Al 4 2 2 %

pirulii 55‘3#@&%&&@@%4‘% IR A B YRR S, X
B BEAREFFRETEFFE. EREREFREE—RET UEHE—NRE
ﬁﬁ,,ﬁpﬁﬂéfﬁ%¢fﬁﬁﬁfiﬂﬁﬁ RERMA . AEARRHAEEE. 8%
FRERARNASEEEN (3. 30)F B X AIE RS 28, B H YA R & i /3
BFE, REFHREI S MR A )5 B E s 2 E A 3 e i i
—EBRKNE. BEEETEMNR T HHEE.

51 MEFEINEER

I L B AR A T, SR 9 B MAE R 1 M A R E R A B RN T
RAETRBA . RTEW S — B R 5SS A, R TR S AR R AR 7T LA e, B AT
me:z/\@{ztémwmﬂ XHER, NEESARNAR TR GHEGE. N
Tu%maﬂﬁzﬁﬁzﬂm B RAMBRES —RT, IEXMRERNESER,
TESh 1 M P T 45 R T6 22 6 B AR e AL B R RS

HHMBEE AR EEMEY. EXHESPERTHERESY, TESEME
DHE-REERNMELS L, XAEEW R, BHEAKNEASHIBRZ—. A
& — ﬂiu@%ﬁTUﬁx%%?@ﬁﬂ%% MBS A, ERER, AZT e R
B ERE D,

Mk —E s, £ R THERE
EOnEE—BEAFRMNES D, EHFER
TEHIAEN AL BRI, TR & RSB K
B, AN AEEMAMEERE K.
BRIk ES N, A BRI TE.
W7ESE 1 FVFE B 3 BT IR A, LA dO SRR
RIHTE de B JB] P % 355 B R 2 5, 00 O 4ok v 8
EX

m5.1 Rk RS “Ta G.1



5.1 Ml4k#3h#AEE 161

o ﬁﬁ?;&ﬁi%?&gyu:ui%z‘ BHIJT FAE A Y 0 1, B 1 A TR R U
 p(E S D, EREEMESINELT AR ER T AR RRE AT, A8 BT R a0
s R BER T, XFERT o BT R REOT ER A B, P IE SRR K A P A8

v %frﬂ .

IS 1 B 50 u
a %‘;3—_-%;@ g (5.2)
. %%%Bﬁﬂﬁ%i] r RTHREEMAENAEENRRN
, U == Tw (5. 3)
Wﬁﬂﬂﬁﬁﬁﬂﬂ@%ﬁﬂﬂﬁgﬂﬁﬁfgéﬁ%%jﬂ
a, = ra : (5. 4>
= ro S (5.5)

el B — P AR R AT IR B . AR —EE SRR, A R B o R
B Mo BRI =0 BRI, Dl o R BN ¢ R A HE, B0
- pREEA 0 RAR—BREAKALE, FRINEERED AR ES TS

R AR A S

w = wet at | (5.6)
5=wot+—%—atz x CG.D
W — k= 200 - (5.8)

5.1

— k- R RAES A EARE S 2), %M ¥ % r=0.5m, e 2 EHAH
J}‘.i‘f‘a’l‘“y}\ﬁﬂﬁ/‘:" a=0.4m/s" HAmik LA, BHEE LigsZ M ARATE, K.

(1) Ba# AR A, -

@ %f'&f*,l:ﬂ‘é t=5s REHHAEE,

(3) £iX 5 s PR it 80 B 4L

) BTFARNOMEENSSEE— ﬁiﬁﬁ*ﬂﬁﬁuﬁﬁ**ﬁ% wiE
R(5. 4) T8I HE 19 f T FE

a=%—=-§-=g——é=0 8 (rad/s*)
() FESIMEESHARG.6), BT wo=0,F 5 s RKEBRNAEEAN
w=at = 0.8X5 =4 (rad/s) Es52 #5188

B) MEBEARG. D, BETEIHARE

0=%atz=—%—><0.8><52=10 (rad)

14V ﬁﬁl%&%-——l 6 (BED.




F5F RlAkthits

52 HIEE

%m%%@é‘]m{i%zﬁﬁ%ﬂéﬁﬁb%ﬁﬂgéﬁ?ﬂ%ﬁéﬁiﬁﬁ% BEARRR, ¢
ROL % IR AR R B A 3 B B A — MR K, X3, 30) , P

_ drL »

T dr A (59
HAA—RERX, BEE—%EHN = BNSER N

dL. e

'ﬁ¢Mﬂm;ﬁ%w ﬁ%%x%A%ﬁﬁﬁbm %ﬁi%z%%ﬁﬁe

%%%Mnm@&S%ﬁdﬁﬂﬁﬁﬁﬁ
Am; BTSN, EERX G OMRK(G. 1004
SFEAYM. BELE—& O, H3 FERYT
M, 1 M. . ¥ F; MEHEEFFS f%%%Aﬁ
B F, #F. 0 F. 5fF O SMH5E N

M; =ro; X F; = ro; X F;y +ro; X F,
HABRENTH, KR RE—HE T A = BiE
HEE:HMTANABREANE, TEEEH
H—T7E = BT 8,

W ro MBNBEENFTFEMOTASE
ro for., Jl ‘ |

rol-XF,-J; =ri><.Fi_L—{—riz XF,-J_
WRFBE—MF M = PBE, B =
| FIRIS B RE , SR M, B 2 WA EBR . X
Famz%ﬁﬁom$wﬁm%m4@%%@ﬁ$ﬂmﬁuﬁ~%ﬂ¢§ﬁ%zﬁég
BEBEM.. Yo ERr MF, ZE 5L, |
M, = rF, sing; =7, F;

B Fx— ﬁﬁﬁgﬁm%mﬂﬁmmnMﬁ%rr@maﬁuBXﬁmﬂ%%mMﬁ
5B, URHTFHFES O WA,

%ﬁﬂﬁﬁ%ﬁ1ﬁ¢%rmm%m%m¢L%A%ﬁﬁm 148 , BN F 4
BB 5h 5 K

E 5.3 M.#E

= ZML = Zrin‘_LSinai (5.1



5.2 #FPEHF

163

SEEE L., WE 5.4 A, BT am, X F
=H O WANER

L;=Amro; X v;
FRHMER,KAE
’ ‘ L, = Amiroiv;
AR 2 B ER
: L. = L;sin 8 = Amgrov;isin §
BT rosin f=ri, A Am; BIRHMEEER, T
g=rw BT
E L. = Amrie
AR B A BB - WS E, OSBRI 2
C MMATEN
= > Le = (2 0mrt)w  (5.12) B 5.4 L3
HAFESANYEE ) At Rl AR R
e AT T B 2 el B 43 BT B2 0, S AR B B DA BT R S F B0k, AR RIE
$%ﬁﬁ?%%%%&m%ﬁﬁwﬁm¢ﬁ$%%m%mEéﬁﬂdhﬁmjﬂ

J. =" nmrt (5.13)
izﬁ,i’cus. 12)XAEH h ‘
= J (5.14)
FIA T Tu!%“tcs 10))%3‘@]%&%%@38@3{/“%?{\3%5&
| Mo=Se—gle g,
E%E[ﬁlmﬁ?ﬁiﬁ %%F/RT%%%%'&FE‘JT%W?J&E
: M=Ja . (5.15)

R, R T X TR — EE%HHE’J‘WU}%E%?WUWXTE&%%B’J%EJ’P%'ﬁﬁJJ
B &S S4B R TSRS A MR BN R, X—AshBEEATRARE MK
BEER, MERGERENER. ‘

KRG, 1) FEFE —ERAN F=ma ﬁuum‘tm%ﬁ&%??ﬁ'&ma B & A4

FHEA 2T o (A S A7 BT B R B 2 T U A e 0 » T O 44 3
B T WA S AR R R m AENRL. T RAR %ﬁﬁa%@?ﬂl%ﬁ%@ﬁ*h*%%ﬁj%
fizyc ’f%thﬁ“gJZMﬂIEz%ﬁ# A .

B TFRONEIERE

FERR (5. 9), IR (3.30), BB TR (5, 15) ,M=Ja, FEEH, T LA (3. 34), BN B0 R A
HREME, Mc=dLc/dt B HHEM T RLONFEHER

Me = Jea (5.186)

Kb Jo BRI T @ RO MR SR E, M B4 A3 T A IR o BLRRIEE Mc




164

F5F Rl#aH#y

8 R SR UL Bl o A DS BE
EE,RE IDMRC. 10 BRBRE—#,ER (G 160 WERFEA RS 0ER, fr‘ﬁﬂxvg
HELRBMERG. 1AL,

53 EIHEENITE

ﬁ%m%%nﬂ%ﬁrﬂs 15)Ht, ?*zﬂh%f%‘ktﬂﬁlﬂ%xﬂil%%%(ﬂfm %)é@%m
HE, FX6. 1D, EHBEEHTREN:

J=1J]. = ZAmrl
X TR & LS BRI, b RSR AR Uﬂﬁa\ﬁ% Bp
J =Jrzdm

KA r HRIERET dn BB EE IR,
HEERAXTH, AlES RSO RES TR & RETHEEM Bfl&s
B R Bl Y 22 BB RS RO P 7 MU TRAR B B, B R R LS AR B R B %, AR
EMMTHASAER. HARTUEENUTZA.
(D BRKRAHEFR SSRGS BB HHEERK,
(2) BB EAH R BRI, B8 4 BT, BB IR B
() F—Rlfk, Zo AR, BRI AR, B EER R,
EEFAAH T FRRGENNY ML, B EHRETE R HK AN ke » m?
TEEJLRAGRESRENGT.

#l5.2
B, REEAm FBRARMHAOF OSBRSS AR THEEHFA

B NES SR FLEER JUQJ?F&E@@EEE}E%ME% WHEF
R, BRI

J = _[RZ dm = szdm
F—BRANEXNEFRMERE » FUHE
J = mR? (5.17).

TR R0, BT B — A RN m, %234 R §0HEEE B 5 X 240
HESRREWEmR?,

B5.5 $I528H8

%l 5.3 .
Blf. REEAm $BAREN I OHIBEGRIR R, HEEFHE T FaEd
#,

B s 6 R MATLNNR A S WEFER, BUE—%BH - EEH dr 1WHF,
CHRRERN 5. 2 HE RS



5.3 R EFHIHRE

3 dJ = #dm
ﬁ;:{a dm HHBERGRE. Mo RAEEKEE, WHF
: dm = p2rridr
: ﬁﬁ_t—'ﬁa]"fgf
o dJ = 2nr®lpdr
s F U

E 5.6 45388

R
J= Jd] = J 2z lpdr = -%-KR" lp
0

CEF
_m
e xR*1
BB .
J=%MW (5.18)

pBlERE ( HARBEEL AU — A RBEN m, R BN RUHIX AN AN RS REGR

Ty
‘szo

5] 5.4 .

M, KKEAL FEAmAHamBAB H#F W E.

(1) AFEEBG—=RE5BE AW,

(2) A TRIBH P ES5EE A,

() WmES (DR EEE TR . BE—KET dz. Yo RAEMUKENEER, N
E—RETRFRN dn=pdz. ¥ T8RS,

L
]A = sz dm = JO .sz[d.l: = —%“‘OILS

W p=m/L XA, T8
' Ja = —31—mLZ (5.19)

A dm B
o_x——»gﬁ— x
X
L | I
= 2, 2

B 5.7 f15.4HHE
(2) %38 o B P R B B SR B, TN B 5. 7 (D) BT AR R B B S LR R

L
¢ = szdm = r.z odz = —1-p,L3
L TP 12

Bo=m/LRA,TE
. T
Jec = 1ZmL (5.20)

5. 4 &5 R BHER X TARGEMN, A—AEOHSIRERR. RITTUS




F5F Rk

WX ARRNRHNENRBZ AN —BER., U m BRREGEER, D J. R E
TFELSERLC WHNESRE. £5 - M58 TAEEMEY 4(E 5. 8),mu¢g
Rl FE— SR E RN

J = Jec+md? (5.21)
X—RAMBMEITHEE., HiTFHNT.

WA 5.8 B, B« BEE T W AT R MIERN
EMMEE. BT am Bl EMGES S/
Mr.ER, HREEHEAE

i =r/"+d®—2drcos 6] = ri* +d — 2dz!
HHF 2/ =r/cos 6/ B Am: HX F R C 89 = b7
E. HEDWEE ARG 13), BRIENTF = #
MR E N

' J =2 0met = > dmal® + (2 8m)d? — 2d > \mx!
BROKESL, D) ama! = med T o LN TR W x S450E, Y085 % T

T, FREME—TE Jo, Bt LR TR Y
J = Jo+md?

Bl 5.8 SFATRIEEMIEY

XIERK(5.21),
BEALLE SRR, 6 5. 4 RN ERFEAR, ENS—0F, FHH 5.3
HGER, TURE - Y EEN FEIEN S S EREETRATNMNEEEY

T =Jc+mR = LmR* +mR* =
— LR LGB RE N HREBER S 1 A,

5.1 —EHSREHENESR

AT ~—i A —MEETFH Lo
o .
A e e it R B TH Lo
i - BAFLEEFAE RSB OM) | mR?
ETT TN <o i . o m

GIEES

i L‘_f AN el 1“\ _mRz
(S B A A) BAOEETRAE GRS Cof) 5




54 HHEEAGEA

167,

&5 mix

2 A

“weex [ wews
- B SR
BRIk HE | o

54 HIHERNNA

: MERSEERG. IDBEERKRESN. PEEFIEBRDHHOLENE
L REEENE. AEENAMBREMESR. TEELNCE.

#l5.5
N R E m=60kg, %42 R=0.25m, EA£ X 0, =1000r/min# & %3, &
EEHHEH(H5.9), 2K E =50 AREHNIARBAREHF TR, RALNHT
MEANASKR? BERMRLE Wb MG ESHES
4 BHA 0=0.8, mERHRETAAKLTRYN IS

ARG AL,
M CRER SN —EH AR, X AR o 7
ol LT AR S
B 5.9 fi5.5MAE .

B wo =1000r/min=104. 7rad/s, w=0,t=5 s (L AT &

o= Q:;%_’%_z =—20.9 (rad/s®)

FEER o« 5 wo I MR, MBERE AR . - .

B — IR RS N EERNER X ERESASN FERLERRRE LR X%
G B BE SR ST RO HAE W o JT B TE, M MG EE SN AE BTN SUAE . WA f. AR RSN OB, B R Y
B H 4 R

M =— f,R =— uNR
BREREE BT EE M=]o, TH
—~ uNR = Ja
¥ J=mR* RA, TRE
mRa
#

N=—




168

£5% MR

RACFEE, TH

60 X 0.25 X (—20.9)

N == 0.8

= 392 (NN

Bl 5.6

4o B 5. 10 BT &, — A% g;@M FRARMEFS(EESS
BH) L@ftme, B —SBEAERSD L, F—%EE—FRF
AmE YRR TE, B ERE KW m bBETEL S
Br ey ik B e R R AR, ,

B EFZRAT R HAMMIZ, U TER.

T,
X M, s, 5 T 0,4 | 1 |
RT = Jo = ——1~MR2a mg
S m B By TR N
mg — T = ma Y % o
A B R N B 5.10 45.6FE
a = Ra
B MmUY F =R, Ry T SR EY
a = mMg
KT B b A K
_ dmgh
v = +/2ah == Tk M
SR B B P B B f R
dmgh
~ v _N2m+M
“TFR T R
%l 5.7

—RERLEEAmBH G AR, L BA—BEORBRF R, BERTAEEL
FEARS ., RAOBHEERFEE, LT @%T#&ﬁﬁ%%mﬁﬁﬁﬁﬁﬁ‘ﬁﬁé
$ 48 8 K B Bt AT 7

BB it M 0 TR BB, R B PR AR
BOTRAENAAEHELE, SREARDER.

B TRRE—IEEES, BRI B E A A O
WM. B E—/NE  HFEN dn (B5. 10, EETF
BEEAEON, EHRZEAXG O WNEL zdn - g
o o & dm X O MK TR, BAMET 0TS HH
O WA

Es5.11 #15.7FE M=szm'g=‘gfxdm




5.4 HFHETHNEA

RLEENL, [dm = mrc ok ze RELHFHO 2 415, HHTR

M = mgxc
g«a%%ﬁ%%é‘j}ﬁﬁ’l\%%%j}ﬁéﬁt%ﬁé%ﬂﬁﬁﬁﬁw’ﬁﬁ FROURFERDE—#,
@

o = —l-lcos '}

2
A |
M = -%——mgl cos @

s RAEESHEEAG. 1T RENAMEER

L XER

L lcos @
M _ 2 g __ 3gcos§
T 1 Y
3
e _ded_ e
A Th T & “de
LA
dw _ 3gcosd
da 2L
) /3 )
__ 3gcos
w d 27 dé
[iipuk;obix
o __[? 3gcos @
j‘”d‘”“jo T
I
of = 3gsind
L
W&
3gsinf
@ l
HTRBEZMN S, EXEENEL CHEFTARCEHEE, XBETEI AN, KRLF
e A « o = ot 4 = 2500
1 1 B o = a4 = 28050
KOF, 1 F, S EREZHNOEEN T AMEE TENT KNS, U ERCESEER
. F, —mgsinf = ma, = ——Z—mgsinﬁ
il mgcos §— F, = ma, = %mgcor;é‘
b1

Fy = —g—mgsine, Fy = —i—mgcosﬁ




170......

P

F5%F Rltkahig

e g Rl b AN ]
F=:JF$+F5=-%ng%mﬁe+1
B 7 5 e B 220 5 5 £ S

_ F cos §
B = arctan 7o arctan T0sin @

55 ®WEEE

ATRRARNANBEEENSERG. IOEEWT .

_ dL.
M= :

R M=0, M L.=%E. SHEH.AF— I EAR MBEFHHFE—EEHME
BAEAT, MNEHFX—EERNBNBRHFET, TSN EHNADETE
EfR. REANRARTURRAG, 2P0 R 0T UGS — S, — AR
HE RSB UM Jo Bl Jo) R i, HREENR— P RENHENMABRRENGRE
HE BRSNS T H—A BP0, o ;

ERES T WA ETFERESER. WmiE—4
ANEEEEERBBOBEH L, FTHTL, HEMWHT
(F 5.12€2)) , FIFHEM, BEABRE AR SR . 24 b0 B i I
WG4 W E BT B, 4 £ 5% BB 99 B s K (B 5. 12.(b)),
BEAAETUAADEFEMBOT. EAEFHEHT
Pt A T L 0 2 A — AR 40 B L T, 0 T, RS
BEEEHAEIHRE, M o fl 0,2 BIET HAR A
BOFIEREE, o T AU I R B 3 R R |
FSEEER BTMB R A S BRI FAE, B Jio) =Jows o BBE, T, <1, Elw: >wr.

G IOBREX EMBEH RN, EE 3 I WERTH, EYEAEEESHMNEL -
T AR R SR ER O OB AR AR B (3. 340, (5. L0 HARE R, T 5 RO
IR ESH T, Eit, AEYEFZHN FELER OO A AT, B R
M BHRETE, AAADETESRNIANEL TURBAESHE. ANED
REFEPERN, BEEYSBHEACEEDT B S FONKTEHE BB 0.
225 P SRR B U A DA/ B B DA TS K BB SRR RS . A A L
FF DU e R Sl R R LB BN R M T

POl 4 B £ 3 B SFIE AR IR BEAR B i — A BN PR MR A T 2 B DAY
W BEER”. BMRORSREEEE TR LN~ RERANET(E5.13), ¥F
REEE—RASIAASERFKTHOTNERAR. BFEEARL, RHSH
FMEBEE. BFRNMONRTEEMOERE, MRS EENE., SEETRAE
AL B SIS ERE NG, B, RE S PRS0, % TR

B5.12 fAzhBETEHER




5.5 AHEFE L

ZREMAENER, FU—BERFEERNER, BEADBTERE, DHAEH
S FRBTESS B S R AR . B FEAR . WU S BB R TR B BORR [E R ( Bh AR IR MY X
6 {8, AT B AR 1 AR XS T 25 (A1 B — S R B T D, A TR B S A E R . ZECR R A o,
 EEAESARENEEICHE N RS AR — X G R LE SR
R EETLE-T SR TREEERE RS FINE— M RER T B AR A
WEBBAERETAKRE., Z4RTENNEKRW! '
FREREREEHARS —FE, A FEERERREAT. BEFN (AT 1
#48) T BB B E SRS B W “Hrh B4 (B 5. 1), AR ELE—BHHE XLE
BE—ANEP EPETEEEALEEE. NEXEMMES, B9 S RSHE . &
BHEXFEE A EAREERTRENNES, MEEEIEMERFHNE, BR
s, BRI T RATEE NS B2k,

B 5,13 [EEN E5.14 HehEFpH

BT AR /N AR BB 3 5.2 FU T — 10 0 46 51 B

#£5.2 AEMANENEE Tes
KERFAETENREED  3.2%10° | AR 1% 101
WERAE 2.7X10% WEAEKE 7X 1074
Bk B 5.8X10% ERFEMNEE 2X10°
EFAYLIRREL (320 1/ min) 5X 10 EXNERTFFRTFHHHEES 1.05Xx107%
BEEHTF (90km/h) 1X 102 BT E B 0.53X107%
B A 1

5.8
—HRKLEEAMGHGEAS LA BB E— AR PR LR BLEERILE,
PH—FR,FEAD m AKRTFRE v, HABRYTRARLE, A FFRFL—RIE
LYY ' ,
B ETATHEARI SRR - BEDRETNHEARE EX—IBFENNERER




F5%F Rlkai#sg

B AMAREEEES 15), B, M FAENTFRRE  EFEFASE

FOREFTZW D (EIMBHIF DN TFHONNENEE., X8, Ry

MEOMAMNEBTFE. UvHflo SRR F R A BT 185 31 B AR

BHEENAEE,NAeshBETESLSH ‘
: mivy = miv -+ —é—Mlzw

BHALER v=lo BT HE

— _ 3m_ w
T A Ml

WHEME 3.4 WE—TREFEEEN., B8, X8, EFRMAZY
HERF, REMFRRAEK BHBEHFARTFIE.

m

=2
vUD-—u»- ~.L

B 5.15 {5 5.8 AE

%l 5.9
L TAREAMERARMAKIHOBETRAL P LB E LM E GH3, £
EHEEF—AREAmGA, ZFRMAAA B GHE, SALEETEDE R
W BB R RS K | .

B I 5. 16 BN N SAALLA RS, B AE B R 0BT AT I8 R 9 401 K R
 REMUHRANRTE. BT SHRRANEN WO EH R,
FBL o W0 HHRRE— M ARNSLEWOREE, B FRERDRA
B BUARTEL

Jo—J02 =0
Hof j=mR* ] = LMR® 00T 0 AHEFARMBNMERENS

fr s,

B 516 45 98E

RALE—RE

T &2, L

£ g
mg = +M®
ANTER FE—F
§=2n—©
RALRTEE
. 2m
@ = ———2m+MX 2

Wl 3.5 B —TF , W RBH B Z R,

% 5.10 : ,
B 17T T FEF AT TEL P OHGEFHRES J=2X10° kg » m?, BV 0=




5.6 #ZHTFehigk

A73

0.2rad/s ¥ ARESL T u sk, FRABAAA a7 F - CHF LIS,
EARENLEEHEAEEHE r=1.5m. BRENTAURAZTEE, £& ¢g=2 kg/s,
BEAWMTHREGES T YHEAZL)u=50m/s, FHIEE, FFE R4S K HA ke
AR AT AR A

R OBETEAHHNES » SUFRRSE. T
PIAABESEEE DT CMER TURERRSEX T
P OHMNASNBREMBMET R ERNAS
&, 8

Lo = Jg
BB, ) dm F25R de B JE] P9 BT A B0 AR,
BESEN PO AR dn  r(uto), FHE
KA RSB FEEE. BF «=50 m/s, LKA ‘E5.17 #1510 HE
BEEE v(v=wr) KB L, FTUKANBECMET
dm » ru. EENMHIKABRFIHEHNESKHENAITE L, A

=
L3=Jdm°ru=mru
0

KFm BRHESHERE. SFF CRELERN  ENASEIT, ZAEWEATE L SRS
HEWERKEASE, B

Ly =L, = mru
E%ﬁ*"ﬁﬁ?ﬁﬁ*y,\ﬁﬁfﬁﬁﬁﬁ?'ﬁﬂ’&*lb—’fﬂlE‘J?l‘jﬂ%ﬁ%fg:ﬁu?\ﬁﬁ?ﬁt%mﬁZ'S’J%%"TE, Bp
Lo=L, .l I . ’

Jow = mru

Ju

TU

B ' m =
i B sk 4 i 8]

56 EEIALE

RS, fE A FERME E R MM AR I Z IERANETHABEN.
RBRE L, EXTF R AR R AR RS T MM T LA —MERERER,
THERSHXMERERR.

LI FERERERELE P S (B 5. 18), B4k
SEEMOEETRE A —HAMS OB, I FHHT
ik ‘
dA = F « dr = Fcos ¢ | dr | = Fcos ¢ rdd
BT Feosp BAF i dr FHMGE, BMEET r 7714,
FTLL Feos pr SRR IIXTEMB NE M, EibE

dA = Mdg (5.22)
: B 7 ik % 5l W 44 B T8 B0 5 T AR BT B9 SR AT A LA B SR AR,
518 SRARMBEBED oo im a0 A L BB RS




F5F Ak HG

()
A= j Mdo (5. 23)
[}

k8, EREUAEND . ERENBEIENER S FRERERER,
FEMM I RMEB S ENT BRI EERH . BEEENX G 1D
Lk do 3R, TR o

j Mdg = j] dwgy — J Jordew

HEE—-Ra, W&

J Md(}——] -—%—J

SXEMEE S HEXREBET A, EIRLR, TTIEH, %@m%%%wﬂ%ﬂl%*%

BT E SR, BN RMA R H S sh 888 (LT RX 5. 14)

E, = ‘Z—fwz (5.24)

X ERBAE &
A = Ey, — Eu ' (5. 25)
X—-ARXERAMheEEHEER, &{IJTFF"Z%JEE}B%ZJJE’JEJJ EE, BUHHE,FMNE

. WA EEERES RGNS T ENED I RNIEE,

 WEHEERA TR

&) 5,11
E-FAMARGES G ET EREFNHAEED, T L EER LTI,
Edn Wi RN r=04m, REH m=600kg, TUARPHIERE, RO EFHRER
ny =240 r/min, & — R L EEAK 20%, LF—KkI, F kBT 2 I 37
B oMl o ARRRILAE WA,
w1= 27 /60, wz= (1—0.2)w;= 0. 8w
BBl AR e B (5. 25) , W48 wh— YR FL SR AR BE 3 w3k - R IO A

A= Ekz '-Em == —L]wg - i]w%
S 7 2
1 2 2 — 1 2 2 2
== '—Z—Jau (0.8 —1) = —4~m7‘ wf (0.8 —1)

3610075 mrin (0.8 — 1)

1
~ 3600

=— 5,45 X 10°(])
B v — YR FL R AR BEL 7 R e Sk AR B Bl B BRY DR /Nl B v — YR AL e 3k T AR M R BRI T

X 7 X 600 X 0. 4% X 2407 X (0, 8% —1)

ISR — AR 2 BRSF A VR T LS A S B 0 A A mzzurfﬁya%q:mm
MEE - CHENLE THEHNSERECHERTENLENLM, FF—ARK




5.6 HIFHAIE

175

h ' KRB m MREE 5.19), EHE A BEEN
' E, = ZAm,gh -——gZAmh
BER B 5 S R 0 T 0 6 B R

ZAmihi
0 2 hC — #__.._—...
15.19 Rk A8 "
i R T IAE B,
E, = mgh¢ (5.26)

RN, — P RRAMAGHENBENENENRERPERCHAIANE
E—H,

S FEEFIENRS, MREESEEF, RERTA#HI, AJE%%E‘WW&
WHETIE., TEEWHT.

an

] 5.12

FMANRETELEERAS.6,KYEm TEL FERMHEE,

B MBEES L0, UER.WEMBRENFTRNES. EUE~n THENIRS  BRERZ
., BWEHMESHIEBENGDAMSIBEITLB) . T Ry REm, T R R&BIED. &

FYRTEESSHEETNESHE, FUX—X I H AT, B, NTFHREENAER

BB X RS, B B B E .

BROENSERD, TRURERE. B ESTR 44%":%Ej]§“§§$,ﬁJlﬂ%«%ﬂ‘ﬂ?]?‘&éﬁﬂ’bﬁﬁﬁ%
T RAEMYLMER S

—-—]w ——-mv +mg(—~ h)
HLi% BB <F 1B 44

]cu —-—7rw2 —mgh =0

%%%ﬁ]=%¢m%w=§%beiWﬂ$ﬁg

4156 BHKNERER.

%] 5.13 ,

HAMRETREEEZETRAS. 7T, LB TEIATSARE,

fE maEEs 1 REMBRIFENRLSE 8 FTEETENIEF S BT EH IR
Agsh, REEAB FURERIMAETE. BUERKFMAERIHBR A VMEETES S

-2~]w2 +mg(—he) =0

FIFRAR ] = —%—ml he = %zsmmmfwg




176

£5F RikthHs

o = /3gslm 4

WEREERAER .

* 5l 5,14

—BEMER, REAH M=250ke, ¥4 R=30 cm, # ¥ %% R, =5 cm, 4%
M EFRFWEFT AU F=100N#HBEREIEZERERG LT IHNES,
RFBEHIEAM=Ss AL EN B EEURCE =S s A TN EERESH

fE 408 5. 20 BRI, RE & WA ANARYELHC, B
C,2riEEN &, BT REEITERES, GRMFTLER
SE EA P B AE T SHE LA P SRR E R
KRG—EFETF KPP WEAFEHEAABRINAE. &
W REUE O RERN RIS EE Y

uilheii

e de . B 5.20 45.14 FE
KPP o FARBIWARE, ROBIMMEER

ac = d—d'gf = R %‘(g = Ra
RF o BEEEE A INERE.

UERTEEDNESFRBEHEXRR. UEHEDIFEAR. XNEREEERSH FI,EBD
MEAHEESAREEMAP AN EHNBRERN Ff. XERNNEHTEXEN AREHESH
EEMAAUARTEES. REFABERZAGREN A RN S L XS E R AT
WEEEN MEEFOERNK., BEMNAEBRELESEE, RG. 18,14 ’

F— f= Mac = MRe '
BEMARERARCARES EE,R(G.16),WE
FR, — fR = Jea = —%—MR%

o ur it v
o= 2F(R—R,) _ 2X100X (0.30—0.10)

== 1,78 (rad/s?)

MRE 250 % 0. 307
ERIME, A=5s NABENHENERR
5= -—;—ac(At)z = —;—Ra(At)a = —%- % 0.30 X 1,78 X 5% = 6.7 (m)

TE =5 s B, BIRATHMEESN
- ve = act = Rat = 0.30X 1.78 X5 = 7 (m/s)
FREDNAEESN
w=qt = 1,78 X5 = 8,9 (rad/s)

“ 1 5.15
—AREAmMFBARGHGECHARERAAO #EH L aBEREHRAT.
RERTHERNNRE A GARE., |



5.7 #H AT

B OwmEs 2 FR. REETHRZE NI,
HTFEEDS . AEZFAHMENECHEEE D, mMEH
HEGEN . RLRETES, EMEBEES FH

FHERESERN LK, |
SERCVESE N M A RGBS EENG. 18,5 ]
B s 21 #5515 A8 mgsind — f = mag = mRa

SHER B B0 R B B A 1, 205, 16)
FR = Jou = —g-mRza "

 RIMEWR, TR

_ Sgsing
7R

R A

ac = Ra = —S—gsinﬁ

: 7
CEBRRNER. PSRRI RE T R INE T M, T E R E O K RS i s
BRTFERE b BT, HER

v = «/Zacs=«/2><—?—gsin0><-—h——= l,]ggh

sin 8

w = vc/R = Ml,/vo-gh/R

AEUTUAT BERRM, REKA TN B meh, BTHE L HAESE, BARFEE,
(41D BN ek + 5 Tew’ o i T T RTRF B M 57 SR ER R G B BLOR A

HERAEEN

B

mgh = —;—mvé + —%—-]c w?

B w=vc/R Fl Jo=SmR* fRA, T8

ve == ,\'/'%glf y w¥= ,\/170.gh R

'

5 LBk %R .

b7 BEE

A B—FRE A B EAER. WE 5. 21 iR, — N E R (ERERE
FI—A BATE5) M8 B — SR, e — R E S R EAF T L A . Se R
K, R HE, CRERETE., WRECREEMLE S O FRMERERGX
PR B  SAATSE, U P E R R IR T, BT SR E R TN
OBEEIAEA . MR B R R T B TR i 3 ~

FA M E MR TSR XTUALSESERG. OMUERE. B
BR(5.9), ABMIE d B E P BN X AN ERADBREL HEEN




178

F5F RlRehH

dL = M (s.27)
Sk MR R IR T S WAL R KT R T, b mER R
B X — AER KK
' M = rmg i
EE 5. 22 FrRBE 2L, M @7 AR FHAEETL M7 H 0% L FABEEERL &
fCE 5.23), Bk dL @7 Btk FRZE. RAREERATHT M, FIULL BT 4
BB B BER M A S T A TREAFRERET . SERWAERERE
BT B RERies, ﬁwﬁﬁﬁmm%m%a%mwwr%ﬁﬁm¢%Tﬂ%ﬁﬁﬁmﬂ
HEHEANBRENGER, .

Premamem o
T ‘ L+dL:j dL ? o
‘- e do L

B 5.22 #shEis E5.23 L,M# dL 3k E B

ZEE 5.22 5,8 %x%ﬁf%ﬁﬁmﬁs@ﬁd\x@ﬁ,fr‘rw%m%mﬁfwﬁui&fj;;%;f_
RSJEM . B 5. 23 T LR L7 de B R PY B BERN R S B 40 BE R

ldL | _ Md:
d@ = T I
AN K AEE, MHshaEE, N
' ~.de M
Q= Pria (5. 28

BB RIER 33 . R, RSN TE M | () 5. 242)), MfE
BLEE O RN M R IR A, MR B TR B A S TR (E 5. 2400, BHME
B ERERD, X—EEENHREEEN, S TRERBRTUS mEEML, 8
BRSO RE NI FINER. BRXAEN 0 SRIEHRN T AR ‘457"
XN, RG9S, BV EH) B WM BB ER 31 0 TR TRt

M
Lsm 7}

o

EF o ke T?B’J Aled SRR ZmKIA.

HeR bR P h B — S R AR S A RAT (B 5. 25), B TR, %ﬁﬂﬂ
AR, B TR ERELNRE ool MR, BEA N R—EEL
Bl EAXROHAERSEABAES R, X8, SRS BT, S TR
BRBSEA BRI AT R, WSS B, 0 TR IXFH 3 60 BE7E M0 PO BE b 20 h B 0E
. SARIERNRER, LT LA 00N B R ERAEED
a@xmzzem IR . TR, B TR BB WA AN WA B T I,

REREBEEEROMMOT RS, 28, EHHAE S HE R SHHM T HEFA
s@ﬁaﬁ% TSR3 S R AR BT T . o




»E 179
I L
Q
ATt o
S o
\
\
\\
\\ Gt.L
N Img
Tz
. O g%y
(@ ® Pl
B 5,24 PEiEpgdtsEh Bl 5.25 JRBERITR IS

REHE i, ZE B 5. 22 FiR BOSE I P, 03RRI B B BE R Rk K, U B B R 2
BN, E&E T FRASENES. XMEHNEY, RGO 2ORRG. 20 HEE
B XFES RN, XERIRIERESN G, 28T —A54&, BIAE R
RADBRECEACHNRMERNANE. TREEHAADHBL XL AR
ABEMEWESNANENREN., YSEEEN, BASEEOHET RIRME
BASGE XEREHTRG.28)5K05.29). ERRNAWEEE R, MK AT

wT.

1. RIERIEMEET .
SIMERES . @ = wot at, l9=wot+—%-at2, w? — wt = 2al

2. MgEESENEE. z=%f

ARSIy = B, M. =M RSt DX BB ST EZ N Lo=J w, ] JRIEIE Bl 6 7 5h
o, :
' M = Ja
3. Nitkry¥EaniEsE.

J= > mat, T =Jr2dm
FATREE, J=Jc+md® .

4. IEEBHEO AL, |
FEE . A= Zsza
. E = %sz
Ml & S #88 - E, = mghc

PiEEFiEERE . RERTAESIN,




80 F5F AkE S

Ey +Ep =H¥E

5. WREMMAETE: RECEENEOHTZ M E—E M6 H5E B,
Roxt i R A BERERT.

6. HtE). BMEWMEESNERRT, AR EEEINAS,

7. MBI AR IS S AL AN R G R B S MR N L —TF (L3R 5. 3), B

THEAERAHERI¥EE. RERNTRENZAMESR,

53 RAMNESHMENREHEMEH MR

| _ar
mE o= fa B
_dv__d’r
mEE a—*'a?—-a—tz— minmE
FE m R J=}wm
B F HE M=r, F, (L EFTEEER ok
BHER F=ma HEE®E M=Ja ,
& p=mv . & p= ZAm; v; i
e faEi# L=rxp AHE L=Jw
miem F=i2 amges y-1J
HEFE D F =08, ‘ ABETE M=o05,
Dmiv; = {58 D Je =%
AR A= e HERY An = [ Mg
A ‘A
B E = Tmo’ A BHHE  E =)o’
HEEE A = +mo} — —mol HHEE A = +Juh —+ ]}
EARE E, = mgh EHEHE  E, = mghe .
VILEESFIE M E M MRT RS, PREETIE  XHENET RS, .
E.+E, = {8 E+E, = fi&

51 —ANHEERRE, BEEAAGER. SXEANEE S HE, CRURE: Lk E A
—EREWG? BT AN ENEHBE, ENNEAE—EEED? 2HEHE,
5.2 BEE SRV ARIE 4 BHF AR, B R B RN RE AT
5.3 EMAMRLER RENIHAES—HKERE 5. 26)7




BHA 181,

.54 WTERHERNRT.REMR. B RTHREREENERE B R TFHRES

S

O WREMNWHEDRER, BB TFEBR

@ WMREMMAREMAR, B EFRAIELR?

55 BEMANEMIEREHNNERGR. MR HAETE HEAEHLNRER

AR ESRR B AR SRR

. 5.6 FEREVEShREEEERE WAL -SRATE T, ?F%Mﬂmmﬁéa%@bﬁ% RIE

R EREIR RS X E R R T XA T AEEY :

57 —ABEKTFREEMAEFE-TETER ERTHMEE(ES 2D, YMAEFE
DB EREHN WECSRAMEER T MRS, BELFHEE, :

5,26 WA EALER RS A YE LS 527 BEESs.7HAE
REHIEE B ;

5.8 R E B R Bl A, B O 3h BB 1 \E’&%?%jﬂf EWHTT SR MERTR. X TFIER
B REXEG? A
5.9 -—E%%QBEWUW%%E}J@JEE%?E*% THIEHEBZ A, MR EX - E R E3E

Ek__“.]w

"5.10 ZxHE RN R A EAFTUERUR Y R CE 5. 28) R R 8 , GRS THERE T4, T BT
SHT. At 4 WFEER WA, A ETEEEETE, LRHHAT BFEETIFHH, 5
TR, R ARNE

5. 28 %‘—:&“’f&@%”

TSl BBEESAAAESTEKFRERERN AT ERREKAHELE - WA RE
RUTHER: B SRS (E 5.29), RfF47 EURMAEREAARE, WHSHTESEEEEMME




182

5 F LIEEN: )

fFanmiEE (R LESR ﬁtﬁ'cﬂ)? RS, A\EFERFEG?

(@ (b)
B 5.20 H=4Hh
(2) RBIEERB ST, (b) BRSTESHSHE

Ll

5.1 BRECBHES R FRGGRE 1. 25 BE LT, IS B AT v=25 m/s. Sl
PREEZEIR=1L0m WEEASHHFEHTME, K.

(D SHEFHNAEE;

(2) GRS,

(3) SkBETET o hn v 60 i 8] GRS R AD .

5.2 —RERHVNEMAHEHEIET.0 s A 200 r/min ¥4 #3E I0E 3000 r/min.,

)] ﬁ&ﬁ%ﬁﬂa‘l‘ﬁlWi%%@]ﬁﬁfﬁ%ﬂﬁiﬁaﬁgu&ﬁﬁnﬁ)ﬁ;

(2) RO Bent ] Py BB M A EE TR

5.3 MEREBEZFWTIEA. £ 1987 5841 365 W HE Hh 1900 ££4 1. 14 s, RFE 1900 ﬁ@]
1987 X EEAS[EI A HIER B M E S AR,

5.4 R FILE 40° Bﬁﬁﬁ%ﬂ@ﬁ?le@&(bjg} 530 P ﬁ%x)#ﬁxf?ﬁﬁiuz%%%&@%ﬁf“ ‘iimii
EHEESTE.,

5.5 KATFHIBRME S, 31 fim. NAESTBAKS T AABMNEHNRER T =1.93X
107 kg « m* , % BB iM% HER Jop =1.14X1077 kg m*. Bl MR RE T HRERER
MERTHENEE kM. ﬁ&%ﬁ?%ﬁﬂéfxﬁ‘% Jov s W '

B5.30 IJES.4ME , 531 JMs.5 M




58 183

5.8 Coo (Fullerene, E#1#) - F 1 60 MREFH M s B ER BT E- LT — AR08 32 Wi 60 4
T L C(E 5. 32), IKERA B E 2K 71 nm,

(L |YIREIE, KRB A FHE—NERNESHEEEL D

() EEBRT— CofF FHEESIMEN 6.21X1072 ], REMEBHE,

5.7 —AMRERTHEER 2.66X107" kg, — M FFHAEE T4 FOAEE 1. 21X107° m,
FESTHMTELSEROHBETF R TFELANMNEHRE., WR—EL TN T E 05
SRR 2. 06 X107 I, B MM K S ABEE L ’

5.8 —MWRBEANREEN m, E BN R BRI E —R K L TR 5. 33), AI4kBRE
EEAML EFOERET AR, REESHFESEFPOANCEENHOENRE. S0 TE
HERKNELZNMBOEHERELEE K '

B 5.32 FEs56HE E5335 YE5SHHA

. 5.9 ERMEAEWLHRE EMAKH 4K .50 m, FRH 100 ke; A6+ 2. 70 m, TN

60.0 kg, “HMFOMMA BB RERL L7 T BE YA W ERELDE, _

"5.10 M—AEEN R MMM LR — N EEN R AR, 5T 0 o 76 B R AR

b R/2 4bCE 5. 30, BF R WEAR B R AR 2 . KM B AR N S L TS AR O B 1 6 3

.

5.11 40 5.35 BT, FMER BN m Mom, , ERBHERE S m, 22% r, TR SHE

LB Bfm SAEENENEREREN moR m FTENMBEENMBETRNKNEES 7 BE
 FRBREEANE G R RWEGEE D BRI

Es5.34 Igms. 10 HE : Kl 5.35 J@s.11HE
5.12 —RHERR L FE 60 con I E A BATRI E B ESELEA B3, SEEERR
REKTE , REBK. ﬁﬂﬂ%ﬁiaﬁﬂeﬁﬁwﬁﬁuﬁlﬁ%ﬂ%k@]%ﬁ&ﬁwéﬁﬁﬁf%%%%jc?
5.13 METHISISEERR AR = -;—Amvz HE, BHAEEEMESNEIRERR E = %szo
5. 14 EYIMRRLEE B A0 B E EE R, V8 FH S S SRR A 5 R I 7 R T B




F5% RAlkeiim

B (E 5.36), WIBATLEMBEEN R WS HA, RER m, 184 L2 FOWHIERE
Hh . BRFERUAEE o SEEDBANK R ERANERENES K BARDREE,
BESKHE? EXBMAN BEREAEE o A5 BRI AFEMT L BARETS4 -
BhRR?

5.15 MTEHH LAAFEME (H5.12), FEHEN, A R RGNS 25 05 30
Ji=2kg+ m. EHNEHE HRAFHY =15 r/min #3h, BARFEKE, ERENEDRE -
AYy J=0.80 kg - m® B, ERBEn BEX? FHKESES, RENINMBLEFE? L0
TZh? WIS B L E R, _

5.16 [ 5.37 AR L=0.40 m, B& M=1.0 ke, B H F 8 B 6B K T8 B ET A F i
o 4F—FR m=8.0 g T W v =200 m/s WEEKFHAFHTAESE, 5 AKEHTF
d=3L/4 4,

(1) RFBAPLEHF o 4T 1 B

(2) RIFMBAMEA .

B 5.36 JES5 14 A B 5.37 3516 BE

5.17 —HAGEEAEHED SE—AFENEN =10, BEXMMUBEHRER J=
1200 kg - m?. — MR H M=80 kg A, FF IR Wi E R & 1) 00, B L R ISP BR 4 AR &4
br=2mMEENAREREAT _

5.18 FIWIREME 1200 kg WIREEFEAR LH LU 72 km/h WEEAEF T, HTFHERL
BUEMBRADN A5 m, A AL ME HEWENE—E, KB AN FEROWESHRES
2500 kg » m?, 3K ; . '

(L WEME—S MRS REE;

(2) d FREAE T4 S 0 DL BE .

5.19 FH CHTESAFRASLE BRI NERR—F HHUEEABES. _

(D WRBEABENETMIIERE LN ZHERES, B MM BOERME K BT
B RLBEAERN 2.5 m, A% R ALE, '

(2) IR CMRADR S, YT A% EERERSA, AU SR AR EES RENTFMAN
& 70 ke, CHMRAX TR B QREME S 3X10° kg - m?,

(3) B M 30°, FMABERILE?

5.20 EAMYBMTRE, REABHPNEE"SENELEETEREMAE, KANA
HEREKHESADEG.IXI0P ] MESZIL? .

*5.21 BREZ(E S5 3)FLE—BKWE {88 PSR 0531+21. B -+ 455 % 849 JE#E (0. 033 )
PR E A R R B XH KRR RS EN R TR, b P FHRWA K AR T K
BEM. ZUEER, ERFFEMFH 1.26X107° s/a BB RE K,



5.38 BREZHWRGEFLTELE-FTHTFE,
‘ ER 1054 R R BB ERNRED

/

) R TR ERERE,

(@) BIHRTFEMBRN 1. 5X10° kgGERUKH G ER) ,E2% 10 km, REMEHABUL K
RSB T/s SOB/N . R/ RIS S BB BRI 20 0 Ik B 5 T SR AT O B B )

: @) FEX—BEREMFEHFE R FEES SR EHELHD, BT ETHEGIRE
g,

522 MEOW EBBIEMESEER 0.33 MR, Hh M 2MMRKER, R EMROEE, RBEREG
R '

BT S0 0 PR P S BR S R R R RN, BT TR R R A 16 s, RS, HLER
S BEMR/NARS TR A S RT3y — A ISR AR A 2 T R E 2004 4F %l BB £ JL A
B IR R A EL KT '

5.23 KFMAZMHERT CHEAERFRLEETHRLEN - TEEE., NERHRE
Mk IR AR ORGSR Z S KANESEEN SN IRANE, BT RN & % E Y
26 d .

5.24 EM. MEETELEESMENN, KL AN TEENEE  AARANEDAEEo
ETREER.

v=wXrp
- AP AEERB. W T HEETAE, EEARESNENIFORAATERENHE . ENEESFE
HH R MR P RS AMER. FTAXAR LR AET—REELS P AE3M. Fib, Eas P
L REARBREES RO, ,
Ct5.25 SEEAEMKHESREN M=1000 kg, #¥EBE R =100 m, LB EW L EFLEN R, =
0.60 m4b, LA BRI EPLOMOEIEE Jc=300kg - m*, 4/ F=2000 N ¥ H7ZEREH B
KT R 4, IR R BT R R S S, e AN T MRS R AEEL A RO
HERMBEEEZ R RBFARTHEEHZ KT

"5.26 NEEZTNEREREE-FLEE-TREBEENEEE LHBEA.BEEENELSK
TR~ LT, GFRESE L TENNRAMER EEE K THES. TEITEELBERR
?J%%E_/r?‘a EEEGEEE HEREEENREN m BN R,




F5% Ak

O EFA, AR SIS TR T BT IR £ K7 %%ﬁagjca@mﬁ@e%
(2) FEGEER R B — SR L T M 550 L RS i R 3 9 48 gk pe
(@) FER 2meg 711 L RBER, IR LT OMEESK? F 0 ERBIEE 24
527 IR R RH SRR RO RET HHBLE 0L 25,5 (0 5.3, & FApg
MRS D= TS, D B H RS T MO B R385, 55— A 49 26 000 0, gy

SRR ES J=8.05X10¥ kg m? - R ANEA BB RBELERG KN, B | dL/
RAREFAZHBIRE A HEL K

& 5. 39 JE 527 BE

*5.28 —ﬂ%ﬂ“*%ﬁ@@%%%%%—/\ﬁﬁﬁ 50.0t, %% 2. 00 m ¥ B & 5 22, b%%“"%
EHL 800 r/min Wy f SRS .
(1) WMRFAEEHADIR 7, 46X 10* WE@’Jy%%ﬁgﬁ'\ﬂﬁIﬁlj‘ﬁéﬁﬁ&%iﬁﬂii@%ﬁﬁ%ﬁ

(2) IR MBI BN B ET A 1. 00°/s to 4 BEHES, SRR EEE T AR A RS
KA.




/47777€Hc[ ix L

PHY/NET

MISN-0-43

TRANSLATIONAL & ROTATIONAL
MOTION OF A RIGID BODY TRANSLATIONAL & ROTATIONAL MOTION OF A RIGID BODY

by
J.S. Kovacs

1. Introduction
a. General Description of the Motion of a System of Particles 1

b. Theorems on the Motion of Rigid Bodies ................ 1
2. Application of Rigid Body Theorems to a Simple
System

a. Description of the Motion of a Rigid Body ............... 2

b. Example: Collision of a Point Mass with a Dumbbell ....2

¢. Mass and Dumbbell: Translational Motion ............... 3

d. Mass and Dumbbell: Rotational Motion ................. 5

e. Mass and Dumbbell: Kinetic Energy ..................... 8
Acknowledgments. ..................c i 9

onect PHYSNETePhysics Bldg.sMichigan State UniversityeEast Lansing, W




ID Sheet: MISN-0-43

Title: Translational & Rotational Motion of a Rigid Body
Author: J. 8. Kovacs, Michigan State University

Version: 2/1/2000
Length: 1 hr; 20 pages
Input Skills:

Evaluation: Stage 4

L. Calculate the kinetic energy loss in an inelastic collision (MISN-
0-21).

2. Calculate the kinetic energy of a rigid rotating object (MISN-0-
36).

Output Skills (Problem Solving):

S1. Apply the following theorems to determine completely the motion
of a rigid body in the case when the torque on the body is along
one of the principal axes: (a) Relative to an inertial reference
system the time rate of change of the center of mass momentum
of a rigid body is equal to the net external force acting on the rigid
body; (b) Relative to any point in an inertial reference system, the
time derivative of the angular momentum vector of a rigid body
is equal to the net external torque acting on the rigid body; and
() The total kinetic energy of a rigid body relative to an inertial
reference system is the kinetic energy of the center of mass of that
body relative to the inertial system, plus the kinetic energy of the
body relative to the center of mass.

Post-Options:

1. “Ideal Collisions Between a Frictionful Sphere and a Flat Surface:
The Superball” (MISN-0-53).

2. “Euler’s Equations: The Tennis Racket Theorem” (MISN-0-57).

THIS IS A DEVELOPMENTAL-STAGE PUBLICATION
OF PROJECT PHYSNET

The goal of our project is to assist a network of educators and scientists in
transferring physics from one person to another. We support manuscript
processing and distribution, along with communication and information
systems. We also work with employers to identify basic scientific skills
as well as physics topics that are needed in science and technology. A

number of our publications are ajmed at assisting users in acquiring such
skills.

Our publications are designed: (i) to be updated quickly in response to
field tests and new scientific developments; (ii) to be used in both class-
room and professional settings; (iii) to show the prerequisite dependen-
Cles existing among the various chunks of physics knowledge and skill,
as a guide both to mental organization and to use of the materials; and
(iv) to be adapted quickly to specific user needs ranging from single-skill
instruction to complete custom textbooks.

New authors, reviewers and field testers are welcome.

PROJECT STAFF

Andrew Schnepp Webmaster
Eugene Kales Graphics
Peter Signell Project Director

ADVISORY COMMITTEE

D. Alan Bromley Yale University
E.Leonard Jossem The Ohio State University
A. A Strassenburg S.U.N. Y., Stony Brook

Views expressed in a module are those of the module author(s) and are
not necessarily those of other project participants.

©2001, Peter Signell for Project PHYSNET, Physics-Astronomy Bldg.,
Mich. State Univ., E. Lansing, MI 48824; (517) 355-3784. For our liberal
use policies see:

http://www.physnet.org/home/modules/ license.html.



MISN-0-43 1

TRANSLATIONAL & ROTATIONAL
MOTION OF A RIGID BODY

by
J. 8. Kovacs

1. Introduction

1a. General Description of the Motion of a System of
Particles. The general description of the motion of a system of parti-
cles consists of specifying the motion of the center of mass (CM) of the
system (as if the whole mass of the system were located at the center of
mass) plus the description of the motion of the particles of the system
relative to the center of mass. For a rigid body the particles of the system
are constrained to.move such that the relative separation of all pairs of
particles remains unchanged. Theorems about the motion of rigid bodies
will be demonstrated as they apply to a simple rigid system.

1b. Theorems on the Motion of Rigid Bodies. When a set of
forces acting upon a rigid body are such that they combine to produce
an external torque which is directed along one of the principal axes of the
body (see Fig.1), the following theorems may be applied to determine
completely the motion of the rigid body:

a. Relative to an inertial reference system the time rate of change of
the center of mass momentum of a rigid body is equal to the net
external force acting on the rigid body:

dPor =
dt = Legt-

a’. If there is no net external force on a rigid body, the center of mass
momentum is constant, and hence the center of mass velocity is

dem

Fext Figure 1. Torque-producing forces

acting on a body.
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constant in magnitude and direction: 130 M = constant vector, 17(; M
= constant vector.

b. Relative to any point in an inertial reference system, the time deriva-
tive of the angular momentum vector of a rigid body is equal to the
net external torque acting on that body relative to the same point:

dl =
dr = Text-

b’. With no external torque on the body the angular momentum vector
relative to any point in an inertial reference system is constant.

¢. The total kinetic energy of a rigid body relative to an inertial refer-
ence system is the kinetic energy of the center of mass of that body
relative to the inertial system, plus the kinetic energy of the body
relative to the center of mass. (For a rigid body this latter is the
kinetic energy of the rotation of the body about the center of mass.

2. Application of Rigid Body Theorems to a Simple
System

2a. Description of the Motion of a Rigid Body. The complete
description of the motion of a rigid body consists of the description of the
translational motion of its center of mass as if it were 2 point mass, plus
the description of its rotational motion about an axis through its center
of mass.! The net external force on the system will determine the former,
while the net external torque will determine the latter.

2b. Example: Collision of a Point Mass with a Dumbbell. As
an illustration of the theorems listed in Sect.1b, consider the following
example:

In far outer space, far from the influence of any appreciable gravita-
tional force, a rigid body consisting of two point masses, of mass M and
4M, at the ends of a massless rod of length d is at rest relative to an
inertial reference frame.? Another mass, M, makes a collision approach

1The axis is not necessarily fixed in its direction in space. In cases when it is not,
the motion of the direction of the axis is necessary to complete the description. We
will not consider such cases here. See, however, “Torque and Angular Momentum in
Circular Motion” (MISN-0-34) and “Euler’s Equations: The Tennis Racket Theorem”
(MISN-0O-57).

2An inertial reference frame is a frame in which Newton’s First Law of Motion is
true.
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72— i

Figure 2. A mass M with initial speed V approaches to
make a head on collision with a mass 4M , initially at rest.
The mass 4M is attached via a rigid massless rod to an-
other mass M with the orientation of the rod such that it is
perpendicular to the line of flight of the moving mass.

toward this rigid body, moving with a velocity V, toward a head on col-
lision with the 4M mass directed perpendicularly to the rod connecting
the rigid body masses (See Fig. 2).

2c. Mass and Dumbbell: Translational Motion. Problem: To
demonstrate that the center of mass of the three mass system moves with
the same velocity before and after the collision.

Answer: First, the center of mass must be located, then its velocity before
the collision occurs must be determined. The center of mass of the rigid
body is located one-fifth of the distance from the 4M mass along the line
connecting the two masses (at point A in Fig.3). The center of mass of
the combination of this mass (50 ) and the incident mass M is located
along the line joining these masses and one-sixth of the distance from the
5M mass to the incident mass (at point B). Figure 2 shows this location
at the instant when the incident mass is distance D from the mass 4.

Problem: How high above the line joining the incident mass with the
struck mass is the center of mass?

Answer: From the similar triangles OPA and OB’B we see that BB’ is
five-sixths of AP so that the length of BB’ is (d/6).

Problem: Where will the center of mass be when the incident mass strikes
the 4M mass?

Answer: It will be at B”, a distance (d/6) above point P, the location
of the mass 4. With B and B” both the same distance above the line
OP, it is clear that the line BB" is parallel to the line OP. Thus, while

MISN-0-43 4
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Figure 3. A geometrical determination of the location of
the center of mass of the system described in Fig. 2.

the incident mass moved distance D, the center of mass moved from B to
B" along a line parallel to line OP. Line BB" is of length (D/6), hence
the center of mass velocity must be one-sixth of the incident velocity and
parallel to the incident velocity:

Veu = V. (1)

[« ¥ I

Problem: What is the CM velocity after the collision?

Answer: It must be the same because there are no external forces on the
three mass system. (The incident mass and the struck mass exert forces
on each other but these are internal forces.) Because :

dPes
dt

= Femt =0, (2)

By M = constant vector. 3)

To demonstrate this, consider the case where the incident mass sticks
to the mass 4M upon colliding. Before the collision, as observed in an
inertial frame at rest with respect to the rigid body, the only momentum
is MVp. After the collision the momentum is that of the new rigid body
(5M at one end, M at the other). The momentum is thus 6/ Vs where
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VCM is the velocity of the center of mass after the collision. Equating
these two (because there are no external forces) we get:

. 1-
Voum = 5V (4)

exactly what it was before the collision.

2d. Mass and Dumbbell: Rotational Motion. Problem: Is this
the only motion of the combined system?

Answer: Obviously not. The system spins around as it moves. (If the
rigid rod were struck at the center of mass of the system, no spinning
would occur.) To describe completely the motion we must also include
a description of the rotation of the system. Rotational motion is deter-
mined by external torques on the system and how they affect the angular
momentum of the system: .

L e, (%)
where L and Test are both defined with respect to the same point in
some inertial reference frame. With our system {consisting of the three
masses) there is no net external torque. Therefore the angular momentum,
evaluated relative to any point in an inertial frame, is constant:

=

L = constant vector. (6)

It is convenient to take the point relative to which the torque is evaluated
as the center of mass of the system.

Problem: First, is this a point in an inertial reference frame?

Answer: If the reference frame in which the rigid rod (before collision) is
at rest is an inertial reference frame, then so is a frame which is attached
to the center of mass and moving with it. That’s because the center of
mass reference frame is moving with constant velocity with respect to the
reference frame which is at rest with respect to the rigid rod. (In frames
of reference which don’t accelerate with respect to each other, observers
see the same force or effect of a force.)

Problem: Relative to this point, what is the angular momentum of the
system before the collision takes place?

Answer: Relative to this point the incident mass is moving to the right
with velocity (5/6)Vy (recall that the center of mass itself is moving to
 the right with velocity (1/6)V;). The masses on the ends of the rigid rod

MISN-0-48 6
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Figure 4. The motion of the system described in Fig.2
(before collision) as observed in a reference frame in which
the center of mass is at rest.

are thus both moving to the left with a speed (1/6)Vp or with velocity
—(1/6)Vp. Hence, viewed at rest with respect to the center of mass, the
motion observed is as shown in Fig. 4.

The total angular momentum of this system as seen relative to the
center of mass is the vector sum of the individual angular momenta. Each
L=7x m, where 7 is the vector from the center of mass to the instanta-
neous location of the mass, and 7 is the velocity of that mass. However,
the magnitude of this cross product is the magnitude of the momentum
times the “lever arm.”3Its direction may be evaluated separately using
the right hand rule. The individual angular momenta are determined as
indicated in Table 1.

3See “Force and Torque” (MISN-0-5)

19
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Table 1. Determination of the individual angular momenta relative to
the center of mass of the system for each of the three point masses of the
system shown in Fig, 2.

Lever| Magn. of |Direct. of
Object Mass | Speed | Arm | Ang. Mom. Ang. Mom.

incident mass| M -?-Vo —(f;d %M Vod | up, out of page
massonrod |4M | SV | =d | —M Vod | down, into page

b8 | %

massonrod | M | 2V, | =d %M Vod | up, out of page

The resultant angular momentum of the system (before collision) is thus:

%M Vod directed up, out of page. (7

This is also the value of the angular momentum of the rod after the
incident mass struck and attached to the 4M mass. Hence the newly
formed rigid body (M and 5M ) at two ends of a rigid rod of length
d rotates counter-clockwise about the center of mass with an angular
momentum whose magnitude is (d/6)MVj.

Problem: What is the angular velocity of rotation of this rigid body?

Answer: For a rigid body rotating about a principal axis I = I and @
is in the same direction as L. In this case, up out of page: the rotation is
counter-clockwise. I, the moment of inertia, from its definition is the sum
of the “mass times distance squared” contributions for each mass relative
to the axis parallel to L through the center of mass. It is, therefore,
2 2
5 1 5
I=M|{=-d| +5M(=d) =ZMd> 8

(82) +ou (50) -3 ®
We thus find: & = Vp/ (5d). Consequently, the complete description of
the motion of the system after impact is as follows:

i. The center of mass moves with constant velocity (1/6)V, in a
straight line parallel to the direction of the velocity of the incident
mass.

ii. The rod fotates counter-clockwise about an axis through the center
of mass (perpendicular to the plane of the paper) with a constant
angular velocity of V5/(5d)

11

MISN-0-43 8

2e. Mass and Dumbbell: Kinetic Energy. Problem: What is the
kinetic energy of the system?

Answer: Again the answer depends upon the reference frame with respect
to which this kinematical quantity is to be observed. Hence, making the
question more specific:

Problem: What is the kinetic energy of the system relative to a system
which is at rest with respect to the rigid rod before the collision?

Answer: The kinetic energy before the collision is that of the incident
mass: .
~MVZ.
2 0
After the collision it is the kinetic energy of the center of mass as if all
2

\Z
the mass were concentrated there: (1/2)60M 2 plus the kinetic energy

of all the parts of the system relative to the center of mass. For a rigid
body this is (1/2)I&2. For this object it is:
1

o 1
-2-Iw2 = EMV? (9)

The total kinetic energy is thus:

Ey(total) =/%M VE+ élaM V¢ =

L

IOMVE?. (10)

(5 times as much kinetic energy is in translational motion as there is in
rotational motion. If the incident mass had struck the center of mass, all
the kinetic energy would have been in translational motion.)

Problem: What is the “Q” of this collision?

Answer: According to its definition, @ is the change in the kinetic energy
that occurs as a result of the reaction. If Q is positive, kinetic energy has
been gained as a result of the reaction or collision. For this collision:

- —-g (-;-Mv;f) . (1)

As a result of the collision 80% of the original kinetic energy is lost. (The
collision is obviously inelasti¢4).

4See “Potential Energy, Conservative Forces, The Law of Conservation of Energy”
(MISN-0-21).

12
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10.

PROBLEM SUPPLEMENT

. For the system shown in Fig. 1 of the textual material, determine the

velocity of the center of mass of the system before the collision. Show
that it is paralle] to the velocity of the incident mass,

. Determine the velocity of the center of mass of the system of Prob-

lem 1 after the collision, assuming the projectile mass sticks to the
mass 4M.

- Relative to the center of mass of this above system, determine the

velocity of each of the three component masses before the collision.

. Determine the total angular momentum relative to the center of mass

of the above mentioned system before the collision.

. Determine the total angular momentum relative to the stationary

mass M (on the rod) before the collision.

- Assuming conservation of angular momentum, calculate the angular

velocity of the system relative to the center of mass after the collision.

. Assuming conservation of angular momentum, calculate the instanta-

neous angular velocity of the system after the collision relative to the
location of the initially stationary mass M. (This will be the angular
velocity with which that upper mass M sees the other masses begin
to rotate around it.)

- Determine the total kinetic energy, relative to a frame at rest with

respect to the rod, of the system before the collision occurs.

- Determine the total kinetic energy relative to this same frame (as in

8 above) of the system after the collision.

Determine the gain or loss of kinetic energy as a result of the collision.

14
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Brief Answers:

1. Equation (1).
2. Equation (2).
3. See Fig. 3.

4.
5
6

Equation (7).

. MVyd, directed up, out of page.

paper.

- w=Vy/(5d).
1
. §MV0.

- Equation (11).

PS-2 MISN-0-43 ME-1

MODEL EXAM

1. For the same problem as was illustrated in the text, Sect. 2, find the
kinetic energy of the system before the collision [K], the kinetic energy
after the collision [C] and the @ of the collision [F], all as observed in
a reference frame attached to the center of mass.

2. In far outer space free from any outside forces and observed in an
inertial frame, there is at rest a uniform rod of length I and mass M.
A point mass, also of mass M approaches the rod with a velocity Vj

- w = V;/(5d) counter-clockwise as viewed looking at the plane of the directed perpendicular to the long axis of the rod. The mass strikes

the rod at a point that is a distance d away from the center of the
rod, toweard the end of the rod. After the collision, the incident mass
continues along the same straight line in its original direction but with
a reduced velocity, V, /2.

a. Determine the location of the center of mass of the system at an
instant when the incident mass is a distance D from the rod. [L]
Determine the velocity of the center of mass at this instant. [A]

b. Determine the velocity of the center of mass of the rod after the
collision, as observed in the same frame where the rod was initially
at rest. [I]

¢. Determine the velocity of the center of mass of the rod relative to
the center of mass of the system after the collision. [J]

d. Determine the angular momentum of the system, before the colli-
sion, relative to the center of mass of the rod. [B]

e. Determine the angular velocity of the rod about its own center of
mass after the collision. [E]

f. Determine the kinetic energy of the system before the collision, as
observed in the original inertial frame, [H]

8- Determine the kinetic energy of the system after the collision, as
observed in this same frame. M]

h. Determine the Q of this reaction. [G]

i. Assuming an elastic collision, determine the value of d in terms of
L. [D]



MISN-0-43 ME-2

Brief Answers:

A

o

[}

HoE O Q

Vo/2

. (MVqyd), directed up, out of bage, as seen in a sketch where d is below

center.

. MVZ/60
.d=L/V6

6Vod/L2

. —(4/10) M V2

3d* 1
g (3 -1)
. MV2/2

. (Vo/2), same direction as original velocity of point mass.

Zero

. (5/12)MV2

. Along a line joining the center of the rod to the incident mass and

half-way between the two.

- (1/2MVE (—;- + ?’L—(f)

17
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Center of Percussion: The “Baseball Bat Theorem”

As an example of the above theory, let us discuss the collision of a ball of mass m,
treated as a particle, with a rigid body (bat) of mass M. For simplicity we shall assume
that the body is initially at rest on a smooth horizontal surface and is free to move in
laminar-type motion. Let P denote the impulse delivered to the body by the ball. Then
the equations for translation are

P = Mv., (8.80)
P = mv, — mvy (8.81)

where vg and v; aré, respectively, the initial and final velocities of the ball and v,,, is the
velocity of the mass center of the body after the impact. Clearly, the above two equations

imply conservation of linear momentum.
Since the body is initially at rest, the rotation about the center of mass, as a result

of the impact, is given by
Pl

ICI"

(8.82)

w =

in which [ is the distance OC from the center of mass C to the line of action of P, as

- shown in Figure 8.16. Let us now consider a point O’ located a distance /' from the

[R——— @ 0'
s e \c
!
Yo
m @ s e e m = 3= | L@ O

s Baseball colliding with a
bat.

Ceiltel" of masls. such t‘hat the line CO’ is the extension of OC, as shown. The (scalar)
velocity of O’ is obtained by combining the translational and rotational parts, namely.

A

- ,_P P N i
Vo = Vg — ' = — — —[' = .
o = o = o =4 2y p(L ) .89

In particular, the velocity of O wil 0 i ity 1 i
e y 1 be zero if the quantity in parentheses vanishes, that

[ Icm Y
W=y = e (8.84)

wl%ere kf"-' is thg radius of gyration of the body about its center of mass. In this case the
point O’ is the mstant'aneous center of rotation of the body just after impact. O is called
the tcente;' of p(;rcusszon about O'. The two points are related in the same way as the
centers of oscillation, defined previ i ) i i
Eouation a9 previously in our analysis of the physical pendulum
Anyone who has played baseball knows that if the ball hits the bat in just the right
(=4

spot there will be no “sting” upon im fo e .
: g pact. This “right spot” is just the center X
sion about the point at which the bat is held. © ! v of percus-

/ly)pencf ix 1L



‘Over a period of time both the direction and magnitude of w may change
as the body rotates.

In a rigid body the distance between any two points r4, rp stays
constant.

d
'('l'i']rA — rBIZ =0 (6'66)
Since
d
EZ'I'A bt I'BI2 = 2(I‘A - I‘B) . (VA et VB) (667)

the rigid-body constraint in (6.66) is satisfied by the velocity field in the
(6.65), provided that w is the same for all points in the body.

(rA—rB)-(VA-—VB):(rA—-rB)-wx(rA—-rB):O (6.68)

Hence v(r) as given by (6.65) is the velocity field of a rigid body. The ve-
_locities of all particles in a rigid body can be specified by six independent
numbers, the components of vy and w.

As an example, we consider a wheel of radius R which rolls without
slipping on a level surface, as illustrated in Fig. 6-4. For no slipping we
have ‘

dz = Rdf (6.69)

where dz and d@ are infinitesimal horizontal and angular displacements,
respectively. Dividing both sides by the time interval dt, we get

vo = Rwk (6.70)

where vg is the velocity of the center of mass which coincides in this case
with the rotation axis. The velocity of a point on the wheel relative to
the CM is

Vit = WXT = -1;—;6; XTr (6.71)

as illustrated in Fig. 6-5. The direction of w points into the page. With
respect to a reference frame at rest on the level surface, the velocity of



Denote (z/,1/,2') as the co-ordinates in the inertial frame S’, and

(z,y, ) as the co-ordinates in the moving frame S which moves
without rotation.
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Obviously, for a point P

r=R+r,
where R is the position of O relative to O’. Hence

dr' dR  dr
G d @
and
&' d’R  d’r
@ T aE R
So if the frame S moves with uniform velocity V' = dR/dt so that

d’R/dt? = 0, S is still inertial, i.e. Newton's laws still hold in this
frame.

But if § moves with an acceleration A, then

ad=A+a.

i
4]
1
g

e
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Examples are:

@ Free falling elevator,

A=g,
S a=0,
@ Rocket taking off

Weightlessness .

QRocket =g — A,

Overweight,
since A is in opposite direction of g, and an astronaut will
experience a gravitational pull several g at takeoff.

Note that this is just a restatement of the D'Alembert principle.
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Suppose a rotation matrix acts in n-dimension

= Rz,
where R is an n X n matrix, and =/, x are column vectors.
As rotation preserves length, so

T2’ = xTRT Rz,
= RTR=1.

R is called the orthogonal matrix. Rotation also preserves the
are called the group of SO(n).

orientation, that is the determinant of R is 1. So rotation matrices

o




Write R as

T

an) ,
where a; are column vectors. The condition RTR =1 is
a;y

(a1
ay,
This implies

ap) =1.

a; G; = 52'3' ,
that is, the n column vectors a; are orthogonal and of unit length.
The number of degrees of freedom is
d 2

=N —n-—-

n(n —1) _ n(n —1)

2
givingd=1forn=2and d =3 for n = 3.

2
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We consider the case for two dimensions where S is the rotating
frame relative to the inertial frame §'.

From the diagram,

z' = rcos(d + 1),
Y =rsin(6+9).

At




sin ¢

—sind

:E —
cos @ y)
Differentiating the matrix equation w.r.t. £, we get

- I - .
() -7() ()
Y Y Y
Inserting RR™!, we get

Expanding the sin, cos terms, we write them as a matrix equation
z' cos b
)~

")

L

DA




Writing R™1R = 0, we get

. I -

- (3)=2]G) 0
Y Y Y

2 can be proved to be an anti-symmetric matrix
Q= ( cos@ sind

—ginf —cosé g
—ginf cosf cosf —sind ’
(0 -6
= {4 .

0

Writing 6 as w (a constant), then

&\ L (T—wy
(7)== (=2)-

U]
Bl

s




) =[Gt

Differentiating w.r.t. ¢ once more to get the acceleration, then
z'i;l

)= .. . Q

After simplification, the accelerations are given by

5)-

For the external force,

T —wy
y4wz/|

R # — 2wy — wx

g+ 2wt —wiy)

th
i
at

[




We then have the equations of motion as

m(E—2wij—wz) = Fy,

m(j+2wi—w?y) = F, .

Moving the inertial accelerations to the R.H.S., we obtain

. . 9
mi = Fy+2mwy-+mw -2,

. . 23
miy = F,—2mwi-+mw’y .
v Yy

The term (mw>z,mw?y) is known as the centrifugal force,
the term (2mwy, —2mw) is called the Coriolis force.

while
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For the 3-dimensional case we have to define the rotation matrix
ny sin f+ngng (1—cosf)

R, denoting a rotation along i = (n1,ng,ng) with a magnitude 6,
cos 8+n2(1—cos 6)

—ngsintf4ning(l—cosd) ng :;nin 0+nina(l—cosd)
cos 8+n2(1~cos ) —n1 sin +nang(1—cos )
—ngsind+ngni(1—cos8)  n) sind+ngna(l—cosf) cos 49+n§ (1—cos6)
In indexed form,
Ri; = d;5cos6 — E ik sin @ 4+ nn4(1 — cos 6) .
k

It is straightforward but complicated to compute

. 0
Q=R R=

—Ww3 Wwa
wg 0 —wi], w
—Wy Wi 0

Wy = 'I’Lia .

Oy
a

at




Hence

7 = R[5+ Qr]
cross product

In three dimensions the pseudo-vector can be identified as the

Qr—wxr,

¥ =R[F+wxr].
Differentiating w.r.t. ¢ once more, we get

P =RFf+wxr+QFr+wxr),

=R[F+2wxP+wXx (wx7r)].
Since force is also a vector, then

F'=RF.
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So mr! = F' would imply

m(F+2wXr+wX (wxr))=F.

Moving the inertial accelerations to the R.H.S. we finally obtain

the equations of motion in a constantly rotating frame as
—2mw X ©

mi = F—2mw x 7—mw X (w X 7).

—mw X (W X 1)

Coriolis force

Centrifugal force
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wo @® —wsl + W9z
0 -—uw yl =1 wsr—wiz
—wy Wi 0 z —woX + w1y
i j k —wsY + waz
WXT =W Wy Wyl = L
x oy oz
In index form we have

Wil — Wiz

—woX + W1y

- Z EijkWE
k

Hence
Z QT = — Z EijkWET] 5
= Z EijkWiTk -

t

il




The Coriolis force is proportional to the velocity and the mass.
Consider objects moving on the earth’s surface, and in the

northern hemisphere the upward component of the angular velocity
will deflect moving object to the right.

w

—W XV

Ouwectionaf Blow =3 Metiune Gradiont Fares =3

Carinta Farze =

In the regions of low pressure, the wind will blow inwards, deflected

to move in a counter-clockwise direction. Cyclones, typhoons, etc.
in the northern hemisphere will move likewise.
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Worked Examples:

vertical caused by the earth's rotation.

A

@ Let us calculate the deflection of a free falling body from the

~iwr W
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Let the vertical be defined as the direction determined by g. The
centrifugal force is to be neglected. Hence

d'v_

pr 2vxw+g.

d'vl

The deflection is very small. So we can write v = v1 + g, a
dominant part plus a correction.
| d’vg
Je—— + —
dt

7 =2(v1+v2) X w+g.

The equation for vy describes the free fall without rotation.

vy =gt7
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Neglecting the second order term, the differential equation for vy is

=2gt X w.
dt g
Hence we get

1 5
7‘1="'0+-2*9t )

re = =gt X w.
2 39

We now choose the z-axis to be the vertically upward direction, the

i i k
gXw= 0 0 -g
—weosA 0 wsinA

z-axis pointing south, and the y-axis the eastward direction. Then

=wgcosAj .
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Approximating the time of fall to the ground as ¢ = 1/2h/g, where
h is the height the particle begins free falling, the deflection is then
eastward with displacement

2h [2h
Y= —y [ —wCcosA.
3V g
can compute y to be

If A =23° h =100 m, then using w = 27/1 day ~ 7 x 1072, we
Yy 2cm.
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Foucault in 1851 suspended a 28-kg bob with a 67-metre wire
from the dome of the Panthéon in Paris to demonstrate that the
earth really rotates.




the rotation of the earth. We can make the approximation
z =0, and the Coriolis force is

i j k

@ We derive here how the plane of oscillation changes due to

2m|z g 0|=2m(w,i — fw,j — jw k).
wy 0 w,

We consider the horizontal motion.

i = —wiz + 2w, ,
§ = —-wgy — 23w, ,

where wy is just the angular frequency of the pendulum. We
can set w = x + iy, then

W = —wiw — 2w, .

Bl = I
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As usual, we set w = Ae®, then

a2+2iwza+w§=0.

S a= —iw, R i w2 Fwd R —iw, iwg .
So

w = e-—zwzt (Cleiwot + Cze——zwot) .

Without the first term we get the usual harmonic oscillation of a
spherical pendulum in a plane. The phase e~ just rotates the

plane of oscillation clockwise in the northern hemisphere with a
period given by

T_ 21 1

= osoh - s

The Foucault pendulum at UN takes 36 hours and 45 minutes to
complete a cycle.
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11.6.1 Conservation of Angular Momentum

Consider Figure 11.13. A man stands on a turntable which may turn, without
friction, about a vertical axis. The turntable (and the man along with it) is
now given an angular velocity wy about a vertical axis while the man holds
two heavy weights strecthed away from his body as in (1) on the sketch. While
in rotation the man pulls the weights towards his body, as in (2). We consider
the man plus the turntable as our system. As mentioned, the turntable rotates
without friction, i.e., the vertical axis is well oiled. No external torques act
about the vertical axis of the system. Therefore the angular momentum about
this axis is conserved.

m @ 4,

4
P

SN "SR

Fig. 11.13. Man on a turntable. Nlustration of the conservation of angular mo-
mentum

Suppose the moment of inertia about the vertical axis initially is I;. When
the man rotates with his arms stretched out, the angular momentum is

~L=L;1 =I1w1 .

When the man pulls the weights towards his body he changes (decreases) the
moment of inertia to a new value, Iy , where I3 < I;. The angular velocity
will increase in such a way that the angular momentum is kept constant:

I = Iwy ,

80 Wy > wi.
Consider the change in the mechanical kinetic energy. The kinetic energy
of a system rotating about an axis is

T = %Iwz = —;-Lw.

Consequently



T, = =Lwi,
Ty = =Lwsy.
The angular momentum L is unchanged, so we have
Ty >T7 since wp > wi.

The mechanical kinetic energy of the system has increased. The man has
done work against the centrifugal force in the co-rotating frame. Compare
with Example 10.1.

Internal forces can produce a change in macroscopic mechanical kinetic
energy (compare with the rocket). However, internal forces cannot produce a
change in the total angular momentum.

1 .

4
O

Fig. 11.14.

Let us finally consider the body of the man without the arms as our
system (see Figure 11.14). The man’s body rotates faster after he has pulled .
the weights towards his body. The moment of inertia of his body is unchanged,
so the angular momentum of the body has increased. This increase is caused
by a torque from the fictitious forces in the co-rotating frame. The man is
assumed to be fixed to the turntable. The fictitious forces are: the Coriolis
force [—2m(w x v)] and the force due to w, [-m(w x 1)].



11.7 Work and Power in the Rotation of a Rigid Body
Around a Fixed Axis

A rigid body may rotate around the z-axis. An external force F, 'is acting at
the point A which has position vector r (see Figure 11.15). Consider now an
infinitesimal rotation of the body. In polar coordinates

z=rcos(d), Y= rsin(0) .

Fig. 11.15. Work in the rotation of a rigid body around a fixed axis (the z-axis,
out of the plane of the paper)
‘We find that

dr —rsin(f)dd = —ydf,
dy = rcos(f)df=zdf.

I

The work done by the force F when the body turns through the angle df is
thus

AW = Fy-dz+F,-dy=(zFy—yFs)do
or
dWw = N.df,

where N, is the torque about the z-axis. The work equation for a rigid body
rotating around a fixed axis is then

dw a6
Tat N5




11.6 Equation of Motion for a Rigid Body
Rotating Around a Fixed Axis

We are now in a position to apply the angular momentum theorem to the
study of the rotation of a rigid body around a fixed axis which we choose as
the z-axis (see Figure 11.12). The equation of motion is (regarding the lab
frame as an inertial frame)

dLo exct
 — N8

where the angular momentum Lo and the torque N'g* are both taken about

the point O which is on the axis of rotation. That the axis of rotation is fixed

" means that it is stationary in the inertial frame we use (the lab frame) and '
is fixed relative to the rigid body.

Z A

When considering rotation about a fixed axis, we can re-write the equa-
tions of motion in a simpler form.

Since the axis of rotation, A, is stationary in an inertial frame and relative
to the body, the inertial proporties of the rigid body with respect to A are
constant. We shall later see that it is just this fact which makes rotation
about a fixed axis a particularly simple problem.

In order to describe the motion we need to consider only the component
along the z-axis of the angular momentum vector, and the corresponding
component of the torque of the external forces along the z-axis. In many
instances those two vectors will have components only along the z-axis. In
particular this will be the case for bodies with a high degree of symmetry
(e.g. a cylinder or a disk) when the rotational axis coincides with the axis of
symmetry.

We now demonstrate that the equation of motion for a rigid body in
rotation about o fized axis is a scalar equation. The vector w/|w]| is a unit
vector along the axis of rotation. The component of Lo along the axis of
rotation is:

w 1
LA o= L--;J—:Z)—{Zrixmivi} 73

. i

|w]
\:Zmiri % (w x rl)} ‘w.

i

gl



Using the identity A x (BxC)=B(A-C)-C(A-B), we get:

Ly = Zl; Zmi[r?w—(ri-w)ri] t W

= % Zmi [7"12 2 rw COSz(g)}}

1
= = Zmzr w smz((?)}

The distance of the particle m; from the rotation axis is [; = r;sin(9) .

We find
= 1 {Z mﬁﬂ}
w

or

LA = IA(U )
where I, is the moment of inertia of the body with respect to the axis of
rotation. Ly is called the angular momentum of the body with respect to

the rotation axis. The component along the rotation axis of the torque of the
external forces, denoted Ny, is given by

No=N.2.
w

The equation of motion describing the rotation of a ngld body around a
fixed axis A is then
dLa

dt
or, since the moment of inertia about A is constant,

NA’

dw
A—a-t- = Na .

An important special case of the angular momentum theorem for rotation
around a fixed axis results when the torque of the external forces vanishes:

When the external torque around a given fixed axis A is zero, the
angular momentum about the axis A is a constant of the. motion.
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The Earth as a Free Symmetric Top

Since the earth is nearly spherical in shape, the gravitationa] torque
exerted on the earth by the sun and the moon are quite small. T,
good approximation the rotational motion can therefore be describeq
Euler’s equations with no external torques. Since the earth is neas
axially symmetric, the principal moments of inertia for the two axes j
the equatorial plane are equal. -

Lh=5L=1 (711

The third principal axis with moment of inertia I3 is along the pol
symmetry axis. From (7.88) the differential equations for the earth
motion in an earth-based coordinate frame are

.o -1
wy + 3[ LU3(4)2:0
I — B
oy — 31 Iw1w3=0 (7.117
LZJ3:0

Any rigid body which obeys this set of torque-free equations is called -
a free azially symmetric top. The exact solution to this coupled set of
equations is easily obtained. The last equation above implies that w; is
constant.

w3 (t) = W3 (O) = W3 (7118)

Vi

The equations (7.117) can be solved using the method of (7.97)—(7.101);/
The solution is
w1 (t) = acos( + a) (7119)
wy (t) = asin(Q + a)

where

1,-I

£ 2
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nagnitude of the angular-velocity vector w is

w= \ﬁ% + w? +wd= \/;2 + wk (7.121)

¢ the components wy and ws in (7.119) trace out a circle of radius a
‘1o w3 and w remain constant, an observer on the earth sees the angular-

l .
ocity vector precesses uniformly about the symmetry axis with angular
city €2, as shown in Fig. 7-16.

lSymmctry axis

GURE 7-16. Precession of the earth’s spin about the symmetry axis.

he period of precession of w about the earth’s symmetry axis is

2m I 2m
T = _Q- = (Tg—:——-}.) ws . (7122)

or the earth, since 27/ws = 1 day, the period of precession in days
determined by the moment-of-inertia ratio. For an earth of uniform
ensity and oblate spheroidal shape, the value of this ratio, calculated
Tom the measured radii of the earth, is

= 300 7.123

though the earth becomes more dense toward its center, the moment-of-
ia ratio is not appreciably changed from the uniform-density result.



Thus the expected precessional period is about 300 days. The precession
of w about the symmetry axis of the earth is known as the Chandler

wobble.

FIGURE 7-17. Star trails in the night sky above the Mauna Kea Observatf)ry in
Hawaii, photographed with a nine hour exposure camera. The stars appear as circular
arcs due to the earth’s rotation. The smallest bright arc is that of Polaris.

The direction of the earth’s axis of rotation (i.e., the direction of w)
can be experimentally determined by location of the point in the night

sky which appears to remain stationary as the earth rotates, as illustrated
in Fig. 7-17. The direction of the earth’s rotational axis is observed to

precess about the symmetry axis with a period of about 440 days. The
angle between w and the symmetry axis is quite small. In fact, at the
north pole, w never moves more than about 10 m from the symmetry
axis. The actual motion of w is rather irregular, being strongly affected
by earthquakes and seasonal changes. In fact, it is only due to these
effects that the motion has a nonvanishing amplitude. On a quiet earth,
viscous effects would damp out such a motion, and w would soon lie along
the symmetry axis (this minimizes energy for fixed L). The discrepancy
between the expected period of 300 days and the observed value of about
440 days is primarily due to the nonrigidity of the earth.

/0»}7




11.4 An Arbitrary Rigid Body
in Rotation Around a Fixed Axis

Consider a rigid body rotating about the z-axis with rotation vector w =
(0,0,w), assumed to be constant in time and fixed relative to the body. The
angular momentum about the origin is

IJ-o = Zri X mMiv; . re(at&ve ZLO o

‘We decompose r; into two vectors a; and b; (see Figure 11.5). The vector a;
is perpendicular to the rotation axis while b; is parallel to it (Figure 11.5).

.a

Fig. 11.5. A rigid body in rotation about a fixed axis

Since
ri =a; +b;,

we have that
Vi=WwXr; =wxXa;,

and
Lo = Zmz [ri X (wx a;)] .

Since for three vectors A, B, and C in general,
Ax(BxC)=B(A-C)-C(A-B),

we find that Lo may be written as

Lo = Zmiw(ri ‘a) — Zmiai(ri ‘W)
a.:Zm1 (a; + b;) Zmzazb - w)
w}:mza - Z wh;m;)a; .

LULLPULISHL PCT PETIWLWIWT LU W, L 1E CULLLPULIELIL PaLauel Lo uie 2-axis 1S 1w,
where I, is the moment of inertia about the z-axis.

Note that the moment of inertia is defined by means of the perpendicular

distance of the mass point from the axis of rotation, not the distance from

0.

w

As we shall see in due time, the fact that Lo is not necessarily parallel to
makes the general problem of rotation complicated. For the translational

motion of a body, the momentum is always parallel to v, P = Mvgum.

The kinetic energy is

== % Z mir.iz
i

We find that

|#:] = |w X r;| = wa;

and consequently

o=

<Zmz ) *= Lt



11.4.1 The Parallel Axis Theorem in General Form

Assume next that we know the moment ofinertia of a body about an axis A

parallel to the z-axis and through CM (see Figure 11.6).

Z‘aXiS :A

Q
=

Fig. 11.6. The parallel axis theorem for an arbitrary body

The kinetic energy of the body in its rotation about the axis A is then

1
Ty = ~2—ICMw2 .

Note that w is the same for rotation about the z-axis as for rotation about
A. The motion of the body can be considered either as a pure rotation about

views the rotation vector 1s w .
Using Konig’s theorem, we m i
. . , ay write the total kineti
in rotation about the z-axis as fo energy of the body

1 1
= §MV?3M + ‘Z‘ICM‘UZ .

The velocity of CM is vom = wd (where d i
= is th i i
the rotation axis through O to Cg\/l) Thus, @ perpendicular distance from

T = —12~Md2w2 + %ICsz
= .;- (Md? + Iou) w® .
If the motion is described as a pure rotation about the z-axis we have:
T = —;—Izwz .
Cpmparing these results we find:
I, = Iom + Md?.

Using Konig's theorem we have d
' . emonstrated the parallel axis th
an arbitrary rigid body in rotation about a fixed axis. eorem for
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20-2 The rotation equations using cross products

Now let us ask whether any equations in physics can be written using the
cross product.. The answer, of course, is that a great many eq_uations can be so
written. For instance, we see immediately that the torque is equal to the position

vector cros§ the force:
. r=1xF (20.11)

 This is a vector summary of the three equations 75 = YFz — zF,, etc. By the
same token, the angular momentum vector, if there is only one particle present,
is the distance from the origin multiplied by the vector momentum:

L=1rXBp (20.12)

For three-dimensional space rotation, the dynamical law analogous to the law
'F = dp/dt of Newton, is ihat the torque vector is the rate of change with time of
the angular momentum vector: ’ :

' : - r = dL/dt (20.13)

1f we sum (20.13) ‘over many particles, the external torque on a system is the rate
of change of the total angular momentum:

Text = dLyos/dt. (20.‘14)

' Another theorem: If the total external torque is zero, then the total vector
angular momentum of the system is a constant. This is called the law of conserva-
tion of angular momentum. If there is no torque on a given system, its angular
momentum cannot change.

What about angular velocity? Is it a vector? We have already discussed
turning a solid object about a fixed axis, but for a moment suppose that we are
turning it simultaneously about two axes. It might be turning about an axis inside
a box, while the box is turning about some other axis. The net result of such
combined motions is that the object simply turns about some new axis! The
wonderful thing about this new axis is that it can be figured out this way. If the
rate of turning in the xy-plane is written as a vector in the z-direction whose length
is equal to the rate of rotation in the plane, and if another vector is drawn in the
y-direction, say, which is the rate of rotation in the zx-plane, then if we add these
together as a vector, the magnitude of the result tells us how fast the object is
turning, and the direction tells us in what plane, by the rule of the parallelogram.
That is to say, simply, angular velocity is a vector, where we draw the magnitudes
of the rotations in the three planes as projections at right angles to those planes.*

As a simple application of the use of the angular velocity vector, we may evalu~-
ate the power being expended by the torque acting on a rigid body. The power, of
course, is the rate of change of work with time; in three dimensions, the power
turns out tobe P = 7 . '

All the formulas that we wrote for plane rotation can be generalized to three
dimensions. CE-Tor example, if a rigid body is turning about a certain axis with
angular velocity w, we might ask, “What is the velocity of a point at a certain
radial position r?” We shall leave it as a problem for the student to show that the
velocity of a particle in a rigid body is given by v = @ % r, where w is the angular
velocity and r is the position. Also, as another example of cross products, we hada
fotmula for Coriolis force, which can also be written using cross products:
F, = 2mv X «. That is, if a particle is moving with velocity v in a coordinate
system which is, in fact, rotating with angular velocity w, and we want to think in
terms of the rotating coordinate system, then we have to add the pseudoforce F..



1 O-6 REVIEW OF ROTATIONAL

DYNAMICS

In physics we can often learn about a new subject by com-
parison or analogy with a subject we have already under-
stood. For example, later in the text we will find that mag-
netic phenomena have much in common with electric
phenomena, and so we can learn about magnetism by ex-
tension of our previous knowledge of electricity.

In the past three chapters we have introduced many new
rotational quantities and pointed out their similarities with
the corresponding translational quantities. It is useful to
keep in mind these similarities, but it is also important t0
recall the differences between translational and rotational
quantities and the special cases or limitations of applicabil-
ity of the rotational equations. For example, some rotational
equations apply only to rotation about an axis that is fixed
in space.

Table 10-1 shows a comparison between translational
and rotational quantities in dynamics.

BLE 10-1 Review and Comparison of Translational and Rotational Dynamics*

which >, Foe = 0

particles for which ), Fo = 0

. . Equation Equation
Translational Quantity Number Rotational Quantity Number
- Velocity ¥ = d¥ldt 2-9 Angular velocity ® = dlds 8-3
| Acceleration a = dvldt 2-16 Angular acceleration a = dold: 8-5
| Mass m Rotational inertia 1= mr? 9-10
Force ¥ Torque F=%xF 9-3
Newton’s second law S Fo = ma 4-3 Newton’s second law for ¥ Tone = I, 9-11
rotations about a fixed axis
Equilibrium condition N Fee =0 9-22 Equilibrium condition D Fe =0 9-23
Momentum of a particle P=mv 6-1 Angular momentum of a I=TXp 10-1
particle
Mor.nentum of a system of P =MV, 7-21 Angular momentum of a L=I& 10-12
particles system of particles
General form of Newton’s S Feu = dPidt 7-23 General form of Newton’s > R = dL/dt 10-9
second law second law of rotations
'Conservation of m.omentum F=> [l 6-12 Conservation of angular L=3T, 10-15
in a system of particles for = constant momentum in a system of = cons’;ant

Some of these equations apply only under certain special conditions. Be sure you understand the conditions before using these equations. Equations that
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6.4 Rotations of Rigid Bodies

A rotation can be defined as the motion of a point p about a line such that
the distance from p to each point on the line is constant. In an infinitesi-
‘mal rotation, the rotational displacement dr must thus be perpendicular
to a vector r from a point O on the line to the point p. Furthermore, dr
must be perpendicular to a unit vector i directed along the line, as illus-
trated in Fig. 6-3. These two conditions can be mathematically expressed

. as

dr =0 X rd¢ (6.61)

Since |fi X r| = rsind = p is the perpendicular radius of rotation about
the line, and |dr| = pd¢, the quantity d¢ is the infinitesimal angle of



rotation about the axis fi. The velocity of the point p relative to the
point O due to rotation is

dr .

Qr
3‘.\,0'
O
&

FIGURE 6-3. Infinitesimal rotation about an axis fi.

If we introduce an angular velocity vector

i(t) (6.63)

il

w = hw
for the rotation about f, the rotational velocity of p can be expressed as

Vot = WXT (6.64)

If the point O is moving with a translational velocity vo relative to |
a fixed refefence frame, the velocity of the point p in the fixed frame is :

3

the vector sum of the t i
§ ranslational i .
rotational velocity about O al velocity vy of the point O and the
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