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10-4 CONSERVATION OF
ANGULAR MOMENTUM

" In Eq. 10-9 %e found tirlat the time rate of ch@%e of 1;he ttoa-1
' " tem of particles abou
tal angular momentumn of a sys i
point i%xed in an inertial reference frame (or abou.t the cet:;le
ter of mass) is equal to the net external torque acting on

system,; that is

D T = ax (10-9)
ext dt
If the net external torque acting on the system ishzeroé
then the angular momentum of the system does not chang

with time (dL/dt = 0). Thus

L = aconstant  or (10-15)

ti - if.

In this-case the initial angular momentur'n i}sl equaltlhf;)mt:llteiCf;y—1
pation 10-15 is the ma

nal angular momentum. Equai ] atical

statemgent of the principle of conservation of angular mo

mentum:

If the net external torque acting on a system is zero, the
total vector angular momentum of the system remains
constant,

This is the second of the major conservation laws we have
discussed. Along with conservation of linear momentum,
conservation of angular momentum is a general result that
is valid for a wide range of systems. It holds true in both
the relativistic limit and in the quantum limit, No excep-
tions have ever been found.

Like conservation of linear momentum in a system on
which the net external Jorce is zero, conservation of angular
momentum applies to the total angular momentum of a sys-

" tem of particles on which the net external torque is zero.

The angular momentum of individual particles in a system
may change due to interng] torques (just as the linear mo-
mentum of each particle in a collision may change due to
internal forces), but the total remains constant.

Angular momentum is (like linear momentum) a vector
quantity so that Egs. 10-15 is equivalent to three ope-
dimensional equations, one for each coordinate direction
through the reference point. Conservation of angular mo-
mentum therefore supplies us with three conditions on the
motion of a system to which it applies. Any component of
the angular momentum will be constant if the correspond-
ing component of the torque is zero; it might be the case
that only one of the three components of torque is zero,
which means that only one component of the angular mo-
mentum will be constant, the other components changing as
determined by the corresponding torque components.

For a system consisting of a rigid body rotating with an-
gular speed w about an axis (the z axis, say) that is fixed in
an inertial reference frame, we have

w L= I, (10-16)

where L, is the component of the angular momentum along
the rotation axis and 7 is the rotational inertia for this same
axis. If no net external forque acts, then L, must remain
constant. If the rotational inertia 7 of the body changes
(from 7 to I;)—for example, by a change in the distance of
parts of the body from the axis of rotation-—there munst be
a compensating change in @ from ; 10 w¢. The principle of
conservation of angilar momentum in this case is ex-
pressed as L, = L or :

Lo, = L. (10-17)

Equation 10-17 holds not only for rotation about a fixed
axis but also for rotation about an axis through the center of
mass of a system that moves so that the axis always re-
mains parallel to itself (see the discussion at the beginning
of Section 9-7).

Conservation of angular momentum is a principle that
regulates a wide variety of physical processes, from the
subatomic world to the motion of acrobats, divers, and bal-

_let dancers, to the contraction of stars that have run out of

fuel, and to the condensation of galaxies. The following ex-
amples show some of these applications.



FIGURE 10-~12. (a)In this configuration, the system (student
+ weights) has a larger rotational inertia and a smaller angular ve-
locity. (b) Here the student has pulled the weights inward, giving a
smaller rotational inertia and hence a larger angular velocity. The
angular momentum L has the same value in both situations.

The Spinning Skater

A spinning ice skater pulls her arms close to her body to
spin faster and extends them to spin slower. When she does
this, she is applying Eq. 10-17. Another application of this
principle is illustrated in Fig. 10-12, which shows a student
sitting on a stool that can rotate freely about a vertical axis.
Let the student extend his arms holding the weights, and we
will set him into rotation at an angular velocity w,. His an-
gular momentum vector I, lies along the vertical axis (z
axis) in the figure,

The system consisting of student + stool + weights is
an isolated system on which no external vertical torque
acts. The vertical component of angular momentum must
therefore be conserved, -

When the student pulls his arms (and the weights)
closer to his body, the rotational inertia of his system is re-
duced from its initial value I; to a smaller value I, because
the weights are now closer to the axis of rotation. His final
angular speed, from Eq. 10-17, is we = w(li/Iy), which is
greater than his initial angular velocity (because I; < I),
and the student rotates faster. To slow down, he need only
extend his arms again.

The Springboard Diver*

Figure 10-13a shows a diver leaving the springboard. As
she jumps, she pushes herself slightly forward so that she
acquires a small rotational speed, just enough to carry her
head-first into the water as her body rotates through one-
half revolution during the arc. »

While she is in the air, no external torques act on her to
change her angular momentum about her center of mass.

* See “The Mechanics of Swimming and Diving,” by R. L. Page, The
Physics Teacher; February 1976, p. 72; “The Physics of Somersaulting and
Twisting,” by Cliff Frohlich, Scientific American, March 1980, p. 155.

(@)
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FIGURE 10-13. (a)A diver leaves the springboard in such a
way that the springboard imparts to her an angular momentum L.
She rotates about her center of mass (indicated by the dot) by one-
half revolution as the center of mass follows the parabolic trajec-
tory. (b) By entering the tuck position, she reduces her rotational
inertia and thus increases her angular velocity, enabling her to
make 1; revolutions. The external forces and torques on her are
the same in (a) and (&), as indicated by the constant value of the
angular momentum I,

(The only external force, gravity, acts through her center of
mass and thus produces no torque about that point. We ne-
glect air resistance, which could produce a net torque and
change her angular, momentum.) When she pulls her body
into the tuck position, she lowers her rotational inertia, and
therefore according to Eq. 10-17 her angular velocity must
increase. The increased angular velocity enables her to
complete 1% revolutions where she had previously com-
pleted only one-half revolution (Fig. 10-13b). At the end of
the dive, she pulls back out into the layout position and
slows her angular speed as she enters the water.



The Rotating Bicycle Wheel

Figure 10-14a shows a student seated on a stool that is free
to rotate about a vertical axis. The student holds a bicycle
wheel that has been set spinning. When the student inverts
the spinning wheel, the stool begins to rotate (Fig. 10- 14b).

No net vertical torque acts on the system consisting of
student + stool + wheel, and therefore the vertical ()
component of the total angular momentum of the system
must remain constant. Initially, the z component of the an-
gular momentum of the rotating wheel is +L,,. The total
initial angular momentum of the system is then L, = +L,.
When the wheel is turned over (as a result of an internal
torque in the system), the z component of the total angular
momentum must remain constant. The z component of the
final total angular momentum is L, = L, + (—L,), where
L, is the angular momentum of student + stool and —L, is
the angular momentum of the inverted wheel. Conservation
of angular momentum (in the absence of external torque)
requires that L;, = Ly, and so the student and stool will ro-
tate with angular momentum L, = +2L,,.

We can also consider this situation from the standpoint of
two separate systems, one being the wheel and the other be-
ing the student + stool. Neither of these systems is now iso-
lated: the student’s hand forms the connection between
them. When the student attempts to invert the wheel, she
must apply a torque to change the wheel’s angular momen-
tum. The force she exerts on the wheel to produce that
torque is returned by the wheel as a reaction force on her, by
Newton’s third law. This external force on the system of stu-

i
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FicUurE 10-14. (a) A student holds a rotating bicycle wheel.
The total angular momentum of the system is Ew. (b) When the
wheel is inverted, the student begins to rotate. (¢) The total final

angular momentum must be equal to the initial angular momen-
tum,

dent + stool causes that system to rotate. In this view the
student exerts an external torque on the wheel to change its
angular momentum, while the wheel exerts a torque on the
student to change her angular momentum. If we consider the
complete system consisting of student + stool + wheel, as
we did above, this torque is an internal torque that did not
enter into out calculations. Whether we consider the torque
as internal or external depends on how we define our system.

The Stability of Spinning Objects

Consider again Fig. 10-3b. An object moving with linear
momentum P = MYV has a directional stability; a deflect-
ing force provides the impulse, corresponding to a sideways
momentum increment AP | , and as a result the direction of
motion is changed by an angle 6 = tan™! (Ap,/p). The
larger is the momentum p, the smaller is the angle 6. The
same deflecting force is less effective in diverting an object
with large linear momentum than it is in diverting an object
with small linear momentum.

Angular momentum provides an object with orienta-
tional stability in much the same way. A rapidly spinning
object (as in Fig. 10-4b) has a certain angular momentum L.
A torque 7 perpendicular to T, changes the direction of T,
and therefore the direction of the axis of rotation, by an an-
gle 6 = tan™! (AL,/L). Once again, the larger is the angular
momentum L, the less successful a given torque will be in
changing the direction of the axis of the spinning object.

When we give an object rotational angular momentum
about a symmetry axis, we in effect stabilize its orientation
and make it more difficult for external forces to change its
orientation. There are many common examples of this ef-
fect. A riderless bicycle given a slight push is able to remain
upright for a far longer distance than we might expect. In
this case it is the angular momentum of the spinning wheels
that gives the stability. Minor bumps and curves of the road-
way, which might otherwise topple or deflect a nonrotating
object balanced on so narrow a base as a bicycle tire, have
less effect in this case because of the tendency of the argular
momentum of the wheels to fix their orientation.*

A football is thrown for a long forward pass such that it
rotates about an axis that is roughly parallel to its transla-
tional velocity. This stabilizes the orientation of the football
and keeps it from tumbling, which makes it possible to throw
more accurately and catch more effectively. It also keeps the
smallest profile of the football in the forward direction,
thereby minimizing air resistance and increasing the range.

It is important to stabilize the orientation of a satellite,
particularly if it is using its thrusters to move to a specific
orbital position (Fig. 10-15). The orientation might be
changed, for example, by friction from the thin residual at-
mosphere at orbital altitudes, by the solar wind (a beam of
charged particles from the Sun), or by impacts from tiny

* See “The Stability of the Bicycle,” by David E. H. Jones, Physics Today,
April 1970, p. 34,




FIGURE 10-15. Deployment of a communications satellite
from the bay of the space shuttle. The satellite is made to spin
about its central axis (the vertical axis in this photo) to stabilize its
orientation in space as it makes its way upward to its geosynchro-
nous orbit.

meteoroids. To reduce the effects of such encounters, the
craft is made to spin about an axis thereby stabilizing its
orientation.

Collapsing Stars

Most stars rotate, as our Sun does. It turns once on its axis
. every month o1 s0. (The Sun is a ball of gas and does not ro-
tate quite like a rigid body; the regions near the poles have a
rotational period of about 37 days, but the equator rotafes
once every 26 days.) The Sun is kept from collapsing by ra-
diation pressire, in €ssence the effect of impulsive colli-
sions of the emerging radiation with the atoms of the Sun.
When the Sun’s nuclear fuel is used up, the radiation pres-
sure will vanish, and the Sun will begin to collapse, its den-
sity correspondingly increasing. At some point the density
will become so great that the atoms simply cannot be
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crowded any closer together, and the collapse will be halted,
This is the white dwarf stage, where the Sun will end its life,

In stars more than about 1.4 times as massive as the
Sun, however, the gravitational force is so strong that the
atoms cannot prevent further collapse. The atoms are in ef.
fect crushed by gravity, and the collapse continues until the
nuclei are touching one another. The star has in effect be-
come one giant atomic nucleus; it is called a neutron stan
The radius of a neutron star of about 1.5 solar masses is
about 11 km.

Suppose the star began its collapse like our Sun, rotat-
ing once every month. The forces during the collapse are
clearly internal forces, which cannot change the angular
momentum. The final angular speed is therefore related to
the initial angular speed by Eq. 10-17: o = w;i(Ii/Is). The
ratio of the rotational inertias will be the same as the ratio
of the squares of the radii: I/ly = r2/r}. If the initial radius
were about the same as the Sun’s (about 7 X 10° km), then

L r? (1% 10°km)?

77 (1km)?

=4 %X 10°

That is, its rotational speed goes from once per month to
4 % 10° per month, or more than 1000 revolutions per
second! .

Neutron stars can be observed from Earth, because (again
like the Sun) they have magnetic fields that trap electrons,
and the electrons are accelerated to very high tangential
speeds as the star rotates. Such accelerated electrons emit ra-
diation, which we see on Earth somewhat like a searchlight
beacon as the star rotates. These sharp pulses of radiation
earned rotating neutron stars the name pulsars. A sample of
the radiation observed from a pulsar is shown in Fig. 10-16.

Conservation of angular momentum applies to a wide
variety of astrophysical phenomena. The rotation of our
galaxy, for example, is a result of the much slower initial
rotation of the gas cloud from which the galaxy condensed;
the rotation of the Sun and the orbits of the planets were de-
termined by the original rotation of the material that formed
our solar system.

SAMPLE PROBLEM 10-4. A 120-kg astronaut, carrying out
a “space walk,” is tethered to a spaceship by a fully extended cord
180 m long. An unintended operation of the propellant pack causes
the astronaut to acquire a small tangential velocity of 2.5m/s. Tore-
turn to the spacecraft, the astronaut begins pulling along the tether
at a slow and constant rate. With what force must the astronaut pull
at distances of (@) 50 m and (b) 5 m from the spacecraft? What will
be the astronaut’s tangential speed at these points?

FicURE 10-16. Electromagnetic
pulses received on Earth from a rapidly
rotating neutron star. The vertical arrows
suggest pulses too weak to be detected.
The interval between pulses is remarkably
constant, being equal to 1.187,911,164 s.

Time, 1-s intervals
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golution No external torques act on the astronaut, S0 that conser-
yation of angular momenturn holds. That is, the astronaunt’s initial
angular momentum relative to the spaceship as origin (Mwiri)
when beginning 0 pull on the tether must equal the angular mo-
mentarm (Mvr) at any point in the motion. Thus

Mvr = Mvir"

of Vi
v=—
r
The centripetal force at any stage is given by
Fe= M _ Mvir?
‘ . 3
Tnitially, the required centripetal force is

o 2
_ (120kg)@5m/SY _ 45N (about 110).
180 m

(a) When the astronaut is 50 m from the spacecraft, the tangential

speed is

b= 2.5 m/s)(180m) _ 9.0 rﬁ/s,

50 m
and the centripetal force is
o)(2.5 2(180 m)*
| (2010 mIFARORY _ g4y ahout 415
(50 m)

(b) At 5 m from the ship, the speed goes Up by a factor of 10t0 90
m/s, while the force increases by 2 factor of 10° to 194 X 10° N,
or about 22 tons! 1t is clear that the astronaut cannot exert such a
Jarge force to return to the spacecraft. Even if the astronaut were
peing pulled toward the ship by 2 winch from within the space-
craft, the tether could not withstand such a large tension; at some
point it would break and the astronaut would g0 shooting into
space with whatever the tangential speed was at the time the tether
broke. Moral: Space-walking astronauts should avoid acquiring
tangential velocity. What could the astronaut do to move safely
back to the ship?

SAMPLE PROBLEM 10-5. A turntable consisting of a disk
of mass 125 g and radius 7.9 cm is spinning with an angular speed
of 0.84 rev/s about a vertical axis (Fig. 10-17a). An identical, ini-
tially nonrotating disk is suddenly dropped onto the first. The fric-

o

Ficure 10-17. Sample Problem 10-5. (@) A disk is spinning
with initial angular velocity . (b) Two identical disks, neither of
which is initially rotating, are dropped onto the frst, and the entire
system then rotates with angular velocity ws.

tion between the two disks causes them eventually to rotate at the
same speed. A third identical ponrotating disk is then dropped
onto the combination, and eventually all three are rotating to-
gether (Fig. 10-17b). What is the angular speed of the combina-
tion?

Solution This problem is the rotational analogue of the com-
pletely inelastic collision, in which objects stick together (see Sec-
tion 6-5). There is no net vertical external torque, SO the vertical
(z) component of angular momentum is constant. The frictional
force between the disks is an internal force, which cannot change
the angular momentum. Thus Eq. 10-17 applies, and we can write
Liw; = Loy, OF

I
wp = W77 -
Iy

Without doing any detailed calculations, we know that the rota-
tional inertia of three identical disks about their common axis will
be three times the rotational inertia of & single disk. Thus L/I; = %

and
o = (0.84 revis)() = 0.28 rev/s.

et TN
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Fig.9-9

In Fig. 9-8(a) we start with the pérallelepiped in the indicated position and perform the rotation V

A, about the « axis as indicated in Fig. 9-8(h) and then the rotation about the y axis as indi-
cated in Fig. 9-8(c). Thus Fig. 9-8(c) is the result of the rotation A+ 4, on Fig. 9-8(a).-

In Fig. 9-9(a) we start with the parallelepiped in the same position as in Fig. 9-8(a), but this
time. we first perform the rotation A, about the v axis as indicated in Fig. 9-9(b) and then the
rotation A, about the x axis as indicated in Fig. 9-9(c). Thus Fig. 9-9(c) is the result of the
rotation A, + A, on Fig. 9-9(a). ) :

Since the position of the parallelepiped of Fig. 9-8(c) is not the same as that of Fig. 9-9(c),
we conclude that the operation A, -+ A, is not the same ‘as A, + A; Thus the commutative
law is not satisfied, so that A, and A, cannot possibly be represented by vectors.
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A nonuniform rod of length L has a density that increases lincarly from
the ond at @ = 0 to the end & = L. The density (mass per unit length)
is given by p = bz, where b is a constant and z is the distance from
the end. The density at the z = 0 end is zero.

a. At a distance z from the ¢ = 0 end, what is the mass of an increment
of length dz? [G]

b. Sum up the contributions to the total mass from all of the clements
of length dz to find the total mass of the rod (in terms of b and L).
{0]

¢. Where is the center of mass of this rod? If you can't recall the
definition of this, refer to a text. [Q]

d. What is the moment of incrtia, relative to an axis through z = 0,
of the element of mass located in thickness dz at distance 2 from
the z = 0 end? [X]

e. What is the total moment of inertia of this rod relative to an axis
through the z = 0 cnd? [L] What is the radius of gyration of this
rod relative to the z = 0 end? [Y]

' What is the moment of inertia relative to an axis through the center
of mass? (Use the parallel axis theorem. ‘R

_ What is the moment of inertia relative to an axis through the z = L
end? (Get the answer using the parallel axis theorem and by direct

integration.) [W}
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TABLE 6-1. MOMENTS OF INERTIA

OF SOME SIMPLE BODIES

Body

Axis through CM

Moment of inertia

Rod, length !

Rectangular plate,

sides a, b
Cube, sides a
Hoop, radius a

Disk, radius a

Solid cylinder:
radius a
length [

Spherical shell,
radius @

Solid sphere,

radius a

Solid ellipsoid of

Perpendicular to rod
Parallel to side b
Perpendicular to plate
Perpendicular to face

Perpendicular to plane

_ Perpendicular to plane

Parallel to plane

Along cylinder axis

Perpendicular to cylinder axis

Any axis

Any axis

semi-axes a,b,c Along axis @

Tow = HMP
Iem = T%Mcﬂ
Iom = %M(a2+b2)
Iom = tMd?
Iom = Md®

Icm = —%—MaZ

ICM = %Maz

IGM = -]-‘-MCL2

ICM = T%M(Baz + lz)f
ICM = ZMGZ
ICM =%Ma2

Icm = %—M(bz +- 02)




Table 11.1. Moments of inertia for selected bodies

Body of total mass M Moment of Inertia
A— e
PN e
!f thin rod
. H 1 9
Lo —
zMe
3 2
=MR
5 M
1 2
5 MR
circular disk
1 2
~MR
M
thi 2t
spl?erical 3 MR
shell
2 2
homogenous —MR
sphere 5
. a Rectangular plate 1 )
zZ_/ Suees)




Perpendicular—/—\xis Theorem for a Plane Lamina

e lamina of any shape. Let us place

Consider a rigid body that is in the form of a plan
t of inertia about the z-axis is given

the lamina in the xy plane (Figure 8.8). The momen
by

I
Figure 8.8 The perpendicular—axis
theorem for a lamina.

Figure 8.9 Circular disc.

! I = 2 m(xF -+ ¥ = 2 mix? + 2 miy?
4 i 1 i

1, about the y-axis, because z; i Z€r0

But the sum 3 m;x7? is just the moment of inertia
ertia I, about the x-axis. The above

- for all particles. Similarly, % m;y? is the moment of in
~ equation can therefore be written

L=1I+1 (8.26)

This is the perpendicular-axis theorem. In words: The moment of inertia of aiy
plane lamina about an axis normal to the plane of the lamina is equal to the
sum of the moments of inertia about any two mutually peipendicular axes pass-
ing through the given axis and lying in the plane of the lamina.

theorem, let us consider a thin circular disc in the

As an example of the use of this
. xy plane (Figure 8.9). From Equation 8.22 we have

1
I = Emaz = I + 1,

In this case, however, we know from symmetry that L= 1. Therefore, we must have

1 .

I, = I, = ~ma* (8.27
T4

for the moment of inertia about any axis in the plane of the disc passing through the

center. The above result can also be obtained by direct integration.



11.3.2 The Perpendicular Axis Theorem

Az

Fig. 11.4.

jcular
This theorem concerns moments of inertia about axes that are perper* ptrast

to each other. We still consider a thin disk (see Figure 11.4). In SO ass
to the parallel axis theorem, this theorem is valid only for a plan®
distribution. Consider the moment of inertia about the z-axis:

I = Zmzy? ’

and similarly about the y-axis:

— 2
Iy — Zmimi .

Furthermore:

I, = Zmirf = Zmi (mf + yf) = Z‘mim? + Zmiyiz )

or
L=I+I,.

This is the perpendicular axes theorem:

For a planar mass distribution (a disk), the moment of ine®” "?’tle
about an axis perpendicular to the disk equals the sum of & Tae
moments of inertia about two mutually perpendicular axes in /;&cis
plane of the disk and intersecting where the perpendicular 2~

passes through the disk.
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Measure Yhe moment y/ Inertia

Ao

Irregularly Shaped Object

/

Massless Rod
Fixed to Object

= v N ‘\
i ~——-0.6m 0.6m—- Turntable

Figure 1. Irregularly shaped object rotating about vertical
axis on a turntable which rotates with very little frictional
loss. Two masses M are located on a massless rod held
horizontally fixed to the object.

2
| - (F ct.2)3) 10
(I +2x4x0.6%)50= (I+2x%
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T ) dm
T
Vem dm L’
11
T
| .
] X ]
6
(a) (b) ()

Figure 7.4 Rod of mass m and length [ free to
swing in a vertical plane about a fixed pivot.

Figure 7.4(b) depicts the motion of the rod as seen from the perspective of its center
of mass. The angular momentum dL,,; of two small mass elements, each of size dim
symmetrically disposed about the center of mass of the rod, is given by

dL.y = 2rdp = 2rv dm = 2r(ro)\dr

where \ is the mass per unit length of the rod. The total relative angular momentum
is obtained by integrating this expression from r = 0 to r = [/2.

12

L = 2)\wf

1 1
2 A 2 = B 2
o ! di 2 ADPo < ml >(n

12

We can see in the equation above that the angular momentum of the rod about its

center of mass is directly proportional to the angular velocity w of the rod. The

constant of proportionality mI>/12 is called the moment of inertia I, of the rod

about its center of mass. Moment of inertia plays a role in rotational motion similar

to that of inertial mass in translational motion as we shall see in the next chapter.
Finally, the total angular momentuam of the rod is

1
L/or = Lcm + Lrel = 'é' ml?w

Again, note that the total angular momentum of the rod is directly proportional to
the angular velocity of the rod. Here, though, the constant of proportionality is the
moment of inertia of the rod about the pivot point at the end of the rod. This moment
of inertia is larger than that about the center of mass. The reason is that more of the
mass of the rod is distributed farther away from its end than from its center, thus
. making it more difficult to rotate a rod about an end.

The total angular momentum can also be obtained by integrating.down the rod,
starting from the pivot point, to obtain the contribution from each mass element dim,
as shown in Figure 7.4(c)

.

AL = rdp = r(odm) = r(ro)\dr

i L 1

And, indeed, the two methods yield the same result.
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Shown in Figure 8.7 is a uniform chain of length [ = 27R and mass m = M/2 that
was initially wrapped around a uniform, thin disc of radius R and mass M. One tiny
piece of chain initially hung free, perpendicular to the horizontal axis. When the
disc was released, the chain fell and unwrapped. The disc began to rotate faster and
faster about its fixed z-axis, without friction. (&) Find the angular speed of the disc
at the moment the chain completely unwrapped itself. (b) Solve for the case of a
chain wrapped around a wheel whose mass is the same as that of the disc, but
concentrated in a thin rim.

Solution:
(a) Figure 8.7 shows the disc and chain at the moment the chain unwrapped. The

final angular speed of the disc is w. Energy was conserved as the chain unwrapped.

T T

1

12 = 7R
Chain_ § ? cm
|i2= R

¢ -

Figure 8.7 Falling
chain attached to disc, free
to rotate about a fixed z-
.axis.

Since the center of mass of the chain originally coincided with

fell a distance /2 = R and we have that of the disc, it

1 1
mgy = ‘2'1032 + Emu2
! 1
5 =m™R v=oR I =S MR
Solving for »? gives
mgl
w? = . 2 - mgmR
l M 1 2 1 1 :
ACY A om (R S+ §m>R2 .
= 5
= S
R .

(b) The moment of inertia of a is = i k’
cotion yoton wheel is I = MR2, Substlt_utmg this into the above -
2
i
3R
ven though the mass of the wheel is the same as that of the disc, its moment of

inertia is larger, si i i
mnerl 112 12 larger, since all its mass is concentrated along the rim. Thus, its
ration and final angular velocity are less than that of the disc )

w? =

angular
L
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A continuous massive spring formally has an infinite number of degrees of freedom, because to
specify its configuration we would have to give a continuous function describing how much every
point on the spring is stretched. Really, of course, a physical spring has a finite but very large
number of degrees of freedom, because it is not actually continuous, but is made up of atoms. But
the difference between oo and Avogadro’s number is often not very important.

This brings up an important philosophical point. What the heck is a “point” mass? What is a
“rigid” body? What is a “massless” spring? Most of you have probably been dealing with physics
problems for so long that you are used to these phrases. But it is important to remember that these *
are mathematical idealizations. Real physical systems are complicated, and in fact, what we choose
for ¢ may depend on what kind of physical questions we want to ask and what level of accuracy we-

. heed in the answer. So for example, for a hockey puck sliding on the ice at the Boston Garden, we

-A';tmight decide that the configuration is specified by giving the z and y coordinates that determine
the puck’s position in the plane of the ice. Then ¢ would stand for the two dimensional vector,
(z,v). Butif we do this, we have ignored many details. For example, for a shot that comes off
the ice, we would need to include the z coordinate to describe the motion of the puck. For some
purposes, we would also need to include descriptions-of the puck itself. For example, we have
not included an angular variable that would allow us to specify how the puck is turned about its
vertical axis. This is probably good enough for most problems. But sometimes, more information
is required to give a good description of the physics. For example, if we wanted to understand how
a rapidly rotating puck moves, we might need this more detailed information. We could also go on
and describe how the puck might deform when hit by the stick, and so on. We could include more
and more information until we got down to the level where we begin to see the molecular structure
of the rubber of the puck. At this point, we begin to see quantum mechanical effects, and classical
mechanics is no longer enough to give an accurate description.




The Art of Theoretical Physics

This is a good lesson. The coordinates that we use to describe the system may depend on what
kind of information we want to get out of our mechanical model of the system, and how accurately
we want our model to reproduce reality. We usually will not go over these niceties each time we
discuss a system, but they are important to remember. There is really a very important point here.
In physics courses, we frequently discuss “toy” systems which are obviously oversimplified, in
which we have clearly left out features that are important in the “real world.” This is not-something
to apologize for. This is precisely the art of theoretical physics. We work hard to abstract the
essential physics of a system, without including things that don’t matter at the level of description
that we are interested in. This down-to-earth ability to focus on the crucial parameters is far more
important than fancy mathematical gymnastics.

In fact, I believe, getting better at this art is one of the most useful things you can get out of
this course. It is generally useful far beyond this or future physics courses. The ability to build
mathematical models of phenomena is crucial to many fields. But models can be as misleading as
they can be useful unless they focus on the right parameters, and unless the modeler is aware of the
model’s limitations. Physics is the paradigm for this kind of thinking. This is one of the reasons
why, over the years, trained physicists have been so much in demand in very different fields.
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9=-7 COMBINED ROTATIONAL
AND TRANSLATIONAL MOTION

Figure 9-28 shows a time-exposure photograph of a rolling

- wheel. This is one example of a possibly complex motion

in which an object simultaneously undergoes both rota-

~ tional and translational displacements.

In general, the translational and rotational motions are

» completely independent. For example, consider a puck sliding

across a horizontal surface (perhaps a sheet of ice). You can
start the puck in translational motion only (no rotation), or you
can spin it in one place so that it has only rotational and no
translational motion. Alternatively, you can simultaneously
push the puck (with any linear velocity) and rotate it (with any
angular velocity), so it moves across the ice with both transla-
tional and rotational motion. The center of mass moves in a
straight line (even in the presence of an external force such as

" friction), but the motion of any other point of the puck may be

a complicated combination of the rotational and translational

" motions, like the point on the rim of the wheel in Fig. 9-28.

As represented by the sliding puck or the rolling wheel,
we restrict our discussion of this combined motion to cases
satisfying two conditions: (1) the axis of rotation passes
through the center of mass (which serves as the reference
point for calculating torque and angular momentum), and
(2) the axis always has the same direction in space (that is,
the axis at one instant is parallel to the axis at any other in-
stant). If these two conditions are valid, we may apply Eq.
9-11 (3 7, = la,, using only external torques) to the rota-
tional motion. Independent of the rotational motion, we
may apply Eq. 7-16 & F = M3, using only external
forces) to the translational motion.

There is one special case of this type of motion that we
often observe; this case is illustrated by the rolling wheel of
Fig. 9-28. Note that where the illuminated point on the rim

FIGURE 9-28. A time-exposure photo of a rolling wheel. Small lights have been attached to the wheel, one at its center and another
at its edge. The latter traces out a curve called a cycloid.



FIGURE 9-29. A photo of arolling bicycle wheel. Note that the
spokes near the top of the wheel are more blurred than those near
the bottom. This is because the top has a greater linear velocity.

contacts the surface, the light seems especially bright, cor-
responding to a long exposure of the film. At these instants,
that point is moving very slowly relative to the surface, or
may perhaps be instantaneously at rest. This special case, in
which an object rolls across a surface in such a way that
there is no relative motion between the object and the sur-
face at the instantaneous point of contact, is called rolling
without slipping.

- Figure 9-29 shows another example of rolling without
slipping. Note that the spokes of the bicycle wheel near the
bottom are in sharper focus than the spokes at the top,
which appear blurred. The top of the wheel is clearly mov-
ing faster than the bottom! In rolling without slipping, the
frictional force between the wheel and the surface is re-
sponsible for preventing the relative motion at the point of
contact. Even though the wheel is moving, it is the force of
static friction that applies.

(b) eI

lo-1]

Not all cases of rolling on a frictional surface result iy -
rolling without slipping. For example, imagine a car trying :,,
to start on an icy street. At first, perhaps the wheels spin ip -
place, so we have pure rotation with no translation. If sand
is placed on the ice, the wheels still spin rapidly, but the car -
begins to inch forward. There is still some slipping betweep '
the tires and the ice, but we now have some translationa] ¢
motion. Eventually the tires stop slipping on the ice, so
there is no relative motion between them; this is the condi-

tion of rolling without slipping.

Figure 9-30 shows one way to view rolling without slip-
ping as a combination of rotational and translational mo- -

tions. In pure translational motion (Fig. 9-30a), the center

of mass C (along with every point on the wheel) moves

with velocity v, to the right. In pure rotational motion

(Fig. 9-30b) at angular speed w, every point on the rim has ;

tangential speed wR. When the two motions are combined,
the resulting velocity of point B (at the bottom of the

wheel) is v, — @R. For rolling without slipping, the point

where the wheel contacts the surface must be at rest; thus
Vem — @R = 0, or

Vem = @R, (9-36)

Superimposing the resulting translational and rotational
motions, we obtain Fig. 9-30c. Note that the linear speed at
the top of the wheel (point T) is exactly twice that at the
center.

Equation 9-36 applies only in the case of rolling without
slipping; in the general case of combined rotational and
translational motion, v,, does not equal wR.

There is yet another instructive way to analyze rolling
without slipping: we consider the point of contact B to be
an instantaneous axis of rotation, as illustrated in Fig. 9-
31. At each instant there is a new point of contact B and
therefore a new axis of rotation, but instantaneously the
motion consists of a pure rotation about B. The angular ve-
locity of this rotation about B is the same as the angular
velocity w of the rotation about the center of mass. Since
the distance from B to T is twice the distance from B to C,
once again we conclude that the linear speed at T is twice
that at C.

@

FIGURE 9-30. Rolling can be viewed as a superposition of pure translation and rotation about the
center of mass. (a) The translational motion, in which all points move with the same linear velocity.
(b) The rotational motion, in which all points move with the same angular velocity about the central
axis. (c) The superposition of (a) and (b), in which the velocities at T, C, and B have been obtained by
vector addition of the translational and rotational components.
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FIGURE 6-4. Wheel rolling without slipping on & level surface.
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- 6.10 Impulses and Billiard Shots
P=F (6.134)

AP =P! _po_ / Fdt (6.135)

The time integral of the force on the right is called the impulse. For
-~ angular motion the integrated form of the equation of motion in (6.48) is

body rotations about s fixed z axis, we cap use (6.119) to rewrite the
angular-impulse equation (6.136) as

equations of motion, we discuss the dynamics of billiard shots, For sim-
plicity we consider only shots in which the cue hits the ball in its vertica]
median plane in horizontal direction. Ip billiard Jjargon these are shots
Wwithout “English”.

where V1 is the velocity of the CM Jjust after impact. The angular impulse
~of (6.137) about the ~ axis in Fig. 6-17 which Passes through the CM of



" FIGURE 6-17. Rolling,
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FIGURE 6-16. Impulse imparted to a billiard ball by the cue stick.
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the ball is lo-]5

1y :
AL, = Izzwi = /(h," a’)det (6139) <
to .

where a is the radius of the ball. By elimination of the force integral
between (6.138) and (6.139) and substitution of the moment of inertia
from (6.133), we arrive at the following relation between the spin and -
velocity of the ball immediately after the impulse:

’
wi=2 (-h—"—'ﬂ) Vi (6.140)

22 a?

The velocity of the ball at the point of contact with the table is
7

V,=V!—al=V; (7“" 5h ) (6.141)

2a

If the ball is to roll without slipping (V. = 0), we find that

’

h=1%a =7 /L=3.2~q (6.142)?

Only if the ball is hit exactly at this height does pure rolling take place |
from the very start. For a high shot with b > %a, V, is opposite in"’
direction to V. Since the friction at the billiard cloth opposes V,, it :

a=nR
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