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DegreesUffreedUm° hric§ andchemistrv9
FrUnlWildpedia,thefreecncyclUpcdia

AdegreeUffreedUIll isan independent physicalparamete毛 Uftencaledad士nensjbn,in the
fUΠn㏕ descr」 tbnUfthestateUfaphysicalsystem.ThesetUfaⅡ d㏑尤 nS㏑nSUfasystemk
knUwnasaphasespace.

CUⅡtent§

. lDefmlbn                             ﹉
▓2Examp㏑ :dhtUm沁 gas           :
▓ 3IndependentdegreesUffreedUm            ︴
▓ 3.lDemUnstratiUns                   ;
▓4Quadrat㏑ degeesUffreedUm        ｜
. 5QuadratLand㏑ dependentdegreeUffreedUm:
▓6Equ● art北㏑ntheUrem          ｜▓ 7References                          -

DeΠnitiUn

Inphysics,adegreeUffreedUmUfasystemkafUrlnaldescri沌 bnUfaparameterthat
cUntributestUthestateUfaphysicalsyStem.

ItcanalsUbedefmedasthem㏑ lInllm numberUfcUUrd㏑ atesrequledtUspeciㄅ thepUs土㏑ n
Ufapart兌 leUrsystelIlUfpartLles.

Inm㏄ hanics,apU㏑ tparticlecanmUve㏑ dependent好 ㏑ thethrecdlectiUnsUfspace.Thus,

themUmentumUfaparticlecUnsistsUfthreecUmpUnents,eachcaleda見 cgθ θ 叮 夕 eθtU沕 .

AsysteⅡ lUfⅣ ㏑ dependent particles,therefUre,hasthetUtalUfJ公 √degeesUffrcedUm.

Sim血rV㏑ statisticalmechan㏑ s,adegreeUffreedUmkas㏑ 區escalarnumberdescrb㏑ gthe
lllicrUstateUfasystem.ThespecⅢ catiUnUfaⅡ ln㏑rUstatesUfasysteIIlkapUmtin the
systeIl1’ sphaSespace.

AdegreeUffreedUmmaybeanyuseful prUpertythatis nUtdependentUnUtherVariables.

FUrexample,㏑ the3DⅡealcha㏑ mUdel,twUanglesarcnecessa〃 tUdescr化 eeach
mUnUmeΓ sUrientatiUn.

ExampⅡ e:diatUmicgas

Inthree-dⅡnensiUnal space,threedegreesUffreedUInarcassUclatedw丘 hthelnUvementUfa



mechanicalparticle.AdiatUn」 匕gas rnUleculethushas6degreesUffreedUm.This set rnaybe
decUmpUsedin teIllIsUftranslaIUns,rUtaIUns,and

vibraⅡUnsUftheInUlecule.ThecenterUfmass lIlUIUnUf

theenticlllUlcculeaccUuntSfUr3degreesUffrcedUm.In

add北㏑n,theInUleculehasUnevibrajonal rnUdeandtwU
rUta●UnaldegreesUflIlU伍 Un.TherUtatiUnsUccurarUund

theiwUaxesperpendiculartUthe㏑ 鴗 betWeenthetwU

atUms.TherUta伍 UnarUundtheatUIIl-atUnlbUndis nUt

cUllnted.Thisyields,fUradiatUmLmUlecule,a

decUmpUs北 bnUΠ

3N=6=3+l+2.

FUrageneralmUleculew北 hⅣ >2atUms,al13rUtatiUnal  Ⅲ北rentwa於 Uf赫u㏕凶㎎the3

degeesUffreedUnlarecUnsidered,resuljngin the          deg℃ csUfieedUmUfadmbbel＿

decUmpUs北 iUn:

3N=3+3+● N＿ Θ

whichmeans thatan〝＿atUln mUleculehas3N-6
vibratiUnaldegeesUffreedUInfUrfV>2.

shapedd伍tUrrllclllUleCule.(C∼ I:

centerUfIInssUfthesYste肌 T:

ialls㏑mmllIlU」bILI└ rUtatbnal

ηnU㏑耴V岫 ratbilallIm㏑ n.)

AsdefmedabUveUnecanalsUcUuntdegreesUffreedUmus㏑ gthenInlInulll numberUf

cUUrd㏑ atesrequledtUspedㄅ apUs北 bn.T㏑ skdUneasfUlUws:1.FUras㏑ gleparticleWe

need2cUUrd㏑ ates㏑ a2-DplanetUsp㏄ iㄅ 上spUsⅡ Unand3cUUrd㏑ ates㏑ 3一Dplane.Thus

北sdegeeUffreedUm㏑ a3-Dplane心 3.2.FUrabUdycUnsist㏑ gUf2part妃 les(ex.a

d㏑tUm㏑ mUlccule)㏑ a3＿Dplanew北hcUnstant山 stancebetweenthemaels sayd9wecan
shUw(belUw)lsdegreeUffreedUmtUbe5.Lels sayUnepart沁 le㏑ thkbUdyhas

cUUrd㏑ates(xl,y1,z1)andtheUtherhasx＿ cUUrd㏑ate(鞄)andy一 cUUrd㏑ate(yD.AppⅡ catbnUf

thefUIⅢulafUrdktancebetWeentwUcUUrd㏑ ates(

d= 
ㄗ ｛
#i一 山 ｝
2+｛
V=—— ul｝

2-├
｛忌之
￣̄ :l｝
2)results inUneequatiUnw北 hUneunknUwn,

㏑ wh妃hwecansUlvefUrz2.(NUte:HereanyUneUfxl,挽 ,y1,y2,z1,Ur幼 canbe
unknUwn.)

CUntraFytUtheclass沁 alequlpart北 iUntheUrenl,atrUUmtemperature,theVibratiUnal rnUtiUn

UfmUleculestYpicalYmakesnegL區 blecUntr山utbns tUtheheatcapac北y.T㏑Skbecause
thesedegreesUffreedUIllareJ′UzθKbecausetheSpac㏑ gbetweentheenergye㎏ envalues
exceedstheene珽VcU“espUnd㏑gtUam㏑ent temperatures竹 η .InthefUuUw㏑gtablesuch
degreesUffreedUmaredkregardedbecauseUftheilUweffectUntUtalenerg◤ .HUwever,at

ve呼 hi望ltemperaturestheycannUtbeneglected.



IndependeⅡtdegreesUffreedUm

ThesetUfdegrccsUffrecdUmIl,‥ ∵A、 Ufasystemk㏑ dependentftheene珽 V
asSUciatedw北hthesetcanbewr血 en in thefUⅡUⅥ垃ngfUIⅡ 1:

Ⅳ

E=Σ風｛Xi｝ :

j=l

where正方ka血nct㏑nUfthesUlevariab㏑ 氏 .

example:fJΠ andjΥ2aretwUdegreesUffreedUm,andEktheassUciatedene〔 田 :

▓ IfE=I｜ +X」 ,thenthetwUdegreesUfieedUmare㏑ dependent.
▓ IfE=X︳ 十 IlⅣ2十 X士,thenthetwUdegreesUfieedUmare匆′
㏑ dependent.ThetelllI㏑ vUlv㏑gtheprUductUfXlandX之 isaCUupIngteIIlI,

thatdescribesan interacIUnbetweenthetwUdegeesUffreedUm.

AtthemUdynam沁 equ曲㏑m,Ⅳ i,‥ ∵成 〕areal就a出tica町 ㏑dependentUfeachUther.

FUrjfrUmltU凡 thevalueUfthe9thdegreeUffreedUmjYfkdktr山 utedaccUrd㏑ gtUthe

BU北zmann山 str山utiUn.Its prUbabⅢ呼den㏕yfunct㏑ nkthefUlUw㏑g

竹｛Λ﹁=     ,

InthksectiUn,andthrUu會hUutthearticlcthebrackets(｝ denUtethemeanUfthequantlythey
enclUse.

The㏑temalener即 UfthesystemkthesumUftheavaη geener區esassUc㏑tedtUeachUfthe
degreesUffreedUnl:

Ⅳ

｛蜀=Σ｛民｝.
′=l

DeⅢ Un§tmtiUⅡ§

Asystelnexchangcsenergyin thefUⅡ nUfheatw北 h北ssuIUundIngsandthenumberUf



part沁les㏑ thesystemrema㏑ sflxed.ThiscUⅡespUndstUstudy㏑ gthe呼Stem㏑ the
canUnicalensemble.NUtethat in statk比 al rnechanics,aresult that isdemUnstratedfUra

呼stem㏑ apart妃ularensemblerema㏑ stmefUrthk盯 StematthetheIIlIUdynamic血 n丘 ㏑
anycnsemble.InthecanUnicalensemble,attherlnUdynanicequⅢ briuin,thestateUfthe
systemkdktrbutedamUngaⅡ m沁rU-stateSaccUrd㏑ gtUthcBU北zmanndktr山utbn.IfΓ k
thesystem’ stemperatureand舟 BkBU士zmann㎏ cUnstant,thentheprUba㏑I妙 densi妙
imcjUnassUciatedtUeachⅡ licrU-stateis thefUⅡ Uw㏑g:

「
r、

一
行付r

I9Γ

’

.rσ玉╮πI〦 ‥σXNc一巧F

ThedenUm㏑ atUr㏑ theabUveexpressbn playsan㏑ Υ℃ rtant rUle.Il〕 T㏑ sexpreSs㏑ n

㏑ medhte妙 breaksdUwn㏑ tUaprUductUfterInsdepend㏑ gUfas㏑ gledeg,reeUffreedUm:

P｛Ⅳ卜‥∵IⅣ｝=� 1lX1｝ ‥.�」v｛ IⅣ｝

Thee虹stenceUfsuchabreakdUwnUfthemu㏑ 山mensiUnal prUbabⅢ 妙 dens北yfunct㏑n㏑tU
aprUductUf血 nctiUnsUfUncvariable心 enUu出 by丘㏄ ftUdemUnstratethatX1.‥ XⅣ are
statkticauY㏑ dependentfrUmeachUther.

S㏑ceeach允mctbn山 is nUlIIla立ed,北 fUⅡUwsj㏑mc山ate妙 that piis theprUbabⅢ妙 den血妙
血nctiUnUfthedegreeUffreedUm� f” fUroiUmltUⅣ

F㏑a好,the㏑ temalene堆VUfthesystemk北 smeanene珽V.Theene珽VUfadegreeUf
ieedUm民 ka血nctiUnUfthesUlevariab㏑ Ⅳr.S㏑ceXI,.‥ :xⅣ are㏑dependent iUm
ea山 Uther,theene理由sEl｛ Il｝ :‥ ∵ E、 ｛ⅣⅣ)areakUstatisticallY㏑ dependent iUmeach
Uther.ThetUtal t此 cmalenef野 UfthesystelIlcanthusbewr北 tenas:

Ⅳ      Ⅳ

︳Γ=｛日=｛Σξ｝=Σ田｝
r=l      r=︳

QuadraticdegreesUffreedUm

AdegreeUffreedUmⅣ r心 quadraticftheene珽 VtemsassUciatedtUthisdegreeUffrecdUm
canbewr北 tenas

E=a,I一 +,J。 Xiy,

whcre〕√ka出℃arcUmb㏑atbnUfUtherquadratLdegreesUffreedUm.

example:ifJζ landAlarehⅣ UdegTeesUffreedUm,andEktheassUc正 比edeneE野 :

︳IfE=Ⅳ
｜+X｜拖 +Ⅳ」,thenthetwUdegreesUfieedUmarenUt

㏑dependentandnUn＿ quadrajc.
▓ If口二==iΥ｜+-A」 ,thenthetwUdegreesUffreedUmare㏑ dependentandnUn＿



quadratL.

▓ IE=Ⅳ
子+托 X2+2X:,thenthetwUdegreesUfieedUmareIlUt

.IfE=x子 +2xΞ,thenthetwUdeg,reesUfieedUmare㏑ dependentand
quadraIc.

FUrexample,inNewtUnian lnechanics,thedynam妃sUfasystelnUfquadr飩 妃degeesUf
freedUlllarecUntrU1ledbyasetUfhUmUgeneUus出 ℃ ard血 renjalequaIUnsw北 hcUnstant

cUefflcients.

QuadraticandindependentdegreeUffreedUm

AΠ ︸ ..一YⅣ arequadratLand㏑dependentdq要eesUffreedUlllftheene珽 乎 asSUc㏑tedtUa
nlicrUstateUfthcsysteln theyrepresentcanbewr北 tenas:

Ⅳ

E=Σ n,A∵
。
=!

EquipartitiUntheUrem

Intheclass沁 alⅡm北 ofstatkt妃almechan沁 s,atthermU(ㄉnam沁 equⅢbr㏑m,the㏑temal
enef田 UfasystelllUf′VquadraIcandindependentdegeesUffreedUmk:

t「 =｛ E｝ =A「 上告
工

Here,theIneanenergyassUciatedw北 hadegreeUffreedUln is:

｛己｝= i｝ = I.π
Xf研埒 ��

.i′ IF

╯
.rIX。
c一
(” I

｛凰｝=
2 .｝ .tΓ

c一苦   2

S㏑ccthcdcgrcesUffreedUΠ lareindependent,theintemalenergyUfthesystem isequaltU
thesuΠlUfthelneanenerg◤ assUclatedwlheachdcgreeUffreedUnl,whichdemUnstrateSthe
result.
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B︳ NUM︳ AtANDMVLT︳ NUM︳ALD︳ STR︳ BVt︳
UN

Du「 ill＿gthecUurseUfUurdiscussiUnUfthecanUnicalensemble,、
veshallencUunteΥ

發輔 :琪賺 曲
:｜:︴ii｜ie抽蕃i懺:寸無巀Γ

prUductUfall thechUices,

Ⅳ(Ⅳ 一 l)(N-2)‥  (2)(l)≡ Ⅳ!   (distinguishabIeo切
ects)

NextWecalculatethenumber Ufways

駤技脬 ↘禜土螢
prUdtlct                                   .‥

蚻驟宙#器瑞 :群f攡眾
托械甘Ξ報7∴:拂艦

spUndtU” Une血㏕ Un㎡ Ⅳ曲血S㏕片 1七苗錁
℉ f為::百昱法驟 :石毼

desiΓ edresult is

N(N一 l)‥ .｛Ⅳ一Ⅳl十 l)× (Ⅳ 一Nl)!=
×(Ⅳ 一Nl)!=Ⅳ !

Ⅳ ! N｜ (1-75)

Nl!(Ⅳ 一Ⅳl):=Nl!N2!

SincethecUmbinatiUnUffactUrials inEq.(l-75)Uccuis in thebinUnIalexpansiUn,

(1-76)

Ⅳ ! Ⅳ !

o+｝尸=Ⅳ鞋。諾年崙π
=濫器苦
cient.TheasteriskUnthesecUndSunlIlla-

十螞 =Ⅳ .

v、iUnUfiVintUJ.gfUups,thenrstcUn＿

N」 !Ⅳ 2!‥
.ⅣΓ!一 Π;=l坊 !

whereArt十 凡 十
‥.十 N′ =Ⅳ .ThiSis knUwnasa

Uccurs in theexpanSiUn

°⊥十X2+⋯ +x〕Ⅳ=Ⅳ霪。瑾。
⋯色為

whefethiRtimetheaste〔 isk signi位 esthe了
eStrictiUnⅣ l+凡 +‥ .十 NΓ =Ⅳ .

(1-77)

multinUnlialcUemcient,sinceit

(1-78)

Therearea number UΓ UthercUInbinatUria︳  fUrinulasthatare useful in statistical

thermUdynam沁s,butEq.(1799is themUstuSefulfUrUⅢ purpUsesCUmbin鉦 UⅡal
fUImulas can becUme rather demandingtU derive. Ⅵ伯 refertU Appendix AVII Uf

MayerandMayer*、〃hichcUntainsacUllectiUnUΓ fUrmulas‘

(Ⅳ 一Ⅳl)!
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野    
一 一﹍  ￣ ￣ — —— —— —— — — —

=﹉
   S了︳ΠL︳ NG’SAPPΠ

。
〤︳MAT︳

。
N

nencUunterfactUrialsUfveΓ ylargenumbers,

ulatiUn and.mathematical manipulatiUn Uf

TherefUreit isdesirabletUnndanappiUxima-

this sUrtUccurUftenin mathemaⅡ csandare

t is, an apprUxiInatiUn tU a functiUn which

Un increaSes.SinceN!isactuallyaprUduct,it

this isasum.TheasymptU● capprUxiInauUn

Un,wⅡ chwenUwderive.
l),lnⅣ !is

lnⅣ!=Σ ln沕
羽=⊥

Unlyin thebeginning IfⅣ is largeenUugh

,thisareawillInakeanegligiblecUntribu-

(1-73)

(η -94)
InⅣ !=Σ

用=】

=x
〞
xn

�
J
l
寫用n Ⅳ lnⅣ 一Ⅳ (Ⅳ large,

wⅡchisSIrlin各 sapprU如 matiUntUlnⅣ !.ThelUwerIimitcUuldjustaswellhave

bcentakenasUinEq.(l一 94),sinceⅣ is large.(RememberthatxInx→
Uasx→ U.)

AInUrerenned derivatiUn UfStirⅡ ng’s apprUxhnatiUngives ln iV!�
︾NlnN——N

十 ln(2冗Ⅳ)i/2,butthisadd比iUnalterIm is seIdUΠ
lnecessary (SeePfUblem1-59.)

f∴                                            X

助 〞rε l＿5.Ap】 Utoflnx9eiS..Sx,Sh。 W㏑gh.9WtheSvmm∥ °n。fln〞 mnbeapprUXimatedbythe

一

    :ntegr日 ︳UfInX.
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METH。 D。 FLAGRANGEMVLT︳ P凵 EBS

It wiⅡ  be necessary, later, tU maximize Eq.(l-77) with the cUnstrajnt

Ⅸ
一
垚£jit‘ i.持虛。。

f::｛錄;aF:l三::Eyㄘ
i〡i:●::(:::i::;;｜｝｝:i=〡」苦vafiabIesarecUnnectedbyUtherequatiUns

andsUUn This typeUfprUblem is readilyhandledbythemethUdUΓ Lagrangeun-

deterin︳ nedmultipIiers.

IfitwerenUtFUrthecUllstr茁 Ilts,豹 (xl,x2︸ ‥ ,x′)=U,themaximumUV(xl,‥  、x′)

、
vherethe zerU subscript indicates thatthis equatiUn equalszerU Unly 、

/henthe 〃

::比全#I一器:I。
「
:::選甘ξ午!鬼 I:I:二 l:︳lξ璀::f。:｜t1:｜臨 思f:║

:::::
variedindependentlyandarbitrarjly,ands
every。 ,since研 mustequalzerU.ThiswUuldgive′ equaⅡ UnsfrUmwhichthevalues

、
vUuldbegivenby

y=≧｛爵｝UδxJ=U

Uf亡

:::全古

°

::::FI::l:t:F:i古re is sUme Uther 了elatiUn bet、veen the

θ(xl,x2,‥ .,X〕 =U,wehavetheadditiUnalequatiUn

δσ=J雪
l｛罷｝Uδ圴=U

●二｛普告一λ音台｝UδxJ=U

(1-79)

X’ S, SuCh aS

｛1-8U)

(1-83)

丁hiSequatiUnservesasacUnstraint thattheδ x。 must sati㎡ 9,thusmakingUneUfthem
depeIldupUntheUtherr-1.IntheLagrangemethUd,UneInultipliesEq (l-8U)by
sUmeparameter,Sayλ ,andaddstheresult tUEq (l-79)tUget

(1-81)

TheδxJarestill nUtindependent,becauseUΓ Eq (l-8U),andsUtheycannUtbeVaried

independently.EquatiUn(l-8U),hUwever,canbetfeatedasanequatiUngivingUne
Uftheδ xJin te〔 msUftheUtherr一 l independentUnes. PickanyUneUfthe′ δλ

,

asthedependentUne LetthiSbeδ xu.

ThetricknUwis thatwehavenUt specifiedλ yet,Weset丘 equ㏕ tU “刀δxu)U一

(θθ

一

θxu)U,IIlakingthecUemcientUfδ xuinEq (l-81)vanish The subscriptzerU

here indicates that φㄏ｜θxu) and (θθ牊xu) are tU be evaluated at values Ufthe x�

suchthat r isat比smaximum(Urm㏑ imum)underthecUn斗 r缸lltUfEq(l-8Ul Uf

cUurse,WedUnUt knUWtheSevalueSUfxJyet,butwecanneVerthclessfUrmallydenne
λin this manherThiSleavesasumUfterms inEq.(l-81)invUlvingUnlytheinde-
pendentδxJ,whichcanbevatiedindependently,yieldingthat

中SeeMayeΓ andMayer,&a〃 6′i6atMec力 a〞 9c∫ (NeWY°Γk:Wiley,194U).

IΓ wecUmbinetheser——lequatiUnswithUurchUicefUrλ ,、vehave

(1-82)

鰜 轟華璘#π替

=H片

駕≒#工緊且出鉡 騽犍製
反 Butthis presents nUdimculty,sincein

practiceλ isdeterminedbyphysicaIrequirements.ExamplesUfthiswillUccurjn the

nextt、VUchapteΓ s.

Lagrange’sInethUdbecUmesnUmUΥedifncu】 tin thecasejn、 vhichthereareseveral
cUnStraints.Letσ l(xi,‥ .,xr),σ 2(xi,‥  ,xr),.  beasetUfcUnstraints.WejntrUduce
aLagrangemul“ plierfUreachθ j(xl, ‥ , x′)andprUceedasabUvetUget

腳λ一γ一既

o
=
ㄌ
一既

,
人

一〃防
呁
町a伈

髭一札等一λ2鬵﹎=U
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/ η′ = 6Jxt 

一

 6XJU一 Jx6U一 6xJθ

一

Jx/ZU′ ′ XtU

一        

一

 ˊ x╯ U一 Jx/ZU 十 JXtU 

一

′ 好 /θ U′ x́JU一 J*tU十 Jγ ′́ U

一

′xˊ〞 U 

一

ZK〞 U一 ˊxˊ′ U 

一

Uγ 6 

一

JX′ U一 ′ x〞 U一 ˊˊ tU

十 ′ X6V 

一

ˊXˊ〃U 

一

UXJU 

一

X́JU一 U彳 2U9/′ 乃ㄌ′

=′ ./6J J

鼆蠿蠿鼆蠿蠿蠿
攤劖驧鼆鼆鼆

thed︳ stΠ but︳ on
funC父︳
。
nf。
「
ac︳ assica!gas

ofsixnonin6e「 acti ng｜ dont︳ ca〡
partic｜ esoft。 ta!energy9ε .A︳ s°
shown is theexponent｜ a｜

funct｜ on rMB“η =4e￣〞〞了.
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P｛ε｝ =
e一日′kT

｛3｝kT

Th怎 怎aprUperdeils” d心tnbutbn(the㏑怡g,i-al敬)mzerUtU㎞” eqm61),andthellleanvahe
Ufε w山 山山 d怎ib屾 nUvertherange㏑mzerUtU㏑獅山V6k兄 rcgard㏑ ssUfthciequencyUf
血 IIndc,sU血 ㏑ㄗ㏑stheeq⋯ ai㎞nUfe㏄唧 ㎜ chweknUw㏑ adsbnUlse“㏑㏕
re刖舔>η㏑d屾ubncanbedeΠ㎎dchss妃a好㏑severald此 rentwa於,but㏑ generali
cUrrespUndstUtheprUpUs丘 bnthat stateSw丘hh迪山βrenergyareleSSprUbab㏑ (Ur始ss pUpu止icd),
andtheweψ t伍ctU“ Ufany〝〃UstatesareInverseVprUpU血 )naltUtheexpUnentnkUfthei

energy始vck.IniIn血 6rchtedtUtheⅡ eathatulew嗨 批 伍 ctUrfUragIvenrcg1UnUn｛㏑
CUllStantene珽VSlIr伍ce㏑ phasespaceequals thevUlⅢ㏄ sweptUutby山 田 reglUnas山吟 tUtal

ene珽Vchanges㏑盯elllenta好 全Umε tUε十de.FUracerta㏑ mUdew山 地山 ener田tthechange㏑
thecUrre叩 Und㏒ cUU㎡血 teandIIlUlnenta㏄ cess呷 ∞ 此 ㏄lneⅡ theen叫野 ” dc怎 ㏑ss廿m
fUrlIlUdeswi山 lUwener田 一Justasthe㏑叮eaSe㏑ spcedneededtUgIveacerta㏑ 血 rease㏑
k出e比 ener田 怎㏑ssfUrapart㏑ ㏑山㏕ 6alreadylnUv㏑grapⅡV山mfUrUnethat心 mUvmgsbw址
Φecauscthek㏑ a㏑ ene珽V‘ qⅢ㏕ra比 ㏑speed9.t㏑ refUre,thevU㏑㏄Ufphasespaceswept
UutnearaⅡ gh＿ ener即 mUdeUn tlleener田 Suface6始 “ thannearabw-encr田 nlUde,sUthe

we山 t血ctUrsarecUrreSpUnd班
打 less.

Clas血a好 北wasassmedthateve,ene珽 VlmUde6capab始 UfpUssessmgaΨ amUmtUfener,,
㏑ mzerU㏑ 屾

、
sUthephasespacewascUntInuUl1sandhadnUllammlsca始 ,w” hpresents

SUlncsubtleprUblelllswhen” 哪吧 tUdecⅡehUwtUcUunt stateS.HUweVcr,fUmUw丘吧 Phnck,wc
cUlid好ppthes菡 thatene凹 lIlUdesare犯 岫 町 capab始 U” UfpUssess㏒ 血 c嬰rmultΦ㏑sUfa
certa㏑ 血㏕ aInentali犯duCb㏑ qln血血 Ufenerg,andwecU山 lsuppUse山飩 血 quant”

dependsUnthe丘℃quencyUfthecner田 mUdc.Thes螄 ㏑就SuppUs止bn心 that血)ener田 εUfa
IllUdeⅥ仙 丑equcncyvcanUli拉 takeUnUneUfthed怎 creteVahles

｛4)

whereh6a山 ㏕ amentalcUllstantUflla扯e(nUWcaledPhnck’ scUIlStant9.Wes㏕ asseΠ thatthe
w眺 批 伍ctUrs tUbeas蛺 dtUuleener即 始ve6arerehtedaccUrd㏒ tUtheexpUnent㏕ fUnmua
(3),butwes址四”yres血tthcvahesUfε tUtheapprUp山 tesetUfd怎cretevaluesdcpend㏒ Un
then℃quency

η㏑ task nUw怎 tUdeterlmnetheIneanvaheUfenergyfUraIIlUdcw血 全equencyn.RecaⅡ thatf
ener即 怎 ieatedcUⅢ㏑加嚃 9W山 dled6mb㏕ ㎝ φ)wegetalneanvahleUfkTfUr山 Denerg,
regard怕 ssUΠ沁quencyHUwever,l1smgthesameexpUnent㏕ re㏑旅mbrtheweult 血ctUrs,but
reS位i沈蛆 heener盟 始vektUthed心 cretevahesgIvenby6),血 lneanvaheUfener即 芯

% = :≧

nhv羋

星羋
rv怎 sm毗 ｛㎞ apprUachesthecUntInuU嚃 CaSe,sUtllerlleanellergyapprUachesk瓦 butbr
hrgerv士ε weui血 ctUrfUrthen=UteⅢ I(w㎞山 心 cUllstant9begms tUpredUllllnateUverthe



w嗨無 伍ctUrsfUrn>U.η㏑ denU＿ tUrcanneVerbeslllaler山 m1及 T,whereasthenlImeratUr
gUestUzerU.Mak㏒ l1seUfthegeUllle血 se」匕sⅡe㏕怕s

∞

己
nxn=tΓ

=≡

°°

wecaneVa山a把 山〕suⅡ正ⅡⅡ文xls tU日帕 theilleanener舒 ㏑velfUrthe仇quencyv

EΨ   =  ehΨ′kT-1                    ｛5)

MultΦM㎎ 血 by｛㏑ spectraldeils” (1)卦蟋 PhnCk’ sf㏑m山 fUrtheener田 deIls” perumt
vU麻 Ufm啣 rad伍jUnasanmcjUnUfiequency

p｛v｝  =  8π h土
ftehΨ
rkT＿ l                     

｛‘｝

Π曲 rephcesmechssLalRaYle跑﹂JeanshwgIvenbyequa旅mφ).AnUm田㏑ dplUtUf血
山㏄tbn怎 shUwIlbelUw.

2
v

Ene【gySpec㎞ f.r
C色㎡廿 R且山血 .n

3
V

eΨ ＿ l
′/ Pl老
㏑Ck

。

2｜ ° 81o
Ψ

Thel1slmlde而吼bnUfPhnck’shw,asdescnbedabUve,血 lㄗVasslImes山㏕ theB㏕比 mIln
d心㏕㏑㏑ n(39」吧StheCUm㏄tweult 血ctUrsfUrd心 cre柁 ener即 怕vc怎,eventhU田望lthat
dkmbutbnwasderIvedchss始 a町 全Umthedy困血csUfacUntInuU嚃 d怎岫 ubn.η㏑reare
ac㏑好 severald由brentc㏑ ss㏑㏕ dehⅥibIlsUfBUltzmm’ sd怎ibutbnfUrvanUl1sc㏑叭Im伍nCeS,
buttheYaliⅣ olvecUn血 uUl1sVd㎞山 utedener田 ㏑vck,andsUlneUfthemexp比 北VreVUnJle
cUn血啣 .FUrad乩 re圮 SetUfener即 始vekUnen四北haVeexpected,ap㏑成 sUm㏕㏒ Ikea
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ConsiderhⅣUequa︳ rnassesπ tConΠ eCted byspringsUfequa︳

strength乃 connected asshUwn.

┬heNewton’ sequatiUnsare

吼瑟1=一乃£1一 比(π1一 tω ,

阠瑟2=比 (π1一 tω 一乃竻2.

仇瑟l=-2比 £1十 乃竻2,
骫瑟2=乃t1-2紅勿 .

Ur



┬hesea「 etwUcUup｜ edd｜ fFerent｜ a︳ eqvatiUnsandca∥ fUrsUme
iΠ genuityto makethern separab｜ e. Add｜ ngandsubtracting,weget

矹(瑟1+i2)=一乃(£ 1+£ω,

矹 (E1一 動 )=-3乃 (竻 1一 匆 ).

SUbyus｜ ngagUUdcombinat｜ Unofthec← Urdinates,theequat:Uns

UfmUt｜ on seParate｜ ntUtwUuncUup︳ edUsci｜ ｜at｜ Unswiththe｜ r
spec｜ f｜ cfreqvenC︳ eS.

x1十竻2=人 cUs(ω＿古十δ1),
£1一 助=B0US°+t+仍 ),

whereω三=乃 /阠 andω單=3比力﹃.



Chapter6

HEATCAPACITIES

TheiInpUItanceUfheatcapacitiesin thermUdynaΠicdiscussiUnscanscarcely

beUveI-estimated. AtcUnstamtvUlume,theheatcapacitymeasuresquan-

titativelytheabilityUfthesys七 eIntUtakeenergyintUits internaldegrees

UffreedUm. Theseε Ie,in turn,intinatelyrelatedtUtheatUⅡ icandmUlec＿

ularcharacteristicsUfthepart二 culaIsystem. Theheatcapacitycanthus
pIUvidean impUrtant linkbetweentheUbserved,InacrUscUpicbehaviUurUf

asystemanditsdetailedatUΠicUrInUlecular structure.

BefUrewecUnsider specincexaInples,letuslUUkatthegeneralw.yin

whichtheenergy-levelladderUfanaspectUfthesystem innuencestheabil︸

北yUfthataspectto takeinener甜,i.e. itsheatcapacity Whenthelevels
areclUselyspacedandtheeneIgygapbetw℃ entheIn is sma1l,applicatiUn

UfthedistributiUnlawin thefUrm

冗t=ηUPtexp(一εj/几T)

shUwsthat itwⅡ lbeeasyfUIpaIticlestUleavethegrUundstate. InUIder

tUraisethetemperatureit is necessaIytUpIUmUteInanyparticlestUupper

energylevels. TheIeⅡ 八llbealargeintakeUfenergyandaheatcapacitynear

theclassicalvaluewhichw鋁 deduCedwithUutcUnsideringquantizatiUnUf

ene㎎y CUnveIsely,whentheenergylevelsarewidelyspacedandtheeneIgy

gaps large,arisein temperatureprUmUtesratheIfewparticlesandtheheat

capacityis lUw. NUwthedescriptiUn‘ large’ Ur‘ smal1’ fUrthespacingsUf

theenergylevelsareUfnecessitycUmparative; anyquantityUrUbject is

』輛

輈

忙

＿＿〡—甘

辦

恤

║＿＿║
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UnlylargeUr sma11cUnlparedv八 thsUmethingelse InthisdiscussiUn,

cUmparisUn iswiththermalenergy, 竹T  
、

Vecan illustratethiswith

hnpUrtant physical situatiUns:

ε《竹T(whentheheatcapaci妙 has北sdassicalvaluel

and

ε》》乃T(whentheheatcapacitytendstUzerU)

the

七
、
/U

｜支t

Ene「 gy︳ evcls

ε << (t
EneΓ gy︳ evcls

t >> ｛T
H如 capacity-U｝｛catcaPacitv classi(滔 ｜

Fig 61 EfrectUfeneIgy-level spacingonheatcapacities

asshtlwn inFig.6.1. PutanUtherwoy,whentheenergysepaIatiUn is lnuch

less than乃 T北 isε唱 thUughtheefrectUfquantizatiUn瑪 ℃renUtnUticedby

thethermalenergy TheclassicalIesult, 
、
◤h二chisb器 edUnacUntinuUus

distIibutiUnUfenergylevels,is thenUbtained. ButUncetheenergybecUmes

UftheUrdeIUfUrgIe.aterthan乃
=╮
quantizatiUneΠ ectsbecUmeimpUItant.

V伯 shal1 nU、/ cUnsider twU hnpUftant systems, the study Uf which can

helpgreauyinundeIstandingtheefrectUfquantizatiUnUfenergyUnthe

thermUdynaΠicprUpertiesUfsubstance

HeatCaPacit二esUfGases

、

Vhenas虹nple gas isheated at cUnstant vUlume 七heenergy is taken

up by the mUdes Uf the mUlecule: translatiUn, rUtatiUn, and vibratiUn.

AlthUughtranslatbnener田 ◤is quant圪ed,thequ色ntaareSUsmal1(ε trans《

比T)thatundefa1lexperimelltaljacces由 blecUn山 tiUns thetrans㏑ tbnal

partitiUnfunctiUncanbeevalu批 edeXplicitlybyilltegIatiUn. Aswes&、 vin

Chapter4,theenergyUftΥ &nslatiUnmUtiUncalculatedfrUnl thepartitiUn

func七 iUn,is:

σ㏑ms=言肛

TherefUre

NUdeviatiUns iUm
detected.

TheenergylevelsUfalinearIU七 atingmUleculearegivenby七 hefUrmula

discussedinChapter4

蝙=音萃÷η十●
whereJisapUsitiveintegerUrzerU. FrUln thiswededucedinChapter4
that,fUrdiatUⅡ licInUleculesUtherthantheisUtopesUfhydrUgen,tU已 Very

gUUdapprclxiInatiUn:

8π
2J符T

grcl七 =
σ几2

FUralineaImUlecule:

πea古 σaPact古 teε  67

轠s=響 =音Π
this fUrmula due tU quantizatiUn effects have been

研°七=屁T2dlngr矹 =屁T

髍=譥 =Π
TheIefUfe,

(Th抬 fesult is identicalw北 htheclassicalfUImu㏑ inwh比 hthetwU

degIees Uf rUtatiUnal fΓ eedUm Uf alinear InUlecule each cUntribute 
吉
」兄 tU

6I°t.) In pract比 ewenndthatfUralldiatUm比 g器㏄ ,eXCept呻 drUgen

andits isUtUpes,theexper丘 nenta19-alueis indeed石 tandquantizatiUndUes
nUtaffecttherotatiUnalheatcapacity. Thatquan七 iZatiUnUfrUtatiUnhas

thegreatesteffectfUr llydrUgenshUuldnUtbesurpΓ ising ThespacingUf
rUtatiUnalenergylevels is inverselyprUpUrtiUnaltUtheInUmentUfinertia,

withtheresult thattheenergyseparationUfJ二 UandJ=l isgreatestfUr
hydIUgen. FUrexample,th拍 spacingis3UtiIllesε 咚 largeinhydrUgen鋁 it

is in nitrUgen. Thus,whilst quantizatiUneIectsarenUticeablefUrhydrUgen

be七ween2UKand3UUK,thetemperaturewUuldneedtobelUweredbya
factUrUf3UtUprUducesirnilafeΠ bcts in nitrUgen Thehighes七 temperature

at、ⅣhichnUn一 cl追SiCalbehaviUurcUuldbeexpectedfIUm nitrUgen is thus

1UK,at╮ 〃hichtemperatureit isfrUzen.

ThevibfatiUnalenergylevelsUfadiatUⅡ icshmpleharmUnicUscillatUI

aregiventhefUrmula:
1
一

2
Evib=几v(v十
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wherevis thefrequencyUfthevibratiUnandvis thevibratiUnalquantum

number, apUsitiUn integeIUrzerU. AswesawinChapteI4this leadstU

thevibratiUnalpartitiUnfunctiUn

avib=(l一 e一
九v/KT)￣ 1

lng,.心 =一 In(1一 e一
九〃 乃T)

d(1navib)   九v   e一方v/治T

dT  

一

跆 T2 1一 e一

九 v/乃 T

吮山=屁T2d.ng㎡b)=〞 .告手.一逞弓告爭牛主「
Whenthesubst北utbn也 =几v/几T治 made,thisequat㏑ n拍 UfthefUrm

quUtedinAppendix3 IfthisequatiUn is rearrangedwecanUbtain:

騙=罕﹁砝面

With the subst北 utlUn 仳 = 九v/疋耴 this equatiUn
Appendix3.

(6.1)

is alsU quUted in

ThevibratiUnalheatcapacityUfad泛 此UⅡlicmUlecule,calculatedfrUm

Eq.(6.l),canvarybetweenzerUandn,dependingupUnthevalueUfthe
Iat㏑ 几v/KT(seeAppen山 x3).AthightemperaturesWhen九 v/北Tis small,

wecanexpand(1一 「
h.’uT)-lasapUwerseIiesandneglectterms in

(几 v/比T)2andbeYUnd.Wethenget:

avib=二 等
(highteInperatuIe)

a心 =岳←T2d㏑
a㎡b),

whence          Uvib=屁
.

AtlUm.temperatureswhere几 v/乃 Tis large,e一
切 /几 T一 → Uandgv山 → 1.

Hence

a油 → UaST→ U.

\
、

—
J
/

切
一解

/
r
＿

、

\

n=心a
e九
v/几T

(e打 v/几T＿ 1)2.
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Theiequencyvis relatedtUtheInassandbUndstreng七 hUftheInUleculeby

theequatiUnv=音 二∼
/(乃 /u),where乃 is thefUrcacUnstantUfthebUndand

uthereducedmassUfthemUlecule Thus light(lUwu)strUnglybUnded
(h㎏h几) mUleculeshavehighvibIatiUnfIequenciesandlUwvibratiUnal
heatcapacitiesat rUUIntemperatuIe. CUnversely, heavy, weakly＿ bUnded

叫一艼1:f:↑ 1° :︴I:｛::::｝:r,:::::〧 t::Ξ :︳::::l;:lI:現 .出翠姦扣
IUr助                             .
It is㏑teresungtUnU㎏ thatatelfUldchangein theratb几 v/乃TfrUm
alUw＿tempeIaturevalueU∴ say6tUahigh-temperaturevalueUfU.6h路
theeffectUfchangingtheheatcapacityfrUmU.U9fttUU.97屁

.

ThetemperaturedependenceUftheheatcapacityUfadiatUⅡ licg&scan
beillustratedschematically(F媳 .6.2).

F㎏ 6.2.VaIiationUfheatcapacityUfadiatomicgaswithtemperature(Unly
hydmgen isotUpeSovepurelytranslatbnheatcapac北 i㏄

)

HeatCapacityofS二 lllpleSUIds

UnecUnsequenceUfthethirdlawisapredictiUnthattheheatcapacity

UfasUlidtendstUzerUatverylUwtemperatures. WecanseehUwthis
happens ifwenUtethattheUnlywayinwhichamUnatUΠ icsUlidcantake
inheat isbyincreasingthevibratiUnalexcitatiUnUfitscUnstituentatUms.

ThisexcitatiUnnatura1lyincre鋁eStheentrUpyUfthesystem. W￣henthe
temperatureis lUweredsumcientlyall theparticlesfallbacktUthelUwest

available level, thus reducingthe entrUpy tU zerU. As we have seen fUr

the山 atUm比 mUlecule,whentheIie6nUv山 I乩㏑nalexc北乩㏑n(九v《 跆T)
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thevibratiUnalheatcapacitytendstUzerU. 
「
Γhis resu1七 canbeexpressed

mathematicallyfUrtheheatcapacityatcUnstant preSSure出 SfUl1Uws:

UP=(S手
)PbydennitiUn

=(書
爭 )P(sinceUnly」

P一 VwUrk isdUnebythesystem)

==(T吾告:)P (areversibleprUcesS)
=(t早早一)P

y茖
三 ::I穿 t玉£ ︴ II:惢 :土I胛

一

:一浪 :玉古 器 ξ::友£

i.e UP一 U.Shmil&rlyUl/一 Uas-→ 6Γ -→ U ThetempeIaturedependence

UfUvUffUIsUmeInUnatUⅡ IcsUlids is shUwn inFig.6.3.

Fig 63 Heatcapacitiesofsomemonat° Πlicsolids.

The high temperature lirllitingvalue Uf Uv fUr amUnatUΠ lic sUlid is

3n, abUut 2r, J K￣
1mUl￣ 1. This is, UfcUurse, Du1UngandPetit’ sLa、v.

Classica1l) it wasderived by assuΠ Ingeach atUmcUuldvibrate in three

directiUns,witheachInUdeUfvibratiUncUntIibutingjBtUtheheatcapacity

Ire茈 CcPact仇εε 71

ThisapprUach,hUwever,cUuldprUvidenUexplanatiUnfUIaheatcapacity

、
〃hidhgUestUzerU.

InUrdeItUundeIstandthebehaviUurUfsUlids,weneedtUnndaInUdel

fUrthesystemw㏑ chseems phYs比alj reasUnableandwhUsetheImUd汁
naⅡicpIUpertiesareinaccUId、戊ththeexperinentalresults. Therehave
beentwUpaIt沁 ularj impUrtantapprUachestUthis pIUblem,nrstbyEin＿

steinandthenby】 DebYe.

r元e王沌死εtej%r九eU唧 UrEeatθ 叫四比倪化 3

Inthis treatment,theInUdel isUfasUlidwhichcUnsistsUfΛ r indepen＿

dent simpleharmUnic UscillatUrswhUseenergyis quantized accUrdingtU

theequatiUnE=冗 几v,wheIevis thefundaInentalfrequencyUftheUscil＿
latUrsand冗 iSapUsitiveintegerUrzerU,i.e. anUscillatUrInayUnlyhave

discreteenergiesE,2王9,3E.‥ abUvethezeIσpU二nt leve1. It isatthis pUint
thattheInUdeldiffersfrom thec比 £sical treatment,inwhidhtheUscⅡ lating
atUmscanhaveanyfrequencyand,therefUr志 ,anyeneIg” Whenthereis nU
cUnstraintUnthevibratiUns thesUlidhasatemperature-independentheat

capacityUf3n.

ThepIUblemwenUwfaceisUneUfnndingtheenergyUfasystemUf
sUli&statesimpleharmUnicoscillators.ItcanbesUlvedbythesamemati

ematical prUcedureasthatwehavealreadyusedearlierin thisChapterfUI

thevibrat㏑ nsUfadiatUmicmUlecule.TheUnj pUintUfdiffeIencearises
becauseag鋁 eUUSdiatUΠicmUleculehasbutasinglemUdeUfvibIatiUn,
alUngtheinternuclearaxis,whilethemUtiUnUfasUlid＿ stateUscillatUrcan
beresUlvedintUthreecUmpUnents,UnealUngeadhUftheCartesiancUUΓ d一
nates. ThusfrUⅡ1UureaIlierequatiUnfUravibIatingdiatUnicInUlecule:

嘛=至等∠.,弓﹁品。=t
wecancalculatetheaverageenergyUfanUsc二 llatUrEusingtherelatiUn

σ
一Ⅳ=

一E

Hence

E=誥
。

=叫
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SinceeachsUlid-sta七 eUscill&tUrhas3diΥ ectiUnsUfvibIatiUnUr‘ degreesUf

什eedUn1’ thetUtalvibr&tiUnalenergy3Λ 「E 
、

VecannUv√ reachtheEinstein

valueUftheheatcapacityUfdifrerentiatiUn:

一        九v
σE=3ⅣE=3Ⅳ

eKv/方T＿ 1

UE=(暑告)γ =l÷
:古辛告●:÷;三
二

Ath㎏h托mperatu㏄ (九v《 北T)theupper lim北 UfUEcanbeUbt㏑nedby

thesamemethUd錙 theUneusedfUragas TheΓ esult is

(UE)HlghT=3n.

AtlUwtempera+ure(九 v》 /乃T)theenergy怕 :

σE=3Ⅳ 九ve一 Kv/〃 .

TherefUre         (t、

)L°wT=3Ⅳ 符(音
手)2e一

九〃比T

AsT→ UtheexpUnentialternlcUntrUlStheequatiUnand<9v→ U This

again is thecUrrecthmit. HUwever,theexpUnentialdecre釷 圯 atthelUwest

temperatureiSmUrerapidthantheexperhnentalIesults,、Ⅳhichgenerally

havealirnitingT3dependence

Intheequ孔 tiUnfUIUvtheUnlyunknUwnpalameter is thefrequency

UftheUscillatUrs, v. Thus, bynttingtheequa七 iUnaSwellaspUssibletU

the experilllental results, a valueUf this characteristic frequency Uf any

particularsUlidcanbeUbtained It is sUmetlIlleSmUIecUnvenient tUuse

temperaturethanf1.equencyasthecharacteristicpaIameter. ThetwUare

relatedbytheequatiUn

九vE=乃θE

、
vheIeθEis theEiIlstein teInper&tuIe

FUr nlany cUlllInUn inUrganic crystalS θE 
一
 2UU出

。, sU that V它  
￣  4×

1U12Hz It isusuallypUssibletUgetgUUdagreementbetweentheUryand

experirllentdUwntUatemperatureUfabUutU2θ E Be1Uwthis temperature

七heeXpUnentialfactUrcauSeStUUΥ apidafa1lin theheatcapacity
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It is usefultU cUnsider the shUrtcUnlingof the Einstein mUdel  The

pUStulateUfasinglevibratiUnfrequencyfUrtheparticlesappears tUbea

gUUdapprU如 matbnat interme山 ateandhlgh托 mp㏄atureS(T>U2θ E).
ButatlUwtempeΥ aturestheSpacingUfthelUwestenergylevels,v◤ hichis
九vE,is tUUlarge Theresult is thattheheatcapacityfalls tUUrapidly This

cUnclusiUn illustrates Uur general UbservatiUn that widely spaced energy

levels, Urlargequanta, leadtUasmallheat capacity InchoUsinganev◤

mUdel,therefUre,weshUuldseekUnein、 vhichtherearesUme,butnUt toU
many,lUw＿lyingenergylevels,whichcanbepUpulatedatlUwtemperatures

The iInprUvement at lUwtemperatures which the Debye treatment Ufrers

UveItheEinstein mUdelarisesf1.UIll thisfeature

Γ
、
eDε bvet几eUTvUf 几eatcapacttjes

InS七 eadUftreatingtheparticlesasthUughtheInUtiUns、vereindependent
UfoneanUther,theDeb｝ ℃apprUachrecUgnizesthattheparticlesdUinteract

Inthis mUdelthesUlidis treated as ahUmUgeneUuscUntinuuΠ 1, and the
al1UwedvibratiUnalenergylevelsbecUmethUseUfthecrystal錙 aWhUle
ThevibratiUna】 rnUtiUncanbethUughtUfasthethreed丘 nensiUnalanalUgue

UfthefalniliarvibratiUnsUfaviUlin string ThequantizatiUnUfenergyis

thengUvernedbythecUnditiUnthatthevibrationshaveanUdeattheedge

UfthesUlid,i.e t二 η入/2whereJis theleIlgthUfthesideUfthesUlidand

人thewavelengthUfthevibratiUn. 冗 iSapUsitiveinteger
In Urder tU calculate the tUtal energy Uf vibratiUn we need tU knUw

hUwmanyUscillatiUns thereareateachallUwedfrequency WewⅡ lca1)the

mathematicalfunctiUnwllIch由 vesus七 h6reSultJ(v) Theelastk theUry

UfsUlidscanbeusedtUcalculate√ (v),w北 h七 hereSult r(v)Ⅸ v2 Uver
己nySma1lrangeUff1.equency, at anyparticularfrequencyv加  thenulnber
Uf㎡ b1.atbns isˊ (旳

)δV.Sin㏄ we乩 illh釦佗 Ⅳ atUms,theUverall numb㏄

UfallUwedvibratiUns relnainsat3Γ V,ie

Σ ṕ” =3Ⅳ

An imp㏄t找ll+CUn㏄ quen㏄ UfthisequatlUn抬 that/(v)and,therefUre,v
cannUtgUUIl increasingindennitelybutIllustΥ eachalirllitingvalΠ le Tllis
limitingflequency心 calledtheDetvε ctlf＿ qγ 力吧C也e甩CV,VD Ill tllis mUdel
theenergylevelsUfthevibratingsUlidareclUselyspaced,sUth孔 tnUSeriUus

mathematicalerrUr is intrUducedifweintegrateinsteadUfsun1lnatingthe
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tCS

equat㏑ nfUr√ (的 ,i.e.

IvDav2dv=3Ⅳ

wheIea6acUnstantUfpIUpUIjUnm北y

Henceweget

a=9Ⅳ/埢 , r(力 =9Ⅳ′/鴗 .

WearenUwIeadVtUwIitedUwnthetUtalvibIat㏑
nalene理VUfthe

::Ilξ:t胖′翠片1蕊:愧生1玉
土北egr乩㎡ Uver㏕ them卹 d士eque攏

訌 呲 haVe㏕ culatedpIev㏑ ㏕ yUtUvD. TheaverageeneIgyUfanUsc
in theEinstein treatment;it ls

一     九vE=e打
v/乃T＿ 1.

Thus

σ=IvDEf(v)dv

=I喲晶 土≒美←上=
乩IE:咒:雷器 f石:Γ:ll︴I古:;I｝二

i右

:「:翠:Υ;工窩 :｝暑F:::
d6feIentiateσ tUgetθvtheresu比 i臥

σD=9n(言
:)3｝

一

D/T一

金早｝半≒
This integralcanbecalculatedandis tabulatedin standardwUIks;atlUw

temperatⅢeStheⅡm北 伈/TUntheintegralm砰 bereplaced”
°
。,the

valueUftheintegralbecUmes independentUfT,andsUtheheatcapacity
vaJIi㏄ asT3/時 .Unceag茁 n” dependsUntheI日

㏑UUfthetempeIature

UfachaJIacteristictemperatuIe,this tiIneθD. This latterquantity6the

㎝ lvparⅢ eter spec血ctUanVp缸 t比ulaImUnatUmicsUlm.ItfUllUwsthat

ifθDischUsencUIrectlvandUv治 plUttedag茁
nstT/θDall sUlidsshUuldfall

Unthe朋 旺佗 CurVe.This shUuldalsUbetrueUftheEiⅡ
曲dnmUdelifσ vis

plUttedagalnstT/θ E.Theexperlmentalresults shUwthatthisexpectat㏑
n

is ratheraccuIatelyfulnlledbutthat,出 WehaVeseen,theEiⅡ
ste㏑ heat
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F屯 .6.4.ComparisUnUfEinsteinandDebvetheUriesUfheatcapacities.

capaci甘 fallsUfftUUfastatlUwtemperatⅢ es.TheDebveandEinstein
curVesafeshUwn inFig.6.4.

HavingUbt㎡ nedθDffUInthecurveit is pUss二bletUInakeafurthertest

UftheDebvetheUr巧 becausetheelast㏑ theU呼 UfsUlidsallUwsaquite

independentcalculat㏑ nUfθDtUbemade,usingUⅡ 玗 theindepeⅡ dentV
measuredelasticpIUpertiesofthesUlid. TherelatiUn is:

θD=告 .vU(6π 2÷÷)吉
where%kthevelUcityUfsUundin thesUlidUfvUlumeˊ .TheΓeisgUUd,
thUughnUtperfect,agreementbetweenthetwUresults. Thed二 screpand㏄
arisebecause thedistributiUnUf allUwedvibratiUn ffequencieschUsen in

theDebvetreatment is sUmethiⅡ gUfasimplmcat㏑ n.AmUreelabUrate
tIeatmentgh佗 SbetteragreementbutalessuseΠ llfUrmula.
Apart二 cular圩 valuablefeatⅢeUftheDebYeequ乩㏑n心 thesimplefUrIIl
UfthelUw＿temperatureregiUn. ThisT3tempeIaturedependencecanbe
usedtUextrapUlatetheexperiInentalresu比 siUIIlthelUwestacca珞ibletem-
peraturetUtheabst,lutezerU. Asweshall see,t㏑ sextΓapUlatiUn is requ二 red

fUItheexperi】 mentaldeterⅡ linatiUnUfthethirdlawentrUples.
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EfrectsUfElectron onHeatCapac二 ties

UnedistinctivepIUpertyUfInetals is theirelectricalcUnductivity 
「
Γhis

prUpertyresultSfrUIntheabilityUfthecUnductiUnelectrUns tUmoVefreely

thrUugh the lattice. It Ⅱ山ght have been expected, therefUre, that these

electrUns wUuld make a signincant cUntributiUn tU the heat capacity Uf

themetal IIUwever,atrUUΠ 1teInperaturethedifferencebetweentheheat

capacityUfametalandUf色 dielectricishardlysignincant. BycUntr路 t,

atverylUwteInpeΓatures,wherethelatticeheatcapacityis lUwandfalling

rapkⅡy(Deb” T3re舒 Un),thecUnt㎡ butbnUftheelectrUnsdU㏄ becUme
iInpUrtantanditcanbeIne路ured TheequatiUnfUr七 hetUtalheatcapacity

in theDebv℃ T3regiUn is

Umetal= aT3  +  γT   .
(lattice)  (electrUns)

ThusatlU、vtemperaturestheelectΓUnsInakeanappreciablecUntIibutiUn

tUthehe己tCapacity.This is mUstcleaIlyseen plUttingU/TagainstT2fUr

atnetalandan insulatUras inFig.6.5.

Fig. 65.  CompaIison of low＿temperature heat capacities of a metal and an

insulator

ThereasUnwhytheelectrUnshaveaheatcapacitywhichis sUInuchless

thatthect海 SiCalvaluecanbeunderstUUdfrUⅡ 1UllrearlierdiscussiUnsUf

(ηθ2
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theefrectUfthequantizatiUnUfenergylevelsUnheatcapacities. Wehave

seen that when thecharacteristic eneΓ gy is largecUmpared with 乃T the
aSsUciatedheatcapacityis sma11. TheelementarybandtheUryUfmetals

canbeusedtUshU、 vhUwitcUmesabUutthattheenergyoftheelectrUns is
indeedmuchgreaterthan免 T.

If〝℃ iInaginetha七 七hemetalcUnsists ofaregularcrystallinearrayUf

atUmswiththeelectrUnsfreetUmUvethrUughUutthelatticethenwennd
thattherearegrUupsUfcUntiguUusenergylevels, ‘bands’ ,andthatthese
m日y be Separated frUm neighbUuring bands by an energy gap  忒0thin
eachband,theelectrUns(be㏑ gFermi＿〕 racparticles)Uc㎝呼 thelUⅥ℃st
energylevels cUnsistentwiththe Pauli principle, i.e. UnlytwUelectrUns,

〝河thoppUsedspins, canUccupyeachenerg◤ level Thus, aselectrUnsare
fedin tUthelattice,higherandhighereneΓ gystatesInustbeUccupied. The
energy＿ leveldiagΓamfUrthis prUcessusuallydra、 vnbyplU七 七ingthenumber
Uf乩ateSw北hapartkularener田,Ⅳ(E),againstener田  T㏑ resulting
curveis theband  ElectrUns thenUccupythe 〝s/21UⅥestenergylevels,
where 〝免 is thenumberUfcUnductiUnelectrUns. TheresultingsituatiUn
at absUlutezerUis shUwn inFig. 66. TheareashUwnshadedIepresents

energylevelsUccupiedbyelectrUns,thecleararearepresentsemptylevels

andthevert比㏕ lineEFmarks theboundaryEF心 cal㏑dtheFeη m● 泛ve1.

Fig.66 Asimpleb色 nddiagΓamforametal

AsthediagΓ amshUws, it is theelectrUnsattheFerIni levelandthese

alone which haveunUccupied eneΓ gylevels adjacent tUthem  ExcitatiUn
tUtheseeInptylevels maybeachievedtherma1lyUIbytheapplicatiUnUf

世
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speedU:瞴 ,andthecUn山 略 bn山 缸 I由t抬efwasjl1st suChawave.殈

chalengedexperIInenta㏑ 北StUgenerateanddctecteleciUIIng,1le比 radh㏑ n

嚃 mgsUlnefUmlUfe㏑ ciL㏕ appara朓 .The什就 C㏑arVsuccess制 atteⅡptWas

byHe血thHertz㏑ 1885.He嚃 edal嘓lvUltage㏕uc㏑ncUⅡ tUcausea
sparkdLchargebe小〃een小〃Up始cesUfbrass,tUquUtehint’物 agoηθa

φ加 〞 9羽肋 砌“ 加 勘 Jε羽 加 祊a羽θ〞θr羽σ2‘ ε羽 ㄌK&切 ter呬佬〞

肌i伽η aㄌ僊 j佑 泛Kg乃 ㄉ aΨa汝 gφ w幼Ⅳ pU妳 羽 ㎡t娏r∫:dea紹

b́羽θ〞●VΨ乃θr“ qㄏ 2ε羽 翃〞勀∫.” T山cⅡeawasthatUnceasparkfUmeda
cUnductmgpathb說 Ween｛㏑

、
obrasscUnductU6,chargewUlⅢ rapⅡV

UscⅢhtebackandfUrthenii㏑ge㏑ctrUimgnet㏑ rad㏕bnUfawave始lㄩl

si㏕比ItUtheslzeUfthccUnductUrs thelILselves.

TUprUvethererea好 wasradh旅 me㏕ ed,北 hadtUbedetected.Hertzl1seda

p始ceUfcUpperⅥΥelIIlIn山山kbent㏑㏑ ac此 leUfdhlncter7.5crlls,wi山 a

slInⅡ brass spllereUnUneend,and血 UtherendUfulewiewaspUmted,㏕
thepUmt nearthesphere.HeaddedascrewInechan‘ msUtlmt thepUmtcUuld

belllUvedve,clUsetUdlesphere㏑ acUniUled丑 心㏑ n.Th6’ ieceIve↙
、

Ⅳas

des坦ledsUthatclIrrentUsc血血吧 backandfUrth㏑ theⅥ祝 wUuldhavea

nauralperbdclUsetUthatUfthe’ transmlter’IdescrlbedabUve.ThepresenceUf

Usd㏑血名 charge㏑ therece即盯 WU㏕ be眺井 l㏑dbyasparkacmSsthe(山 叻
gapbaween山 epU㏕ andthespllereΦp沁a睨 伽〕gapwasl9undredthsUfa
m山山der9.(ItwassuggestedtUHertzthat山上sparkgapcU㏕dbe㏄placedasa
detectUrbyasumbVpreparediUgs怕 g,butthatapparentlYdIdn’ tWUrk.)

ηΥ ωφa如mntwaSVeⅣ success丘Ⅱ-HertzwasabletUdetectthemd血 tbnup
tUn好 feetaway,and㏑ ase比sUf㏑genb嚃 eXper而en6establ怎hedthatthe

radhtbnwasreflectcdandr㎡ ㏑ctedasexpected,andthat北 waspU㏑ rlzed.η㏑

mlm prUb怕 m-the比㏕山吧 factU了 ㏑ detecJUn﹊ wasbemgabletU及妱 the啣
spark㏑ the㏄ ce式cr.In的叫gtU螄 rUvethesparkisvkb山 逆”hecaIneupUn
sU“E山血吧 ve,mYste山 嚃 .TUquU圮 全UmHertzaga㏑ (hecaledtheiaIlsmlter

spark4,therecehcrU:叮 ㏄εa∫ㄌηaㄉ “ε伈∫θ〞t乃θΨa磅 Bjη a〞t雄 羽∫θ

∫Ua∫ ㄌ uUKθ a“〞 〞aπθrF,θ U狋θ〃 〞ㄌ份
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堅LleUphysⅥ r山㏑ed皉 hs曳︾忔∫V山°lUelecV沁。fFeL一 lhlrn︳

＿ga」eUphysvig㏑ iae由此hsseVγ Zm° tUe始 ctrlc＿pffec‵ hlmI

t乃θ羽a加 切羽 Ψ a刀├尨ηgt乃 比 εa羽θ滮 εj滮〞〞 ∫羽aJJer加 比θ羽 ∫θ廟aK〃

wa∫ terUK.UKK羽 UV切g切 ∫”εε“∫ㄌK油θva刀 U切∫Par倦 tt乃θεa∫色 〃 1●’a∫

∫θθη油〞 廝θUK〞′Ur〞 bη qㄏ〃w乃
jU几 θxθrc心θ〞屁心′

�
甸u祊ε加J電t化εtwa∫

屁〞 〃乃兌乃解 θKθ〞物θ凸pa砒 B╯9U〞 廝θ凸paK后 4.I物θ′a乃 9tㄌ刀U刀 砌㎡

∫9〞θεx乃山′〞θ〞肋心qㄌε右KaUη〞〃乃θη〃wa∫ 加油θ〞竹羽θ〞加比

化 地力tU切油 UU〞 ↙ t乃θΨ a磅 E助 ta你U”乃θK9twa∫ 切佬φ U∫θ〞〞 gKatθr

心́taKθ∫rrU羽 Btθ tWθθ刀4aηˊB.4′乃θηU沕θKUη ∫Urθ羽ar乃at尨 εaJJe己力 r

εb∫θr9ηvθ∫ttga〞oUK.”

HertzthenembarkedUnave〃 thUrUughllVest●驆 tbn.HefUmdthatthcsrIlaⅡ

reC一吧 rΨ arkwaslIlUremgUm嚃 血 wasexpUsedbdtr小 心 h㏒ 灴 丑UInule

transm竹胎rSpaik.IttUUkalUngtinetUΠ 駟 eth6Uut-henrstcheckedfUr

SUlIlekik!Ufe㏑ ciUma興 比 cfrca,butbundashc說 UfghssefectIveV

s㏑ldedthespark.HethenfUmdaslabUfqllartzdⅡ nUts㎞姐 thespark,

whcreupUnhe班edaqualtzp曲 mtUbrcak叩 thc山婆北丘omtheb屯 spark㏕

你 cU㎎Unents,and血 cUveredthatthewave胎 ngthw㎞ hllmdethe㏑比 Ψark

IrlUrepUwe㎡ⅡwasbeYUndthevlslble,㏑ Ⅱ℃u肚amUlct.

Inl887,HertzcUnchldedwhatmfthavebeenIllUnthSUfmvcstlgatbⅡ
”
.‥ J

εU〃肋 θη sθratp〃 恣θηttUε U羽用 ”K5a〞切gr乃θ K∫切′t∫ Ut施加 θ既 l1,jt乃 U切〞

a〞′θup〃ηgaηv〞乃θUrV〃平P㏄ rjηg〞乃θ〞竹a刀ηθr9KW乃 5乃 t乃θUt∫θpθ〞

′乃θKUη,θηaaKtrU克 思乃tatUvt.”

Ha!!waChs.SimP【erAPPr。 aCh

η罷 nexty汨r,1888,anUthcrGerlmn p” 血 血,W伽 ㏑ Ha㏑achs,㏑ Dresde耴
wrUte:

’Υ力arθεθη〞p叨t〞εat9UKrfcr弦 乃a∫ 冽ㄅ∫ε′9tθ〞加vθ∫〞●gatㄌ K∫ Uη 砌θ

〞電pθK〞tKεθqㄏ砌θ羽aX翃切羽 厖Kg廝 t羽 jK劦εtj羽 Ψ a磅 羽 幽θ用 〞9atㄌK

沒竹θ”θ〞D,,o:夕U羽 aηU砌θr加a切 U〞 jUη Ψa戚 .馬〞Pη昭ˊ〃比〃翃θ

p乃θKU羽θηUKUtⅣ pθ〞心aKacrㄌη@╭奶θ〞′翃VjU尨 :t它g加.ⅣU╯向rr乃θr嬨乃〞

UKt乃θηat切 KUㄏ t乃θ′乃θKU羽 θKUη εU切〃 tθ Ut〞a加θ說 tθεa〞∫θ Uㄏ t乃θ

εUη 乃tatθ〞 εUK〞 9〞9UK∫ qㄏ〞乃θ 〞“ θaK乃 加 W乃5乃 〃 卿 eaK以 J乃 avθ

θK〞θavU乃θσ tUUtta加 乃θ加 tθ〞P乃θKU羽 θKaW乃 沁乃 wU切 〃 Uεε“r“Ktθr∫盹 p尨 r

εUK〞9tㄌK凸 切 Ur〞θ尸〞U羽 a方θ 〞乃θε光p加ηatㄉ Kσ t乃θp乃θKU沕 θηaθa∫尨 6

&KUa塔 Wa∫ U加a加θσ切”Kv“ tjgat加 g砌θaaㄌη@行力θθ地c.rr5J惁加 UK

θ厖εtˊ9羽JJ,翃 a〞芒ζ〞 加〞妳 .”

Hethendescnbes㏑ ve〃 血Ψ㏑experIInent:ac㏑ and㏄岫 rp㏑teUf血 was
rrlUmtedUnan㏑ sulatmgstandanda伍 chedbyawIetUagUldlcaf
cleciUscUpc,W㎞ 山 wasthenchargedneg曲 e9.t㏑celeciUscUpelUSt北 s

chargevc〃 sbwV.HUwever,fthezincphtewasexpUsedtU㏕ i抽心 let㏒江

丑Umanarclalw,Ur全 Um㏑ 田 叫 野 mgnesi田耴 Charge㏑ akcdawη qmckVIf

theph柁 WaSpU血 ㏒ Vcharged,thcrewasnU伍 就 Charge㏑ akage.(WeshUwed

血 祁 aleC血 edeIrlU,嚃㏒ am地 ㎎ 小 SUlIrce.)

五V外加 η∫力 r廟θ吻 痝 KCU例dlbethattheutl-a朋 b㏑t卿 tsUIIlehUWspU北 d

the㏑mht㏒ pmpe血sUfmestandthe血 phtewasUpcUuld北 be屾
e㏑c血 ㏄lIlaglllctLcfrec蕊 ㏑mdlelargecⅢe血㏑thearc㏑㎎ sUIllehUW



gameo pliysvu」 n砝 ed醃忔皺血52/phUtUe㏑ ㄩc＿βr胎 cLhull︳

caused血 chargc㏑ akage?

AⅢD班典HahacⅡ sexpa㏑fⅢ certa迦γ山Υ血姐 thes血㏕㏑耴heddIlUtUifer

缸ΨmeU9UfwhatwasgUmgUlL

J.J.┬ ho mson︳ dentifiesthePartic!es

In伍ct,the山㏑放mnⅡ說ma㏑edlInclearⅢm1899,whenThUIIlsUnestab㏑ hedthat

血 血 卻㏑ ㏑t山望icausedθ厖aη 妳 tUbee㏕ ed,thesamep缸 比 ㏑sfUund㏑

cathUderays.H怎 inethUdwastUenclUsethelIlet㏕㏑ surncetUbeexpUscdtU

radlatbⅡ ㏑ avaclImtube,㏑ U山erwUrdstUmke北 thecathUdc㏑ acathUde

raYtu兀 .Thenewfeai此 WaSthateleciUllSWeretUbeeJected㏑ m血

cathUdebyt1.erad怕 比bn,rather山anbythestrUnge怕 c㎡cndd必 edpreㄐUl1sy

By血 t㏑℃,therewasap㏑ 呸 lblCp㏑m㏄ UfwhatwasgU丘 圯 Un.AtUIrls㏑ dle

cathUdecUntaInedelectrUlls,Wh● hwercsha1.enandcauscdtUV山 ratebythe

“ d㏑血名 eleci沁 托 Ⅱ Ufthc血 Ⅱe血 mdh㏑ n.Even扎 n町 9UlIleUfthemwUlmd

beshakenlUUse,andWUlidbc句 ectediUmthecathUdc.It怎 wa山 w跐

CUllSⅡemgcare血 盯 hUwuler“ 〃庇 randΨ θθ〞 Ufe始 ciUIlSem血 edwU山 lbe

expectedtUva,w山 山e加比η∫j〞 andεUㄌrUftlle㏑cdent ra山atbn.

Inc㏄ a血吧 血  血 e伈。yUfradh㏑nwU㏕ shaketheeleciU你 lIlUre吨㏑n啦 ∞

UnewUuⅢ expect lnUretUbeemtted,andtheywUu山 ishUUtUutatgreater

speed,Unaverage.Increas丘 名thc士equencyUftherad血㏑nwUuldshakethc

e㏑ciUIls 血ster,sUm蟈ltcauSethee始 ciUIlStUCUIneUut伍 stcr.FUrve呼 d血

山要i,山 呦 lidtakcsUIIle恤 fUraneleciUntUwUrkupbas㏕ ㏒ Ⅱ 砸 ⋯ ㏕ e

Uf、心rajUntUshakelUUse.

∟ena「dFindsSomeSurPrises

Inl9U既 LenardstudiedhUwtheene「野 Uftheen“扎edphUtUc︳ ectrUnsvaHed

㏕ 山 ule㏑怡llS” Uf山川 山 t.He嚃edaCarbUnarcVi,andcUud此 reasedle

血ells。yathUusand-bⅡ.The句 ectede㏑ ciUllsh丘 anUthermeta︳ p㏑te,the

cUlectUr,WhthwascUllneCtedtUthccathUdebyawIreⅥ Ⅱhasell血 Ive

aIIllneter,tUIneaslIrethcclIrrent prUducedbytlleⅢ㏑Ⅱ山Ⅲ批bn.TUIneaslIrethe

ener田 Ufthc句ectede怕 ciUIlS,LemrdchargedthccUmectUrphtenegat兢 蚖 tU

repdthee㏑ ciUllsCU一 gtUwards北 .Thm,U地 /e始 ciUIlSㄐ eC柁dW山 cn㎝幽
凵旅〕比 ene珽VtUgetup山kpUtenthlh且 wUlidcUnmbutetUthecⅢ cnt.LeIlard
d6cUveredthattherewasaweⅡ de血dm㏕山吜nVUltagethat stUppedany
c㏑ciUIlsgc住㎎ 恤 o嘓 馬WdⅡ caⅡ 16血Up.TU㏑ surp由c,hefUund血 t唉 tUp

dⅡ nUtdepend放 aIUnthe血 ell㎝吵 Uf山e埵典t!DUllb㏑gthe埵與 ㏑怡llS”

dUubledtheK“珝 taUfelec廿 UllSemtted,butdkl nUtafecttheθKθrg泛想 Ufthe

en血cde始ciUllS.T㏑clnUrepUwe山 lUscⅡ㏑ 丘名 先 ld句 ectedlllUree㏑ CiUlls,but

them孔屆㏑ⅢⅡn㏕ 血 ㎞ lene唧 Ufthe句 cctedeleciU伈 WaSthemIne小 心 rthe

weaker iield.

ButLellarddⅡ sUIll㎡㎞圯 e怎e.W山㏑ ve,pUwerⅢ arc㎞叩 ,therewas
smc始nt 血 ells北ytUsepara托 UutthecUlUrsandcheckthcphUtUe㏑ c曲efrea
必mgutUfdILreⅢ cUbr&1Iebund血 ttheiIn㎞ ene卿 Ufthe咖cted
e㏑ciUIls祊ˊ dependUnthecUbr-— uleshUierwave㏑ ㎎ 仇 紅山 “ 士equency

㏒ 灶 causede㏑ctrUlls tUbeqectedw血  lllUreener田 .Ⅲ曲 was,hUwever,a

gaⅢeophysvlr」 n㏑ ed酖 hsse蛇 5幼 h。lUe怕 cVlc＿pffec﹂ hjl9I
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gatleUphysvjgiiaed㏕ cla頗 S尼 5Z°㏑tUe始 ctrlc＿pm㏄ thl1,,︳

伍喲 √qua㏑ 山 ocUn山 嗎 bn-﹊ thecller釣〃IEaSlIrcmentsWerenUtve,

reprUduclb㏑ ,becauscdleYwereextrelIleVseils土 山etUthecUndi㏑ nUfthe

s%ce,㏑ partlc刮㏑Γ你 stateUfparthlU如datbn.Inthebestvacuaava北 山leat

山飩 血㏄ ,s堆】」山cantU㎞iatbnUfa全eshslIr伍 cetUUkphce㏑ tellsUi血 mtcS.

(t怕cdeta北 Ufthes%cearecruc㏕ becausemc伍steste㏑ciUIlsem血兄 are

ulU㏄ 全Um」魁ht攽 theSurnce,andtheib㏕ ㏒ bthcDU㏑ depends siUnguUn

thenahIeUfthesudhce—
——
怎托 pl,reiIletalUramIxlureUfmetalandU,gen
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cUm㏑ gblueligllt

εotleεtUr口 late 田睡ittaplate

currmtΠ .Ws

@t“t9U〞 IntheabUven:Ⅳe,thebatte〃 represcnts thcpUtenti㏕ Lenard必 ed

㏑ chargethecUmectUrp㏑ 把 negat兢玩 W㎞ hwU血 lacttla町 beava」 hb㏑

vU㏑gcsUlIrce.SiEethee始 ciUllS句 ectedbytllebhe上 山 tarcgettmgtUthe

cUmectUrp㏑ te,eMdenⅡythepUtenthlsupp㏑dbythebatte,怎 less」mn吒 tUp
brbhe嘓 北.ShUWw山 analTUwUnJle赫 ethe山㏄c㏑nUfdlcelec血 clIrreⅢ
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EinsteinSuggestsanEXP︳ anation

In19“ E㏑就e㏑ gaVeave〃 血1ㄗb㏕ erpreta㏑ nUfLenard〝 results.Hej嚃t

aSsllmedu正比山ei℃U-gradh㏑ nshUlidbethUumtUfasquantaUf仇 quency

花店 Ⅵ吼h/the什equencyInphUtUe㏕ ssbn,Unesuchqlnnttm6absUrbedby

UneeleciUnIftheeleciUn6sUIIled心 tancemtUthcIlmteⅡ扯 UfthecathUde,

SUlIlCener田 ⅥⅢ bcb就 aS北 IIlUveStUWardsthesⅢ 血 ce.merewⅢ aMaYsbe

sUlnee㏑ciUstat㏑ cU田 aSthec㏑ciUn㏑avesthe測 曲 ce,血 怎 l1sua町 camcd｛山c

wUik mctb耴 〞:TheiIlUstenergc比 cleciUllsem血 edwⅢ bethUseve〃 clUSe

tUthesu血ice,anduleywⅢ leaveulecamUdeⅥ 仙 k㏑a沁 ene珽V

E=t-〃

Uncrank㏒ upthenegat㏒ vUlta麥 UnthecUlectUrph托  mt且 血 沌 ment沁 t

㏄Ups,that6,tU唉 tUp,tlleh珪山est kiε由匕 energye始 ciUIlSIIIusthavehadenergy

θ唉 tUpUn始 avIlg山ecathUde.mus,

θ吒.op=t一 〞

mlus口山氈ej㎡ StheU./Ⅱmkesave,de血血equantltatIvepred妃 tbn:fthe
丘equcllcyUftlleiEⅡ ellt山要I心 Ⅵ比 d,加d熄 tUppbttcdasamlc㏑ nUf

士equenc兀 thcslUpeUfthe㏑ 犯 ShU刮dbe乃彪 .

Π 怎 a心Uc怕ar山at tllere怎 am㏕ 剛 Ⅲ ㏕ gllt iequencyfUra胛 ㎎ nrIletaL山atfUr

W㏑ htheq哎m比mUfener即 怎 equaltUthewUrk山 ㏄ ㏑ n.功顫 tbebwthat

lequency,nUmtterhUw㏑ U北,ⅥⅢ nUtcausephUtUe岫 sbn.

Mi!!ikan︳ sAttempts toDisproVe巨 jnSteinIs┬heory

rweacceptEi韜 te㎡ StheU,,the耴 血 6acUwleteV山北 rentw奶戍UlmcaslIrc

e1● c廿onSdontgett.Plate
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PhnckiscUIlStant.η㏑ Am田 ℃ aneXperIlnentalphYs始 ktRUbcrtMⅢ k矹 WhU

dmnUtacceptEInste㎡ stheUη”╮〞hthhesawasanattackUnthewave士eU,
Uf1山t,wUrked山 rtenvea〝 ,Ⅲ㏕ 1916,Ull 血〕phUtUe㏑c血ofea.Heeven
dev6edtecl㏕quesfUrscrapmgcleanthelIle伍 1田曲 cesInsⅡc血 vaclIm岫 e.
FUram㏑ efUrtshe山 mdd怎appU血山gresuts:hecU麻 dE你te㏑腮theU取
rlleas-gPhnckIscUllstant tUⅥ●㎞ U.5%by山山lllethUd.UnccUIlsUhtbn
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Ⅵ◤here, asaresuItUftheperiUdiccUnditiUns,wehave

妨=緩≒η=比 H,戈⋯
乃g=生
罟
里;陶 =癿 」 ,土既 .

比2=罕 ;了 =U,土 1,� ,⋯
ThewavesUlutiUns nlluptheentirespacebutUnceagain七 he乃＿vectUISaIequantized

duetUthebUundaIycUnditiUns.
ThequantizatiUnasPectdiscussedabUveisafeaturequiteuniquetUwaves.

AswenUtedin thepreviUussectiUn,itdUesnU七 UCCurwhenWediscuss七 heclassical

behaviUr Ufparticles. AnUtheΥ  unique feature UfWaves is discussed in the next

sectiUn.

1.6 WAVES,WAVEPACKETS,ANDUNCEⅢ ㏑ INTY

In classicalphysicswhen wedealwithwavephenUmenaweare awaIeUfalittle
‘‘
血 zziness’

’
 in thedescriptiUnUfceItainfeaturesUfthewave. FUIexample,letus

imagineachildcIeatingawaveUnthesurfaceUfapUndbythIUⅥ 拉ngastUneintU

thepUnd.WeknUwfrUIneXpeIiencethata‘
‘
w乙VepaCke七

”
 UrWave 

‘‘
pulSe” intially

lUcalizedaIUundthepUintwheIethestUnehit thewatersuIfaceis prUduced.This

Wavethen prUpagatestUWardtheedgesUfthepUnd.Canwe,atanytiIne,Prε c9ε e了v

dennethelUcatiUnUfthewaveandi七 sWavelength?WeknUwfrUΠ lexpeIienceand

fr○ mclassical physicstha七  七his is nUt pUssible. If、vetIy tU cIeate aWavepacket

highlylUcalizedin spacelvelUsetheknUwledgeUfthe┐ 叮aVe’ Swavelength. Unthe

Utherhand,ifwetIytUcIeatea 
‘‘planewave’

’ withaWell-dennedwavelength,we

lUsetheknUwledgeIegardingthespatialpUsitiUnUfthewave.
TheuncertaintydescIibedabUveis nUtUfcUncern inclassicalphysicswhen

we deal withparticles. FUrexamPle,we havenUprUblemdenningPγ εε9sε了v any
cUmbinatiUnsUfphysicalUbseIvablesUfaparticle.HUwever,awavedescriptiUnwill

inevitablybringinanuncertaintyin七 hepIecisiUnwithwhichwecan siInultaneUusly

defineceItainPhysicalUbservables.TUseehUwthisUccuIS,WeeXaⅡ linetheunceI＿

taintyarisingin thewavelengthUI,fUIcUnve㎡ ence,thewavevectUr乃 (乃 =2π /λ ),

andthepUsitiUnUfwaves.

TUdescribethewavepacket,letusbeginfI○ maplanewavegivenby

ψ后(π )=ε
赭π (1.26)

ThepUsitbnUfthewave拍 cUmpletel,7undenned(asshUwn inF㎏ .1.7alTUcIeate

aWavepacketlUcalizedatsUmepUintπ Uin sPace,wehavetUcUmbineseveral plane

Waves. ○ ne exampleis tUuse anequal amplitudec○ mbinatiUnUfwaves centered

aIUund乃 U withaspIead土 Δ 乃.TheresultingfunctiUn,say乃 U,butfIUmaspIead

土 Δ 匕 thenthefunctiUn

π

d乃 e.方
(o一 oo)

(1.25)

Γ(π ,xU)=
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2sin(Δ乃(π 一xU))
ε
●七
。
(t-oU)

(1.27)
2一 XU

Δ乃Δπ∼ l (1.3U)

This ‘‘uncertaintyrelatiUn”  whichexistsfUrwaves is quiteimpUrtant.In

thenextchapterwewi11seethatundeIsUmecUnditiUns,particlesbehaveaswaves.
SiInilaIunceItaintyrelatiUns thenexist in their pIUpeIties.TheseIelatiUnsarethen

calledIε●εεηtεη 也ηεεrtatη tσ re了atjUηε.

1.6.1  PrUpagation ofaWavepacket

InclassicalwavepIUpagatiUnweaIeUften inteIestedin thequestiUn:HUwdUesa

wavesignalUrpulsepIUpagateinaInedium?FUIexample,wemaycIeateanUptical

pulsebyswitchingalaserandthis pulsemaymUvedUwnanUpticalfiber.Wemay
beinteIestedin thevelU。 tyatwhichthepulsemUvesandwhether itdistUrtsas it
InUves.

Thesimplest solutiUntUwaveequatiUnshavethefUIm

抬 centeredarUundthepdntπ UandthepfUbabiliㄅ (｜ Γ ｜
2)deca汻 fIUm its ma虹 mum

valueatπ UtUaverysmallvaluewithinad拍 tanceπ /Δ乃,asshUwn inF㎏ .1.7b.
ArnUIeusefulwavepacket iscUnstIucted bymultiplyingtheintegIandin

thewavePacketbyaGaussianweightingfactUI:

r(乃 一 后U)=exp｜ 一
°

午I6芳
ξ
︳                   (1.28)

andextendingtheIangeUfin七 egratiUnfrUm一 oUtU+co.Thiswavepackethasthe

fUIm

ψ(π ,2U) = 
╯t: exp〡

一
°

午云嗙

一

乒
lexpIj乃

(π 一 tU)〕  d比

= exp｜ 9乃 U(π 一 tU)一 上L干
夢
m∠iΔ比)2｜

×
｝

.一

::exp｜
一
瓣

+j竹 一純 )(t-π U)-+上竺一
;≠

⊥立二(Δ竹
)2｜

= 

、

/2π Δ 竹  exp｜ 9竹 U(π 一 π U)一

:(t一

π U)2(Δ

。

2〡

             (1.29)

ψ (£ ,π U)IepIesentSaGaussianwavepacket in spacewhichde㏄ 呼 srapidlyaw砰 iUm

πU.WenUtethatwhenwecUnsideIedtheUIig㏑ ㏕ 乩 ateexp(j乃 U2),thewavewas

spIeadinnnitelyin space,buthasaprecise竹＿value.BycUnstructingawavepacket,

wesacrificedits precisiUnin 竹-spacebyΔ 比andgainedapIecisiUnΔ 2in real space.
Ingeneral,thewidthUfthewavepacket inIealand乃＿spacecanbeseentUhaVethe
relatiUn

ψk(r)勺 Aeik r (1.31)
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┤ 壺 ├
RealpartUfthc
”
wavepacket’

’

Figure1.7:(alAschematkdescIb伍 UnUfaUn← 山 men血 Unalwave↙
←工 w㏑ chkextended

UVeI 己11Space; (b) awavepacket pIUduced by cUInbining seveI乙 lWaVespIIUduces apacket

that is lUcalized in space with annitespIe乙 d. Thew乙 Vep乙 Cket is shUwn centeIed at 劣o

and havin8 aspIead Δ £. Thespreadis suchthat Δ 乃 .Δ 2- 1. This is an 
“unceItainty

IelatiUn”  inclassicalphysics fUrwaves. NUsuchuncertaintyexistSinclassicalphysicsfUI

paIticles.

InsuchaplanewavethepI○ babilitydensity○ fthethewave,ψ ψ
十
,is thesameinal1

regiUnsUfsPace.SuchadescIiptiUn is nUtusefulifUnewan七 StUdiscuss transpUItUf

anUpticalPulseUrUfaparticlefrUInUnepUint tUanUther.FUrexample,indescribing

electIUn transpUItwewishtUdescIibeanelectIUnwhichmUvesfI○ Π1UnepUint tU

anUther.Thusthe、valrefunctiUnmustbepeakedataParticulaIplacein spacefUr
such adescIiptiUn. This physical pictureis realizedbycUnstIucting awavepacket
pictuIe.

CUnstructiUnUfaWavepacket

LetusexamineaUne一 diInensiUnal planewavestatewithawavevectUI乃
U

17

Ψ

(b)

Realpar亡 Ufa
planewave

ψ乃。
(π )=e批。
σ (1.32)
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WenUtethatifastatewaScUnStIuctednUtfIUmasingle乃 UcUmpUnent,butfrUm

aSpre已 d二土Δ殆,thenthefunctiUn

d乃 ε
石7(t＿ o。 )

ε
t乃 o(σ一o。 ) (1.33)

(π 一”U)

(2一 tU))

一一
 
 
=

ππF

拍 centere° aIUundthepdntπ UandtheprUbabili好 (〡 F︳
2)deca,Ys士 Um比 smaximum

valueat2UtUav㏄ ysm㏕lvaluewith㏑ ad必tanceπ /Δ竹.
IfΔ竹 is srnall,this new ‘‘wavepacket”  hasessentiallythesamepIUpeIties

asψ at竹U,but is lUcalizedin spaceandis thusveIyusefultUdescribemUtiUnUf
thepaIticle.AmUreusefulWavepacket iscUnstIuctedbymultiplyingtheintegIand
in thewavepacketbyaGaussianweightingfactUr

′(符 一 竹U)二=exp｜ 一
°

午I6卡
ξ
｜                   (1.34)

ψ(π ,πU) == I::exp｜一上
台
j云
;:言

三+t七 (π 一 tU)l dt

= exp 
｜

j乃
U(π 一 πU)——

 上L干
多
一∠ㄆ∠◣乃)21

×
 I::exp｜

一
°

午云嗙÷
乒 +j(七 一

乃U)(π 一πU)+上生
毛弄
E生 (Δ竹)2｜

=ˇ 勼 πΔ 竹 exp〡
j竹
U(π 一 πU)一

:(π
一 πU)2(∠生竹)2｜ (1.35)

ψ(” ,πU)representsaGaussianwavepacket in spacewhichdeca,YsrapidlyawayfIUm
πU.WenUteth乩 WhenWecUnsideredtheUr㎏ inal stateexp(9乃 Uπ ),thewavewas
spIeadiniinitelyin space,buthasapIecise乃 ＿value.BycUnstructingawavepacket,
wesacIincedits pIecisiUn in乃 ＿spacebyz生乃andgainedaprecisiUnz生 πinIealsPace.

IngeneIal,thewidthUfthewavepacket inIealand肛 spacecanbeseentUhavethe
IelatiUn

Δ乃Δt＿
—
1

WaVeUfthefUrmWecanrepeatthis pIUcedurefUI

ψN↙
ωt

(1.36)

(1.37)

andalsUUbtainawavepacketwhichis lUcalizedin tiIneandffequency,theWidths
againbeingIelatedby

ΔωΔ古∼ 1 (1.38)

LetusnUwcUnsideIhUwawavepacketmUvesthIUughspaceandtiIne.FUI

thisweneed tU bIingin thetiInedependence UfthewavefunctiUn, i.e., theteIm
exp(-9E古 /元 )UIexp(一

jω t).

ψ(π ,t)==II′ (竹 一 竹U) exp｛ .∥ (π 一 tU)一 ω t〕 ｝ d乃 (1.39)
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Ifω hasasiInpledependenceUn乃

ω=c佑                  (1.4U)

wecanwite

ψ (π ,古 )==.｝
:羚
f(竹 一 乃U) exPIj竹 (t一 πU一 c古 )〕 d符          (1.41)

whichmeans thatthewavepacket siInplymUveswithitscenterat

t一 πU=a            (1.42)

andits shapeisunchangedwithtiIne.I色 hUweveI,wehaveadispeIsiveInediaand

theω vs.竹 Iela.tiUnis mUrecUmplex,wecan,ingeneIal,wIite

m(tl=⋯ ω 十
努 ║=協

.什 一 ω 十 :弊 ║=仙
“ 一 比ω

2十 ⋯  uω

Setting

ω(竹U)=ω U

暑菁｜t=l。 =%
舍告封t=l。
=a                     (1.44)

weget

ψ (π ,古 ) = expIj(乃U(π 一 πU)——ω Ut)〕
i＿∞
′(竹 一 乃U)

× exp｜t(竹 一竹U)(π -πU一 ㄅ′)一 考手
(竹 一竹U)2t｜

 d竹
     (1.45)

IfaweIezerU,thewavepacketwUuldmUvewithitsPeakcenteIedat

π一£U=vθ古
                         (.46)

i%w北havelUdty    %=努

｜l=t°         (1.4。
HUwever,fUrnUnzeIoa,weshUwthattheshapeUfthewavepacketalsUchanges.TU

seethis,letusagainassumethat

′(乃 一竹U) = ′(竹
′
)

=exp(:弓〧÷:)                   (1.48)



ψ(π ,t)=exp｛ j〔七U(t一 πU)一 ωUtI｝

×
 �j二 exp 〡t乃
’
(π一2U一 vθ t)
与

一

(jat+。f≒╒)︳
 d竹

′
TUevaluatethis integIalwecompletethesquarein theintegrandby
subtIactingteIms

ψ(π ,古) = eXp｛ j竹U(t-tU)——ωU古〕一【Ξ

一

F-:二。;;夢::;‵告十
上三
｝

×
 ｜三°。
exp｛二音土｜
上┘╮有芒≠肯¥
ω匚
｜

×
  ｜
乃
′
——t上工一

::芒:≒;;≠令::≒:含├
L土三
｜

2﹉

｝ d竹

′

Theintegralhasavalue

2U

Then

in real spaceisgivenby

犰 =

CIrAP田田t卦 ULASSICA乙 VIEWUFTIErINfvmSE

(1.49)

addingand

(1.5U)

a純 2

FuIthermul伍 pj㏑ gand山 ㎡ d㏑ gthe㎡ ght＿ hand㎡ deexPUnentby(l一 jat(Δ 乃)2)
weget

ψ(π ,古) =exp｛ t∥ U(π -πU)一 ωUt〕｝7
× exp｜——上＿〧

立三
:≒f弓
告
1-【青一冒甘

:｜

×Ⅸp｜等      l     (1.51)
ThepIUbability｜ ψ︳

2hasthedependenceUn spaceandtiInegivenby

｜ψ(π ,t)｜
2=exp｜一上〧

考一:告言予罵ㄘξ片旨
上∠
｜            (1.52)

This isaGaussiandistIibutiUncenteIedaIUund” =π U十 vJtandtheImeanwidth

去≒́
l+a2古 2(Δ

。

4

2π (Δω2

l+9a古 (Δ t)2

=δπ(古 =U)、 I1十
陌π(t=U)I4

(1.53)
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FUrshUIt tiInessuchthat

〞古2(Δ竹)4《 l           (1.M)
thewidthdUesnUtchangeappreciablyfIUm its staItingvalue,butas tiInepasses,
fa≠ U,thewavepacketwill star七 spreading.

1.7 SYSTEMSWITHLΛ RGENUMBERUFPAΠ Ⅱ CLES

Wehaveseen iΠ  SectiUn 1.4that theprinciples Ufrnechanicsgiven by NewtUn’ s
equatiUnsarecapableUfdescIibingthebehaviUrUfpaΓ ticles.VVhathappens】 〃hen
thenumberUfpaIticles, all interactingwitheachUtherviacUllisiUnsandmutual

interactiUns, staIts tU increase? Ifthe particle numbeIis small,say less than a

hundIedUIsU,it is pUssibIetUuseapUweIfulcUmputeItUflndhUweachparticle

willbehavein tirneandspace.HUweveI,asthepaIticlenumber incIeases,itbecUmes

impUssibletUuseNeWtUniaΠ InechanicstUdescIibehUwthesysternwillbehave.FUI

example,ifweweretUeXaΠ linetheair inaIUUΠ 1,WeWUuldfindaInixtuIeUfUxygen,

nitrUgen,andcarbondiUxidernUlecules.ThesemUleculesafebUuncingUfrthewall
and inteiactingwitheachUther. ThenumberUftheparticles andtheirdensities
aIe sU large that it is sirnplynUt pUssible tU apply the principles Ufmechanics

tUfUllUwtheir tI萌 ectUI托 s.FUrtunatej,tUdescIibethemeaε 包㎎ Ⅱε P” Pe月施 sUf

thisandUthersuchsysterns,wedUn’ tneedtUknUwthepredsetI南 ectU㎡ esUf

the individualmUlecules. Such systems cUntaininglaIge numberUfpaIticles are

describedbyε tatjsttca了 ave岡 σεε.TherneasurablepIUPeItieswearereferIingtUaIe

pressure, teInpeIature,vUlume,etc.

S玶 temscUnt㎡ ningalaIgenumbeIUfparticles include:gases(aiI㏑ arUUm,

g錙 eSinacUmbust沁 nenone,etc.);hquids(paIticlessuspended㏑ aliquid,chemical

reagents,etc.);andsUlids(atUmsandmUlecules㏑ apieceUfsUlⅡ ).PIUpeItiesUf
thesesystemsaIedescribedbytheneldUfthermUdynaΠ lics.

Let uscUnsider themUlecules in the air inside arUUm.Whilewe cannUt
describetheindividual tr旬 ectUIiesUfthemUlecules,wecanaSkandansweIthe
fUllUwingquestiUns:

(i) What is the felatiUn between the pfessure Ufthegas andits v○ lurne?

HUwis thisIelatiUndependentUnthedensityUfrnUlecules?
(ii)What必 theaveragek㏑eticeneIgyUfthemUlecules?
(I● What拍 thepIUbabⅡ itYthatthemdeculeshaveaneneIgyE?
(iv) Isthere adifrerence between the averageenergy UfUxygenInUlecules

andnitrUgen molecules?

TheneldUftheImUdynaΠ licsgivesusansweΓ stUsuchquestiUns. Wewill
nUwstate the impUItantcUnceptsUftheImUdynaΠ lics.The essence UftheImUdy-
naⅡlics is cUntainedin thelawsUfthermUdynaΠlicsUutlinedin Fig. 1.8.WewiII
brienyIeviewsUmeimpUItant issues.

Ther】malEquilibrium
Let usexaΠlineasysterncUnsistingUfalaIgenumberUfparticles. IfweweretU
Ubservethesystem onamicIUscUpiclevel,wewill seealUtUfactivitygUingUn.Ⅳ IU-

leculesaIemUvinghelteI一 skelteI,sUmetiInessufreringacUllisiUnandchangingtheiI
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directiUnsandspeeds.HUwever,underthermUdynarnicequilibIiumtheInacrUscUpic

prUpeItiesUfthesystemwill staycUnstant in tirne.TherewillbenUnettIansfeIUf

energybetweenthesystemunderUbseIvati○ nandtheIest○ ftheuniveIse

An iInpUrtant○utcUmeUfthermUdynaΠlics is that iftwUsystems are in
thermalequilibriuΠ lwi七h athirdsysteΠ 1, 七hen they aIe alsU in equilibriuIn、 vith

eachUther.This is knUwnasthezeIUethlawUfthermUdynaΠ ics.

IfweexaΠ lineasySteΠ 1UnaΠlicrUscUpiclevel,eachpaIticlecanbeassigned
ceItaindε θΓεesσ 戶εεdUm.FUrexample,anelectIUnmUvingin spacehasthree
degrees UffreedUΠ1since it can mUvein the π, v, and 2 diIectiUns. Ifwe have a
mUleculewithratUms,theIeaIe3rdegrees UffreedUrnUfwhich3cUrIespUnd tU

themUtiUnUfthemUlecule(centeIUfmass mUtiUn)and3(r＿ 1) cUrrespUndtUthe

internalmUtiUn(vibIat沁 nandrUtatbn).

CUnsiderasysterna七 七hermalequilibIiuIncUntainingacUllectiUnUfdifreIent

speciesUfrnassesm1,γ 現2,π圮 ,andSUUn.UndeIequilibIiumwehavethefUllUwing

equality:

(1.55)

i.e.,theaveIagekineticenergyUfthespecies isequa1.Thusthemean kineticenergy

is nUtafunctiUnUfthepaIticleInassesbut isaprUpeItyUfthesystem. Γhjε a了tUωs

“ tU也 Sε t几 ε mea冗 乃jη ajε ε胱 tσ V好 aPaTt●ε拖 仇 aε卯 托 mvt加 a地 η eη也m比 rσ

P艀 ttε tε s古 Ut羽 脫 t几 ε tεηEXrat也 re好 t几 e石nateTta了 .

Themean kineticeneIgyperdegIeeUffreedUrn后 hasavalue(seeExarnple
1.7)

〈上九〉=:乃BT
In3一diInensiUnal spacewehave

嗣
一2
′

′

\
、=

、

\
ˊ

ˊ嗣一2
ˊ

′

、

、=

\
〉

/㏕一2
ˊ

ˊ

、

、

〈E〉 =音㎏T (1.56)

The dennitiUn UftempeIature giVenheIe cIeates what is knUwnas the absUlute

tempeIatureandTis measuredin theunitsUfKelvin(K).

InternalEnergy,FreeEnergy,andEntrUpy
An irnpUItant questiUn that theImUdynaΠ lics answers fUI us is thefUllUwing: If

wehaveasysteIn in theImUdynaⅡ licequilibriurnatatempeIatuIeT,what is the

prUbabilitythataparticlehasaneneIgyE?Theequilibriurn stateisgivenbythe
stateinwhichthefIeeeneIgyUfthesysteIn is】 minimum.ThefIeeenergyisdf胎 Ient

frUIntheinternalenergywhichis siInplygivenby

σ =乳 易 (1.57)

whereEt is theenergyUfthejt為  particle.ThedifrerencebetweenthefreeeneIgy
andtheintefnaleneIgyaIisesfrUrn thequantityknUwnasentrUpyUfthesystem.
AthermUdynaΠlicsysteIniSdescribednUtUnlybyits internalenergybutalsUby
anUtherpIUpeItyIelatedtUtheheatcUntainedin thesystemandthetemperatuIe



I.7.SYSTElfS9VITI乙 A屁GEⅣUMBE屁 UFPA屁TIULE∫

AmacrUscUpicdefinitiUnUftheentrUpy:9is

(1.58)

whereU沁 theheatcUnt㎡ nedin thesystemandT拍 thetemperature.TheentIUpy
Ufthesystem必 zeIUatT=U.(This拍 thethirdlawUfthermUdynamics.)
There is anUther dennitiUnUfentrUpythat isveIyuseful in denningthe

distIibutiUnfuncti○ n,i.e.,thefunctiUnthatgivesustheprUbabilityUffindinga
particleatanenergyE.TheentrUpyisdennedas

∫=乃 B了ηV/ (1.59)

whereV9′ is thedegeneracyUfthesysteΠ1,i.e.,thenurnbeIUfdifrerentways inwhich
particlescanbearrangedin thesystern tUcreatethesametUtaleneIgy.

ThefreeenergyFUfasystern isgivenby

F=σ 一T∫                  (1.6U)

AsnUtedabUve,theequilibrium stateis thatwherethefreeenergyUfthesys七em isa

Πlinirnum.NUtethatifwesirnplyIniniInizetheinteInalenergyUfthesysteΠ 1,all the

particles、vUuldUccupythelUwestenergyUfthesystem.Inthiscase,thedegeneracy
ofthesystem拍 justunityandε =U.At nnitetemperatuIetheIeisacUmpeti七 iUn

betweentheinternalenergyandentIUpy.TheentIUpyterm一 T∫ ,decIeasesasthe

particlesaIearrangedinhigheIenergystateswherethedegeneIacyis laIge,butthe

inteInaleneIgyteIm incIeases.AtanygiventemperatuIeUnehastUnnd七 heIniniIna

UfFtUnndtheactualdistributiUnUfpaIticles.WewillcarryUutthisexercisein

Chapter3.

An impUrtant manifestatiUnUftheclassicaltheImUdynaΠlics is thedistri＿
butiUnfunctiUn,whichiscalledtheMaxwell一 BUltzmanndistributiUn.CUnsideran

idealgascUnsistingUfnUn-inteIactingparticlesUfdensityΛ ㄏ,rnass仇 atequilibIium

atatemperature:Γ.ThedistIibutiUnUftheseparticles inenergy五:Ur speedvis
givenbythefUllUwingexpIessiUns:
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n
二

T=
∫

押
一栩
=±二上(,︴芒≒F)3/2ω

2exp(一
吉管ξ爭)

望竺土=旦二±E1/2(乃BT)￣
3/2exp(一

t::╒ )

(1.61)

(1.62)

Fig.1.9shUwsthedistIibutiUnUfpaIticlesasafunctiUnUfspeedatvaIiUus
temperatuIes. As the tempeIatuIe increases, 七he aveIageparticlespeed incIeases,

aSUneeXpects intuitively.

EXAMPLE 1.7 Showth已 ttheaveI㎎e。fthesquareofthemUlecul己 rSpeeds inanideaI
8ask3乃BT/m.

TheaveI己geUf

〈ω 〉

thesquaIeUfthespeeds isgivenby

4
=石 (歹青者污Γ)3/2X°

°
ω4exp(-:青蚩爭) dω
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「
︳nsTLAW:  nepresents the︳ awofconseⅣ atiUnUfenergy=� 》 Heatput｜ ntoa

systern,〞 @+W。rkdoneonaSystern,〞 W=︳ nc「ease｜ n︳ nterna︳
energyUfthesystern,ˊa

〞@+〞〃=〞V

┬H︳日DLAW:  Theentropyofasystem iszeroatΓ =U

FiguIe1.8:LawsUftheIIIlUdynaⅡ ics.
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Tl<馬 <馬

Figure1.9:DistributiUnUfparticlespeedsfUrdifEerent tempeIatuIes.

The㏑ tegIalhasavalue音 v年 (2乃 BT/田 )5p.Thus

<ω
2>= 3乃BT

田

This is,UfcUuIse,cUnsistent withtheUbseIvatiUns thattheaveIageeneIgyis

<E>=:田 <ω >=:乃BT

1.8 CHΛ PTERSUMMARY

SummaIytable1.lcUvers keynndingsandtUpics studiedin thischapteI.

1.9 PRUBLEMS

Problem1.1 Achildis swingingalUUgmmassattachedtUal m stIingatarate

UftwUswingspeIsecUnd.Express theangularInUη entuΠ1Ufthemass inunitsUf

為 :=1.U5× 1U￣ 34J.s.HUwsmalldUesthestIinghavetUbefUItheangulaIrnUmen＿

tuIntUbe1UU丸 ?

PrUblem1.2 CUnsiderapenduluInmadefIUmastringUflengthlInandmass

lUUgm.What拍 theamplitudeUfthependulum(displacement iUmequilib㎡ um)
iftheeneIgyUfthependulum istUbelU為 ω wheIe元 =1.U5× 1U￣

34J.sandω
is

theangulaIfrequencyUfthePendulum.
Problem1.3 Calculatethespeedofasate1litesUthat itUrbits theeaIth.HUw
dUesthis speedcUmpaIetUthespeedatwhichaIUcketInustbefiredin oIdertU

leavetheearthcUrnpletely?

PrUblem1.4 TheseparatiUnUfthenuclei inasilicUncIystal is2.35A.Calcula七 e

thegIavitatiUnalpUtentialenergyduetU七 heattIactiUnbetweenthenuclei.Assume

thataSiatom is suIrUundedbyfUuIneighbUIs.
PrUbleIIl1.5 In〕 BUhr’s rnUdelUfthehydIUgenatoΠ lanelectIUnmUves inaciIculaI

UIbitUfIadiusU.53Λ withanangulaImUmentumUf1.U5× 1U￣
34J.s.Calculatethe
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┬hesc｜ ent〡 f〡cmethUddependsupon
Ubservation,theUret｜ ca︳ mode︳s,and
predict｜ UnS.匚 Xper｜ menta｜ evidence｜ sthefina〡

arb∥erofa∥ theU〢 es.

C｜ ass｜ ca｜ phys｜ csconS｜ stsUf:
.NewtUn｜ anmechanicsfor pa9tic〡 es
.VVaVeequat｜ UnsforWaveS
.Statistica︳ thermUdynam｜ csforco∥ ect｜ Unof
｜argenumberUfpart｜ c｜ es

NeⅥ八Un︳anmechan｜ cSdependsVpUnNewton︳ s
equa∥ Uns ofmU∥ on.┬ hepUs∥ iUn-momentum
trajecto︻esUfpart｜ c︳eScanbeexact︳ ypredicted
∥thefUrceSareknown.

.VVaveequatiUnsdescHbep「 opert｜ esofwaves
︳nmed｜ a.
.MaxWe∥ equat｜UnsdescⅡ bethernost
｜rnpUㄇantWavephenomena—

—
thatof

e︳ect「Umagnet｜ crad︳ at〡 on.
.A〡｜WaVeShaVeanuncerta｜ ntyre｜ at｜ oΠ
betweenthe｜ rwavevecto「 andpUSⅢUn.

Prope9t｜esUfsystemSW｜ thveⅣ ︳a「genumberof
part｜ c｜ esaredescr｜ bedbythermodynam︳cs.The
｜awsUfthe「 rη odynam︳ cSdescⅡ betheprUpert︳ es
UfSuchSystemS.
Thermodynam︳ cequ｜｜︳bⅡ um｜Sdeterminedby
them｜ n｜ rn｜ zat｜Unofthefreeenergywh︳ ch︳ s
equa︳ to thetota︳ ︳nterna︳ ene「gy——entrUpyt︳mes
temperature.

Table1.1:SummaIytable
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sPeedUftheelectrUn.
PrUblem1.6 TheUp七 icalpUwerdensityimpingingupUnadetectUrhasavalueUf

1U￣
6mW/cm2.CalculatetheelectricneldamplitudeassUciatedwiththis pUwef.

PrUbIem1.7AdetectUr拍 designedtUdetectam㏑ imumelectricneldUf2.UmV/
cIn.CalculatetheΠ liniInuΠ1pUwerdensitylevelthisdetectUIcandetect.

PrUbleIIl1.8 AInicIUwaveUven isdesignedtUpIUduceamaxiInuInelectIicneld

(Ims)UflkV/cm.C㏕ culatethemaximumdectrUmagne血 pUwerdensi好 prUdtlced

bythisUven.

PrUbleIl11.9 Atypical silicUnMUSFET“ bΓeaksdUwn” whentheelectricneld

reaches 2×  lU5V/cm. CalculatetheUpticalPUweIdensityneeded tUcause bIeak＿

dUwn.AssumethattheneldneededfUrbIeakdUwn is theImsneldUftheIadiatiUn.

ProblelI11.1U AcalibIatedtuningfUIk isusedtUdeteIrninethefIequencyUfan

instIumentbyUbseIvingthebeatfrequencies. HUwlUngwill theUbseIvatiUn tirne

havetUbetUhaveanaccuracyUfU.UlHz?

PrUbIen11.11 CUnsideIadifrractiUngra七 ingwi七 hη lines.ShUwthattheresUlving
pUwerfUranη伊KUIderbeam ls

PrUblelIl1.12 AgascylindeIcUntains冗 mUleCulesUfInass4.7× 1U￣ 26kg.The

tempeIatureischangedfrUⅡ 1273KtU2UUK.Calculatethechangein theaverage
kineticenergyUfthemUlecules.AlsUcalculatehUwmuchtheheightUfthecylindeI
willhave tU be alteIed withrespect tUtheearth’ ssuIface tU pIUduce the same

changein potentialenergy.

PrUbleIIl1.13 EstimatetheaveragesPeedsUfUxygen,nitIUgen,andcarbUndiUxide
mUlecules inaiIatIUUrn tempeIature.

PrUblem1.14 CalculatethepIUbabilityUfthedensityUfatUmsUfaspecies inair
asafunctiUnUfheightfI○ IneaIth’ ssurface.

PrUbleIIl 1.15 CalculatetheratiUUfthedensityUfUxygenmUleculesatearth’ s

surfacetUtheirdensityat4UkInfrUInthesuIface.Repeatthis pIUbleInfUrhydIUgen

rnUlecules.
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