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Figure I: A wavepacket ψ(x) in position space or φ(k) in momentum space whose 
wavefunction for large x (or k) falls off faster than x−1/2 (k−1/2) can be directly 
normalized. 

2. Periodic boundary conditions

Assume box of finite length L, require periodic boundary conditions


ψ(0) = ψ(L) (14-7) 

For plane waves eipx/h̄ this implies that eipL/h̄ = 1 or pL = kL = n2π, n integer, 
h̄ 

i.e. momentum is quantized, pn n¯ with k0
2
L
π .= hko = The corresponding 

momentum states are normalizable in the interval [0, L], � L 

dx|Ceipx/h̄|2 = L|C|2 = 1 (14-8) 
0 

1 
upn (x) = √

L
eipnx/h̄ (14-9) 

normalized momentum eigenstates in box of size L with pn = nh̄ko→ � L 

dxupn 
∗(x)upm (x) = δnm orthonormality condition in box (14-10) →

0 

We perform all calculations for fixed size box, then take the limit L →∞ (i.e. 
k0 0, momentum spectrum becomes continuous). All physically sensible → 

Massachusetts Institute of Technology XIV-2 
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Figure II: Wavefunction in box of length L with periodic boundary conditions. 

results will be independent of the initially chosen box size L as long as L is 
large compared to distances of interest. 

Time evolution of free-particle wavepackets 

In free space we often work with normalized Gaussian wavepackets 

x1 2 

4w0
2Ψ(x, t = 0) = 

(2π)1/4w0
1/2 
e
− 

(14-11) 

Written in this form we have 
2 x 

• |Ψ(x, 0)|2 = 
(2π)1

1 
/2w0 

e
− 

2w0
2 

• dx|Ψ(x, 0)|2 = 1 

• �x� = 0 

2 2 • �x � = w0 

• (δx)2 = �x2� − �x� 2 = w0
2 

Δx = w0 is the uncertainty or rms width (root-mean-square width) of the wavepacket. 
Why do we prefer this Gaussian form of wavepacket? 

1. Particularly simple and symmetric, the Fourier transform is also a Gaus
sian wavepacket: 

4k0
2φ(k) = 

1 
1/2 
e
− k2 

(14-12) 
(2π)1/4k0 

with k0 = 
2w
1 

0 
. (Δk)2 = �k2� − �k� = k0

2 

2. This is a wavepacket with the minimum uncertainty ΔxΔk = 
2
1 (ΔxΔp = h̄ 

2 ) 
allowed by QM 

3. Physical system after give rise to Gaussian broadening in momentum or position, 
e.g., thermal distribution of atomic momenta in a gas is a Gaussian distribution. 

Massachusetts Institute of Technology XIV-3 



8.04 Quantum Physics Lecture XIV


How do we make a wavepacket move at velocity v1?


We displace the distribution in momentum space from �p� = �¯ hk� =
hk� = 0 to �p� = �¯
hk¯ 1 = mv1 (see Fig. III). 

4k0
2φ(k) = 

1 
1/2 
e
− (k−k1)2 

. (14-13) 
(2π)1/4k0 

The inverse Fourier transform, i.e., the spatial wavefunction 

x 
4woΨ(x, t = 0) = 

(2π)1/

1 
4w0

1/2 
e
− 

2

2 e ik1x (14-14) 

is still a Gaussian, but now with a phase variation eik1x, rather than a constant phase 
over the wavepacket (compare Eq. (14-11). This phase variation eik1x in position 

Figure III: Moving Gaussian wavepacket with average velocity v1 = h̄k1/m and spatial 
2 

wavefunction ψ1(x) = 
(2π)1/

1 
4w 1/2 e

− 
4

x

w0
2 e

ik1x 

. 
0 

h̄k1space “encodes” the motion of the wavepacket at velocity v1 = 
m : The dominant de 

Broglie wavelength in the wavepacket corresponds to a wavevector k1, or a momentum 
h̄k1. 

Massachusetts Institute of Technology XIV-4 
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How does a free-space Gaussian wave packet evolve in time? 

In general, we expand a wavefunction Ψ(x, 0) into energy eigenfunctions uE (x), and 
then evolve the energy eigenfunctions as e−iEt/h̄ . 

In free space, there is only KE. Then the momentum eigenstates up(x) are simul
taneous eigenstates of energy: 

ˆ (x) = 
p̂2 

up (14-15) Hup (x)
2m � �2
1 ∂ 1 

= ¯ eipx/h̄ 

2m 
hi
∂x 

√
2πh̄

(14-16) 

2p
= up(x) (14-17) 

2m 

or 

2 
ˆ (x) = 

p
up (14-18) Hup (x)

2m 
= Epup(x) (14-19) 

in free space. The energy eigenstates are said to be doubly degenerate: For each 
eigenvalue of energy E > 0 there are two different momentum states (namely u±p(x) 
with p = 

√
2mh̄) that have the same energy. It follows that a momentum eigenstate 

with eigenvalue p evolves in time as e−iEpt/h̄, so that the wavefunction in momentum 
space evolves in time as 

2 

2mΦ(p, t) = Φ(p, 0)e−i p t/h̄ (14-20) 

→ time evolution of momentum eigenfunctions in free space. The wavefunc
tion in real space is given by the inverse Fourier transform Ψ(x, t), or equivalently, as 
the superposition of energy eigenfunctions with their corresponding phase evolution 
factors e−iEpt/h̄: 

1 ipx/h̄Ψ(x, t) = dpΦ(p, t)e (14-21) √
2πh̄

( = dpΦ(p, t)up(x)) (14-22) 

1 p 2 

= dpΦ(p, 0)eipx/h̄ e− 
2m t/h̄ (14-23) √

2πh̄

= dpΦ(p, 0)Up(x, t) (14-24) 

= dpΦ(p, t)up(x) (14-25) 

Massachusetts Institute of Technology XIV-5 



� 

8.04 Quantum Physics Lecture XIV


2 2 

2m 2mwhere Up(x, t) = up(x)e
− p t/h̄ = √

2
1 
πh̄ 
eipx/h̄e−i p t/h̄ are the time-dependent momen

tum eigenfunctions in free space. The above equation shows that the phases of dif
ferent Fourier components up(x) = √

2
1 
πh̄ 
eipx/h̄ evolve in time at different speeds, the 

“running out of phase” of different Fourier components leads to a spreading of the 
wavepacket in position space. In the problem sets you will show that the rms width 
Δx(t) = w(t) of the wavepacket grows in time as 

h2k2¯
w(t) = w0 1 + (14-26) 

m2w0
2 

Since a wavepacket contains different momentum components, it changes in time in 
free space even though there are non external forces acting. For long times t � 
t0 = mwo 

2 
the wavepacket spreads as w(t) ≈ h̄ t, i.e. at a speed v0 = h̄ that 

h̄ mw0 mw0 

is inversely proportional to its initial size. That speed is negligible for macroscopic 
wavepacket size, but can be appreciable for initially well-localized microscopic objects. 
The spreading of a wavepacket in free space was early evidence that the wavepacket 
size cannot be identified with the particle size. The spreading is due to the quadratic 
(i.e. not linear) dependence of the energy, and hence the phase evolution rate, on 
momentum. Note that the wavepacket of a massless particle, e.g. a photon, with 
E = pc would not spread. (The SE is non-relativistic and does not apply to photons.) 

Motion of wave packets, group velocity, and station

ary phase 

Why is it that a wavefunction 

x 

Ψ(x, 0) = 
(2π)1/

1 
4w0

1/2 
e
− 

4w

2

0
2 e ik1x (14-27) 

h̄k1represents a particle moving at velocity v1 = 
m ? Since a crest of a single momentum 

hk2 
1 2π

2mcomponent uk1 (x, t) = √
2π 
e−k1xe−i ¯ t moves forward a distance λ = 

k1 
in a time 

hk1T = 2
ω
π 
1 

(remember that ω1 = ¯
2m 

2 
and e−iE1t/h̄ = e−iω1t), the velocity of the crest is 

λ 2π ω ω1 hk¯ 1vph = 
T = 

k1 2π = 
k1 

= 
2m 

ω1 ¯ p1hk1 
vph = = = (14-28) 

k1 2m 2m 

This is the phase velocity of a momentum component. 
The particle does not move at the phase velocity vph = ω

k1

1 at which the plane 
wave associated with a single momentum moves forward. At what velocity then? 

Massachusetts Institute of Technology XIV-6 
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Look at exponent and write: 
¯ 2 

• 
hk1E1 = E1(k1) = h̄ω1 = h̄ω(k1) = 
2m 

2 x− 
4w0

2 +ik1x−iω(k1)t 
e• 

Remember Fermat’s principle of stationary phase: path is defined by region of space 
2 

where phasors point mostly in one direction, i.e. where the phase φ(k) = x +
4wo 2

−
ikx + iω(k1)t does not vary between different momentum components k to lowest 
order � � � � �� 

∂φ ∂ω ∂ω 
0 = = ix − i t = i t , (14-29) x −

∂k ∂k ∂x 
or � � 

∂ω 
x(t) = t. (14-30) 

∂k 

Fermat’s principle leads us to the concept of group velocity 

∂ω ¯ p1hk1 
vgr = (k1) = = (14-31) 

∂k m m 

Group velocity of the wavepacket at which the wavepacket, i.e. the region of con
structive interference, propagates. The difference between group and phase velocity 
is due to the fact the ∂ω = ω , or ∂E = ∂(h̄ω) = E , i.e. the quadratic dependence of KE 

∂k � k ∂p ∂(h̄k) � p 
on momentum in free space. This is in contrast to photons with a linear dispersion 
relation ∂ω = ω = c in vacuum, where group and phase velocity are the same. 

∂k k 

Massachusetts Institute of Technology XIV-7 



Supplement2一A

TheFUurierIntegral

andDeltaFunctiUns

CUnSiderafunctlUn只9)thatis peHUdic,withpeHUd2乙 ,sUthat

人

。

=只9+2L) (2A-l)

Suchafunc└UncanbeexpandedinaFUuherseriesin theinterval(一 L,乙),andthesehes
hasthefUrIn

只D=Z:Aπ 哪
咢

+V刀 血n些
全
王

WecanrewritetheseriesiΠ thefUm

人x)=Σ aπ′㏕t            φA名 )

whichiscertainlypUsSible,since

螂咢=吉φ而祤t+↙而剎b

山咢=去φ加㏕t一 θ┤Ⅱ㏕ㄅ

ThecUefncientscanbedeterIninedⅥ /iththeheIpUftheUrthUnUmalityrelatiUn

士
二

dxθ
iΠ ,Fx,tε 一切,F9t=δ

〞π=｛:    劈 二 ︴

(2A-2)

(2A-4)

(2A-5)

Thus

Letus nowrewrlte(2A-3)byintrUducingΔ 刀,thedifferencebetweentwUSucceSSive

integers.Sincethis isunity,wehave

侷=各〧I出人x)θ
㏕t

-t

只x)=Σ a” el rl’

.utΔη

=票
耳

aπθ
lJlπvt穻

W＿6

(2A-Φ



and

LetuschangethenUtatiUnbywHting

WealsUw血 e

HenceφA-6)becUmes

Ⅲ eFouHerIntegralandDeItaFunc6ons  W-7

(2A-7)

=Δ北 (2A.8)

弓壬
=泛

伽一乙

∞
I
一

∞

1
一

傷
=舟

㏑n  A(北)

π  
、
疙́π

人x)=Σ◥髐筭
εi玆 Δ比

(2A一 9)

(2A-lU)

φA-12)

φA-13)

(2A一 14)

IfwenUwlet乙 -→
。。,山en比 apprUachesacUnunuUusvanable,sinceΔ πbecUmes innni＿

tesiInallysmal1.IfwerecalItheR怡manndenni● UnUfan integral,weseethatin theIiIIllt

(2A一 1U)canbewHttenin thefUm

〞比A(π )ε

j及x (2A-l1)

ThecUefncientA(。 isgivenby

EquatiUns(2A一 ll)and(2A-12)dennetheFUu㎡ er integral transfUmatiUns.Ifweinsert

thesecUndequaⅡ Un intUthenrstweget

婀 =瘺 弄
.封

姒 幻↙加視

一t

→殤 I西班曲

只砂 =」
≒f放 神 I矽只9)ε

幻

翻=工婀�工幽←ε蜘一呵
FUrthis tUbetrue,thequantltyδ (x一 V)dennedby

δ(x一 V)=,干 I dk↙
Kx-,

SuppUsenUwthatweinterchange,withUutquestiUn,theUrderUfinte..ratiUns.Wethen..et

(2A-15)

andcalIed山 eD′砲ε⊿tJraˊ切刀εrjU刀 muStbeave,peculiarhndUffunctiUn;imuStvaniSh
whenx≠ v,andit rnust tendtUinnnityinanapprUpHatewaywhenx一 v=U,sincethe
ran..e UfintegrajUn is innnitesimaIly small It is 山erefUre nUt amnctiUn Ufthe usual
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mathematlcalsenSe,but it is rathera‘
‘
generalizedfuΠ ctiUn” Ura‘

‘
distributiUn.”

lItdUesnUt

haveanymeaningbyitsel色 but itcanbedennedprUvidedi亡 alWaysappears in thefUm

I歲只x)δ (x一 a)

w丘hthefunctiUn↗×)sumdenuysmUUthin theraΠ野 Ufv日 ues山缸 theargumentUfthe

deltafunctiUntakes.Wewill takethatfUrgΓ antedaΠ dmanipulatethedeltafunctiUnbyit＿

self,withtheunderstaΠ dingthatattheeΠ dall therelatiUns thatwewritedUwnUnlyUccur

undertheintegral sign.

ThefUllUwingprUpertlesUfthedeltafunctiUncanbedemUΠstrated:

(i)

δ(a)=一片δ什)

ThiscanbeseentUfUllUwfrUm

↗●)=Iㄌ月9)δ什一力
Ifwewrltex=aξ andVandaη ,thenthis reads

φA-16)

(2A-17)

(2A-19)

UntheUtherhand,

鮦=〢姒州取ξ一洲

只aξ)=I〞η八aη)δ (ξ 一η)

、
vhichimpliesUurresult.

(ii)ArelatiUnthatfUllUwsiUmφ A-16)Is

〃 一 的 =蒜 m一 的 十 δ仁 十 州    外

一

切

thisfUllUws打 UmthefactthattheargumentUfthedeltafunctiUΠ vanishesatx= aaΠ d

x=一 a.ThuStherearetwUcUnthbuIUns:

δ(′ 一′)=δ Kx一 a)(x+a)〕

=南⋯ +南妳切

=百

一

丌

p什 一的 +δ什 十州

MUregenerally,UnecanShUwthat

δ妒u爿 =耳
凝

Where亡 he打 aretherUU6Uf炙

。

in thein匕 rv日 Ufin℃ gratiUn

lThetheoryofdis㏑ but1onswaSdeveloPedby〔 hemathematicianLaurentSchWartz An intΓ °ducto〃 treatment

maybefUundinMJLighthIⅡ ,r,irrU&‘ ctjUπ ω FU〞
「

iε rA刀aIV9j‘ a刀 ∠Gθ刀θ′at泛θtF“πcrjU刀∫,Cambhdge
UniversityPress,Cambrldge,EngIand,1958
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InadditiUntUtherepreSentatiUΠ (2A-15)UfthedeItafunctlUn,thereareUtherrepre-

sentatiUnSthat rnayprUveusefu1.Wediscuss seVeraIUfthem

(a) CUnsiderthefUrm(2A-15),w㏑ chwewhtein thefUm

δ
。)=苦≒iI土

放εltY

TheintegralcanbedUne,andweget

嗣=出去
(2A-21)

=坐普

(b) CUnsiderthefunct1UnΔ°,a)dennedby

Δa,a)=U     x<一 a

=翕
  

一 a<x<a

=U   a<x

δ(● =LimΔ什,的
a一→U

朔=唧�≡Γ章丐歹

朔=坐瓦弄╤ε
市∵

(d) WewillhaveUccasiUntUdealwithUrrnUη Uηη列 pU〞〞U〃jaJJ,whlchwedenUte

bythegeneralsymbUIP〤 ′).ThesehavetheprUpertythat

I西瑞毗ωwω =饒π

(2A-22)

Then

(2A.23)

Itkclearthatan㏑tegralUfaprUductUfΔ a,ω anda㏑ nct1Un八° that6smUUth

neartheUhginwillPickUutthevalueattheUrigin

唧 I西扣 )蜓,ω =×U)密 f歲 Δφ,的

=八U)

(c) BythesametUken,anypeakedfunctiUn,nUl11lalizedtUunnareaunder丘 ,wiⅡ

apprUachadeltafunctiUn in theliIrutthattheWidthUfthepeakgUestUZerU We

will leaveit tUthereadertUsh° wthat山 efUlIUwingarerePreSentatiUns ofthe

deltafuncuUn:

ε
tˊ ￣̄

ε
一〃‘

(2A挖 U)

(2A-24)

(2A-25)

and

(2A一 26)

where〃什)maybeuni呼 UrsUmesimplemnctiUn,caIledtheweightfunctiUn

FUrfunctiUns亡hatInaybecxpandedinase㎡ esUftheseUrthUgUnaIpUIynUΠ lials,

Wecanwnte

Σaπ馬
。

)人° = φA-27)
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IfwemultiplybUthSideSbyva)P用 (x)andintegrateUverx,wenndthat

(2A挖 8)

Wecan insert thiSintU(2A-29)and,preparedtUdealwith“ generalizedfunc-

t1Uns,” we什eelyinteΓ changesumandintegra1.Weget

aπ =I砂〃σ方化”站ω

朋 =早 PΠω I鈔 旳 力 Pπω

=I洲耳炯衈ω

I山月9)去δφ)=I放磊Ⅸ幻δ(珝 一I西早告
°δω

一Iˊ學朔

I鈔δU一 a)=U  x<a

磊θa一 ω=δ (x一 ω

Thusweget stillanUtherrepresentatiUnUfthedeltafunctiUn.ExamplesUfthe

Pπ什)areLegendrepUIynU㏕aIs,HermitepUlynU㏕ aIs,andLaguerrepUlynUrru-

als,allUfwhichmaketheirappearancein quantumInechanica︳ prUblems

Sincethedeltafunc● Unalwaysappears muItipIiedbyasmUUthfunctiUnunderan in＿

tegraIsign,wecangiveIneaningtUitsde㎡ vatives.FUrexampIe,

(2A-29)

(2A-3U)

(2A-32)

\
、

—

J
/

ε 
t
石

一
 
(

一=

andsUUn.ThedeItafunctiUn isanextremelyuSefuItUUl,aΠ dthestudentwillencUunter it

ineve,partUfrnathematicalphysics

TheintegralUfadeltafunctlUn ls

(2A-31)

=l  x>a
≡θ(x一 ω

whichis thestandardnUtatiUnfUrthisdiscUΠ tinuUusfunctiUn CUnverScly,thcderivative

UfthesU一 calIed∫ rεp力ηcrjUKis山eDiracdeI㏑ functlUn:

馮
技
埂
φ
澸.
〝

磚
哪
斑
酉
撙



partIcieis in丘 ially(口 <U)in thegrUundstateUfan innnΠ e,Une-d∥ nensiUnalpUten“ alwell

wallsatx=Uandx=a.
ta,rthewallatx=akmUved∫ rUw〞 tUx=8a,nndtheenergyandwave血nct㏑nUfthe

iclein thencwwel1.CalculatethewUikdUnein this prUcess

●)Ifthewallatx=ais nUw∫ v&崺η〞mUvedlatr=U)tUx=8a,calculatethe
ⅡⅡyUfflndingthepaIticlein〔 )thegrUundState,(i● thenrstexcitedstate,andaii)the

excitedstateUfthenewpUtentiaIwe11.

SUIⅡtiUn

FUr〞 <Utheparticle、 vas inapUtenjalWellMλthwaⅡsatx=Uandx=aandhence

ㄏ 劦翃 午〞孩

易=与勢青吾一 物ω=摴㎡n(罕
)

(U≦ x≦ a).       (lU.76)

(a9ⅥⅡentheWallis mUvedSlUwlY,theadiabat㏑ theUIemdictates山attheu㎡iclewillbe

fUundat伍 me′ in thegrUundstateUfthenewpUtentialwell(thewellwi山 wallsatx=Uand

x=8ω .Thus,wehave

炯=丟話名吾F=齬 π
一路

n
摴

=
。〃 (U≦ x≦ a). (lU.97)

(lU.8U)

ThewUrk necdedtUmUvethewall isΔ 〃 =El-E︳ (t)=π 2力 2/φ
〞a2)-π 2乃 2/(2〃 (8a)2)=

63π
2力 2/(128沕

a2).

Φ)Ⅵ竹enthcwallis mUvedrηtdl坊 thepart㏑ lewill nnditselfinstantlYφ tˊ ≧U)in the

newpUtentialwe)l;itseneΓgyIevelsandwave元 mctiUnarenUWgivenby

既 =去孓者著午
=毛粵

,蛻 ω =V:9血n(咢) 
。

,≦ 町 m用

TheprUbabil丘 yUfnn山 ngthepart沁lein thegrUl1ndstateUfthenewbUxpUtenjalcanbe

UbtainedfrUm(lU.93):Pll=〡 〈〃i〡 〃l｝ 〡2where

〡四〉=㎡幼 劬 吻ω 歲 =鬼 r血
n(勂 血n(訇 我 =奇

局l=｜〈叫｜吻〉虍=(奇
)2←

-2%=aUU77m7%.

TheprUbabili妙 Ufnn由ngthepart㏑lein thenmtexdtedstateUfthenewbUxpUtent伍 l isg∥en

”Pl2=｜〈吒〡〞l)｜

2where

〈眑 ｜吻〉=茈
a吨

中
ω 四ω 激 =鬼 r㎡

n(筣 血n(劄 赨 =一
影戶

地 �
(吒 〡吻 )「 =←

話 )2=峏
99一 19U/U.

4＿ 2Vt,

(1U.79)

揣 :i茻粉:」翠::::tξ驟常:;::｝罜l║

)b吃 免m山n㏑gher
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S虹lcethegcneralsUluionUfthcequaj。 nUfmUti。nUfaclassicalUscⅡ latUi,X┤ -ω2X

=U,isUfthefUmx=C㎡Ⅱ●㎡+ψ),thetUtalenergy

El=T+◤ =等 +望咢士′

Ufsuchm。血Ⅲak】∥s卹 哖 祤

1灩 :鬧 嚨
g士

｝窮 i甘驟S㏑ceT一 U,wehavcEl>既 w㏑山 ma

靾 軯 無   搵 翠甜i估午稅糮 毛荋

is prUpUrtiUnaltUthetime′ ′whichjt

UScj】 IatjUn isΓ =2π /ω ,then

takestUpass thrUughthis iⅡtervaI.If山 epeΓiUdUf

毦 人x)放 =
a6,cUS(ω′+ψ )

w㏑chis therequiredexpressiUn.

Itcanbeseenthatthis p了 Ubabj】 ityjsgreatestattheturningpointsx=土 a(Fig.Ⅱ .23).

AccUrdingtUquantuΠ 1 mechanics the prUbabilityUfnndin呂  the parIcIe in the inteival

(x,x+澆ωis

嗎 u(x)放 =坑 -Il2桁 s′ exp

Π ShUu㏑ benUtedthat吒 uω hasmax㏑anearthedass㏑㏕ tum㏑gpU㏑6仙 =∼巧ㄞ

一

〞ω,

↙ =V痂 ),but,inc。ntrastw北hthedaSsicaIcase,丘 dUesnUtvanishbe四ndthesepUin心 .

rhis phenUmenUn,UfthepenetratiUnUfaparttleintUregiUnsㄐ江山
“
nega“ vekinet沁 ene工gy”

(x︳ >ω,dUesnUtleadtUanycUntradicIUnbecausetheequali妙 E=Γ +◤ ㏑ quantum

mechanicsis nUta㎡ mp】ereIajUnbetweennumbers,butbetweenUperatUrs;thekine田 ●and

thepUten● aIenerg始 scannUt infactbedeteΠ n㏑edsInultaneUuslV.

FUrh塘herlevels,丘 拍fUundthatthecurve2〞 爪° becUmestheenvelUpeUf山 epeaksUf

吒 u)㏑ theclassic田 I田血 刀→∞
｛
dΠ &Π .舛,油由 rep竹㏄ntS既 .ω =｜Ψlo(° 戶,

,=v伍 叫 砌 ).   一  ﹎ ＿

放尒ω
一
π=

力
一Γ

=砉｛l一手｝
1̄’2打

,

(-講｝〞x

Γ︳G.II.23.
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