2ryuF6lkaRxbkwQEoARecgCq4AjVQBxg8gCfwAl6tR+vZerPeZ60ZK53ZB39gfXwDcymWBQ==</latexit><latexit sha1_base64="9QEHH7X+acD/TLqJBpwzdLYkzdA=">AAACBHicbVDLSgMxFM3UV62vUZfdBFuhgpSZbnRZfIDLCvYB7TBk0rQNzSRDklHq0IUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0niBhV2nG+rMzS8srqWnY9t7G5tb1j7+41lIglJnUsmJCtACnCKCd1TTUjrUgSFAaMNIPh+cRv3hKpqOA3ehQRL0R9TnsUI20k384XO3Ig/OTicly6Pyoew+Ldz8O3C07ZmQIuEjclBZCi5tufna7AcUi4xgwp1XadSHsJkppiRsa5TqxIhPAQ9UnbUI5CorxkesQYHhqlC3tCmuIaTtXfEwkKlRqFgekMkR6oeW8i/ue1Y9079RLKo1gTjmcf9WIGtYCTRGCXSoI1GxmCsKRmV4gHSCKsTW45E4I7f/IiaVTKrlN2ryuF6lkaRxbkwQEoARecgCq4AjVQBxg8gCfwAl6tR+vZerPeZ60ZK53ZB39gfXwDcymWBQ==</latexit><latexit sha1_base64="9QEHH7X+acD/TLqJBpwzdLYkzdA=">AAACBHicbVDLSgMxFM3UV62vUZfdBFuhgpSZbnRZfIDLCvYB7TBk0rQNzSRDklHq0IUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0niBhV2nG+rMzS8srqWnY9t7G5tb1j7+41lIglJnUsmJCtACnCKCd1TTUjrUgSFAaMNIPh+cRv3hKpqOA3ehQRL0R9TnsUI20k384XO3Ig/OTicly6Pyoew+Ldz8O3C07ZmQIuEjclBZCi5tufna7AcUi4xgwp1XadSHsJkppiRsa5TqxIhPAQ9UnbUI5CorxkesQYHhqlC3tCmuIaTtXfEwkKlRqFgekMkR6oeW8i/ue1Y9079RLKo1gTjmcf9WIGtYCTRGCXSoI1GxmCsKRmV4gHSCKsTW45E4I7f/IiaVTKrlN2ryuF6lkaRxbkwQEoARecgCq4AjVQBxg8gCfwAl6tR+vZerPeZ60ZK53ZB39gfXwDcymWBQ==</latexit>

y00H + J1y
0
H + J2yH + J3 = 0

<latexit sha1_base64="gejgAaa5An8/v/64bnhivaQmAHo="></latexit><latexit sha1_base64="gejgAaa5An8/v/64bnhivaQmAHo="></latexit><latexit sha1_base64="gejgAaa5An8/v/64bnhivaQmAHo="></latexit><latexit sha1_base64="gejgAaa5An8/v/64bnhivaQmAHo="></latexit>

k2

a2
 = �4⇡Gµ (k, a) ⇢M�M ,

<latexit sha1_base64="cqFq2wE4MfCq4Kt1vMp6BHvO+EA="></latexit><latexit sha1_base64="cqFq2wE4MfCq4Kt1vMp6BHvO+EA="></latexit><latexit sha1_base64="cqFq2wE4MfCq4Kt1vMp6BHvO+EA="></latexit><latexit sha1_base64="cqFq2wE4MfCq4Kt1vMp6BHvO+EA="></latexit>

�

 
= � (k, a)

<latexit sha1_base64="HgVjSkS4ztyHOB5pV4+H59gg/Lg="></latexit><latexit sha1_base64="HgVjSkS4ztyHOB5pV4+H59gg/Lg="></latexit><latexit sha1_base64="HgVjSkS4ztyHOB5pV4+H59gg/Lg="></latexit><latexit sha1_base64="HgVjSkS4ztyHOB5pV4+H59gg/Lg="></latexit>

1. Solve �(k, z), (k, z)
<latexit sha1_base64="2g3v5Wcm4kchUJuAxHPxYkEna8w=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawKBVKSUTQZdGNywj2Ak0ok+m0HTqZhJmJUEPd+CpuXCji1rdw59uYtFlo6w8DH/85hzPn9yPOlLasb6OwtLyyulZcL21sbm3vmLt7TRXGktAGCXko2z5WlDNBG5ppTtuRpDjwOW35o+us3rqnUrFQ3OlxRL0ADwTrM4J1anXNgxPXGbLKqPpwWnUdNSPkuqWuWbZq1lRoEewcypDL6Zpfbi8kcUCFJhwr1bGtSHsJlpoRTiclN1Y0wmSEB7STosABVV4yvWCCjlOnh/qhTJ/QaOr+nkhwoNQ48NPOAOuhmq9l5n+1Tqz7l17CRBRrKshsUT/mSIcoiwP1mKRE83EKmEiW/hWRIZaY6DS0LAR7/uRFaJ7VbKtm356X61d5HEU4hCOogA0XUIcbcKABBB7hGV7hzXgyXox342PWWjDymX34I+PzB+eXlJg=</latexit><latexit sha1_base64="2g3v5Wcm4kchUJuAxHPxYkEna8w=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawKBVKSUTQZdGNywj2Ak0ok+m0HTqZhJmJUEPd+CpuXCji1rdw59uYtFlo6w8DH/85hzPn9yPOlLasb6OwtLyyulZcL21sbm3vmLt7TRXGktAGCXko2z5WlDNBG5ppTtuRpDjwOW35o+us3rqnUrFQ3OlxRL0ADwTrM4J1anXNgxPXGbLKqPpwWnUdNSPkuqWuWbZq1lRoEewcypDL6Zpfbi8kcUCFJhwr1bGtSHsJlpoRTiclN1Y0wmSEB7STosABVV4yvWCCjlOnh/qhTJ/QaOr+nkhwoNQ48NPOAOuhmq9l5n+1Tqz7l17CRBRrKshsUT/mSIcoiwP1mKRE83EKmEiW/hWRIZaY6DS0LAR7/uRFaJ7VbKtm356X61d5HEU4hCOogA0XUIcbcKABBB7hGV7hzXgyXox342PWWjDymX34I+PzB+eXlJg=</latexit><latexit sha1_base64="2g3v5Wcm4kchUJuAxHPxYkEna8w=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawKBVKSUTQZdGNywj2Ak0ok+m0HTqZhJmJUEPd+CpuXCji1rdw59uYtFlo6w8DH/85hzPn9yPOlLasb6OwtLyyulZcL21sbm3vmLt7TRXGktAGCXko2z5WlDNBG5ppTtuRpDjwOW35o+us3rqnUrFQ3OlxRL0ADwTrM4J1anXNgxPXGbLKqPpwWnUdNSPkuqWuWbZq1lRoEewcypDL6Zpfbi8kcUCFJhwr1bGtSHsJlpoRTiclN1Y0wmSEB7STosABVV4yvWCCjlOnh/qhTJ/QaOr+nkhwoNQ48NPOAOuhmq9l5n+1Tqz7l17CRBRrKshsUT/mSIcoiwP1mKRE83EKmEiW/hWRIZaY6DS0LAR7/uRFaJ7VbKtm356X61d5HEU4hCOogA0XUIcbcKABBB7hGV7hzXgyXox342PWWjDymX34I+PzB+eXlJg=</latexit><latexit sha1_base64="2g3v5Wcm4kchUJuAxHPxYkEna8w=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawKBVKSUTQZdGNywj2Ak0ok+m0HTqZhJmJUEPd+CpuXCji1rdw59uYtFlo6w8DH/85hzPn9yPOlLasb6OwtLyyulZcL21sbm3vmLt7TRXGktAGCXko2z5WlDNBG5ppTtuRpDjwOW35o+us3rqnUrFQ3OlxRL0ADwTrM4J1anXNgxPXGbLKqPpwWnUdNSPkuqWuWbZq1lRoEewcypDL6Zpfbi8kcUCFJhwr1bGtSHsJlpoRTiclN1Y0wmSEB7STosABVV4yvWCCjlOnh/qhTJ/QaOr+nkhwoNQ48NPOAOuhmq9l5n+1Tqz7l17CRBRrKshsUT/mSIcoiwP1mKRE83EKmEiW/hWRIZaY6DS0LAR7/uRFaJ7VbKtm356X61d5HEU4hCOogA0XUIcbcKABBB7hGV7hzXgyXox342PWWjDymX34I+PzB+eXlJg=</latexit>
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2. Gauge transformation
↵, ⌘
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Effective Dark Energy Evolution:
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Equation of state of Dark Energy:
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Deceleration parameter evolution: z(q = 0) =0.649 (⇤CDM)

z(q = 0) =0.688 (TM)
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3

Matter Power Spectrum: P (k) = <�2m(k)>
(2⇡)3 , ��m = (�m,TM��m,⇤CDM )

�m,⇤CDM
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Density Contrast Evolution under the super-horizon limit:
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Cosmic Microwave Background :
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Observational Constraints
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Fitting results:
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⌦b, ⌦c, ��1 and ⌃m⌫
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Contour plots:

and .

TM

Comparing TM with ΛCDM  in

ΛCDM
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⌦b, ⌦c, ��1, ln(1010As) and ns
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Contour plots:

and .Comparing TM with ΛCDM in

TM ΛCDM
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⌦b, ⌦c, ��1, H0 and age
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Contour plots:

Comparing TM with ΛCDM in and age.

TM ΛCDM
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Summary
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1. The TM universe performs different evolutions compared with the 
ΛCDM model such as the equation of state, deceleration 
parameter. 

2. Perturbation calculations show that the matter power spectrum is 
strengthen in the sub-horizon region and k→0. 

3. The CMB power spectrum gets smaller when (𝓵<10) in the 
Tsujikawa model by the ISW effect. 

4. The MCMC result in TM indicates that the limit of the sum of the 
neutrino mass is relaxed and the redshift of the reionization  
becomes smaller.   

5. The contour plot shows that  the model parameter of the TM is not 
really sensitive to the observational data .

Summary:
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Backup Slides
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The history of f(R) Theory:
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Singularity (1980) 

A A Starobinsky  
H -J Schmidt

On a general vacuum solution of fourth-order gravity 
(1987)

⋮

Dark energy models Tsujikawa, 
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(rms density contrast in spheres of radius in 8 Mpc/h ) 
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window function

• If the cells have a radius of 8 Mpc/h, it turns out the  
σR is close to unity. Conventionally the normalization 
of the power spectrum is therefore given by quoting 
σR. 
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Dark Energy model: Quintessence

• quintessence (Add a scalar field Lagrangian.): 

• Its equation of state is always larger than −1. 

• The behavior depends on the form of the potential. 

• Thawing model: The field (with mass mφ ) has been frozen by 
Hubble friction (i.e. the term Hφ )̇ until recently and then it begins to 
evolve once H drops below mφ. The equation of state of dark energy 
is wφ ≃ −1 at early times, which is followed by the growth of wφ .  

• Freezing model: The field was rolling along the potential in the past, 
but the movement gradually slows down after the system enters the 
phase of cosmic acceleration.
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Dark Energy model: k-essence

• K-essence:  

• The cosmic acceleration can be realized by the kinetic 
energy X of the field φ. 

• Phantom: The scalar field with a negative kinetic energy.
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Pressure :P� = P (X,�)

Energy Density : ⇢� = 2XP,X � P
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w� =

˙�2/2 + V (�)
˙�2/2� V (�)

< �1 for

˙�2

2

< V (�)
<latexit sha1_base64="gz1VkIAkCF1TEhFQvwhyHTnUdt0="></latexit><latexit sha1_base64="gz1VkIAkCF1TEhFQvwhyHTnUdt0="></latexit><latexit sha1_base64="gz1VkIAkCF1TEhFQvwhyHTnUdt0="></latexit><latexit sha1_base64="gz1VkIAkCF1TEhFQvwhyHTnUdt0="></latexit>
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Dark Energy model: Modified Gravity
• Scalar tensor theory (ST): 

• The simplest ST: Brans–Dicke theory: 

• Gauss-Bonnet theory:

f(�, R) = �R, ⇣ = !BD
� , !BD : the Brans–Dicke parameter

<latexit sha1_base64="aMHicZdCBsI0kGb0LWcOTxHnUcA="></latexit><latexit sha1_base64="swBvLuNicqlrRbHLHDV4OJRR6l0="></latexit><latexit sha1_base64="swBvLuNicqlrRbHLHDV4OJRR6l0="></latexit><latexit sha1_base64="aMHicZdCBsI0kGb0LWcOTxHnUcA="></latexit>
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⇣(�)(r�)2

◆
+ SM

<latexit sha1_base64="xYicrqtV8HH+G+fTPkXmgYRE2zo="></latexit><latexit sha1_base64="xYicrqtV8HH+G+fTPkXmgYRE2zo="></latexit><latexit sha1_base64="xYicrqtV8HH+G+fTPkXmgYRE2zo="></latexit><latexit sha1_base64="xYicrqtV8HH+G+fTPkXmgYRE2zo="></latexit>
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✓
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R� 1

2
(r�)2 � V (�)� f(�)R2

GB

◆
+ SM ,

R

2
GB ⌘ R

2 � 4Rµ⌫R
µ⌫ +Rµ⌫↵�R

µ⌫↵�
<latexit sha1_base64="/Xpw6+DdrVO+/VS+9bOFqxUuNXo="></latexit><latexit sha1_base64="/Xpw6+DdrVO+/VS+9bOFqxUuNXo="></latexit><latexit sha1_base64="/Xpw6+DdrVO+/VS+9bOFqxUuNXo="></latexit><latexit sha1_base64="/Xpw6+DdrVO+/VS+9bOFqxUuNXo="></latexit>
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Friedmann-Lemaître-Robertson-Walker (FLRW) metric:

• In Cartesian coordinate system  
(There is no position dependence) 

• In spherical coordinate  
(no theta and phi dependence):

ds

2 = gµ⌫dx
µ
dx

⌫ = �dt

2 + a

2(t)d~x2
<latexit sha1_base64="Mg0nxNDW75czrWRKo/7Eaddpu9U=">AAACH3icbVDLSsNAFJ34tr6iLt0Ei1ARSxJE3QiiG5cV7AOapEwm0zp0MgkzN8US+idu/BU3LhQRd/0bJ20Xvg4Mc+ace7lzT5hypsC2x8bc/MLi0vLKamltfWNzy9zeaagkk4TWScIT2QqxopwJWgcGnLZSSXEcctoM+9eF3xxQqVgi7mCYUj/GPcG6jGDQUsc8jVTgXvQ6uRdnnshG0UNQ0Omt3xfHEQTuEQ7cChxG3oCS/GEUuB2zbFftCay/xJmRMpqh1jE/vSghWUwFEI6Vajt2Cn6OJTDC6ajkZYqmmPRxj7Y1FTimys8n+42sA61EVjeR+giwJur3jhzHSg3jUFfGGO7Vb68Q//PaGXTP/ZyJNAMqyHRQN+MWJFYRlhUxSQnwoSaYSKb/apF7LDEBHWlJh+D8XvkvabhVx646tyfly6tZHCtoD+2jCnLQGbpEN6iG6oigR/SMXtGb8WS8GO/Gx7R0zpj17KIfMMZfg5ajOA==</latexit><latexit sha1_base64="Mg0nxNDW75czrWRKo/7Eaddpu9U=">AAACH3icbVDLSsNAFJ34tr6iLt0Ei1ARSxJE3QiiG5cV7AOapEwm0zp0MgkzN8US+idu/BU3LhQRd/0bJ20Xvg4Mc+ace7lzT5hypsC2x8bc/MLi0vLKamltfWNzy9zeaagkk4TWScIT2QqxopwJWgcGnLZSSXEcctoM+9eF3xxQqVgi7mCYUj/GPcG6jGDQUsc8jVTgXvQ6uRdnnshG0UNQ0Omt3xfHEQTuEQ7cChxG3oCS/GEUuB2zbFftCay/xJmRMpqh1jE/vSghWUwFEI6Vajt2Cn6OJTDC6ajkZYqmmPRxj7Y1FTimys8n+42sA61EVjeR+giwJur3jhzHSg3jUFfGGO7Vb68Q//PaGXTP/ZyJNAMqyHRQN+MWJFYRlhUxSQnwoSaYSKb/apF7LDEBHWlJh+D8XvkvabhVx646tyfly6tZHCtoD+2jCnLQGbpEN6iG6oigR/SMXtGb8WS8GO/Gx7R0zpj17KIfMMZfg5ajOA==</latexit><latexit sha1_base64="Mg0nxNDW75czrWRKo/7Eaddpu9U=">AAACH3icbVDLSsNAFJ34tr6iLt0Ei1ARSxJE3QiiG5cV7AOapEwm0zp0MgkzN8US+idu/BU3LhQRd/0bJ20Xvg4Mc+ace7lzT5hypsC2x8bc/MLi0vLKamltfWNzy9zeaagkk4TWScIT2QqxopwJWgcGnLZSSXEcctoM+9eF3xxQqVgi7mCYUj/GPcG6jGDQUsc8jVTgXvQ6uRdnnshG0UNQ0Omt3xfHEQTuEQ7cChxG3oCS/GEUuB2zbFftCay/xJmRMpqh1jE/vSghWUwFEI6Vajt2Cn6OJTDC6ajkZYqmmPRxj7Y1FTimys8n+42sA61EVjeR+giwJur3jhzHSg3jUFfGGO7Vb68Q//PaGXTP/ZyJNAMqyHRQN+MWJFYRlhUxSQnwoSaYSKb/apF7LDEBHWlJh+D8XvkvabhVx646tyfly6tZHCtoD+2jCnLQGbpEN6iG6oigR/SMXtGb8WS8GO/Gx7R0zpj17KIfMMZfg5ajOA==</latexit><latexit sha1_base64="Mg0nxNDW75czrWRKo/7Eaddpu9U=">AAACH3icbVDLSsNAFJ34tr6iLt0Ei1ARSxJE3QiiG5cV7AOapEwm0zp0MgkzN8US+idu/BU3LhQRd/0bJ20Xvg4Mc+ace7lzT5hypsC2x8bc/MLi0vLKamltfWNzy9zeaagkk4TWScIT2QqxopwJWgcGnLZSSXEcctoM+9eF3xxQqVgi7mCYUj/GPcG6jGDQUsc8jVTgXvQ6uRdnnshG0UNQ0Omt3xfHEQTuEQ7cChxG3oCS/GEUuB2zbFftCay/xJmRMpqh1jE/vSghWUwFEI6Vajt2Cn6OJTDC6ajkZYqmmPRxj7Y1FTimys8n+42sA61EVjeR+giwJur3jhzHSg3jUFfGGO7Vb68Q//PaGXTP/ZyJNAMqyHRQN+MWJFYRlhUxSQnwoSaYSKb/apF7LDEBHWlJh+D8XvkvabhVx646tyfly6tZHCtoD+2jCnLQGbpEN6iG6oigR/SMXtGb8WS8GO/Gx7R0zpj17KIfMMZfg5ajOA==</latexit>
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Luminosity distance:

m�M = 5 log10(DL � 1)

<latexit sha1_base64="Ox3R6W66PQqfp/mZYenZ49e451w=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBiEXCrijaCEEtLBQimAckyzI7mSRDZnaWmVkhLNv4KzYWitj6GXb+jZNkC008cOFwzr3ce08QMaq043xbuYXFpeWV/GphbX1jc8ve3mkoEUtM6lgwIVsBUoTRkNQ11Yy0IkkQDxhpBsOrsd98JFJRET7oUUQ8jvoh7VGMtJF8e4+X7y7gKeww0fcT10lL1/5t2T3y7aJTcSaA88TNSBFkqPn2V6crcMxJqDFDSrVdJ9JegqSmmJG00IkViRAeoj5pGxoiTpSXTB5I4aFRurAnpKlQw4n6eyJBXKkRD0wnR3qgZr2x+J/XjnXv3EtoGMWahHi6qBczqAUcpwG7VBKs2cgQhCU1t0I8QBJhbTIrmBDc2ZfnSeO44joV9/6kWL3M4siDfXAASsAFZ6AKbkAN1AEGKXgGr+DNerJerHfrY9qas7KZXfAH1ucPDsqUHg==</latexit><latexit sha1_base64="Ox3R6W66PQqfp/mZYenZ49e451w=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBiEXCrijaCEEtLBQimAckyzI7mSRDZnaWmVkhLNv4KzYWitj6GXb+jZNkC008cOFwzr3ce08QMaq043xbuYXFpeWV/GphbX1jc8ve3mkoEUtM6lgwIVsBUoTRkNQ11Yy0IkkQDxhpBsOrsd98JFJRET7oUUQ8jvoh7VGMtJF8e4+X7y7gKeww0fcT10lL1/5t2T3y7aJTcSaA88TNSBFkqPn2V6crcMxJqDFDSrVdJ9JegqSmmJG00IkViRAeoj5pGxoiTpSXTB5I4aFRurAnpKlQw4n6eyJBXKkRD0wnR3qgZr2x+J/XjnXv3EtoGMWahHi6qBczqAUcpwG7VBKs2cgQhCU1t0I8QBJhbTIrmBDc2ZfnSeO44joV9/6kWL3M4siDfXAASsAFZ6AKbkAN1AEGKXgGr+DNerJerHfrY9qas7KZXfAH1ucPDsqUHg==</latexit><latexit sha1_base64="Ox3R6W66PQqfp/mZYenZ49e451w=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBiEXCrijaCEEtLBQimAckyzI7mSRDZnaWmVkhLNv4KzYWitj6GXb+jZNkC008cOFwzr3ce08QMaq043xbuYXFpeWV/GphbX1jc8ve3mkoEUtM6lgwIVsBUoTRkNQ11Yy0IkkQDxhpBsOrsd98JFJRET7oUUQ8jvoh7VGMtJF8e4+X7y7gKeww0fcT10lL1/5t2T3y7aJTcSaA88TNSBFkqPn2V6crcMxJqDFDSrVdJ9JegqSmmJG00IkViRAeoj5pGxoiTpSXTB5I4aFRurAnpKlQw4n6eyJBXKkRD0wnR3qgZr2x+J/XjnXv3EtoGMWahHi6qBczqAUcpwG7VBKs2cgQhCU1t0I8QBJhbTIrmBDc2ZfnSeO44joV9/6kWL3M4siDfXAASsAFZ6AKbkAN1AEGKXgGr+DNerJerHfrY9qas7KZXfAH1ucPDsqUHg==</latexit><latexit sha1_base64="Ox3R6W66PQqfp/mZYenZ49e451w=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBiEXCrijaCEEtLBQimAckyzI7mSRDZnaWmVkhLNv4KzYWitj6GXb+jZNkC008cOFwzr3ce08QMaq043xbuYXFpeWV/GphbX1jc8ve3mkoEUtM6lgwIVsBUoTRkNQ11Yy0IkkQDxhpBsOrsd98JFJRET7oUUQ8jvoh7VGMtJF8e4+X7y7gKeww0fcT10lL1/5t2T3y7aJTcSaA88TNSBFkqPn2V6crcMxJqDFDSrVdJ9JegqSmmJG00IkViRAeoj5pGxoiTpSXTB5I4aFRurAnpKlQw4n6eyJBXKkRD0wnR3qgZr2x+J/XjnXv3EtoGMWahHi6qBczqAUcpwG7VBKs2cgQhCU1t0I8QBJhbTIrmBDc2ZfnSeO44joV9/6kWL3M4siDfXAASsAFZ6AKbkAN1AEGKXgGr+DNerJerHfrY9qas7KZXfAH1ucPDsqUHg==</latexit>

DL = (1 + z)a0�(�)

�(�) =
1

a0

Z ze

0

dz

H(z)
<latexit sha1_base64="Nfxxwh2Wy7gD/0A1aH6mKhw8j14="></latexit><latexit sha1_base64="Nfxxwh2Wy7gD/0A1aH6mKhw8j14="></latexit><latexit sha1_base64="Nfxxwh2Wy7gD/0A1aH6mKhw8j14="></latexit><latexit sha1_base64="Nfxxwh2Wy7gD/0A1aH6mKhw8j14="></latexit>

 Matter perturbation (perfect fluid):

T 0
0 = �(⇢M + �⇢M ),

T 0
i = �(⇢M + PM )@iv,

T i
j = (PM + �PM )�ij

<latexit sha1_base64="q1IszAxlDcnqY8iuVUOW29RHAwc="></latexit><latexit sha1_base64="q1IszAxlDcnqY8iuVUOW29RHAwc="></latexit><latexit sha1_base64="q1IszAxlDcnqY8iuVUOW29RHAwc="></latexit><latexit sha1_base64="q1IszAxlDcnqY8iuVUOW29RHAwc="></latexit>

Gauge transformation:

 = ↵̇+H↵,

� = ⌘ �H↵,

where ↵ = (ḣ+ 6⌘̇)/2k2
<latexit sha1_base64="cTQJRC39w+dZbnPrfimNh4UjmOw="></latexit><latexit sha1_base64="cTQJRC39w+dZbnPrfimNh4UjmOw="></latexit><latexit sha1_base64="cTQJRC39w+dZbnPrfimNh4UjmOw="></latexit><latexit sha1_base64="cTQJRC39w+dZbnPrfimNh4UjmOw="></latexit>
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⇠ = ��+Hq. (Curvature fluctuation)

<latexit sha1_base64="BIchrSozwcaxcmhMrsbHUe/UkbQ=">AAACG3icbVDLSgMxFM3Ud32NunQTLEJFLDMi6EYQ3bisYFXolJJJ77ShmYfJjViG/ocbf8WNC0VcCS78G9PahbYeCBzOuYebe8JMCo2e9+UUpqZnZufmF4qLS8srq+7a+pVOjeJQ46lM1U3INEiRQA0FSrjJFLA4lHAdds8G/vUdKC3S5BJ7GTRi1k5EJDhDKzXd/eBeHO8F1Y7YPb+t0ODWsBYNEO4xL58ZdcfQKKCRNBzNMLLTb7olr+INQSeJPyIlMkK16X4ErZSbGBLkkmld970MGzlTKLiEfjEwGjLGu6wNdUsTFoNu5MPb+nTbKi0apcq+BOlQ/Z3IWax1Lw7tZMywo8e9gfifVzcYHTVykWQGIeE/iyIjKaZ0UBRtCQUcZc8SxpWwf6W8wxTjaOss2hL88ZMnydV+xfcq/sVB6eR0VMc82SRbpEx8ckhOyDmpkhrh5IE8kRfy6jw6z86b8/4zWnBGmQ3yB87nN3GqoRU=</latexit><latexit sha1_base64="BIchrSozwcaxcmhMrsbHUe/UkbQ=">AAACG3icbVDLSgMxFM3Ud32NunQTLEJFLDMi6EYQ3bisYFXolJJJ77ShmYfJjViG/ocbf8WNC0VcCS78G9PahbYeCBzOuYebe8JMCo2e9+UUpqZnZufmF4qLS8srq+7a+pVOjeJQ46lM1U3INEiRQA0FSrjJFLA4lHAdds8G/vUdKC3S5BJ7GTRi1k5EJDhDKzXd/eBeHO8F1Y7YPb+t0ODWsBYNEO4xL58ZdcfQKKCRNBzNMLLTb7olr+INQSeJPyIlMkK16X4ErZSbGBLkkmld970MGzlTKLiEfjEwGjLGu6wNdUsTFoNu5MPb+nTbKi0apcq+BOlQ/Z3IWax1Lw7tZMywo8e9gfifVzcYHTVykWQGIeE/iyIjKaZ0UBRtCQUcZc8SxpWwf6W8wxTjaOss2hL88ZMnydV+xfcq/sVB6eR0VMc82SRbpEx8ckhOyDmpkhrh5IE8kRfy6jw6z86b8/4zWnBGmQ3yB87nN3GqoRU=</latexit><latexit sha1_base64="BIchrSozwcaxcmhMrsbHUe/UkbQ=">AAACG3icbVDLSgMxFM3Ud32NunQTLEJFLDMi6EYQ3bisYFXolJJJ77ShmYfJjViG/ocbf8WNC0VcCS78G9PahbYeCBzOuYebe8JMCo2e9+UUpqZnZufmF4qLS8srq+7a+pVOjeJQ46lM1U3INEiRQA0FSrjJFLA4lHAdds8G/vUdKC3S5BJ7GTRi1k5EJDhDKzXd/eBeHO8F1Y7YPb+t0ODWsBYNEO4xL58ZdcfQKKCRNBzNMLLTb7olr+INQSeJPyIlMkK16X4ErZSbGBLkkmld970MGzlTKLiEfjEwGjLGu6wNdUsTFoNu5MPb+nTbKi0apcq+BOlQ/Z3IWax1Lw7tZMywo8e9gfifVzcYHTVykWQGIeE/iyIjKaZ0UBRtCQUcZc8SxpWwf6W8wxTjaOss2hL88ZMnydV+xfcq/sVB6eR0VMc82SRbpEx8ckhOyDmpkhrh5IE8kRfy6jw6z86b8/4zWnBGmQ3yB87nN3GqoRU=</latexit><latexit sha1_base64="BIchrSozwcaxcmhMrsbHUe/UkbQ=">AAACG3icbVDLSgMxFM3Ud32NunQTLEJFLDMi6EYQ3bisYFXolJJJ77ShmYfJjViG/ocbf8WNC0VcCS78G9PahbYeCBzOuYebe8JMCo2e9+UUpqZnZufmF4qLS8srq+7a+pVOjeJQ46lM1U3INEiRQA0FSrjJFLA4lHAdds8G/vUdKC3S5BJ7GTRi1k5EJDhDKzXd/eBeHO8F1Y7YPb+t0ODWsBYNEO4xL58ZdcfQKKCRNBzNMLLTb7olr+INQSeJPyIlMkK16X4ErZSbGBLkkmld970MGzlTKLiEfjEwGjLGu6wNdUsTFoNu5MPb+nTbKi0apcq+BOlQ/Z3IWax1Lw7tZMywo8e9gfifVzcYHTVykWQGIeE/iyIjKaZ0UBRtCQUcZc8SxpWwf6W8wxTjaOss2hL88ZMnydV+xfcq/sVB6eR0VMc82SRbpEx8ckhOyDmpkhrh5IE8kRfy6jw6z86b8/4zWnBGmQ3yB87nN3GqoRU=</latexit>

Perturbation in super-horizon :

⇠0 = �0
+H 0q +Hq0 = 0 (Curvature fluctuation conservation)

r↵T
i↵

= 0 ! Hq0 = � (Momentum conservation)

<latexit sha1_base64="RaM+mjeTY94zoflylfUKzdk4WaQ="></latexit><latexit sha1_base64="RaM+mjeTY94zoflylfUKzdk4WaQ="></latexit><latexit sha1_base64="RaM+mjeTY94zoflylfUKzdk4WaQ="></latexit><latexit sha1_base64="RaM+mjeTY94zoflylfUKzdk4WaQ="></latexit>
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<latexit sha1_base64="p+8WOSHITeGAP1NDqHd/JaDPICw="></latexit><latexit sha1_base64="p+8WOSHITeGAP1NDqHd/JaDPICw="></latexit><latexit sha1_base64="p+8WOSHITeGAP1NDqHd/JaDPICw="></latexit><latexit sha1_base64="p+8WOSHITeGAP1NDqHd/JaDPICw="></latexit>
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<latexit sha1_base64="ohJJF3UfUYZIV559mhRZCuHsL0w="></latexit><latexit sha1_base64="ohJJF3UfUYZIV559mhRZCuHsL0w="></latexit><latexit sha1_base64="ohJJF3UfUYZIV559mhRZCuHsL0w="></latexit><latexit sha1_base64="ohJJF3UfUYZIV559mhRZCuHsL0w="></latexit>
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WEP 

EEP

SEP 

The motion freely-falling particles are the same in a 
gravitational field and a uniformly accelerated frame  
in small enough regions of spacetime.

In small enough regions of spacetime, the laws of physics 
reduce to those of special relativity; it is impossible to detect 
the existence of a gravitational field by means of local 
experiments.

In small enough regions of spacetime, the laws of physics  
(include the gravity) reduce to those of special relativity.
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Statistical Method


