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Need /{Z’/c; 6.4 and 7 7

Note , we want 7o work in Zhe moving system of
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the earth
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The Coriolis force is proportional to the velocity and the mass.
Consider objects moving on the earth’s surface, and in the

northern hemisphere the upward component of the angular velocity

will deflect moving object to the right.

@3

4

Pressure

BN

——

F—w X v

Direction of Flow =  Pressure Gradient Force —

Coriolis Forge =i

In the regions of low pressure, the wind will blow inwards, deflected

to move in a counter-clockwise direction. Cyclones, typhoons, etc.
in the northern hemisphere will move likewise.
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Ocean currents are also affected by the

30° S

Coriolis force.
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Now e shall study the fall body .
e - e
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Y * a4

acceleration
R B
at 7
-~y
Wmite U= U r &
/ l—; 0 o pa g B g
r 3 A GECOrd
cominant
part
_ 7
I av
—L 4+ TR =2 g =20x(P+P)
At at z — .
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WG cos A1
ﬂ 74

WL inting Loward

far

— =3
LN i A2
L
= /2 = g = T 1° wacas A
g 7 < 7
Ei/g.éléw cos A
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Worked Examples:

A

Let us calculate the deflection of a free falling body from the
vertical caused by the earth’s rotation

S~

v W

N




Let the vertical be defined as the direction determined by g. The
centrifugal force is to be neglected. Hence

d'u_

7 20X w+g.

The deflection is very small. So we can write v — v1 + v9, a
dominant part plus a correction.

d’Ul

dfvg
a T B

o 2(v1 +v2) X w+g.

The equation for vy describes the free fall without rotation.

(%] :gta




Neglecting the second order term, the differential equation for vs is
d‘l)g
Hence we get

1 2
rlzr0+§gt y
1

Ty == — t3><w.
2 Sg

0
g X w=

We now choose the z-axis to be the vertically upward direction, the
J
0

x-axis pointing south, and the y-axis the eastward direction. Then
k
0

—g
—wcosA 0 wsin )

= WQgCcos \J .

syl




eastward with displacement

Approximating the time of fall to the ground as t = /2h/g, where
h is the height the particle begins free falling, the deflection is then

2h  |2h
Y= —4/—wcos\.
3 \/ g

If A=23° h =100 m, then using w = 2w /1 day ~ 7 x 107°, we

can compute y to be

y=~2cm.
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f'afne

Tnitial conditions .
At t=0 x’ = y ::; =0
x o

.
/

= ‘+ C
X = 2weos AY e )

g = - 2 ¢ wcos\ w SinA3) Tt Cy
Put in zhe initial condition G =0, C = 2twsinA 4
, y";‘ ~ 2(w cos ) x'+ w.rc‘n/\;’)
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/‘aucau/* [Zndulum

I/ . o, [} -‘.A
a2 =4 -2«

4

Coriobis aecceleration

N syslem.
7

J—axis {5 ajaﬁg 2he  local  yvertical

Interest in the rotation /o/ 2he Ip/ane ﬁ/ orcellatiorn

4
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Zhe I/:ena/u./ e Blob
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4 7 7
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’ Y
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The  Ffoucault [rndulim

§ syetem

(_tnertl &l coordinate )

T = (T7-0)F +(F-530f +(T-kIk
J .

Lension
—b A Al A
Proof.. T =T+ T7 +TA
J < e d v [~ 4
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Werile owl the e/augi‘c'wy j/ molion.
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Assuming that the bob of Zhe pendulum. wndergoes small
~/ 4 / g
—_lefgﬁgigémt_fﬁc__cy_aLQércum /ba'.r.:' Lion so that lis |
Motlion can be __assumed Zo take place i a Zzorf';ggzégz

blane. =2 3’ =20, 3’=z0
V4 I74 v

O = T — mag *2mwy.sin A
/ 4 ”

*
¥/ 2
#

= = m; - 2m w;/.’.ﬂ'n)\

.s > &
X’z - £E=

. Y. SN ySPRU |
y =- 22 + ‘f""i - 2wx sas)
w, x’, gl"‘ are _small
\.—N.‘J /
<< f /
the second Lerm
can be
neeqlectled
-/
n\'/
2 x = - %‘ﬁ F 2wy cosA
gl/ = “%Z - 2WZ cas\

e

lel K= f{g L, ol = wces T\

LN 2 2 / ]
==Kzl L 8

g z .

5/’—-:—-/« g’ = 2d x (8)

This is  Zhe eyua,iﬁon of molion.
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Choase 2he inilial condilion
Xoo  Xzo. g=A §7=0 uf line FZo
4 /r?/
/AT N
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\ 7
= mathematical /broblem.
’ /
7
useteel 2o use
7
comlplex number
(A) + o (B)
X/t iyl = - KNXriy) + 24 (4 - i X7)
]
e/ U W/
r com/blex number J
let =X+ a'g/’ . then
U = ~Ku - 20t 3=~/ L= /-1
= ?:t" - “7?'/ Zl.d/j ""kabl:-‘O
/ | /
Cr)mb/f'x
, e;um/tioa Constants
dﬁCopflb/Gd.
Ft
/Inmif} U= ceée C, ) are constant
= rit2iy + Ki=o

yy= (= 2iet 4 NGl P-EKE )2 = <o ) eiEaget
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Genem-j .S'o[uﬁ'all

M(“(dai-tl) k]

e = s 2 Y S — s
U =(C tic,)e r (G tigle

Cor Co, G, C are real.,

Lulers formula

B T 7 :
e = ros® Fo5in @ Y = cor8-isind

(C, 08 ) (cosfh~k)t = 4 sinlod ~K)TE)

/ A /7 o
Hr Yy =
4

+ (¢ #C,) (costdth)t = (sin(d+&)E F

Foualing the real and imaginary bqr'*f
4 -/ -/ 7

X' = C, cos(d=~KIL + C, sin (X~K)T + & coslol +K) + & Sen (A KL

~ C, Sinl~K)E + G cas (=Kt - G ain(d +K)E + C costi)t

,‘
aq ——

are o be delermined 6/\/

C.l ya C‘z £ CZ ~ C4

7 L4

initial conditions

t=o0, x’'=zo C,tC =0 = Cj—‘-’-C}
X/ ==C, ol =K) sin(od=K)E t C, (d-K) cos (d=K)L
=G (oA tk) sin(Lrk)E TG (dtk) cos(d+h)E
x’=0 Gy (d~k) + C (A +K) =0
( /%1__ O{l) /, !/% — Q)Cd.f/\ \
c, = G, e = 6 oz & z0cosA
4 £ 7™ b el At e )
/e y
Acl)
= (4 = Co

= x'= C, cos(l=K)t * ¢ sin (=Kt

~C cos (A2 KL P C, . CAtKIE

;/, = - C, senlA-KJ)E + C, cos(ad =KL

+ & sin(drKIE + C; cos K E
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4 == C(A=K) cos (=Kt + C (A ~K)(=s5inlel~k)L)

_+C, (AEK) cos (d #HIE t Cp (A+K) (= sin (AdrfOTE F

2—:0 = C =9

7

X/ = 3 Asin(d=k)t * 3 A sinld+K)7

= Acos Kt sinodt = A ro.réft- Sin (e cos) )

y’ = 2 A cos(d=K)t * 3 A cosel +KIL

= A cos Kb cosdt = A cos /Zl‘ coslecas t)

Jhis is the  final result
‘ 4

w7 7 A7
2 = x' i 4 3
7 o
T A
= Acos /2 ¢t »n’
%
77 A Y4
5 = sin(weosA)t [+ casles cosAt) 7

a_Zime - da;.be/zdent

cx . 27 7%=
cos /2;2 2 2erm bas a /,bemaa’ ,‘/; n 7;

When (L goine  From =0 p t=17
S S S

/- N
17—07-—*

V4
2 = ep Cveos) ST /L ) P u eor ftogpa) 2/F )
97 ¥ d | hatd” 4 3 v; 7. Ak o ¥ T 7 /
(4 4 L4
~ 7

[74
Slowely  varving
7 7 A

=7 . 4 .
F. A 2 Qgg A, _the. magnilude _chanat .
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rather quickly
7 7

v A-’ 4

i W 5 5 5 R 3 5 5 5
A= sin(weos)) L ll cos CweasA) 2

v/ r A7 2 7 CREAYY
After t= o= = pl= 274127
4 CAA 2 2 d
» A/
The period of A
/ 4
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Foucault in 1851 suspended a 28-kg bob with a 67-metre wire

from the dome of the Panthéon in Paris to demonstrate that t

earth really rotates.
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i ik
2m|z y 0
Wy

We derive here how the plane of oscillation chavnges due to
the rotation of the earth. We can make the approximation
z =0, and the Coriolis force is

0 w,

= 2m(ngi— Tw.J — gwik).
We consider the horizontal motion.

&= —wiz + 2yw, ,

Y = -——w%y — 22w, ,
where wyq is just the angular frequency of the pendulum. We
can set w = x + 1y, then

W =

—WoW — 29w, .

! D .




As usual, we set w = Ae®, then

a2+2iwza+w§:().

o = —iw, £ iy /w2 + W & i, % iwp.
So

W — 6—zwzt (Clezwot i C2e—zwot) .

Without the first term we get the usual harmonic oscillation of 2
spherical pendulum in a plane. The phase ==t just rotates the

plane of oscillation clockwise in the northern hemisphere with a
period given by

27 1
W sin )\ sin \

The Foucault pendulum at UN takes 36 hours and 45 minutes to
complete a cycle.

T =

day.
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JThis is e coualion .—;/e.rcn‘éa'f:/a the motion on the X ?9'

'ﬁ/ane.

Weth the initial condilions. we can m/ycdﬁr the ,éﬂ_t:aé_éfm___

L4

b lone 3/ osesllalion

rolales

clochurise

in  the northem

hemisphere

with a /)em'oa'

given by
— P

2 -pye /
& 7] .
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#FE (Foucault Pendulum)
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Chepler 7 CHAPTER

Motion in a Noninertial
Reference Frame

9.1 Introduction

The advantage of choosing an inertial reference frame to describe dynamic pro-
cesses was made evident in the discussions in Chapters 2 and 6. It is, of course,
always possible to express the equations of motion for a system in an inertial
frame. But there are types of problems for which these equations would be
extremely complex, and it becomes easier to treat the motion of the system in a
noninertial frame of reference.

To describe, for example, the motion of a particle on or near the surface of
the earth, it is tempting to do so by choosing a coordinate system fixed with
respect to the earth. We know, however, that the earth undergoes a complicated
motion, compounded of many different rotations (and hence accelerations) with
respect to an inertial reference frame identified with the “fixed” stars. The earth
coordinate system is, therefore, a noninertial frame of reference; and, although the
solutions to many problems can be obtained to the desired degree of accuracy by
ignoring this distinction, many important effects result from the noninertial
nature of the earth coordinate system.

In analyzing the motion of rigid bodies in the following chapter, we also find
it convenient to use noninertial reference frames and therefore make use of much
of the development presented here.

9.2 Rotating Coordinate Systems

Let us consider two sets of coordinate axes. Let one set be the “fixed” or inertial
axes, and let the other be an arbitrary set that may be in motion with respect to
the inertial system. We designate these axes as the “fixed” and “rotating” axes,
respectively. We use x; as coordinates in the fixed system and x; as coordinates in
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Figure 9-1

the rotating system. If we choose some point P, as in Figure 9-1, we have
’ r=R+4r (9.1)

where r” is the radius vector of P in the fixed system and r is the radius vector of P
in the rotating system. The vector R locates the origin of the rotating system in
the fixed system.

We may always represent an arbitrary infinitesimal displacement by a pure
rotation about some axis called the instantaneous axis of rotation. For example,
the instantaneous motion of a disk rolling down an inclined plane can be
described as a rotation about the point of contact between the disk and the plane.
Therefore, if the x; system undergoes an infinitesimal rotation 68, corresponding
to some arbitrary infinitesimal displacement, the motion of P (which, for the
moment, we consider to be at rest in the x; system) can be described in terms of
Equation 1.106 as :

@X)figeq = dB x 1 9.2)

where the designation “fixed” is explicitly included to indicate that the quantity
dris measured in the x}, or fixed, coordinate system. Dividing this equation by dt,
the time interval during which the infinitesimal rotation takes place, we obtain
the time of rate change of r as measured in the fixed coordinate system:

dr de i
(?1?>fixcd B —Jt— xr (93)
or, since the angular velocity of the rotation is
do
i 4
o e 0.4
we have
dr .
— =@Xxr (for P fixed in x; system) 9.5)
dt fixed

This same result was determined in Section 1.15.
If we allow the point P to have a velocity (dr/dt)quaing With respect to the x;
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system, this velocity must be added to @ X r to obtain the time rate of change of r

in the fixed system:
dr dr
- =|— +®Xr (9.6)
<dt )fixed <dt )rolaling

Consider a vector r = x;e, + x,e, + Xx;e; in the rotating system. Let the fixed
and rotating systems have the same origin. Find i’ in the fixed system by direct
differentiation if the angular velocity of the rotating system is @ in the fixed
system.

EXAMPLE 9.1

Solution: We begin by taking the time derivative directly

dr d
<E;>fixed B El: <Z Xiei>

= Z (x:€; + x;€;) ‘ 9.7)

The first term is simply f, in the rotating system, but what are the &,?

(&)
’ dt rotating
dr) :
il =1, + Y X8é (9.8)
(dt fixed 2
Look at Figure 9-2 and examine which components of w; tend to rotate e, .

We see that w, tends to rotate e; toward the —e; direction and that e, tends to
rotate e, toward the +e, direction. We therefore have

d
'—dft—l’ = 0)362 - 60263 (9.93.)
X3
Do
5 €
’ r
€, % b Xy
Wy
0,

X,

Figure 9-2
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Similarly, we have

d

2 o se, + ey (9.9b)
dt

de

7; = (0,85 — (1€, (9.9¢)

In each case the direction of the time derivative of the unit vector must be
perpendicular to the unit vector in order not to change its magnitude.
Equations 9.9 can be written

6 =@ X ¢ 9.10)
and Equation 9.8 becomes
dr )
(;l—t—>ﬁ“d =i, + ;m X X;€
=f,+oxr 9.11)

which is the same result as Equation 9.6.

Although we chose the displacement vector r for the derivation of Equation
9.6, the validity of this expression is not limited to the vector r. In fact, for an
arbitrary vector Q, we have

aQ\  (dQ
<E>fixed B <_d';>rolaling tox Q (912)

Equation 9.12 is an important result.
We note, for example, that the angular acceleration @ is the same in both the
fixed and rotating systems:

do do
N = | — L@ X o=d 9.13
< dt )fixed < dt )rolating T @ ® ( )

since @ X ® vanishes and where @ designates the common value in the two
systems.

Equation 9.12 may now be used to obtain the expression for the velocity of
the point P as measured in the fixed coordinate system. From Equation 9.1 we

have
dr’ dR dr
—_— =|— —_ 0.14
<dt )fixed (dt >ﬁxed * (dt>fixed ( )
dr’ dR dr
. == | + = +®XT (9.15)
( dt >fixed ( dt )fixad (dt >rotaling

so that

;i
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If we define )
p=ip= (%>nxw (9.16a)
V=R,= (%)ﬁm (9.16b)
v, =1, = (%;>muling (9.16¢)

we may write
!vf=V+v,.+mxr_] ©.17)

where
v, = Velocity relative to the fixed axes
V = Linear velocity of the moving origin
v, = Velocity relative to the rotating axes
o = Angular velocity of the rotating axes

® x r = Velocity due to the rotation of the moving axes

9.3 Centrifugal and Coriolis Forces

We have seen that Newton’s equation F = ma is valid only in an inertial frame of

reference. The expression for the force on a particle can therefore be obtained
from

d
F=ma; = m(—vi) 9.18)
dt Jrixea

where the differentiation must be carried out with respect to the fixed system.
Differentiating Equation 9.17 we have

) () (%
dt fixcd— dt Jtizea dt Jeixea

+(i)xr+mx<‘—1£) 9.19)
dt fixed

We denote the first term by Ry

.. dv
= — 2
Ry= <dt )ﬁxed 620

The second term can be evaluated by substituting v, for Q in Equation 9.12:
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<dv,,) (dv,>
— e 4+ @ XV,
dt fixed dt rotating

=2, +0XY, 9.21)

where a, is the acceleration in the rotating coordinate system. The last term in
Equation 9.19 can be obtained directly from Equation 9.6:

cox(il:> -mx(dr> + o X (@ xr)
dt fixed dt rotating

=XV, +0X(®XxXr) (9.22)
Combining Equations 9.18-9.22, we obtain
F = ma; = mﬁf + ma, + md X T+ mo X (© X 1)+ 2men xXv, (9.23)

To an observer in the rotating coordinate system, however, the effective
force on a particle is given by*

B = ma, (9.24)
=F —mR; —mé x 1 —me x (@ x 1) —2mo X v, (9.25)

The first term, F, is the sum of the forces acting on the particle as measured in the
fixed inertial system. The second (—mR 5) and third (—mé x r) terms result
because of the translational and angular acceleration, respectively, of the moving
coordinate system relative to the fixed system.

The quantity —me x (@ x r)is the usual centrifugal force term and reduces
to —me?r for the case in which @ is normal to the radius vector. Note that the
minus sign implies that the centrifugal force is directed outward from the center of
rotation (seelFigure 9-3).

@ Xr

— X {0 X¥1)

Figure 9-3

*This result was published by G. G. Coriolis in 1835. The theory of the composition of accelerations
was an outgrowth of Coriolis’s study of water wheels.
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The last term in Equation 9.25 is a totally new quantity that arises from the
motion of the particle in the rotating coordinate system. This term is called the
Coriolis force. Note that the Coriolis force does indeed arise from the motion of
the particle, since the force is proportional to v, and hence vanishes if there is no
motion.

Since we have used (on several occasions) the term “centrifugal force” and
have now introduced the Coriolis force, we must now inquire about the physical
meaning of these quantities. It is important to realize that the centrifugal and
Coriolis forces are not forces in the usual sense of the word; they have been
introduced in an artificial manner as a result of our arbitrary requirement that
we be able to write an equation resembling Newton’s equation which is at the
same time valid in a noninertial reference frame; that is, the equation

F = ma,

is valid only in an inertial frame. If, in a rotating reference frame, we wish to write
(let R, and & be zero for simplicity)

Fpp = ma,
then we can express such an equation in terms of the real force may as
E e = may + (noninertial terms)

where the “noninertial terms” are identified as the centrifugal and Coriolis
“forces.” Thus, for example, if a body rotates about a fixed force center, the only
real force on the body is the force of attraction toward the force center (and gives
rise to the centripetal acceleration). An observer moving with the rotating body,
however, measures this central force and, in addition, notes that the body does
not fall toward the force center. To reconcile this result with the requirement that
the net force on the body vanish, the observer must postulate an additional
force—the centrifugal force. But the “requirement” is artificial; it arises solely
from an attempt to extend the form of Newton’sequationto a noninertial system,
and this can be done only by introducing a fictitious “correction force.” The same
comments apply for the Coriolis force; this “force” arises when an attempt is
made to describe motion relative to the rotating body.

In spite of their artificiality, the concepts of centrifugal and Coriolis forces
are useful. To describe the motion of a particle relative to a body rotating with
respect to an inertial reference frame is a complicated matter. But the problem can
be made relatively easy by the simple expedient of introducing the “noninertial
forces,” which then allows the use of an equation of motion resembling Newton’s
equation.

EXAMPLE 9.2

A student is performing measurements with a hockey puck on a large merry-go-
round with a smooth horizontal surface. The merry-go-round has a constant
angular velocity w. (2) Find the effective force on the hockey puck afteritis givena
radial push. (b) Find the effective force on the hockey puck if it is given a push
perpendicular to the radial direction.
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Figure 9-4

Solution: Refer to Figure 9-4, where the fixed and moving coordinate systems are
fixed at the center. From Equation 9.25 the effective force is

Fie= —mo X (@ X 1) — 2mo X v,. (9.26)

where F and the two system acceleration terms are zero. The friction force is also
assumed to be zero. In Figure 9-4a let v, = vge;, ® = wesz, I = Xy€;.

Fr = mw’xge, — 2mmuvge, (9.27)

The directions of the centrifugal, Coriolis, and effective forces are shown in
Figure 9-4a.

If the initial velocity of the hockey puck is v, = vge, at the same place on the
merry-go-round, the effective force becomes

F, = mw?xge, + 2mwuge,
= (mw?xq + 2mwvy) e, (9.28)

The centrifugal term is the same, but the Coriolis term forces the puck to the right
with respect to the direction of its velocity, as shown in Figure 9-4b.

The reader should attempt such experiments to compare experimental
results in the fixed and moving coordinate systems. Computer simulations of the
two systems are also enlightening.

0.4 WNotion Relative to the Earth

The motion of the earth with respect to an inertial reference frame is dominated
by the earth’s rotation about its axis, the effects of the other motions (revolution
about the sun, motion of the solar system with respect to the local galaxy, etc.)
being small by comparison. Therefore, to a good approximation (see Prob-
lem 9-1) we can consider a coordinate system fixed relative to the earth to be
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T XV Deflected path

Figure 9-5

in pure rotation with respect to an inertial frame of reference, and we can there-
fore apply Equation 9.25 to the problems of motion on or near the surface of
the earth.

The angular velocity vector o, which represents the earth’s rotation about its
axis, is directed in a northerly direction. Therefore, in the Northern Hemisphere,
o has a component w, directed outward along the local vertical. If a particle is
projected in a horizontal plane (in the local coordinate system at the surface of
the earth) with a velocity v,., then the Coriolis force — 2me x v, has a component
in the plane of magnitude 2meo_v, directed toward the right of the particle’s
motion (see Figure 9-5), and a deflection from the original direction of motion
results.* :

Since the magnitude of the horizontal component of the Coriolis force is
proportional to the vertical component of , the portion of the Coriolis force
producing deflections depends on the latitude, being a maximum at the North
Pole and zero at the Equator. In the Southern Hemisphere, the component T
directed inward along the local vertical, and hence all deflections are in the
opposite sense from those in the Northern Hemisphere.t

It is also interesting to note that the radial flow of air masses from high
pressure regions into low pressure regions, since they are always deflected to the
right by the Coriolis force (in the Northern Hemisphere), produce cyclonic
motion (Figure 9-6). The actual motion of air masses is much more complicated,
but the qualitative features of cyclonic motion are correctly given by considering
the effects of the Coriolis force. The motion of water in whirlpools is (at least in
principle) a similar situation, but in actuality other factors (various perturbations

*Poisson discussed the deviation of projectile motion in 1837.

"During the naval engagement near the Falkiand Islands early in World War I, the British gunners
were surprised to see their accurately aimed salvos falling 100 yards to the left of the German ships.
The designers of the sighting mechanisms were well aware of the Coriolis deflection and had carefully
taken this into account, but they apparently were under the impression that all sea battles took place
near 50° N latitude and never near 50° § latitude. The British shots, therefore, fell at a distance from
the targets equal to twice the Coriolis deflection.




S
Figure 9-6

and residual angular momentum) dominate the Coriolis force, and whirlpools are
found with both directions of flow. (Even under laboratory conditions it is
extremely difficult to isolate the Coriolis effect.)

We note that if we are considering motion in the earth’s gravitational field,
then the quantity that we call the acceleration due to gravity (i.e., g or the vector g)
is actually a combination of the gravitational acceleration proper (as defined
from the universal gravitation law) and the apparent outward acceleration (i.e.,
the centrifugal acceleration) resulting from the fact that our coordinate system is
fixed with respect to the rotating earth; that is, the effective g is defined only in
terms of measurements that we make: the magnitude is determined by the period
of a pendulum and the direction by the direction that a plumb bob assumes at
equilibrium. Thus g already includes the term —@ X (@ x ). Because of this
. fact, the direction of g at a given point is in general slightly different from the true
vertical (defined as the direction of the line connecting the point with the center of
the earth; see Problem 9-9).

EXAMPLE 9.3
Find the horizontal deflection resulting from the Coriolis force of a particle

falling freely in the earth’s gravitational field.

Solution: The value of o that occurs in the force equation (Equation 9.25) is that
of the earth’s rotation:

2nrad/day s
== 72 >
w 36,400 5/day 7.29 x 107° rad/s

The acceleration of the particle is given by

a=¢g— 20XV,
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Figure 9-7

where g is the acceleration due to gravity (i.e., the effective g that includes the
centrifugal acceleration). We choose a z-axis directed vertically outward from the
surface of the earth. With this definition of e_, we complete the construction of a
right-hand coordinate system by specifying that e, be in a southerly and e,inan
easterly direction, asin Figure 9-7. We make the approximation that the distance
of fall is sufficiently small that g remains constant during the process.

Since we have chosen the origin O of the rotating coordinate system to lie in
the Northern Hemisphere,* we have

W, = —@Cos
w, =0
w.=wsin A

Although the Coriolis force produces small velocity components in the e,
and e, directions, we can certainly neglect x and y compared to 7, the vertical
velocity. Then, approximately,

le

0
0

<. %
e

.,
IR

*The point O does not move in a precisely uniform manner with respect to an inertial reference frame.
For motion near the surface of the earth, however, the terms proportional to Ry and @ x r contribute
little and can be neglected.
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where we obtain 7 by considering a fall from rest. Therefore we have

e, e, e,
OXV.=/—wcosd 0 wsini
0 0 —gt
= —(wgt cos Ae,
The components of g are

g.=0

g,=0

g: = —g

so the equations for the components of a, (neglecting terms in w?; see Prob-
lem 9-10) become

(@),=%=0
(a,), = ¥ = 2wgtcos 1
(ar): =iz —g

Thus the effect of the Coriolis force is to produce an acceleration in the e,
or easterly, direction. Integrating j twice, we have

(t) = twgt® cos A

where y = 0and y = Oatt = 0. The integration of 2 yields the familiar result for
the distance of fall,

z(t) = z(0) — g1
and the time of fall from a height h = z(0) is given by
t = /2h/g

Hence the result for the eastward deflection d of a particle dropped from rest at a
height & and at a northern latitude 1 is*

d = LwcosA/8h3/g 9.29)

An object dropped from a height of 100 m at latitude 45° is deflected approx-
imately 1.55 cm (neglecting the effects of air resistance).

*The eastward deflection was predicted by Newton (1679), and several experiments (notably those
of Robert Hooke) appeared to confirm the results, The most careful measurements were probably
those of F. Reich (1831; published 1833), who dropped pellets down a mine shaft 188 m deep and
observed a mean deflection of 28 mm. This is smaller than the value calculated from Equation 9.29,
the decrease being due to air resistance effects. In all the experiments, a small southerly component
of the deflection was observed-—and remained unaccounted for until Coriolis’s theorem was appre-
ciated (see Problem 9-10).
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EXAMPLE 94

To demonstrate the power of the Coriolis method for obtaining the equations of
motion in a noninertial reference frame, rework the last example but use only the
formalism previously developed—the theory of central-force motion.

Solution: If we release a particle of small mass from a height h above the earth’s
surface, the path the particle describes is a conic section—an ellipse withe = 1
and with one focus very close to the earth’s center. If r is the earth’s radius
and 1 the (northern) latitude, then at the moment of release, the particle has a
horizontal velocity in the eastward direction:

Upor = Fr@ cOs A = (ry + h)wcos A
and the angular momentum about the polar axis is
| = mrv,,, = m(ro + h)*wcos A (9.30)

The equation of the path is*

%1 —¢cosh (9.31)

if we measure 6 from the initial position of the particle (see Figure 9-8). At1 =0

o =

I3
I

Figure 9-8

*Notice that there is a change of sign between Equation 9.31 and Equation 7.41 due to the different
origins for @ in the two cases.
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we have

so Equation 9.31 can be written as

(A =glro+h)
r= 1 —¢gcos8 (-32)

From Equation 7.12 for the areal velocity we can write
1 2 o 1
20 dt 2m

Thus the time ¢ required to describe an angle  is

0
t:ﬂj r*do
I'Jo

Substituting into this expression the value of I from Equation 9.30 and r from

Equation 9.32, we find
1 b 1—¢ 2
= ocosa L (1 — £COS 6> 4 ©-33)

If we let 6 = 6, when the particle has reached the earth’s surface (r=rp),
then Equation 9.32 becomes

7‘0 - 1“‘8
ro+h 1—egcosb,

or, inverting,

1+I_z=1—-scoseo
7'0 1_8
1 —g[1—2sin*(6,/2)]
- 1—¢
2¢ .2&,_
1—¢ 2

(9.34)

from which we have
h 2 . L

ro 11— )
Since the path described by the particle is almost vertical, little change occurs in
the angle 6 between the position of release and the point at which the particle
reaches the surface of the earth; 6, is therefore small and sin(f,/2) can be
approximated by its argument:

h o 03

TR (9.35)
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If we expand the integrand in Equation 9.33 by the same method used to
obtain Equation 9.34, we find

‘o 1 8 dé
T weosd Jo {1+ [2¢/(1 — ¢)]sin?(6/2)}2
and since 6 is small, we have
i o 46
wcosd Jo [1+e0%/2(1 — g)]?

Substituting for &/2(1 — &) from Equation 9.35 and writing t(f = ;) = T for the
total time of fall, we obtain

t

17

1 9o de
wcosk Jo [1+ (h6%/r,02)]%

1 %o 2h
- 0? ) df
wcos A L (1 ro03 )

1 2h
- wcos (1 _ga>9°
Solving for 6,, we find

@wTcos i 2h
90 = i’m =~ wTcos /1(1 + ‘g;‘(‘)‘)

T

iR

IR

During the time of fall T, the earth turns through an angle T, so the point
on the earth directly beneath the initial position of the particle moves toward the
east by an amount rowT cos A. During the same time, the particle is deflected
toward the east by an amount r,8,. Thus the net easterly deviation d is

d =1y ~rowTcos d
= 2hwT cos A

and using T = +/2h/g as in the preceding example, we have, finally,

8h3
dglwcosl —_—
3 vV g

which is identical with the result obtained previously (Equation 9.29).

EXAMPLE 9.5

The effect of the Coriolis force on the motion of a pendulum produces a pre-
cession, or rotation with time of the plane of oscillation. Describe the motion
of this system, called a Foucault pendulum.*

*Devised in 1851 by the French physicist Jean Leéon Foucault (1819-1868).
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Suspension point
iat great height

Figure 9-9

Solution: To describe this effect, let us select a set of coordinate axes with origin at
the equilibrium point of the pendulum and z-axis along the local vertical. We are
interested only in the rotation of the plane of oscillation—that is, we wish to
consider the motion of the pendulum bobin the x—y plane (the horizontal plane).
We therefore limit the motion to oscillations of small amplitude, with the
horizontal excursions small compared to the length of the pendulum. Under this
condition, Z is small compared to X and y and can be neglected.
The equation of motion is

,=g+;—rﬁ~2mxv, (9.36)

where T/m s the acceleration produced by the force of tension T'in the pendulum
suspension (Figure 9-9). We therefore have, approximately,

x
T, = ——T-—l~
Ty=~T-yl~ 9.37)
T.xT
As before,
gx =
g, =
g:= 4
and
w, = —wcos
w,=0

w, = wsinl




352 9/ MOTION IN A NONINERTIAL REFERENCE FRAME

with
(V) =x
Ve)y =y
v).=2=0
Therefore
e, e, e,
®OxXv,x|—wcosd 0 wsini
X y 0
so that

(@ %xv,), = —yosinl
(@ x v,), = xwsin 1 {9.38)
(@ xv,), = —pmwcos

Thus the equations of interest are

T
(@), =% ——-> + 2wsin i
m 9.39)
. T y .. ©
@)y=jyx——.=— 2xwsin A
m

For small displacements, T ~ mg. Defining «? = T/ml = g/I, and writing
. = wsin A, we have

¥+a’xx 2wy
(9.40)

F+aly= —2mw%

We note that the equation for X contains a term in », and that the equation
for j contains a term in %. Such equations are called coupled equations. A solution

for this pair of coupled equations can be effected by adding the first of the above
equations to i times the second:

G+ i) + o?(x + iy) = —20.(i% — J) = —2iw,(x + iy)
If we write ‘
q=x-+iy
we then have
q+ 2iw.g + a’qg=0

This equation is identical with the equation that describes damped oscillations
(Equation 3.35), except that here the term corresponding to the damping factor is
purely imaginary. The solution (see Equation 3.37) is

q(t) = exp[ —iw.t][4 exp(y/ —w? — 1) + Bexp(—+/ —w? — «?1)] (9.41)
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If the earth were not rotating, so that w, = 0, then the equation for q would
become

§ +ea?g =0, w.=0

from which it is seen that « corresponds to the oscillation frequency of the
pendulum. This frequency is clearly much greater than the angular frequency of
the earth’s rotation. Therefore o > @., and the equation for g() becomes

q(t) = el 4o Be~=) (9.42)

We can interpret this equation more easily if we note that the equation
for g’ has the solution

q'(t) = x'(t) + iy'(t) = Ae'™ 4 Be~i=
Thus
q(t) = q'(t) - e
or
X(8) + () = [x'() + iy'(e)] - e Pt
=[x"+ iy"J[cos w.t — isin w_t]
= [x'cos w.t + y'sin w.r]
+i[—x'sinw.t + y'cos w.f]
Equating real and imaginary parts,
x(f) = x"cosw.t + y'sin w.t
W) = —x'sinw,t + )’ cos co:t}

We can write these equations in matrix form as

t R i . ’
x(2) _ c.os w.t  sinw.t xl(t) (9.43)
y(t) —sma.t cosw.t/\ y(t)
from which (x, y) may be obtained from (x', y') by the application of a rotation
matrix of the familiar form
1 C.OS 0 sind (9.44)
—sinf cosf

Thus the angle of rotation is 6 = @_t, and the plane of oscillation of the
pendulum therefore rotates with a frequency w. = wsin . The observation of
this rotation gives a clear demonstration of the rotation of the earth.*




Problems

9-1. Calculate the centrifugal acceleration, due to the earth’s rotation, on a particle on the
surface of the earth at the Equator. Compare this result with the gravitational acceleration.
Compute also the centrifugal acceleration due to the motion of the earth about the sun and

Justify the remark made in the text that this acceleration may be neglected compared to the
acceleration due to axial rotation.

9-2. Anautomobile drag racer drives a car with acceleration a and instantaneous velocity
v. The tires (of radius r,) are not slipping. Find which point on the tire has the greatest
acceleration relative to the ground. What is this acceleration?

9-3. In Example 9.2, assume that the coefficient of static friction between the hockey puck

and a horizontal rough surface (on the merry-go-round) is Uy

(a) How far away from the center of the merry-go-round can the hockey puck be placed
without sliding?

{b) If the coefficient of kinetic friction is # and the hockey puck is moving outward
radially with velocity » on the merry-go-round, how far away from the center can the
puck move without slipping?

9-4. A bucket of water is set spinning about its symmetry axis. Determine the shape of the
water in the bucket.

9-5. Obtain an expression for the angular deviation of a particle projected from the North
Pole in a path which lies close to the earth. Is the deviation significant for a missile that
makes a 4800-km flight in 10 min? What is the “miss distance” if the missile is aimed
directly at the target? Is the miss distance greater for a 19,300-km flight at the same
velocity?

9-6. If a particle is projected vertically upward to a height 4 above a point on the earth’s
surface at a northern latitude 1, show that it strikes the ground at a point fwcos 14/ 8h3/g
to the west. (Neglect air resistance, and consider only small vertical heights)

\/9—7. If a projectile is fired due east from a point on the surface of the earth at a northern
latitude 1 with a velocity of magnitude ¥, and at an angle of inclination to the horizontal
of a, show that the lateral deflection when the projectile strikes the earth is

4v3 . )
d=-—.wsinl-sinacosa
PE

there w is the rotation frequency of the earth.

'9.8. In the preceding problem, if the range of the projectile is R for the case @ = 0, show
that the change of range due to the rotation of the earth is

2R3 . L S
AR= [—.wcosA|cotta — ~tania
g 3
9-9. Show that the angular deviation ¢ of 3 plumb line from the true vertical at a point on 5
the earth’s surface at a latitude 1 is

row?sin lcos A

g —row?cos? ]

where ry is the radius of the earth. What is the value (in seconds of arc) of the maximum
deviation?

and show that there is a southerly deflection

2h2 2
do== d sin Acos A
3. ¢

thus obtained is the standard formula {my? + ¢/ plu
extra term is the centrifugal potential energy. Finally,
effective potential for the problem which is exactly t
lem (see Equation 7.34).

s an additional term. Show that the
show that it is possible to define an
hat used in the central-force prob-




Chapter 7
ACCELERATED COORDINATE SYSTEMS

The simple form of Newton’s second law,

d’ry

for a particle of mass m holds only in inertial coordinate systems (unac-
celerated and not rotating with respect to the distant stars), as denoted
by the I subscript above. On the other hand, physical events are some-
times more simply described with reference to an accelerated or rotating
coordinate system. For example, observations of motion on the earth’s
surface are more simply expressed in terms of a coordinate system fixed
on the rotating earth than in terms of an inertial coordinate system. For

this reason it is useful to derive the form of the second law which directly

applies in accelerated reference frames.

7.1 Transformation to Moving Coordinate Frames

To transform the law of motion to an accelerated reference frame, we

first need to relate the time derivatives of vector quantities in moving
and fixed coordinate systems. In a moving frame, an arbitrary vector
quantity A can be written

A= AgZ+ AyF+ Ad (7.2)

where the directions of the unit vectors change in time. The time deriva-
tive of A is
dA dA; . dA,.  dA;, dx dy dz
o ( NPT z) + (A a A +A“dt> (7.3)
The first term on the right-hand side of this equation is the time rate
of change of A with reference to the axes of the accelerated frame. We
denote this time rate of change of A in the moving frame by
SA  dA;,.  dA dA, .

— = Vs
TR TR e T

(7.4)

228

The second term in (7.3) is due to the rotation of the coordinate
system, which causes the direction of the unit vectors to change with
time. Since the coordinate system is rigid, we can directly apply the
result of (6.64),

dr _
5 = WX (7.5)
to find the time derivatives of the unit vectors
d% . . dy dz
o = WX - = wxX§y o =wXZ (7.6)

Here w is the angular velocity of rotation of the accelerated frame relative
to a fixed frame. Upon substitution of (7.4) and (7.6) into (7.3), we have

dA A
= = g TexX Ak + AyJ + A.2) (7.7)
or more simply,
dA  0A
Py +wXxA (7.8)

Accordingly, the time derivative dA /dt in a fixed reference frame consists
of a part 6A /6t from the time rate of change of A relative to the axes
of the moving frame and a part wXA from the rotation of these axes
relative to the fixed axes. It follows from (7.8) that the time derivative
of w is independent of the coordinate frame.

=W (7.9)

We next apply the result in (7.8) to the vector r, which specifies the
location of a particle with respect to the moving axes. The first time
derivative is

dr _ 0r
dat " ot

The second time derivative can likewise be evaluated with the aid of (7.8).

fié-___c_i_ or 6 (ér or
F7oRmieT -gt——i-er :E(Jt-}-er)—}—wx (3;+wxr>
2r  bw

5 B
5t2+ 5 Xr+2w><5 + wX(wXxr)

+wXr (7.10)

(7.11)

To find the law of motion in the accelerated/rotating frame, we relate
the location of the particle in the accelerated and inertial frames by the
. A

R




7.2 TFictitious Forces

vector R connecting the origins of the two frames
(7.12)

n=r+R
as illustrated in Fig. 7-1. Then, substituting the result in (7.11) into
d’r;, d*r d°R
w = awta (7.13)
we get
or . d?

d’r; &r
-?i'i-z— = W-{-UJX(WXI‘) + 2w X 5t
The form of Newton’s law in the non-inertial frame now follows directly

from (7.1) and (7.14)
&%r . 2

mz—ﬁzF—m[wx(er)—{-QwXV—i—er—l—-a—t—g—} (7.15)
where v = /6t is velocity and 82r/6t? is the acceleration of a particle

as observed in the moving coordinate system.

Zr

r

=~

X1
FIGURE 7-1. Inertial and accelerated coordinate frames

We can write the equation of motion (7.15) for an accelerated frame in a

form similar to (7.1) for an inertial frame.
(7.16)

§r
Mz = Fe

The acceleration §%r/dt? observed in the moving frame is generated by

- (7.17)

2
g

the effective force
Fag =F —m |wX(wXr) + 2wXv+wXr+

The names associated with the so-called fictitious force terms on the

right-hand side of (7.17) are
Centrifugal force:
F.f = —mwX(wXr) (7.18)
Coriolis force:
Foor = —2mw X v (7.19)
Azimuthal force:
F,, = —mwXr (7.20)
d’R
(7.21)

Translational force:
Fir = —m—d—t—z_

The centrifugal force of (7.18) is due to the rotational motion of the
coordinate system. Since w-F.; = 0, the centrifugal force is perpendicular
to the rotation axis &. If the angular velocity w is chosen to lie along the

z axis of the moving frame, as in Fig. 7-2, then
2(, 5
(7.22)

Fep=-mlww- r)- rw?] = mw?(z% + y9)

= mw?p
where p is the cylindrical-radius vector to the particle from the z axis.
The centrifugal force is directed radially outward from the axis of rotation.

The result in (7.22) is the same as (5.14).
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FIGURE 7-2. Centrifugal force Fy due to rotation with angular velocity w.

The centrifugal force, along with gravity, accounts for the parabolic
shape of the surface of a spinning pail of water. Because of viscous forces
the water in a uniformly spinning pail will reach an equilibrium condition
where it rotates as if it were a rigid body (i.e., each element has the same
angular velocity). Using (7.17), the equation of motion of a small mass
of water m on the surface in a frame rotating with the pail is

§%r

m— = F' + mg — mwX(wXr) (7.23) :

ot?

where the force F’, due to the pressure gradient, is normal to the sur-
face. If the pressure gradient had a component tangent to the surface

the pressure would vary along the surface, but this cannot happen since -

the surface is at atmospheric pressure. Since in equilibrium 8%r /6t =0,
the effective-gravity term

gef = & — WX (wXT) (7.24)

must also be normal to the surface, by (7.23). In cylindrical coordinates
e s given by 7

et = —g2 +w’pp (7.25)

From the geometry of Fig. 7-3, the normal requirement on g.s can be
written

dz  wp
tanf = — = ——~
n dp 7 (7.26)
Integration gives
w?
z = —p* 4 constant (7.27)

2g

which is a parabolic shape. The solution in (7.27) can alternatively be
found from (7.25) by potential-energy methods. The potential energy
due to the force mgeg is

V(z,p) = m(gz — tw?p?) (7.28)

as verified by computing F = mg.y = —VV. Since there can be no
compon'ent of force tangential to the surface in equilibrium, the potential
energy in (7.28) must be constant on the surface, and the result in (7.27)
is thus obtained.

- v - - —

FIGURE 7-3. Parabolic surface of a spinning pail of water.
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There are two important aspects of this spinning pail phenomenon
which might be mentioned, one of historical and philosophical impor-
tance and the other of current practical importance in the construction
of telescope mirrors. The water pail ezperiment was of great significance
in Isaac Newton’s formulation of mechanics. He noted that a spinning
water pail achieves a curved surface while one that is not rotating has
a flat surface; Newton deduced that a reference frame not rotating with
respect to the stars was fundamental.

v - Foor = 0, this force is perpendicular to both w and v. The effects of
- the Coriolis force are important in such problems as calculations of long-
range artillery and ballistic missile trajectories and in the description of
~ large-scale atmospheric weather phenomena.

The azimuthal force in (7.20) occurs only when the angular-velocity
vector changes with time. Inasmuch as r:F,, = 0, this force always
points in a direction perpendicular to r. If w is changing in magnitude
but constant in direction, the azimuthal force acts toward maintaining

In the construction of the post-Palomar generation of large land- the rotational velocity of the particle.

based optical telescopes short focal lengths must be utilized to minimize
the weight and consequent expense. To construct such a mirror by the
old technology would require starting with a thick blank disk and then
laboriously grinding out the concave shape. An important innovation’
is to spin a molten pyrex or quartz blank inside a furnace. It obtz:mins‘s
precisely the parabolic shape that is needed to focus a distant star into’
a point image and can be cast with uniform thickness helping to reduce
the weight. The surface is then coated with a thin layer of aluminum to
make it reflecting. Photos of such a telescope mirror being made by this
process are shown in Fig. 7-4.

The translation force in (7.21) is due to the acceleration of the origin
of the moving frame relative to an inertial frame. In the special case when
~ the motion of the accelerated coordinate system is purely translational
(that is, w = 0), the equation of motion in (7.16) and (7.17) reduces to

§%r d’R v

The problem of a pendulum with a moving support provides an in-
teresting application of (7.29). We choose the origin of the moving coor-
dinate system to coincide with the instantaneous location of the support,
as illustrated in Fig. 7-5. We shall restrict our discussion to angular mo-
tion in the z,y plane defined by F and R. In terms of the tension T and
the gravitational force mgx acting on the pendulum bob, the equation of
motion in the moving frame is

8%r

My = T+ m(g — Az)X — mA,§ (7.30)

where A = d?R/dt? is the translational acceleration. Since physical
~ motion occurs along the ¢ direction, it is advantageous to write (7.30) in
“polar coordinates using (2.124),
§?%r

=7 = - r6?) + 6(rb + 2r0) (7.31)

and the relations
% = fcosf — Osin b

FIGURE 7-4. A parabolic mirror for the WIYN (Wisconsin-India.na—Yale-NOAlO) (7 3 2)
telescope being made by the spin-casting process. (a) The initial stage‘ of castlng“ § = Fsin 0 + 6C059 .
and (b) after spin casting. The central plug leaves a hole for light transmission after . :
reflection by a secondary mirror. obtained from (2.125). Since Ty = 0, we find
| . i ) TR | mlf = —m(g — Ag)sin 8 — mA, cos 6

The Coriolis force in (7.19) is present when the particle is in mo- : (9 - Az) v (7.33)

tion relative to the rotating coordinate system. Since w - Fgor = 0 and -m192 =T, +m(g — Ag) cos§ — mA,sin
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FIGURE 7-5. Pendulum with a support which moves with acceleration A = R.

The angular motion of the pendulum bob is therefore determined by

" ‘ Ayt
6 + [—i— - éfl(—t—)-] sin § = ————yi(——zcos()
This is the same as obtained more laboriously by the Lagrangian m(?thod
in Chapter 3 (except with the = and y axes interchanged). For uniform
vertical acceleration of the support (A constz?unt and A, = 0), the
natural frequency of small oscillations for Az < g is

wp = ,/5’..._—'IAm ‘ (7.35)
When A, = g, the pendulum undergoes free-fall motion and it behaves

as if the gravity field has vanished. The fact that gravity can be mfade f;'o
disappear (or appear) locally by a coordinate transformation led Einstein

to a theory of gravity, the general theory of relativity, in which gravity is

linked closely to geometry.

(7.34)

Pe wreae maar v v

7.3 Motion on the Earth

For the motion of a particle moving near the surface of the earth, it is
convenient to choose a coordinate system that is fixed on the earth’s
surface. We consider in Fig. 7-6 first a reference frame S’ rotating with a
constant angular velocity w relative to Sy (the inertial frame). The frame
S§' is fixed in the rotating earth and its origin is at the CM of the earth,
coinciding with the origin of S;. The translational vector R in (7.15) is
thus zero. As shown in Fig. 7-6 the location of mass m is given by r' and
its equation of motion from (7.15) is

6%r! .
The net force acting on m in the inertial system has been separated into
the gravitational force mg and any other forces F'.

+ mg — m[wx (wXr') — 2wxv'] (7.36)

i

FIGURE 7-6. Inertial reference frame Sy, earth-fixed frame S’ whose origin is at the
earth CM, and earth-fixed local frame S whose origin is on the earth’s surface.

The origin of a local reference frame S fixed on the earth’s surface
is-given by Rp. The location of m in S is specified by the vector r and




hence

1" = RE +r (737) .

Since R is a fixed vector in §’, 6r'/6t = ér/6t from (7.37); (7.36) then
becomes ‘
&*r , .
meg=F +mg —mlwx (WX Rg+1)) — 2wXV] (7.38)
Due to the earth’s large size and its relatively slow rotation the ﬁctltlous
force corrections are small compared to gravity. The centrifugal force i is
proportional to the square of the small quantity w and therefore we can
neglect r compared to Rg in this term. Thus to a very good approxima-

tion the centrifugal force is constant. The Coriolis force is linear in w and -

depends on the state of motion relative to S. The equation of motion
relative to S is then well approximated by ’
(52

mW—F'—%-mg—mwx(waE)——mexv (7.39)
If the earth were perfectly spherical and isotropic, g would be constant
in magnitude and directed toward the center of the earth. In fact, local
irregularities, distortions from sphericity, and deviations from uniform
density cause slight variations in g at different points on the earth.

The condition for a particle at rest on the earth (v = 0) to be in |
equilibrium (§%r/6t* = 0) from (7.39) is
F' = -m[g - wX (wXRE)] (7.40)

For example, if m is the bob on a plumb line, the tension F' in the string
is opposite to the direction determined by

gef =& — wX(wWXRE) (7.41)

The plumb bob thus points in the direction of geg. We conclude that geg
is the effective gravitational acceleration on the earth. The magnitude of
the correction term to g is :

|wX (wxRE)| =w?REsin 6 (7.42)

where @ is the colatitude angle between w and Rg. For the earth’s

angular velocity of rotation,

2r 2m _ —4
W= = o 3600~ 0.727 x 10™"*rad/s (7.43)

we find that the correction term is small,
w?Rpsin g = (0.727 x 107*)%(6,371 x 10%) sin § =~ 0.03sin § m/s” (7.44)

This correction is less than 0.3% of g, but nonetheless measurable. The
direction of the correction is radially outward from the rotation axis, as
illustrated in Fig. 7-7.

FIGURE 7-7. Effective gravitational acceleration geg (with the relative magnitude of
the centrifugal acceleration exaggerated for clarity).

The differential equation (7.39) which describes the motion of a par-
ticle on the earth can be expressed in terms of geg in (7.41) as

§2
m-‘gg = F' 4+ mgeg — 2mw XV (7.45)

For convenience we choose the z axis of the coordinate system so that
eff = —JeftZ (7.46)

The y axis is taken to point north and the z axis east, as pictured in
Fig. 7-8. The components of w along these axes are

w = 0% + wsin 0y + wcos 2 (7.47)

where 6 is the colatitude angle as measured from the north polar axis.
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FIGURE 7-8. Coordinate frame fixed on the surface of the earth at colatitude angle 8.

Substituting (7.47) into the Coriolis force term,

Foor = —2mwXv (7.48)

of (7.45), we have

Foor = 2mw(vy cos @ — v, sin 8)% — vy cos 8§ + v sin 0Z] (7.49)

The direction of deflection of the particle from its direction of motion
due to the Coriolis force follows directly from (7.49). In the Northern

Hemisphere, 0 < 8 < w/2, we find

Velocity direction Deflection direction

North (v, > 0) East

East (vy > 0) South and up
South (vy < 0) ~ West

West (v; < 0) North and down
Up (v; > 0) West

Down (v, < 0) East

“er “ o mmmmamee v s mresevemamren —aa

For motion parallel to the earth’s surface (v, = 0), the particle is
always deflected to the right in the Northern Hemisphere and to the left
in the Southern Hemisphere.

The trade winds and weather circulations of high- and low-pressure
areas are striking examples of Coriolis force effects. The equatorial region
of the earth generally receives more heat from the sun. The warm air
rises and is replaced by a flow of air from the temperate regions. The
air moving south from the Northern Hemisphere is deflected westward by
the Coriolis effect. This accounts for the steady prevailing winds to the
west and south, known as the trade winds.

On a smaller scale a low-pressure region in the Northern Hemisphere
on the order of 200 km across is associated with a counterclockwise cir-
culation of the air because of the Coriolis force effect on the air flowing
in. The pressure gradient is largely balanced by the Coriolis force. Under
certain circumstances this cyclonic motion builds up to great intensity
and destructive power in the form of a hurricane, cyclone, or typhoon.
High-pressure areas force air outward. This airflow deflects to the right
and produces clockwise circulation in the Northern Hemisphere. Vortices
on a still smaller scale such as tornados, dust devils, water spouts, and
the bathtub vortex are not directly influenced by Coriolis effects to any
great extent. Nevertheless, some of these vortices often have a counter-
clockwise motion because of general counterclockwise movements which
spawn them.

7.4 Foucault’s Pendulum

In 1851 Jean Foucault exhibited a pendulum at the Pantheon in Paris
which through Coriolis force dramatically illustrated the rotation of the
earth. Today Foucault pendulums are on exhibit in many public buildings
and planetariums. One of the most famous hangs in the United Nations
Building in New York, as illustrated in Fig. 7-9. The Foucault pendulum
is a simple plane pendulum which can oscillate a long time without being
appreciably damped by friction. Its oscillation plane is observed to rotate
slowly with time, confirming in a dramatic way that a reference frame
in which the distant stars appear fixed is more fundamental than one in
which the earth is fixed and the stars rotate about the earth.

The motion of the Foucault pendulum can be determined from (7.45).
We take r to represent the distance of the bob of mass m from its equilib-
rium position. At rest the pendulum hangs along the direction geg, and




h
[
'

>
4 m Q
_ s =482 = 2 = =~ © o =
St = ! w2 R Hel Yo m 2 o
] g oS ~ S I~ : @ M2
4 5 B0 e Q ~— = = % I~
m . BT Es .« 3 -
1 . pterd (9]
i § > O.MC....N ” " < B
o= 8 o s 9 Il
| (=] o > X \ =] .
: @ Oy © e & E ) > ) 2
i 8.8 8 a g9 3 i, = % 2 5
1 08K 2 — = ey St .
==} B = o S 3 a &
. S B oW =
8 o & 2 8o o g Q & g | 3
: 8 g £ 5 2 ] M 3 = 2 cm
25 2s5= 3 Y 2% 5
Mﬁ O o —~~ 3 =] I3 [©2]
kjle Yo @B = E o 2] 3 5 > o
L Sls 32 S=335 x  2e T & 3 =
- RN g =T X8 3 w B Q - + 5
N 3= o B g = - @ . =R S
.....// ..D..w cSu%hm X o & < | aW w ~ ®
\ BB e w* &, o & ™ S d B R, =
v 55 9083809 3 KAL) &, 5 52 = 3 ¥
V28 Al F g 82 3 L HTo o3 N8
- RO N ! = e + @ 3 22 7 R
1 Q¢ .Iu-..m.lo. o~ T > [5] ~ = Q w .m
I s B & = = > o e 2 59 e
I 3% CWTI o > Il &0 X 80 e 5]
83 2° 3@ X £2 & o~ , .5 3 & g
/I Sh hMF -+ 3 8 0 > =) 3 2 P o
- ARG g = o D g o = E
/ = .2 © o ~ S o @ ~ ‘29 2 ]
\\ pm.mu. hchu = > N 4+ b = S
7 c® Y 35§ _ S S BE g =
- E8 s&8 33 & 3 O = 5 5 )
& P R R B e = [ [
S| 3 o Q B = -— o ==Y >
® 0 .Tqul.m b0 ernm —~ m alt @
= 5 0 o £ = — LN . =
9 @ 0 & B oy = Yol + = B0 |
RE sez=0° + =g S g5 8 o
o - -~ S - ot
2 & g5 § BB 60 8= B a
P >0 &3 ~ S b= Il o B K . °
g FEEE 0 Ti 0 0§ gp 22g k
g AmeQ\/ e o @ FEREN N B gmma =
UW O = Do [N 5 = i e.m = =
O o B ¥ o ©L® /A A s .
= A . B
&R megsx B8 A £l < 5
[

H

ing

d the motion would

nited Nations Building in New
iolis force present the bob will deflect .

g. 7-10. On the return sw
ht and after one period the
d from above.

i
1g

in the U
1se as viewe

York City. (Photo courtesy of United Nations.)

—mgeg. If the earth did not rotate, the -

would not be present an

PP

.

fixed plane. With Cor
to the right, out of its plane as shown in F

-
= =

e vt

occur in a

FIGURE 7-9. Foucault pendulum which hangs
the tension in the string is ¥’

Coriolis force term in (7.45)

the pendulum bob again deflects to the r
pendulum plane has rotated clockw

2 4]




2. For small displacements the pendulum motion is nearly perpendic-
ular to 2.

3. The wp x (wp X r) term is small compared to the already small
centrifugal term in geg. It can be neglected.

4. For small pendulum displacements v, is negligible; using (7.47)

(wHwp) Xv = ~Rvy(w cos §+wp) +F vy (w cos 0 +wp) — Fv, (wsin 6)
(7.54) |

Thus the pendulum motion will remain in its initial plane in this
frame if ;
Wp = —wcos (7.55) |

An earth-fixed observer in S thus sees the pendulum plane precess-
ing slowly clockwise (in the northern hemisphere) with angular frequency
wp = ~wcosf. We note that in the southern hemisphere cos@ is neg-
ative and wp automatically adjusts in sign. The time required for the
pendulum plane to precess by 27 is

W cosf ,
The precession vanishes at the equator and is a maximum at the north
pole, where the pendulum precesses clockwise through a complete rev-
olution every 24 h. From the viewpoint of an observer in space, the
oscillation plane at the north pole remains fixed, while the earth turns'
counterclockwise beneath it.
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