9.8 Appendix 1: Magnetic Field off the Symmetry Axis of a Current Loop

In Example 9.2 we calculated the magnetic field due to a circular loop of radius R lying
in the xy plane and carrying a steady current 7, at a point P along the axis of Symmetry.
Let’s see how the same technique can be extended to calculating the field at a point off
the axis of symmetry in the yz plane.

” 115
Figure 9.8.1 Calculating the magnetic field off the symmetry axis of a current loop.

Again, as shown in Example 9.1, the differential current element is
lds=Rd¢ ’(—sin¢'i+cos¢'j)

and its position is described by r'= R(cos¢'i+sin ¢ ’j) . On the other hand, the field point

P now lies in the yz plane with F])=y:i+zlA(, as shown in Figure 9.8.1. The
corresponding relative position vector is

F=T,—F'=—Rcosg'i+(y—Rsing")j+zk (9.8.1)

with a magnitude

r =]Fl:\/(—Rcos¢')2 +(y——Rsin¢5')2 +z? =\/R2 +y*+2°=2yRsing  (9.8.2)

and the unit vector

pointing from Ids to P. The cross product dSx ¥ can be simplified as

Rdg'(-sing'i+cosg'] x[-Rcos¢'i+(y— Rsing")j+zk]
( ) ) - (9.8.3)
=Rd¢'[zcos¢'i+zsin¢'j+(R—ysin¢')k]
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Using the Biot-Savart law, the contribution of the current element to the magnetic field at
Pis

JB = Hl dsxt _ pl dSxt IR zcos¢'f+zsin¢'j+(R—ysin¢')ﬁ

47 7 4z Az (R2 e —2yRsin¢')3/2 d¢'  (9.8.4)
Thus, magnetic field at P is
B(0,y,7) = IR px zcos¢’i+zsin¢’j+(R—ysir31/?’)l§ m 9.8.5)
4z (R*+)* +2* =2)Rsing')
The x-component of B can be readily shown to be zero
B, = “ﬁz [ AL (9.8.6)

(R2+y2+zz—2yRsin¢')

by making a change of variable w=R>+ 3?47 —2yRsing' , followed by a
straightforward integration. One may also invoke symmetry arguments to verify that
B, must vanish; namely, the contribution at ¢' is cancelled by the contribution at 7 -

On the other hand, the y and the z components of B,

B, =ik B vl _ (9.8.7)
4r (R2+y2+zz—2yRsin¢’)
and
U IR (R-ysing')dg'
B, =10 - (9.8.8)

4x (R2+y2+zz—2yRsin¢')
involve elliptic integrals which can be evaluated numerically.

In the limit y =0, the field point P is located along the z-axis, and we recover the results
obtained in Example 9.2:

_ Y2/ IRz 27, , ’ 7, IRz '272_
y*W)T)s/zL sing'd¢ =—47[(RZOT)3/ZCOS¢ 0 =0 (9.8.9)

and
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Uy, IR 27 My 27IR? L IR’
B=20 _— [Tap-th = 9.8.10
z 4” (R2+ZZ)3/2 £ ¢ 472_ (RZ +ZZ)3/2 2(R2+22)3/2 ( )

Now, let’s consider the “point-dipole” limit where R<(p*+2)"? =r | ie., the
characteristic dimension of the current source is much smaller compared to the distance
where the magnetic field is to be measured. In this limit, the denominator in the integrand
can be expanded as

(R +)%+ 2 ~2yRsing')”" =i[1

3
r

2

N . -3/2
. R’ —2yRs1n¢']
r

2 & [
[EEETu
" 2 7

(9.8.11)

1
=3

This leads to

2 _ . '
B, QL‘)[& f”[l—é(R 2P siny Hsingé’dgzﬁ’

3
RV 2 P’

(9.8.12)
_ Ml 3R yz thin2¢'d¢'= ol 37R*yz
5
r

47 E r’

and

ML R prl o 30 R —2yRsing' o lom e
BZNEFJ; [1_5(;»\2 (R-ysing"dg

[ R g ’ ’ 2
_ ! R [(R—ﬁ]—(l—gi}inyﬁ'ﬁff sin2¢’Jd¢’

4 13 272

O Y

4z 3 272 2

r
_&1”132[2_@2

(9.8.13)

= >—+ higher order terms

4z r r

The quantity 7(zR?) may be identified as the magnetic dipole moment z = 4, where
A=7R’ is the area of the loop. Using spherical coordinates where y=rsiné and
z=rcos0, the above expressions may be rewritten as

B - ty(IzR*) 3(r sin O)(r cos ) _ My 3usinBcosd
=2 2 = Aoy P T R

47 r’ 47 r?

(9.8.14)
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and

2 2 2
B =t U7R )(2_3r sin 9j=ﬂﬁ3(2~3sin29)=4i‘&ﬂ3(3cos29—1) (9.8.15)
r ar

dr r? 4z

Thus, we see that the magnetic field at a point » > R due to a current ring of radius R
may be approximated by a small magnetic dipole moment placed at the origin (Figure
9.8.2).

v

Figure 9.8.2 Magnetic dipole moment n= ,uﬁ

The magnetic field lines due to a current loop and a dipole moment (small bar magnet)
are depicted in Figure 9.8.3.

S

S 5

Figure 9.8.3 Magnetic field lines due to (a) a current loop, and (b) a small bar magnet.

The magnetic field at P can also be written in spherical coordinates
B=B1t+B,0 (9.8.16)

The spherical components B, and B, are related to the Cartesian components B, and B,
by

B, =B,sinf+ B_cos, B, =B, cos6~ B, sing 9.8.17)
In addition, we have, for the unit vectors,
f=sindj+cosfk, 0=cosdj—sinOk (9.8.18)

Using the above relations, the spherical components may be written as
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2 o d '
B, = Ho!Rcos6 / - (9.8.19)
4r (R2+r2—2rRsinesin¢')
and
P ing'-Rsin@)dg'
B, (r.0)=£0!R [ (rsing )¢ = (9.8.20)
b D (R4 —2rRsinfsing')
In the limit where R <« r, we obtain
2 2
B z,uO]R cosd 2”d¢'=ﬂ27ﬂR 3cos¢9=ﬂ2ycos¢9 (9.8.21)

4zp? 47 r Az P
and

My IR (27 (rsin¢'—Rsin6?)d¢'
By = 4 L 5 ) ] ) 3/2
T2 (R +r ~2rRsin@sing')

2 2 2 o2
zM)IR f {—Rsin8(1—312J+(f’—3R _3Rsin erin¢'+3Rsin95in2¢':’d¢'

dxr’ 2r 2r 2r
2): .
~ 2R (o RsinG+37Rsin W S
47r 4rr
_ My psind
dr 7’

(9.8.22)

9.9 Appendix 2: Helmholtz Coils

Consider two N-turn circular coils of radius R, each perpendicular to the axis of
symmetry, with their centers located at z=+7/2. There is a steady current / flowing in

the same direction around each coil, as shown in F igure 9.9.1. Let’s find the magnetic
field B on the axis at a distance z from the center of one coil.

Figure 9.9.1 Helmholtz coils
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