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Chapter . 4 23

Gauss’ Law

/. jf.d/_’“’ =t éao"” Gauss’ [aW
?
F=gle L2 O

£ lect e
2. Juy/ace Llement, Flux [?/;;Smt , Llectric Flux

Choose a Vo{/ume.

..J‘upfacc enclase this volume.

/a ceS

/

Jmall é'ﬂac_tjﬁ to be
considered as a /a/cmc_

& ; ngz element

dA tmagnitude = area of the small J‘z_z%ace JdA
direction, L to the .rz_.pécc
Jf'jn § oul ward fam the volume.

Jurface element
£ is the electric j’i.'ec'a’ at the .n&écc element.
/

the surface element o5 small enough
= T£ s wniguely defined.

d?g, = elecfra'cj'e(df(az element

i = £ . dA (scalar product belween two yeclors)
we shall Suppress.
Zhe Jub~seript
= //_.;/./d/T/ cas@ | s e



Gaussian
surface

(b)
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F = Fad
J
over Lhe whole surface.

Now the égff—ﬁana’ Jide y lhe Gauwss’ law o5 .;oe::}'é‘ec{
3 A /\I&‘/ﬂfzc f:ram/ch

A cﬁa:je f is localed al the origin

£eR) = =~

47€, 12
A 1]
F = wnil veclor Going radially
G S -
) QLLt ﬂg"d. N

lake a sphere with radius F

LE“ a//T = /.é?//a’ﬁ./ cos 8 f, dA ir alon
/ / Lhe Same direction
2= Qe pR dA 2 cosO=/
= / 7
j £ dA = ke }fjf/l
fmrrt

T

eﬂ
Frovide an d,z:‘am/:/c' y Ca‘(cufaét'_{?j the electric /«./a.z
( z‘nd_a;pend’mf };y( r)
Show that in this Simple case , we can prove
Coulomb’s Law — (Gauss” [an.
__L_QM: Gaowuss’” Law

Calculation _9.‘ Zhe electric _//ux arising jram a /bd&?é

r/mﬁr}ap inside  an aréib-a:y Jc:;/aca J
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(a) (b)

«TFBE] 75 L Calculation of the electric flux arising from a point charge inside an
arbitrary closed surface S.

4re, r?
da’ )3
da” X
= ._f___. = ? L ..'f.z
42 Fre e 9% T e dat i
- s v
Fre, r% 94
[ =j /_? A da
J
= = /m—— T o
= f ire, £ 99 -2

TAis e7uaf¢'¢w i valid j’w' any f inside the volume.

_[/ lhere are two cécz-fe.r j; , Z’* inside the volwme

jf _;_:‘;‘ .d,ﬁT i -g{ ,é:: L lhe erctrz'ri/‘"cfaf /broa’uced
o by §
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Jf £ dA = @“’Zz 5 i Lhe c_/ecfn'c‘/’:'c’/a’ /braa’aced'
b
4
=3 I |
Jf , d A *-}ir{é_,d’q_, FATITN

lotal Q inside the volwume

Calewlation y( the electric /’Z'e(d luk arising j/z‘-a/?z
a /ooa'nt c‘:/}a_/ye oulside an arbilracy closed Surface -

« - =¥ . calculation of the electric flux arising
from a point charge outside an arbitrary closed
surface S.

4_{,.__—_———

f'dﬁa = —4_ da”

a 47‘7-60’;&
by dAp = 4——”{—-” da”

72 s /b'o(z.}?b':?j oul ward
produces a negalive Sign
= ™ dA =
/3_5 £ .dA =o

A point c:/za_zye outside the clased .fcfy"acc jc:}/dr
no contribulion to the eleclric flux
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..._a. ...;=62
C Rl

! Gauss” Law

/o a/b/oz)f Gauss” law J‘)/mmcf//-v consideration is

essential !

5 Flectric Field Produced 6/v a ﬂ/%rm//y-. ‘ féa‘v_;-jea’
Hphere
r>R Fer) = 4,,2,.,, b5
r<R E(F) = ﬁé‘i—:ﬁ 4
Note r =R gerl= =G

6. EFlectric field Produced é)/ a Cﬁc_a_ryc'a’ Shell with
Inner Kadius R, and Ouwler Radius K,

& A
srér:
@ 2 R
P € riRI-R?

r> R, £(F) =

© R, P kK, £(F) =
r<R, E(F) =0

7 Llectric Field Froduced 6/\/ a &/lfyérm Line [ﬁa:;e.

" = A A
£ (F) 2rer

/

this reswll has been oblained éy{dre

radial doerec fzb{y*@om the line

F

'R

!

A Llectric /E'efq’ Aroduced 5)/ aq d/fy(orm Jzy‘dc‘t C;éa—/ye.

g(r) < F

}t
2€, & L to the /bfcme, /boz'»&twj oulward.
BIREABYER (FIAEZLE
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Note . the reswll s 4'/7a’<;ae/7c/enz‘ of
g Given £ al the ,«fayacc , lo  aleuwulate e Jotal C'Aa__»je

fnclwea’.
0. £ Field in a Conduclor
/. /E - Field LInside a ('onducllc'fij Cavc'f//,

( £ due to electrostatic cﬁifye => Con.reryajiz/e/’orce ).
2. Van de G‘rayf Accelerator

JSee the lecture noles.



Gauss’s Law

The first Maxwell Equation

A very useful computational technique
This is important!
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Gauss’s Law — The Ildea

The total “flux” of field lines penetrating any of
these surfaces is the same and depends only
on the amount of charge inside
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Gauss’s Law — The Equation

O, = HE-dA =

closed
surfaceS

qm

&0

Electric flux @, (the surface integral of E over

closed surface S) is proportional to charge

inside the volume enclosed by S

P05 -9



Electric Flux @,

Case |: E is constant vector field
perpendicular to planar surface S of area A

Area=A s ) i
7 ®, = [[E-dA
- |
|
{ R
|
|
//'/ Our Goal: Always reduce
o problem to this

P05 -11



EleCtI‘ic Flux CDE

Case |ll: E is constant vector field directed
at angle @ to planar surface S of area A

Normal B } | )
LT o i

= \\ ~
A'=Acosb g
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Gauss’s Law

O, = E-dA =1
closed 80
surfaceS

Note: Integral must be over closed surface
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Open and Closed Surfaces

A rectangle is an open surface — it does NOT contain a volume

A sphere is a closed surface — it DOES contain a volume

P05 -15



Area Element dA: Closed Surface

For closed surface, dA is normal to surface
and points outward

( from inside to outside)

r[‘8 “+ ®g> 0 if E points out

®-< 0 If E points in

P05 -16



Electric Flux (e

Case lll: E not constant, surface curved

e o, —F-dA
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Example: Point Charge
Open Surface

P05 -18



Example: Point Charge
Closed Surface
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Electric Flux: Sphere

Point charge Q at center of sphere, radius r

Gaussian

E field at surface: syf‘ace
o8 0p
— . \
drre,r ’
\+ - dA
Electric flux through sphere 0 1= .
(O E-dA = I dAT
Cﬁf CJ.:'F47rc€0
A CJ‘:'fdA i) _4zri=£ dA = dAT
4725 - dre, r’ &
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Arbitrary Gaussian Surfaces

surface S

For all surfaces such as S;, S, or S,

P05 -22



CIFS-- 5 CORINORE=

Applying Gauss’s Law

. Identify regions in which to calculate E field.

Choose Gaussian surfaces S: Symmetry

Ca
Ca

Cu

cu

. Ap

ate ©,. :ﬂf@-d};

S
ate g,,, charge enclosed by surface S
ply Gauss’s Law to calculate E:

O, = {E-dA =

closed
surfaceS

qm

&

P05 -23



Choosing Gaussian Surface
Choose surfaces where E is perpendicular & constant.
Then flux is EA or -EA. OR

Choose surfaces where E is parallel.
Then flux is zero

Example: Uniform Field

K kA

Flux is EA on top
Flux is —EA on bottom
Flux IS zero on sides

P05 24



Symmetry & Gaussian Surfaces

Use Gauss’s Law to calculate E field from
highly symmetric sources

Symmetry Gaussian Surface
Spherical Concentric Sphere
Cylindrical Coaxial Cylinder

Planar Gaussian “Pillbox”

P05 -25



Gauss: Spherical Symmetry

+Q uniformly distributed throughout non-conducting
solid sphere of radius a. Find E everywhere

Sl

P05 -27



Gauss: Spherical Symmetry

Symmetry is Spherical

E=FEr /

Use Gaussian Spheres

P05 28



Gauss: Spherical Symmetry

Region 1: r>a

Draw Gaussian Sphere in Region 1 (r > a)

s, -
P o

Note: ris arbitrary

; 2 but is the radius for
: i which you will

\ / calculate the E field!

N
-,
~ ”
~— -~
~ -

(Gaussian
sphere

P05 -29



Gauss: Spherical Symmetry

Region 1: r>g
Total charge enclosed g, = +Q

D, :cgﬁ-d};:EcgdAzEA

= E(47r°)

(I)E—_"47Z'I”2E:qi”:g \

G 3l ‘
= O - F = Y r Gaussian

o 2
dre,r dre,r’ sphere

P05 -30




Gauss: Spherical Symmetry

Region 2: r<g

e

/ 7 - (Gaussian
Total charge enclosed: / sphere
(4 ) b
57”' i “"a
qm =5 Q T (_:J,—]Q OR qm 0 pV
i a
gﬂ'a )
X a
’ /
Gauss’s law: ;
. v
@E:E(4ﬂr2)=q’”=( 3]Q E
gO d 80 e,
v _ .
i O T = E= O T : r
dre, a dre, a




Gauss: Cylindrical Symmetry

Infinitely long rod with uniform charge density A
Find E outside the rod.

+ 4+ + 4+ +++++++ ++
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Gauss: Cylindrical Symmetry

Symmetry is Cylindrical

+ + +

Gaussian

—
/N ) 4
\ n F

Use Gaussian Cylinder ¢ B e

Note: ris arbitrary but is

the radius for which you ;+j
will calculate the E field! 1
+

¢ Is arbitrary and should
divide out

P05 -34



Gauss: Cylindrical Symmetry

Total charge enclosed: g,, = A¢

®, = E-dA = E{{dd = EA !
S S Gaussian +
surface s
:E(Zﬂré)zqi” =E \ v
iy e

[ o

" b4 dA
2 5 o
E = Tem E = /1 f‘ 0
Lorsier 27E ¥ y
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Gauss: Planar Symmetry

Infinite slab with uniform charge density o
Find E outside the plane

+ + + + + + o+
+ o+ 4+ + o+ 4
+ + + + + + +
+ + 4+ + + 4+ +
+ + + + + + +
+ + + + + + +
+ + + 4+ + + +
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Gauss: Planar Symmetry

Symmetry is Planar

E=+E% .

Use Gaussian Pillbox

Note: A is arbitrary (its
size and shape) and

G Gaussi
should divide out s:f.f)s::n
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Gauss: Planar Symmetry

Total charge enclosed: g,, = o4
NOTE: No flux through side of cylinder, only endcaps

CI)E s @E ) d;& = Ec‘ﬁ dA = EAEndcaps :<—x —
S S s
:E(zA):qm:E’_é ( . G\
&y %o . - 4
E | E
A . — —
g A TR +
&y &, = +
I

qQ
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