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TheSchrδdingerequatiUn

The Schrδ dinger equatiUngUverns themUtiUnUfaparticle in UnediInensiUn in a

pUtentialy(t).

仇
磊
Ψ竹 ,ω 一 嘉 芻

竹 ,ω +剛 Ψ竹 ,ω

碗磊Ψ竹,ω =卜吉音嘉+y竹｜Ψ竹,ω

嘁吪ω=〞吪ω

Theterm in parenthesescanbeinterpretedaSanUperatUractingUnthe砳 ΓaVefunctiUn

calledtheIIaⅡiltUnian.

i=嘉 邑十
yω

kineticenergy
isassociated
withcurvature
ofwavefunction

cUrrespUndstUclassicalenergy

E=翕午+y竹 ).
ⅣUte. 
︿
indicatesUperatUr

TheSchrδ dingerequatiUn(SE)canbewrittenas

(1U-3)

(1U-1)

(1U-2)

(1U-4)

(1U-5)
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Proper七iesUftheSE

UnlikethewaveequatiUnfUrEⅣ Ifields invacuuΠ 1,

(嘉一:;:::)E==U,                      (lU-6)
UrNewtUn’sequatiUn

m出 =Γ(T),               (1U-η

theSEisfirst-Urderin thne.

.北 抬 sufndent tUSpeciㄅ Ψ (π,t=U)tUcalculateΨ 竹 ,t)atall㏑ter timest.FUr

secUnd-UrderequatiUnsweneedtUSpec㎡ VbUththefunctiUnanditsderivative,
Urequivalentl兄 pUsitiUnandmUmentuⅡ lat古 =UtUdeterⅡ inethesUlutiUnat

later tiInes.

. TheparticlepUsitiUnandtheparticlemUmentumaresiInultaneUuslyencUded

in thewavefunctiUnΨ (£,t).This prUperty拍 assUciatedwiththefactthat
Ψ(2,t)抬 cUmplex.

.ThewavefunctbnΨ (” ,t)拍 cUmplex,theSEdeschbeshUwthecUmplexwave-
functiUn prUpagates in spaceandtIne.

●TheSE抬 nUn-relahv拍hc.

.TheSEis linear,i.e.ifψ 1,ψ2aresUlu伍 Uns,sU拍 ψ =c1ψ 1+c2ψ 2,wherecl,c2

arearbitrarycUmplexnumbers:superpUsiti。 n priniciplefUrwaves.
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InterpretatiUnUfthewavefunctiUnΨ (a,古 )

IfweperfUrmalneasurementUftheparticle’ spUsitiUnatt丘 ne古,theprUbabilityUf

nndingtheparticlebetweenπ and2+aπ 抬oven” ｜Ψ(£ ,t)｜匋£.TheSE拍 apartial
d㎡ferentialequatbn(cUntainsbUth峊 and爵 ).sincey(£ )抬 independentUftime,北

canbesiInplifiedilltUtwUUrdinarydifrerentialequatiUns.

羽劣a古z.Ψ (z,古)=T(古 )η9(t)
TheSEbecUInes

刑竹)告U=πω｛一雲禽穹舁+y竹 )ψ (£ l｝
Divi山ngbyT(古 )ψ (π)whereT(古 )ψ (£ )≠ Uy沁lds

硞害U=｛一吉辜犩生十́〔的峒｝t毛万

(1U-13)

(1U-14)

SincethetwUsidesdependUndifrerentvariables,theymustbecUnstants. Call this
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cUnstant jE,itwⅡlbethetUtaIenergyUfthesystem

碗等U=rU→
ThetLmedependenceis si工 mplyaphasefactUr

雩.TheequatbnfUrψ (2)拍

T(t)=Ue乞 Et/方 (1U-15)

(lU-16)

(1U-18)

(1U-19)

(1U-2U)

thatevUlves in tiIneatangularfrequency

πψ(2)=Eψ (£ ) ==>tilIle一 independentSchrδ dingerequatiUn   (1U＿ 17)

｛一嘉嘉+︻。｝
ψω=聈ω→㎞由ndependent

i=一乎孓嘉+yω

碗
寧
=i叫〣

一
多午粵 窘

立+y竹 )ψEl21=Eψ E竹 )

iscalledthetiIIle-dependentSchrδ dingerequatiUn. Thetilme-independentSE:
πψ(2)=Eψ (£)抬 andgenxraltleequ流 bn(Up㏄ atUractingUnwavefunctbny抬 lds
tllesamew小 佗 ftlnCtiUn,multiplied” acclnstantE).Th抬 拍 ㏄ ㏕ 血 ㏄ entUfmatrices,

e㎏envectUrs,e㎏ envallles→ HeiseIlberg’ sm流 rkfUrmulatbnUfQMin8.U5.Ⅵ 怡 call

asUlutbnψ η(£)UfthehmaindependentSEπ ψ甩 =Enψ 屁(竻 )andgens位 此eUfthe

勒悶 tem,W北 lldg㎝ val㎎ 既 .T㏑ 伍me佗 VUltltiUnUfand毀 那 tateψ 厄(2)抬 then 血mplJ/

givenby

Ψn(2,t)=etEπ E/九ψn(£ ).

Uurtask抬 tU且nda1le㎏ enstat㏄ ψη(2)andcUrrespUnd㏑ gdge小 hlu㏄ En.Then,as
We汕 位ll shUwlater,theprUblem is sUlvedcUmpletely: AnarbitrarystatethatsUlves

theSEcanbewrittenaSansuperpUSitiUnUfeigenstates. Theeigenv㏕ uesEn moybe

山 scretevalues(asin theBUhratUm),Urtheym砰 fUrmacUntinuum(e.g” energies

Ufa士 eeparticle).MUregenerally,amlutiUnψ E(T)UftlleSEπ ψ E(π)=Eψ E(t)fUr

energyEiscalledanenergyeigenstateUrenergyeigenfunctiUnUfthesysteIn.

、、

怡 willencUunterUthereigenvalueSequatiUns,e.g.fUrInUmentulml pUsitiUn,angular

mUmentum乩 c.FUrnUw,tllin㎞ Ufψ E(ω asasUltltbnUfthe山 侞 ㏄ llt克lequ琉 bn.

withenergy上9asaparameter. Letus、 vUrkUutaparticularly

(1U-21)

siInpleexample.
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8.04 Quantum Physics Lecture X


Figure IV: Infinite well. 

Particle in a box with infinite walls 

h2 d2¯− 
2m dx2 

ψ + V (x)ψ(x) = Eψ(x) (10-22) 

implies that ψ(x) = 0 where V →∞ (otherwise E or curvature have to by infinite)=⇒
ψ(x) = 0 for x < 0 or x > a For 0 ≤ x ≤ a we have, 

h2 d2¯− 
2m dx2 

ψ = Eψ(x) (10-23) 

or 
2mE 

ψ�� = − 
h2 ψ(x) (10-24) 
¯

If E < 0, the solutions are of the form e±kx with k2 = 2m

h̄

|
2 
E|2 

. We require the 
wavefunction ψ(x) to be continuous (no steps), otherwise ∂ψ becomes infinite. To 

∂x 
make ψ(0) = 0 for ψ = Aekx + Be−kx, we need A = −B, but then ψ(a) =� 0, and ψ 
is not continuous. = There are no solutions for negative eigenvalues E.⇒ 

2mEFor E > 0, the solutions are of the form e±ikx with k2 = 
h2 (or sin kx, cos kx).
¯

The allowed values of E or k are determined by the boundary conditions. Writing 
ψ(x) = Aeikx + Be−ikx, we need A = −B for ψ(0) = A + B = 0. Then for ψ = 0 
we need Aeika − Ae−ika = 2Ai (eika − e−ikaa) = 2iA sin ka = 0. This is fulfilled only if 

2i 
ka = nπ or kn = n π

a , n = 1, 2, 3, . . . (n = 0, ψ = 0). Therefore the eigenvalues are 

h̄2kn 
2 h̄2π2

2En = = n , n = 1, 2, 3, ... energy eigenvalues 
2m 2ma2 

with corresponding eigenfunctions

x 

ψn(x) = Cn sin knx = Cn sin nπ 
a 

where Cn is some complex constant. The above is a general feature of QM. The 
boundary conditions on the wave function force the quantization of energy levels, i.e. 
allow only discrete energy values. 

Massachusetts Institute of Technology X-5 
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8.04 Quantum Physics Lecture X


Figure V: Most de Broglie wavelengths lead to destructive interference.


Figure VI: Eigenstates of box with infinite walls. 

Reason. Constructive interference, stationary phase after one round trip, for other 
energies ψ interferes away. In order to interpret |ψn(x)|2 as a probability we need to 
normalize it so the probability to find the particle anywhere in space is unity 

∞ 

dx|ψ(x)|2 = 1 Normalization of wavefunction (10-25) 
−∞ 

Here ∞ 
dx ψn(x)

2 = Cn 2
0 
a 
dx sin2 nπ x

a = 
2
1 a Cn

2 = 1 −∞ | | | | | |
An overall global phase of the wavefunction has no physical consequences so we 

choose Cn real. We obtain 

2 x 
un = sin nπ 

a a 
normalized eigenstates of the square well n = 1, 2, 3, . . . (0 ≤ x ≤ a, un = 0, other­
wise) 

Note. The minimum energy of the particle in the box is not zero, but given by the 
h2π2¯ground-state energy E1 = 
2ma2 . This is sometimes called the zero-point energy. 

Massachusetts Institute of Technology X-6 
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8.04 Quantum Physics Lecture XI


Since V (x) = 0 in the region where the particle can be found, the zero-point 
energy must be purely kinetic in this case. We could have estimated it using the 
Heisenberg uncertainty relation: Confining the particle to a region Δx = a introduces 
a momentum uncertainty Δp ∼ h̄ = h̄ , and a kinetic energy (Δp)2 h̄2

2 . Since
Δx a 2m ∼ 

2ma

V (x) = 0 for x ≤ x ≤ a, and − h̄
2 ∂2ψ = Eψ in this region, and E = p

2 
in CM,

2m ∂x2 2m 
it appears that momentum is associated with the derivative ∂ of the wavefunction, 

∂x 
∂2 

and kinetic energy with the curvature 
∂x2 . 

The eigenfunctions have the property that � ∞ � a 2 � x � � x � 
dxun

∗ (x)um(x) = dx sin nπ sin mπ (11-1) 
−∞ 

1 
0� a 

a � � 
a

x � 
a � x �� 

= dx cos (n − m)π − cos (n + m)π (11-2) 
a 0 a a 
sin((n − m)π) sin((n + m)π) 

=
(n − m)π 

− 
(n + m)π 

(11-3) 

0 for n = m, 
= 

�
(11-4) 

1 for n = m. 

= δnm (11-5) 

0 for n = m,
δnm = 

�
→ Kronecker delta (11-6) 

1 for n = m. 

This is a general property, not particular to this example: Eigenfunctions belonging 
to different eigenvalues are orthogonal, if the eigenfunctions are normalized we call 
them orthonormal. 

∞ 

dxu∗ 
n(x)um(x) = δmn orthonormality condition (11-7) 

−∞ 

Complex conjugate not necessary for box potential, where eigenfunctions are real, 
but necessary in general. 

un
∗ undx = |un|2dx = 1 normalization (11-8) 

Eigenfunctions as basis 

Why is knowing the eigenfunctions important? Consider box potential: Fourier’s 
theorem states that any function ψ(x) that satisfies that boundary conditions ψ(0) = 
0 = ψ(a) can be written as a sum of sin nπ x . 

a 

Massachusetts Institute of Technology XI-1 
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8.04 Quantum Physics Lecture XI


Note. cos nπ x
a terms do not appear since they do not satisfy the boundary condi­

tions. 

Since un ∝ sin nπ x , we can also write 
a 

∞

ψ(x) = cnun(x) expansion of arbitrary ψ(x) into eigenfunctions (11-9) 
n=0 

In order to calculate the expansion coefficients cn, we use the orthonormality property 
of the eigenfunctions. � ∞ � ��∞ � 

a 

dxu∗ ψ(x) = dxu∗ (x) cnun(x) (11-10) m m

n=0−∞ 0 

a ��∞ � ∞

= dxu∗ (x) = (11-11) cn mun cnδmn 

n=0 0 n=0 

= cm (11-12) 

Thus the expansion coefficient can be calculated as the integral 

∞ 

cm = dxu∗ (x)ψ(x) expansion coefficients (11-13) m
−∞ 

Again we do not need the complex conjugate here, since um is real, but we have 
written it in the correct general form. We call the set of functions {un(x)} complete 
if an arbitrary function ψ(x) can be written as a superposition of functions of the set. 
A complete, orthonormal set of functions is called a basis. The above properties, 
derived for the particles in the box, are true in general in QM: 

1. The energy eigenfunctions un of a Hamiltonian 

h̄2 ∂2 

H + V (x) (11-14) = −
2m ∂x2 

form a basis, an arbitrary wavefunction ψ(x) can be expanded as superposition 
of eigenstates 

ψ(x) = cnun(x) (11-15) 
n 

with complex coefficients cn. If the spectrum of eigenvalues, or part of the 
spectrum of eigenvalues is continuous, the expansion contains an integral ψ(x) = 

cnun(x) + dEc(E)uE (x).n 
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2. The expansion coefficients cn are given by 

∞ 

cn = dxu∗ 
n(x)ψ(x) , (11-16) 

−∞ 

i.e., they can be calculated once the eigenfunctions un are known explicitly. 

Analogy to vector analysis 

Consider an n-dimensional vector space. A set of n mutually orthogonal unit vectors 
{êi}i=1,...,n forms a basis, i.e. an arbitrary vector v can be expanded into unit vectors: 

n

v = ci êi (11-17) ���� ���� 
i=1 complex basis 

number vector 

with suitably chosen coefficients ci. The ci are uniquely determined, and given by 

ci = êi · v. (11-18) 

In vector analysis terms, the wavefunctions ψ(x) form a vector space, called the 

Figure I: projection of v onto êi 

Hilbert space, the energy eigenfunctions un(x) form a basis. The dimension of the 
Hilbert space is the number of independent energy eigenfunctions; if that number is 
infinite, the Hilbert space is infinite-dimensional. 

We have the following correspondences: 
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QM vector analysis 

wavefunction: ψ(x) vector: v 

energy eigenfunction: ui(x) basis vector: êi 

# of independent ui(x) dimension of vector space 
∞ 

dxu∗ 
i (x)ψ(x) dot product: êi · v �−∞ 

∞ 
dxψ1

∗(x)ψ2 
∗(x) dot product: v1 · v2 �−∞ 

∞ 
dxu∗ 

i (x)u
∗ 
j (x) = δij orthonormality: êi · êj = δij−∞ � 

ψ(x) = i ciui(x) for any ψ(x) Completeness: v = i ciêi for any v 

Eigenvalue equation: Eigenvalue equation: 

ĤψE (x) = EψE (x) M̂v = mv 

Set of eigenfunction of certain type of Set of eigenfunctions of certain types 
operators (Hermitian operators) forms of matrices forms basis. (self-adjoint 
basis. Hamiltonian is such an opera- matrices M † = M .) 
tor. 

Physical interpretation of expansion coefficients 

Assume that we have prepared some arbitrary wavefunction ψ(x) (that is consistent 
with the coundary conditions) inside the box. 

Figure II: Pictorial expansion of wavefunction in a box in terms of eigenfunctions.
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• Expansion into eigenfunctions:


ψ(x) = ciui(x) (11-19) 

= c1u1(x) + c2u2(x) + . . . (11-20) 

•	 phase (sign) of ci important, detemines whether more amplitude on left/right 
etc. 

•	 The larger ci , the more the wavefunction ψ(x) is “like” ui(�x), (the larger the 

∞

i=1 

|
 |

v) ci = dxu∗ 

iprojection of ψ(x) onto ui, given by (analogy to êi · (x)ψ(x)).


∞
i=1 |ci|2:
Calculate
•


∞

i=1 

|ci|2 ∗ 
∞

= ci ci (11-21)

i=1 
∞

= c∗ 
i dxu
∗ 

i (x)ψ(x)	 (11-22)

i=1 

∗∗ 
∞

i ui (x) 
i=1 

dxψ(x)
 (11-23)
=
 c


∗∞

= dxψ(x) ciui(x) (11-24) � i=1 

= dxψ(x)ψ∗(x)	 (11-25) 

= dx|ψ(x)|2	 (11-26) 

= 1	 (11-27) 

∞
i=1 |ci|

to find the particle in the state i, 

2	 2Since
 1, the quantity
 can be interpreted as the probability
|ci|
if a measurement of the particle’s energy 

=


eigenstate is made, given that the particle has been initially prepared in a state 
characterized by an arbitrary wavefunction ψ(x). How is a measurement of the 
energy eigenstate of the particle made? = Measure energy of particle. 

h2π2	
⇒

En = �n2 , � = E1 = 
2
¯
ma2 
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Figure III: Measurement of particle energy in state Ψ that is not an energy eigenstates 
can yield different values Ei with probabilities |ci|2 . 
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After the energy measurement 

After the energy measurement with outcome Ei, the particle will be in the energy 
eigenstate ui, and all subsequent energy measurements will yield the energy Ei. 

What is the energy before measurement is made? 

If ψ(x) is not an eigenstate, the energy is “uncertain”. A measurement can yield 
different energy values, only probabilities can be predicted. However, an average 
value of the energy can be calculated: 

∞

→ generally valid (12-1) cn�E� = | |2En 

n=1 

Using the definition of the expansion coefficients cn, we can also write this as 

∞

cn�E� = | |2En 

n=1 
∞ ∗ 

= cn dxu∗ 
n(x)ψ(x) En 

n=1 

= cn dxψ∗(x)Enun(x) 

= cn Hundxψ∗(x) ˆ (x) 

= dxψ∗(x)Ĥ cnun(x) � n 

= dxψ∗(x)Ĥψ(x) 

Expectation value of energy in state ψ(x): 

�E� = dxψ∗(x)Ĥψ(x) valid for any potential, not only box potential → 

(12-2) 

Hamiltonian operator and energy 

If we postulate that a particle of momentum p is associated with a deBroglie wave­
length λdB = h , then it is represented by a plane wave eikx with a wavevector 

p 
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2π 2πp pk = 
λdB 

= 
h = 

h̄
, or p = ¯ Then, since the Fourier transform φ(k) of ψ(x)hk. 

gives the probability amplitude for the plane wave with wavevector k → 

1 ikx ψ(x) = dkφ(k)e , (12-3) √
2π 

the expectation value of momentum is given by 

�p� = dkhk¯ |φ(k)|2 (12-4) 

p 2 = dk(h̄k)2|φ(k)|2 (12-5) 

Note. In PS5 you show using the properties of Fourier transforms that these expec­
tation values can also be expressed as 

h̄ ∂ �p� = dxψ∗(x) 
i ∂x 

ψ(x) (12-6) � � �2� � h̄ ∂ 
p 2 = dxψ∗(x) ψ(x) (12-7) 

i ∂x 

It follows that the expectation value of the KE is � � � � � 
p2 h̄2 ∂2 

�T � =
2m 

= dxψ∗(x) −
2m ∂x2 

ψ(x) (12-8) 

How large is the expectation value of the potential energy? 

Potential V (x) should be weighted by probability to find particle between x and 
x + dx, hence 

�V � = dxV (x)|ψ(x)|2 = dxψ∗(x)V (x)ψ(x) (12-9) 

Since �E� = �V � + �T � it follows that 

h2 ∂2¯�E� = dxψ∗(x) −
2m ∂x2 

+ V (x) ψ(x) (12-10) 

= dxψ∗(x) ˆ (12-11) Hψ(x) 

This is the so-called “sandwich form” for calculating the mean value (expectation 
value) of the energy. If ψ(x) is an energy eigenfunction with eigenvalue E0, i.e. if 

Massachusetts Institute of Technology XII-2 



� 

� 

� 

� � � 

� � � 

� � � 

8.04 Quantum Physics Lecture XII


ĤψE0 (x) = E0ψE0 (x), then 

�E� = dxψ∗ (x)Hψˆ
E0 (x)E0 

= dxψ∗ (x)E0ψE0 (x)E0 

= E0 dx|ψE0 (x)|2 

= E0, (12-12) 

where we have used the fact that the wavefunction is normalized. This shows that 
the constant E0 appearing when we make the product ansatz Ψ(x, t) = T (t)ψ(x�) to � 
solve the SE is really the energy of the system. We define the expectation value Ô

of an operator Ô acting on a wavefunction ψ(x) via the sandwich form 

Ô = Oψ(x)dxψ∗(x) ˆ (12-13) 

Then we have � � � 
�E� = Ĥ = Hψ(x)dxψ∗(x) ˆ (12-14) 

The mean energy of the state described by the wave-function ψ(x) is the expectation 
value of the Hamiltonian operator Ĥ. We say that the Hamiltonian Ĥ is the operator 
associated with the measurable quantity energy. The operator T̂ associated with the 
kinetic energy is 

h2 ∂2¯
T̂ (12-15) = −

2m ∂x2 

with �T � = T̂ = dxψ∗(x) ˆ V for the potential energy is Tψ(x), while the operator ˆ

simply a multiplicative factor 

V̂ = V (x) (12-16) 

with �V � = ˆ = V ψ(x)V dxψ∗(x) ˆ

Why is potential energy associated with a simple multiplica­
tive factor while kinetic energy is associated with a second 
derivative? 

Because we are working with wavefunctions in real space ψ(x). We say that we 
are working with wavefunctions in position space or in the position representation. 
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Another possibility is to work in momentum space (the momentum representation). 
Then the wavefunction should be the probability amplitude in momentum space, 
which is just the Fourier transform φ(p) of ψ(x). Then to calculate the KE we have 

2 
to weigh p for each p with the probability to find the particle momentum between 

2m 
p and p + dp: � 

p2 

2m 

� 

= 
� 
dp 

p2 

2m
|φ(p)|2 (12-17) 

= 
� 
dpφ∗(p) 

p2 

φ(p) (12-18) 
2m 

We see that in momentum space the KE operator is simply a multiplicative factor 

ˆ p̂2 p2 

T = = → in momentum space (12-19) 
2m 2m 

How to calculate the potential energy V (x) in terms of the 
wavefunctions in momentum space φ(p)? 

Note. In PS5, you have shown that 

∂ �x� = dpφ∗(p) ih̄ φ(p) (12-20) 
∂p � � �n
∂ n�x � = dpφ∗(p) ih̄
∂p 

φ(p) (12-21) 

Consequently, for any potential function 

∞

V (x) = anx n (12-22) 
n=0 

we can calculate the expectation value �V � as 

∂ �V � = dpφ∗(p)V ih̄ φ(p)
∂p 

= dpφ∗(p) ̂ (12-23) V φ(p) 

Consequently, the representation of the operator for the PE in momentum space is 

V̂ = V ih̄
∂

, (12-24) 
∂p 
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where a function V of an operator is defined in terms of its Taylor expansion, Eq. 
(12-22). It follows that the Hamiltonian is 

Ĥ = T̂ + V̂	 (12-25) 

1 
� 
h̄ ∂ 

�2 

= 
2m i ∂x 

+ V (x) in position space (12-26) 

= 
p2 

2m 
+ V 

� 

ih̄ 
∂ 
∂p 

� 

in momentum space (12-27) 

The SE equation is always the same: 

ih̄
∂ 

Ψ(x, t) = ĤΨ(x, t) time-dependent SE (12-28) 
∂t

ih̄
∂ 

Φ(p, t) = ĤΦ(p, t) time-dependent SE (12-29) 
∂t

Ĥψ(x) = Eψ(x) time-independent SE (12-30) 

Ĥφ(p) = Eφ(p) time-independent SE (12-31) 

Example. For the harmonic oscillator, the SE (in appropriately chosen units) looks 
the same in position and momentum space: 

1. linear potential V (x) = Ax


h2
¯−
2m

ψ��(x) + Axψ(x) = Eψ(x) in position space 

(12-32) 
2p
φ(p) + i¯	 simpler equation in momentum space hAφ�(p) = Eφ(p)

2m 
(12-33) 

2. harmonic oscillator:	 V (x) = 1
2 mω

2x2


h̄2 1
−
2m

ψ��(x) + 
2 
mω2 x 2ψ(x) = Eψ(x) (12-34) 

p2 

φ(p) − 
1 
h̄2mω2φ��(p) = Eφ(p)	 (12-35) 

2m 2 

If we know the solutions in one space, we know the solutions in the other. The 
HO is symmetric in position and momentum. 
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Time evolution of the wave function 

Consider a particle in the infinite box with a wavefunction at t = 0, Ψ(x, t = 0). 
Expansion into eigenstates Ψ(x, t = 0) = c1u1(x) + c2u2(x) + = ∞ cnun(x).· · · n=1 
Since each eigenstate un(x, t) evolves at a rate given by its eigenenergy En, 

un(x, t) = un(x, t = 0)e−iEnt/h̄ (12-36) 

= un(x)e−iEnt/h̄ (12-37) 

the wavefunction Ψ(x, t) at later time t is simply given by the linear superposition 

∞

Ψ(x, t) = cnun(x)e−iEnt/h̄ (12-38) 
n=1 

where the expansion coefficients cn are calculated at t = 0: 

∞ 

cn = dxu∗ 
n(x)Ψ(x, t = 0) (12-39) 

−∞ 

Hence the importance of energy eigenstates and eigenvalues: The eigenvalues rep­
resent not only the only possible outcomes of individual energy measurements, but 
the combination of eigenstates and eigenvalues allows one to write down the time 
evolution of an arbitrary initial state. 

How does a particle move? 

Example. Ψ(x, t = 0) = √1
2 
(u1(x) + u2(x)). Particle in equal superposition of ground 

and first excited state. 

1 � � 
Ψ(x, t) = √

2 
u1(x)e

−iE1t/h̄ + u2(x)e
−iE2t/h̄ (12-40) 

1 � � 
= √

2 
e−iE1t/h̄ u1(x) + u2(x)e 

i(E2−E1)t/h̄ (12-41) 

1 |Ψ(x, t)|2 =
2
|u1(x) + u2(x)e

−i(E2−E1)t/h̄|2 (12-42) 

At any fixed position, interference term between u1 and u2 oscillates from constructive 
to destructive interference with angular frequency 

E2 − E1
ω21 = (12-43) 

h̄

The energy difference determines the oscillation of the particle between the halves of 
the box. 
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Figure I: A particle in a superposition of the ground state an the first excited state 
oscillates from left to right at the frequency corresponding to the energy difference 
between the two states. 

Note. If Ψ(x, t = 0) is an eigenstate, Ψ(x, t = 0) = un(x), then |Ψ(x, t)|2 = |Ψ(x, 0)|2 , 
i.e. the probability density does not change in time: Bohr’s stationary states are 
energy eigenstates. 

An oscillating electron (particle) is in a superposition of at least two energy eigen­
states. An electron in a Bohr atom that emits a Lyman α photon is in a superposition 
of the ground (E1) and the first excited state (E2). It oscillates in space at the fre­

E2−E1quency 
h , exactly the frequency of the emitted Lyman α photon. 
¯

Our box example also shows: The more localized the initial spatial distribution 
Ψ(x, 0), the more eigenstates are involved, and the more complicated the time evolu­
tion will be (there will be interference terms oscillating at (E2 − E1)/h̄, (E3 − E1)/h̄, 
(E3 − E2)/h̄, . . . ) All motion of particles involves oscillating interference. 

What is the relation between the SE and CM 

QM should reproduce CM as limiting case 

dx •	 CM p = mv = m 
dt 

•	 We expect this (and other) classical equation(s) to hold for the QM expectation 
values (average position, momentum), at least in some limiting case. 

Calculate m dx : the only time variation arises from the time variation of wave •	
dt 

function, x is coordinate, not particle position in the SE. 
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dx d 
m = m (12-44) 

dt dt 
�x� 

d 
= m dxΨ∗(x, t)xΨ(x, t) (12-45) 

dt 
∂Ψ∗ ∂Ψ 

= m dx xΨ + Ψ∗x (12-46) 
∂t ∂t � � � � � �� 
1 h̄2 ∂2Ψ∗ 1 h̄2 ∂2Ψ 

= m dx 
−ih̄

−
2m ∂x2 

+ V (x)Ψ∗ xΨ + Ψ∗x
ih̄

−
2m ∂x2 

+ V (x)Ψ 

(12-47) 

h̄ ∞ ∂2Ψ ∂2Ψ 1 
=

2i 
dx 

∂x2 
xΨ − Ψ∗x 

∂x2 
− 
ih 

dx [Ψ∗V (x)xΨ − Ψ∗xV (x)Ψ] 
−∞ 

(12-48) 

The second term is zero, the first term can be integrated by parts: 

∂2Ψ∗ ∂ ∂Ψ∗ ∂Ψ∗ ∂ 
∂x2 

xΨ = 
∂x ∂x 

xΨ − 
∂x ∂x 

(xΨ) 

∂ ∂Ψ∗ ∂Ψ∗ ∂Ψ∗ ∂Ψ 
= 
∂x ∂x 

xΨ − 
∂x 

Ψ − 
∂x 

x
∂x 

(12-49) 

Similarly, 

∂2Ψ ∂2Ψ∗ ∗ 

Ψ∗x = xΨ (12-50) 
∂x2 ∂x2 

∂ ∂Ψ∗ ∂Ψ ∂Ψ∗ ∂Ψ 
A = 

∂x ∂x 
Ψ − Ψ∗x 

∂x 
− 

∂x 
Ψ + Ψ∗ 

∂x 
(12-51) 

∂ ∂ψ∗ ∂Ψ ∂ ∂Ψ 
= 
∂x ∂x 

xψ − Ψ∗x 
∂x 

− 
∂x 

(Ψ∗Ψ) + 2Ψ∗ 

∂x 
(12-52) 

∂Ψ h̄2 ∂2 

ih̄ = + V (x) Ψ → SE (12-53) 
∂t 

−
2m ∂x2 

For the wavefunction to be normalizable, it has to vanish at ±∞ faster than √1
x . 

Consequently, the integral over the first two terms in A yields zero and we are left 
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with 

d h̄ ∞ ∂Ψ 
m dx2Ψ∗ (12-54) 
dt 
�x� =

2i ∂x � −∞ � � ∞ h̄ ∂ 
= dxΨ∗(x, t) Ψ(x, t) (12-55) 

i ∂x �−∞∞ 

= dxΨ∗(x, t)p̂Ψ(x, t) = �p� (12-56) 
−∞ 

So it follows from the SE that the expectation value of momentum is equal to the 
particle mass times the rate of change of the expectation value of particle position: 

d 
m (12-57) 
dt 
�x� = �p� 

This equation follows from the SE in combination with the position representation of 
¯ ∂the momentum operator p̂ = h
i ∂x . Does the appearance of 1 

i mean that momentum is 
complex (imaginary)? Let us calculate the complex conjugate �p�∗ of the expectation 
values of �p� in some arbitrary state Ψ(x, t) . . . 
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(13-1) �p�∗ = �p̂��� � � �
h̄ ∂ ∗ 

= dxΨ∗ Ψ (13-2) 
i ∂x 
h̄ ∂ 

= dxΨ Ψ∗ (13-3) − 
i ∂x 

h̄ ∞ ∂ ∂ 
= − dx (ΨΨ∗) − Ψ∗ Ψ (13-4) 

i ∂x ∂x � −∞� � 
h̄ ∂ 

= dxΨ∗ Ψ (13-5) 
i ∂x 

= �p� , (13-6) 

where again we have used integration by parts and the fact that Ψ vanishes at ±∞. 
Consequently, �p� = �p�∗, i.e. all expectation values of p̂ are real. Since an eigenvalue 
is the expectation value for the corresponding stationary state, all eigenvalues of 
the momentum operator must be real. An operator whose eigenvaluse are real (or 
equivalently, whose expectation value for all admissible wavefunctions is real) is called 
a Hermitian operator. 

Physically measurable quantities are represented by Hermitian operators.


Similarly, one can show that �E�∗ = �E� for any state, so all energy eigenvalue are 
real: The Hamiltonian operator Ĥ is a Hermitian operator. 

Can we “derive” Newton’s F = ma from the SE? 

CM: F dV = ma = dp Let us calculate the expectation value of dp := −
dx dt dt 

dp d 
dt 

= 
dt 
�p� (13-7) 

d h̄ ∂ 
= dxΨ∗(x, t) Ψ(x, t) (13-8) 
dt i ∂x 
h̄ ∂Ψ∗ ∂Ψ ∂ ∂ 

= dx + Ψ∗ (13-9) 
i ∂t ∂x ∂x ∂t � � � �� 

h̄2 ∂2Ψ∗ ∂ψ ∂Ψ ∂ h̄2 ∂2Ψ 
= dx −

2m ∂x2 ∂x 
+ V Ψ∗ 

∂x 
− Ψ∗ 

∂x 
−

2m ∂x2 
+ V ψ (13-10) 

A 
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The integrand is 

h̄2 ∂2Ψ∗ ∂Ψ ∂Ψ� h̄2 ∂ ∂2Ψ 
A = −

2m ∂x2 ∂x 
V Ψ∗ 

∂x 2m ∂x 
Ψ∗ 

∂x2 

h̄2 ∂Ψ∗ ∂2Ψ ∂V 
Ψ − 

��
�∂�Ψ

� 
(13-11) − 

2m ∂x ∂x2 
− Ψ∗ 

∂x 
Ψ∗V 

∂x 

h̄2 ∂ ∂Ψ ∂Ψ∗ ∂Ψ ∂V 
=

2m ∂x 
Ψ∗ 

∂x 
− 

∂x ∂x 
− Ψ∗ 

∂x 
Ψ (13-12) 

Again the integral over the first term vanishes since Ψ 0 for x → ±∞, and we are →
left with 

� � � � � � � 
dp ∂V dV 
dt 

= dxΨ∗(x, t) − 
∂x 

(x) Ψ(x, t) = − 
dx 

(13-13) 

or 

d dV 
(13-14) 

dt 
�p� = − 

dx 

It follows from the SE that the expectation values obey the classical equations 
of motion. 

d 
m
dt 
�x� = �p�� � 

(13-15) 

d dV 
dt 
�p� = − 

dx 
(13-16) 

Average momentum changes due to average force � � � � � � 
dV ∂V 2− 
dx 

= − dxΨ∗ 

∂x 
Ψ = dxF (x)|Ψ(x, t)| , (13-17) 

i.e. position-dependent force F (x) is weighted by probability density Ψ(x, t) 2 for 
dV 

|
d 

|
finding the particle at position x at time t. Note, however, that 

dx =�
d�x� V (�x�) 

Example 1. Double-peaked distribution. The probability to find the particle at the 
average position �x� is small, so the force there cannot be of much consequence for 
the particle’s motion. 

Example 2. Force varying quickly on wavepacket scale. Classical calculation − d V (�x�)
d�x�

would predict very large (and quickly varying force as �x� changes), actual QM force 
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Figure I: Double-peaked particle distribution with vanishing probability to find par­
ticle at average position. 

Figure II: Particle wavepacket large compared to spatial variation of the force. The 
time evolution of the wavepacket will depend on the value of the force averaged over 
the wavepacket, not just on the force at the average particle location. 

dV− experienced by particle is much smaller. However, if the force varies slowly 
dx 

compared to the size of a single wavepacket, then 

dV d − 
dx 

= �F (x)� ≈ F (�x�) = −
d �x� 

V (�x�) (13-18) 

This is the reason why we can treat particles in macroscopic potential usually as 
classical particles. 

d dV → always true (13-19) 
dt 
�p� = − 

dx 
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d d 
Ehrenfest’s theorem for slowly varying potentials 

dt 
�p� ≈ − 

d �x� 
V (�x�) → 

(13-20) 

Eigenfunctions of the momentum operator 

What are the eigenfunctions up of the momentum operator, i.e. the eigenfunctions 
satisfying 

puˆ p = pup, (13-21) 

where p is some (fixed) particular eigenvalue of p̂. We know that the operator p̂ is 
¯ ∂Hermitian, so all eigenvalues p are real. In position space, we have p̂ = h
i ∂x and 

h Aeipx/¯¯ ∂ up(x) = pup(x), up(x) = h . The momentum eigenfunctions are (of course) 
i ∂x 
just the plane waves. Let us check the orthonormality condition for eigenstates: 

∞ 

dxup 
∗(x)up(x) = Ap� 

∗Ap dxe−ip�x/h̄eipx/h̄ (13-22) 
−∞ � 

= Ap� 
∗Ap dxei(p−p�)x/h̄ (13-23) 

= h̄Ap 
∗Ap dyei(p−p�)y (13-24) 

= h̄Ap� 
∗Apδ(p − p�)2π (13-25) 

= h̄2πAp� 
∗Apδ(p − p�) (13-26) 

The momentum eigenfunction are orthogonal for p = p�, but we have a normalization 
problem for p = p�: The Dirac delta function diverfes, or equivalently, the integral 

∞ 

dx up(x)
2 = AP 

2 dx eipx/h̄ 2 (13-27) | | | |
−∞ 

|� �� 
|� 

=1 

diverges. Before looking at possibilities to deal with normalization problem, let us 
calculate the expansion coefficients c(p) 

c(p) = dxAp 
∗e−ipx/h̄ψ(x) = Ap 

∗ dxψ(x)e−ipxh̄ (13-28) 

√
2πh̄φ(p) 

Massachusetts Institute of Technology XIII-4 



� 

� 

� �� � 

�

8.04 Quantum Physics Lecture XIII


We see that if we make the normalization choice Ap = √
2
1 
πh̄ 

, then the expansion 
coefficients c(p) into momentum eigenstates are just given by the Fourier transform 

1 
up(x) = eipx/h̄ ”normalized” momentum eigenstates (13-29) √

2πh̄
→ 

∞ 

ψ(x) = dpφ(p)up(x) (13-30) �−∞ �� � 
expansion into momentum eigenstates 

1 
= dpφ(p)eipx/h̄ (13-31) √

2πh̄

Fourier transformation 

The expansion into momentum eigenstates and Fourier tranformation are one and 
the same. Since ψ(x) and φ(p) contain the same information about the particle, we 
can use either one to characterize the position and motion of the particle. A more 
fundamental motion is the state of the particle (a state is a vector in Hilbert 
space), the state can be expressed (written down) in various representations (like 
position representation ψ(x), momentum representation φ(p), energy representation 
cE ) associated with Hermitian operators (position x̂, momentum p̂, energy Ĥ). We 
call φ(p) the momentum representation of a particular state, and interpret it as 
the wavefunction in momentum space. The SE governs the time evolution of 
the wavefunction, or equivalently, the time evolution of the state of the particle in 
Hilbert space. 

For one particle in one (three) dimensions, the Hilbert space is one- (three-) dimen­
sional, but for N particles in three dimensions the Hilbert space is 3N -dimensional. 
In general, it cannot be factored into a tensor product of N three-dimensional vector 
space Vsystem =� V1 ⊗ V2 ⊗ · · · ⊗ VN , or equivalently, the wavefunction for N particles 
does not factor into a product of wavefunctions for each particle, 

Ψ(r1, r2, . . . , r1, t) = Ψ1(r1)Ψ2(r2) . . . ΨN (rN) (13-32) 

In this case, when the wavefunction for an N -particle system cannot be written as a 
product of wavefunctions for the individual particles, i.e. when the particles do not 
evolve independently, we speak of an entangled state. Because of this possibility a 
quantum system of N particles is vastly (exponentially in N) richer than an classical 
system of N particles. However, in most cases we lose track of the particle-particle 
correlations associated with entanglement, and the system behaves quasi-classically. 
A quantum system that could preserve the correlations, and that could be manipu­
lated externally, would constitute a quantum computer. A quantum computer could 
solve certain computation problems (only a handful have been discovered so far) ex­
ponentially faster than a classical computer. Because of the enormous size of the 
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Hilbert space, certain quantum mechanical problems involving many-particle corre­
lations (e.g. high temperature superconductivity that involves correlated motion of 
many electrons) are very difficult to solve or simulate on a classical computer. Now 
back to a single particle in one dimension . . . 
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Normalization of wavefunctions in free space 

The momentum eigenstates in the position representation, up(x) defined by 

h̄ ∂ 
ˆ (x) = (x) = pup(x), (14-1) pup up

i ∂x 

and given by 
1 ipx/h̄ up(x) = e (14-2) √
2πh̄

cannot be normalized in free space to be interpreted as a probability density since 
up(x)

2 = 
2π
1
h̄ , and ∞ 

dx up(x)
2 diverges. However, they do satisfy the continuum | | −∞ | |

orthonormality condition 

∞ 

dxup 
∗(x)up� (x) = δ(p − p�) . (14-3) 

−∞ 

This normalization corresponds to a uniform particle density (particle per meter) 
given by |up(x)|2 = 1 . Let us calculate the probability current (particles moving 

2πh̄ 
past a point x per second), defined by 

h̄ ∂ψ ∂ψ∗ 

j(x) = ψ∗(x) (x) − (x) ψ(x) → see PS (14-4) 
2im ∂x ∂x 

For ψ(x) = up(x) we find 

h̄ 1 ip ip
j(x) = (14-5) 

2im 2πh̄ h̄
− −

h̄
1 p 

= , (14-6) 
2πh̄ m 

which is exactly what we expect for a uniform particle density up(x)
2 = 

2π
1
h̄ moving 

p 
| |

at velocity v = . 
m 

In general, choosing a wavefunction ψ(x) = Ceipx corresponds to particles moving 
p 2 2at velocity 
m , a particle density psi(x) = C , and a particle current j(x) = 

2 p 
| | | |

|C| . Alternatives to deal with the normalization problem (wavefunction not square-
m 

integrable) for momentum states are: 

1. Wavepackets 
A superposition of a finite number of momentum eigenstates is not normalizable, 
but a wavepacket consisting of an infinite number of momentum eigenstates 
(Fourier components) is. 
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Figure I: A wavepacket ψ(x) in position space or φ(k) in momentum space whose 
wavefunction for large x (or k) falls off faster than x−1/2 (k−1/2) can be directly 
normalized. 

2. Periodic boundary conditions

Assume box of finite length L, require periodic boundary conditions


ψ(0) = ψ(L) (14-7) 

For plane waves eipx/h̄ this implies that eipL/h̄ = 1 or pL = kL = n2π, n integer, 
h̄ 

i.e. momentum is quantized, pn n¯ with k0
2
L
π .= hko = The corresponding 

momentum states are normalizable in the interval [0, L], � L 

dx|Ceipx/h̄|2 = L|C|2 = 1 (14-8) 
0 

1 
upn (x) = √

L
eipnx/h̄ (14-9) 

normalized momentum eigenstates in box of size L with pn = nh̄ko→ � L 

dxupn 
∗(x)upm (x) = δnm orthonormality condition in box (14-10) →

0 

We perform all calculations for fixed size box, then take the limit L →∞ (i.e. 
k0 0, momentum spectrum becomes continuous). All physically sensible → 
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Figure II: Wavefunction in box of length L with periodic boundary conditions. 

results will be independent of the initially chosen box size L as long as L is 
large compared to distances of interest. 

Time evolution of free-particle wavepackets 

In free space we often work with normalized Gaussian wavepackets 

x1 2 

4w0
2Ψ(x, t = 0) = 

(2π)1/4w0
1/2 
e
− 

(14-11) 

Written in this form we have 
2 x 

• |Ψ(x, 0)|2 = 
(2π)1

1 
/2w0 

e
− 

2w0
2 

• dx|Ψ(x, 0)|2 = 1 

• �x� = 0 

2 2 • �x � = w0 

• (δx)2 = �x2� − �x� 2 = w0
2 

Δx = w0 is the uncertainty or rms width (root-mean-square width) of the wavepacket. 
Why do we prefer this Gaussian form of wavepacket? 

1. Particularly simple and symmetric, the Fourier transform is also a Gaus­
sian wavepacket: 

4k0
2φ(k) = 

1 
1/2 
e
− k2 

(14-12) 
(2π)1/4k0 

with k0 = 
2w
1 

0 
. (Δk)2 = �k2� − �k� = k0

2 

2. This is a wavepacket with the minimum uncertainty ΔxΔk = 
2
1 (ΔxΔp = h̄ 

2 ) 
allowed by QM 

3. Physical system after give rise to Gaussian broadening in momentum or position, 
e.g., thermal distribution of atomic momenta in a gas is a Gaussian distribution. 
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How do we make a wavepacket move at velocity v1?


We displace the distribution in momentum space from �p� = �¯ hk� =
hk� = 0 to �p� = �¯
hk¯ 1 = mv1 (see Fig. III). 

4k0
2φ(k) = 

1 
1/2 
e
− (k−k1)2 

. (14-13) 
(2π)1/4k0 

The inverse Fourier transform, i.e., the spatial wavefunction 

x 
4woΨ(x, t = 0) = 

(2π)1/

1 
4w0

1/2 
e
− 

2

2 e ik1x (14-14) 

is still a Gaussian, but now with a phase variation eik1x, rather than a constant phase 
over the wavepacket (compare Eq. (14-11). This phase variation eik1x in position 

Figure III: Moving Gaussian wavepacket with average velocity v1 = h̄k1/m and spatial 
2 

wavefunction ψ1(x) = 
(2π)1/

1 
4w 1/2 e

− 
4

x

w0
2 e

ik1x 

. 
0 

h̄k1space “encodes” the motion of the wavepacket at velocity v1 = 
m : The dominant de 

Broglie wavelength in the wavepacket corresponds to a wavevector k1, or a momentum 
h̄k1. 
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How does a free-space Gaussian wave packet evolve in time? 

In general, we expand a wavefunction Ψ(x, 0) into energy eigenfunctions uE (x), and 
then evolve the energy eigenfunctions as e−iEt/h̄ . 

In free space, there is only KE. Then the momentum eigenstates up(x) are simul­
taneous eigenstates of energy: 

ˆ (x) = 
p̂2 

up (14-15) Hup (x)
2m � �2
1 ∂ 1 

= ¯ eipx/h̄ 

2m 
hi
∂x 

√
2πh̄

(14-16) 

2p
= up(x) (14-17) 

2m 

or 

2 
ˆ (x) = 

p
up (14-18) Hup (x)

2m 
= Epup(x) (14-19) 

in free space. The energy eigenstates are said to be doubly degenerate: For each 
eigenvalue of energy E > 0 there are two different momentum states (namely u±p(x) 
with p = 

√
2mh̄) that have the same energy. It follows that a momentum eigenstate 

with eigenvalue p evolves in time as e−iEpt/h̄, so that the wavefunction in momentum 
space evolves in time as 

2 

2mΦ(p, t) = Φ(p, 0)e−i p t/h̄ (14-20) 

→ time evolution of momentum eigenfunctions in free space. The wavefunc­
tion in real space is given by the inverse Fourier transform Ψ(x, t), or equivalently, as 
the superposition of energy eigenfunctions with their corresponding phase evolution 
factors e−iEpt/h̄: 

1 ipx/h̄Ψ(x, t) = dpΦ(p, t)e (14-21) √
2πh̄

( = dpΦ(p, t)up(x)) (14-22) 

1 p 2 

= dpΦ(p, 0)eipx/h̄ e− 
2m t/h̄ (14-23) √

2πh̄

= dpΦ(p, 0)Up(x, t) (14-24) 

= dpΦ(p, t)up(x) (14-25) 
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2 2 

2m 2mwhere Up(x, t) = up(x)e
− p t/h̄ = √

2
1 
πh̄ 
eipx/h̄e−i p t/h̄ are the time-dependent momen­

tum eigenfunctions in free space. The above equation shows that the phases of dif­
ferent Fourier components up(x) = √

2
1 
πh̄ 
eipx/h̄ evolve in time at different speeds, the 

“running out of phase” of different Fourier components leads to a spreading of the 
wavepacket in position space. In the problem sets you will show that the rms width 
Δx(t) = w(t) of the wavepacket grows in time as 

h2k2¯
w(t) = w0 1 + (14-26) 

m2w0
2 

Since a wavepacket contains different momentum components, it changes in time in 
free space even though there are non external forces acting. For long times t � 
t0 = mwo 

2 
the wavepacket spreads as w(t) ≈ h̄ t, i.e. at a speed v0 = h̄ that 

h̄ mw0 mw0 

is inversely proportional to its initial size. That speed is negligible for macroscopic 
wavepacket size, but can be appreciable for initially well-localized microscopic objects. 
The spreading of a wavepacket in free space was early evidence that the wavepacket 
size cannot be identified with the particle size. The spreading is due to the quadratic 
(i.e. not linear) dependence of the energy, and hence the phase evolution rate, on 
momentum. Note that the wavepacket of a massless particle, e.g. a photon, with 
E = pc would not spread. (The SE is non-relativistic and does not apply to photons.) 

Motion of wave packets, group velocity, and station­

ary phase 

Why is it that a wavefunction 

x 

Ψ(x, 0) = 
(2π)1/

1 
4w0

1/2 
e
− 

4w

2

0
2 e ik1x (14-27) 

h̄k1represents a particle moving at velocity v1 = 
m ? Since a crest of a single momentum 

hk2 
1 2π

2mcomponent uk1 (x, t) = √
2π 
e−k1xe−i ¯ t moves forward a distance λ = 

k1 
in a time 

hk1T = 2
ω
π 
1 

(remember that ω1 = ¯
2m 

2 
and e−iE1t/h̄ = e−iω1t), the velocity of the crest is 

λ 2π ω ω1 hk¯ 1vph = 
T = 

k1 2π = 
k1 

= 
2m 

ω1 ¯ p1hk1 
vph = = = (14-28) 

k1 2m 2m 

This is the phase velocity of a momentum component. 
The particle does not move at the phase velocity vph = ω

k1

1 at which the plane 
wave associated with a single momentum moves forward. At what velocity then? 
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Look at exponent and write: 
¯ 2 

• 
hk1E1 = E1(k1) = h̄ω1 = h̄ω(k1) = 
2m 

2 x− 
4w0

2 +ik1x−iω(k1)t 
e• 

Remember Fermat’s principle of stationary phase: path is defined by region of space 
2 

where phasors point mostly in one direction, i.e. where the phase φ(k) = x +
4wo 2

−
ikx + iω(k1)t does not vary between different momentum components k to lowest 
order � � � � �� 

∂φ ∂ω ∂ω 
0 = = ix − i t = i t , (14-29) x −

∂k ∂k ∂x 
or � � 

∂ω 
x(t) = t. (14-30) 

∂k 

Fermat’s principle leads us to the concept of group velocity 

∂ω ¯ p1hk1 
vgr = (k1) = = (14-31) 

∂k m m 

Group velocity of the wavepacket at which the wavepacket, i.e. the region of con­
structive interference, propagates. The difference between group and phase velocity 
is due to the fact the ∂ω = ω , or ∂E = ∂(h̄ω) = E , i.e. the quadratic dependence of KE 

∂k � k ∂p ∂(h̄k) � p 
on momentum in free space. This is in contrast to photons with a linear dispersion 
relation ∂ω = ω = c in vacuum, where group and phase velocity are the same. 

∂k k 
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We retum nUW tU the Schr。 dinger equatiUn fUr the harmUnic UscillatUr (Equa＿
tiUn2.39):

鑫粵十吉〞ω2x2ψ =E〦
ThingslUUkalittlecleanerifweintrUducethediInensiUnlessvanabIe

ξ≡品
in termsUfξ ,theSchr。 dingerequatiUnreads

努=竹
2一句也 P5劍       ｜

whereKis theenergy,inunitsUf(l/2)乃 ω:

2E
K≡
元二
.               I2.5’ 1

Uur prUblem istUsUIveEquatiUn2.56,andin theprUcessUbtain the‘
‘
aIlUwed” values

UfK(andhenceUfE).
TUbe」 nwith,nUtethatatveryIargeξ (whichis tUsay,atve,largex),ξ 2

cUmpletelydUminatesUverthecUnstant水 ∴sU:nthis regi【 ne

I2.55〕

I2.58〕

I2.59〕

TheBterIn isclearlynUtnbrInalizable(itbIUwsupas︳ x｜ -→ UU);thephysically

acceptabIesUlutiUns,then,havetheasymptUticfUrm

ψ佔).()ε ξ
工/2, atlargeξ

.

This suggests thatwe‘
‘
peelUff’ theexpUnenⅡ alpart,

ψ(ξ )=乃 (ξ )θ
一′/2,

inhUpesthatwhatrem缸 ns口 (ξ )〕 hasasimplerfunctiUnal
Differen﹂atingEquaIUn2.61,wehave

::一ξ∼ξ2九
whichhastheapprUxiInatesUlutUn(check it!)

ψ佑)∼ 4θ
一告’/2十 Bε +ξ

2/2.

告ξ=(斃 一ξ
2/2

乃Θ=aU+的ξ+a2ξ2+‥一Σ研
╯

。
=U

θ

\
—

J
/

乃

一

〔2.6U〕

【2.61〕

fUmlthanψ 偌)丘 self.14

I2.62〕

I2.63〕

and

努
=(窘 -2ξ

券
十 佑
2一
妙乃
)θ

︴ㄅ2

sUtheSchJ° dingerequaIUn(Equa位 Un2.56)becUmes

窘-2ξ券十“一D乃 =a
IpiUpUsetUlUUkfUrasUlutiUntUEquatiUn2.62in thefUrrnUfapUwerseHes

inξ
I5:

I4NotethataIthol1ghweinvokedsomeapproxima●
oⅡ sto 羽UrjVa〞 Equatlon261,、 vhatfUlIows is

eXaε了 Thedev︳ ceofst㎡PPingofftheasymp6otlcbehaVior is thestandardnrst step in山 epowerse● es
methodfUr so】 vingdifrereΠ tialequations＿＿see,f。 rexamPle,B。 as(citedinfootIIote8),Chapterl2
:5AccoΓ

dingtoTay!or’ stheorem,aΠ yreasonab︳ yweⅡ -behavedfunctioncanbeexpressedasapower

Se㎡ es,soEquation263involves noΓ ea】 Ioss ofgenerality.Forconditions on theapplicabilityofthese封 eS
method,seeBoaS(cltedinfUotnote8)UrGe。 rgeArfken,砌 ㏑仍〞〞atjε at砌陀r方U竹力′P乃yJjc心心,3rded
(Uflando,FL:Academ必 Press,1985),Secj。 n85
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DifferenEatingtheSeHestermbyterm,

t′ /I

〞ξ
=a︳ 十2a2ξ十3a〕ξ2十‥一Σ巧ξ

�｜
,

9=U

and

樂=2a2+2.3a3ξ +3.4a4ξ
2+⋯

PutⅡng6heseintUEqua● Un2巧2,wennd

ˊ

∞
Σ

H
= +l)(′ 十勾幻十2′
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ItfUIlUws(frUmtheuniquenessUfpUwersehesexpansiUnsl‘ )thatthecoefncientUf
θaε乃pUwεrUfξ mustvanish,

(′ +l×
。
十2)ㄌ+2-2o幻 十(K-1)幻 =U,

andhencethat

I2.65〕

This recurs︳ UnfUrmⅡⅡaisentirelyequivalenttUtheSchr°dingerequatiUn itsel∴
(hvenaUitenablesus(inphnciple)t。 generatea2,a4,a‘ ,...,andgivena︳ itgenerates

a3,a5,a7,‥ ..LetuswHte

乃(ξ )=乃 even佔 )+乃 Udd(ξ ), I2.66〕

where

乃even(ξ )≡ aU+a店2+仰ξ4+‥ .

isanε vεη func位UnUfξ (sinceit invUlvesUnlyevenpUWers),built。 naU,and

乃Udd(ξ )≡ a︳ξ+勿ξ
3+仍
ξ
5+‥

.

isanUddfunctiUn,builtUna1.ThusEquaⅡ Un2.65deterrmneS乃 (ξ )in teΠmsUftwU
arbitra,cUnStants° Uandal)一 which6justwhatweWUuldeXpect,fUrasecUnd⋯
UrderdifferentialequatiUn.
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2
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一
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withthe(apprUximate)sUluIUn

C
ㄌ∼
σ/2)!’

fUrsUmecUnstantC,andthisyields(瓜 largeξ ,wherethehigherpUwcrsdUminate)

忙 )究 CΣ
片 去
′ ∼ cΣ

去
ξ
2〞 寫 C尸
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。
dd;theUr91ε rUnemuStbezerUfrUmthestart).FUrphysically

acceptablesUlutiUns,then,WemusthaVe

K=幼 +1,

fUrsUmepUsitiveinteger刀 ,WhiChis tUsay(referrlngtUEquatiUn2b7)thattheε 刀ε「帥
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易=“ +:” ㎞=a怯‥
ThuswerecUver,byacUmpletelydiIcrentInethUd,thefundamentalquantizatiUn

cUnditiUnwefUundalgebraicalIyinEquatiUn25U.

FUrtheallU、vedvaluesUfK,therecursiUnfUmulareads

-2(刀 一9)
I2.68〕ㄌ十2= (9+1)(。 +2)

Ifη =U,thereisUnlyUneterIn in theseHes(wemust p㏑kaI=UtUt11乃 Udd,and

╯=UinEquatiUn2.68” eldsa2=U):

I2.67〕

ㄌ .

andhence

乃U竹 )=aU,

φU(ξ )=aUθ
一′/2

●〃hichreprUducesEqua巨 Un2.48). FUr刀 =1WepickaU=U,18andEquaⅡ Un2石 8

with9=1” cIds勿 =U,SU
乃〕(ξ )=θ lξ ,

17It’ s noSu「 pHsethattheill-behavedsolutlonsareStillcontalnedinEquatlon265;this recursion

relttlon isequivalentt° theSchr° dingerequat1on,S° it’sgottUincludeboth山 easymptUtlcfUnns、vefound

inEquatlon259
18NotethatthereiSacompletelydifferent set。 fc。 emcientsa′ foreachvalue。 f● l
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andhence

(cUnnrming

幻 =U,SU

and

ψl(ξ )=a︳ξε
ξ?/2

EquatiUΠ 251)FUr刀 =2,。 =Uyieldsa2=-2θU,ando=2gives

乃2(ξ )=.,U(I-2′ )

Vr2(ξ )=al,(l-2′ )θ ξ
2/2

andsUUn.(CUmparePΓ Ublem2.13,wherethesameresL1ltwaSUbtainedbyalgebr缸 c
means)

Ingeneral,/.” (ξ )、villbeapUlynUmialUfdegreeKinξ ,invUIvingevenpU、vers
Unly,ifKisaneven integer,andUddpU、 versUnly,ifη isanUddinteger. ApartfrUm

theUver.l1lfaaUrω UUra｜ )theyaretlIeSσ caIledHermmepUlynUmiaIs,北 t佑 )l°
The冇 rstfe、vUfthen】 arelistediΠ Table2.1. BytraditiUn,thearbitrarymultiplicative

factUr ischUsensUthatthecUefficlentUfthehighest pUwerUfξ is2” .ⅣViththis

cUnventiUn,thenUrmalized2UstatiUnarystatesfUrtheharmUnicUscillatUrare

ψ刀什)=
\
、

—

/
砌
一翃

ˊ

(

扁站↙
′

I二
t.66)〕

Theyareidentcal(UfcUurse)tUtheUnesweUbtaiΠ edalgebraicallyinEqua● Un26U
InFigure25aIhaveplUttedψ π什)fUrthenrstfewη

、
.

ThequantumUscillatUr is strildnglydifferentfrUm itsclassicalcUunterpart

nUtUnlyaretheenergiesquantized,butthepUsitiUndistHbutiUnshavesUmebizarre

features. FUr instance,theprUbabilityUfnndingtheparticleUutsidetheclassically

allUwedrange(that is,withxgreaterthanthecIassic㏕ amplitudefUrtheener.cy

in questiUn)is,1UtzerU(seePrUblem215),andinallUddstatestheprUbabilityUf

Table2.l: TheflrstfewHer㏕ tepUl,mU㏕ als,〃η°)

JfU=l,

〃I=2x,

扔 =4x2-2,

扔 =8′ 一 12x,

rf.=16x4＿ 48x2+12,

Jfb=3ㄙ 5一 16U.r3+12Ux

I’ TheHenllitePolynomialshavebeenStUdiedextensjVelyiΠ themathematical literature,andthere

aremanytoolsandtrlcksforworkiΠ gwiththem AfewUftheseareeXp︳ oredinProblem218
2UIshall nUt、 vork out〔 henonlnalizationconStanthere;jfyouareiΠ terestedin knowjnghowit is

done,see,fUrexamPle,LeUnardSchi氏 @“ a〞′口〞 j9rθ c方 aη jε∫,3了ded (NewY° rk:McGraw-HjlI,1968),
Section l3

nndingtheparticleat亡heCenterUfthepUtentialM/ell iszerU Unlyatre︳ ativelylarge

′,dUwebegin tUseeSUmeresemblance亡 UtheClaSsicalcaSe InFigure2bbIhave

superImpUsedtheda$icalpUsitiUndisthbutiUnUntheqvantumUne(● Dr刀 =lUU);if
yUuSmUUthedUutthebumps in thelatter,thetwUwUuIdnt prettywel)(hUwever,in

theclassicalcasewearetaIkingabUutthedistributiUnUfpUsitiUnsUver ri′ ,1ε fUrU刀ε

UscillatU了 ,、Vhereasin thequantulllcaSe、 vearetaIkingabUutthedistributiUnUveran

θ刀∫εηπ’泛 Ufidentically一 prep缸 edSystems)二
l
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編號: t-ˊ｛

┬hep。 tent︳ a︳ funct︳
。
n

1/(x｝

。
faone-d︳ mensiona︳

ha「 mon︳ cosci︳︳atoΓ .C︳ assicaⅡy,a

partic︳ eofenergyξ
。
sc∥︳ates

beMeentheturningpo︳ ntS

atx=±月.

┬heenergy︳ eve︳ s° f

theharmonic° sci︳︳at。 r.N。 tethat

thediffe「encebeMeenadjacent

翠:r:首 ::丫古玉斟芽甲:::十｜::s
correSpondingtoΔ 99=± lare

︳ndicatedbΥ arroWs.

姻 =告〞=告抑2′ 一＿＿一 
 
一 
 
一 
 
 
一 
 
一 
 一 
 一
 
 
 
一 
 一 
 一

或=(5+告 )乃ω

E.=(4+告 )力ω

屁=(3+告 )力ω

境=(2+告 )力ω

tl=a+)乃ω

几 =告 乃ω
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淨兕】2
P1σ )

┬heha「monicosci︳ ︳ator

wavefunct︳ onSfo「 刀=。 .1,2,3,
and1U.Sh。Wn ineachofthe
drawingsa「 ethewaˇ efuncti° n

ψ(/｝ ;theprUbab︳︳itYdensitY｜ψ｛/｝
2;

andP(,/)tthepΓ
。
babi︳︳tV

diStribut︳ onforac︳ aSs︳ ca｜ partic︳ e

oftheSameene「 gy.┬heturn︳ ng
pointSaΓ eindicatedbytheVertica︳

︳ines;theabscissaiSthe
d︳了nenS︳ on｜ eSSva「 iab｜ ey

�

棩】2
P1oσ )

上
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(a)ThenrstfUur stauUn四 StatesoftheharIno血 CUSclllatUr.
(b〉 GraphUf〡 ψllx)︳

2,mththeclaSSicaldiStnbutiUn(dashedcuⅣ e)superⅡ npUsed.
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圴7′ 比́

THEHABMUNIUUSCILLATUB

§ 5.lCI色SSiCalThUo叮

AccUrd㏑ gtUcl色 SSia以 theo=ya,halrmonicUscilla,tUr is 色 Par由 cle,mass

”4mU▼㏑gii nderthea,ction ofalfUroU

Γ=一仍ω2π.          “.1)
Th° equ色七ionUfmo伍on is then

t2t

山2十
ω2t=U,          (5.幼

㎡ 伍 BUIution

π=acosωt,             (5.3)

￣ h㏑hr叩 resents巳nUBCⅢ &tU呼 mo七ion ofangu色 r士 equen叩 ω ,and

BmPⅡtudoa.ThepUten伍㏕拍m㏑t°dtUthofUrcoby

a7
Γ = 一

π

’

日°1ha,t

7(。 =】仍ω2π2.          “.4)

Theenet田 Uf七heUSciⅡ日伍on(5.3)igthΘ pUtenti㏕ Unet田 whenthe

P㏕cleiB〦ta,nextremeP。sition.TherefUrΘ

回 =舌勸〞ω2.            °.切

§5.2qu&ntumThUo,s田㏑ E地口n▼BIues

WenUwcU】口虹derthequa,nt.∥ mtheo,ofsueha.盯s.em.Smcethe
Cl色S㎡

。

巳lm° 伍 on isboundfUra,ll▼ a】ues,theenu∟ equ色 ntuⅡlene【田
spectmm shouldconsist ofd杺 crete▼&lues.Theene【田 eigen▼aIue

equatiUn is(3.16),ith

E=舊告十加′房2.     “q
InthoSc㏑心d㏒erⅨㄗresen韜t沁nthis拍

I芊品+罕┤a㎡句=刀”“㎡甸. 〣
68
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Ithis k multipliedbyη元ωweget

片 品
十
駕

一

┤
仍㎡甸=等 仍兌ω. 閒

IntrUducingtheva,rialbles

v=｛翠爭)v=妨     佢翔
℅=刀πt加,        (5.1U)

theequaltionbecomes

｛吉::——v2｝仍,.(“) =工 -2ε沁仍π(V).            (5.ll)
Thisequa,tion ma,ybesolvedbythΘ sta,ndardtec㏑ ques,、vhicha,rΘ

emplUyedbelUwfUra,ngularmUmentI,Tn andthΘ hydrogena,tUm.
Instead, we use thΘ  色ctorization、method, wlⅡ ch is palΓHeulalrIy
elegantfUrt㏑ s problemandbrL珽 分 tUthefUrea,newtypeUfoperatUr,

whichin thelUn..run plalysa,veryimporta,nt rUIein七 lletheory.

Sinco

｛吉:┤
一

γ｝ ｛
吉:—
—
v｝ t㎡ J) ≡

 ｛吉::一
v2.一 工

｝

t.(“),

(5.ll)m&ybΘ re＿ⅥTitten

｛磊尸
├J｝
｛吉;——

v｝ t〞(v) =E-2‘日一 l】仍”(V).     (5.llal)

Ⅲtema,tively,it m&ybe、﹁Htten

｛吉:一 v｝｛吉:—
—

v｝ tn(v) == 〔——2ε ,.-├ l〕口π(J).     (5.llb)
Multip】y●9.lla)by(a/ㄌ一ω,then

t影
——
v｝
t:+v｝ t影

——v｝
比πㄅ ) == E——

2‘
竹
￣̄ l〕

t影
一 v)tπ 竹 ).  (5.12)

Then,e北 heΓ

(吉
:—
—v｝仍π(V) = U;                  (5.13)

UI

楊ㄐ唎=%溯 m乃  剛
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巳nd(5.12)canbΘ
、
.ritten

(吉
:—
—v｝｛吉:——v｝田m+l(V) = 【——2((外┤├l)┤├l〕 ar.+l(V).  (5.15)

This is(5.llb)fUr仍 π+1,lDrU、tded

ε竹+l=E91÷ 1.          (5.16)

TheUnlyBUluhUntU(5.13)is

仙(V)=C+(1p)v.

This tLvergesfUrlarge〃 andis七herefUrenotapUssib】 es七巳te.Thus

gi▼Un any sUlutiUn π”(V), eigen了 alue ε”, it is ah〃ays PUssible tU

genΘra七eane、。statetm十 l(σ)by(5.14),● theigenvalueε外十1.

ShnⅡarly,multiPly㏑ g(5.llb)by(a/aσ +“),

楊
十
●楊 ㄐ 楊 ㄐ

喇 十 鈕抖 ㄐ
楊 〢
咖 叫

NowUither

楊十●喇 =癿   田切
。

r

楊〢唎=吒珈吧  剛
Inthelat｛冷rCa,Se(5.17)canbe、Titten

僑〢僑┤〢ω=╰動├＿—η╢〢山剛
wh㏑h拍 (5.11&)fUr竹 π一二prU〢ded

動＿1=f,.￣ 1.          (5.21)

Thusgiven&nysUIutiUn仍田9eigenv&lueε”,it is possibletUgeneratea

neWs七a,teUflU、◤erene.田
、
仳η＿l(V),detera丘nedby(5.19)、序theigen-

▼alue(ㄈ ”一 l),unlessa竹 遮 七hegrUI,nds七 色te,aU.Int㏑
sc&se北 must

S日tiSfy(5.18);

楊〢啊=a   閘
T土dBdeterminesthegrUⅡ nds韜 teeigenfuILc七 iUntUbΘ

%(ω =e￣
(lˊ2)v..        (5尼 3)

Further,by(5.22)色nd(5.11b),thegrUⅡ ndBt㏕沁energy㏑

2ε U一 l=U.            (5.24)
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cUmuningtheseresuΠ泊,(5.2句 Ξnd(5.lU),thΘ eigenv㏕ueg日Γ°

SUth色 t

‘
。
=士,  ‘1=l十士,‥ . f,.=η +士 ,‥ .

回π=(古 +” )元ω,  竹=U,l,2,‥ ., (5.25)

&discretesetfUralⅡ energieg,inaecUΓ dalncewi七hthegeneΓ alalrgumΘ nt

。

venab。ve.

TheexpressiUnfUr七 heenergylevels iBoneoftheInUst∥Ⅵportant in

qu&ntummechan㏑ s.ItjustⅢesPlaⅡersexplanat㏑ nUfthe㏑ter-
alctiUnUfra山 atiUnwlthmatter,pro就 dedmalttercalnbΘ regardedals

&coⅡectiUnofUscⅡlatUrs,eachoneeTnI七七㏑gUrabsUrbingra山 巳tiUIlUf

itsUwIlfrequeⅡ cy.ThUenergyexchangΘ is thenrest㎡ ctedbythΘ
oscillatUreigenvalues to takepIaceinunitg Uf方 a〕, which is just
Pl&nek’ shypothe㎡ g.

§5.3田㏑ E璉●nfunct㏑Ⅲ∥┴Ⅲ血Ⅲ巳t㏑n巳ndCrea缸onUper己tUrS

ThΘ succes㎡ veeigeIlfunc七 iUⅢ9 canbegeneraltedlUmtU(” ) by
rePeatedapplieatbnof(5.li),s° th&t,fUrexample,

仍l(V)=

(5.26)

Thogroundst凸 teiS巳 neVenfmctiUnUfvwithno nodes;thΘ 且rst

exc比 edstate沁 anUddfunctbnw北hUnenUde.It拍 easytUverI9by
repeated色ppLcatiUnsUf(5.14),tha七 七hΘ Uthersuecessiveeigenfmc-

tiUnshalvethegeneralfeal七 uIeSderivedin thepreviUuschalpter.ThΘ

fune七iUnSSUgeneralted&reknUwll&SHermitepUIynoⅡ lials.

Thegrounds七ateeigenfunc七ion iSin北比talGaussianhumpUfthΘ
fUrm consideredin thediscussiUnoftheuneertalintyprj㏑ciple,of

width,&ccUrdingtU(5.23)and(5.9),

⊿π = ｛青≒〕
lˊ 2.

(5.27)

AceUrdingtU(5.5),this is jus七 七heamplitudeUftheclassieal oseilla七 iUn

Ufthesameenergyas tlle趕ΓUunds七 ate.

TheUper色tUrS
、

v

+
θ
一ㄌ

/
r
＿

.
、

、

、

—
f
ˊv一

a
一

ㄌ

ˊ

r
＿

I
、

(5.28)
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一

口‵曲

一

山

└

IL.＿.一 生 生      一
｜
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一
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—̄ ﹎

— .一    ｜￣￣￣￣
┐
￣̄

一十一

ExpandingtheexpUncn“ alfuncuUn in terrnsUfpUwcrSUf
sand6,wescethat山 ccUefnc比 ntsUfthepUwers snarc
pUIynUmia】 s㏑ temsUf‘ 一theHeΠη㏑ePUlynUmials.﹁㏑s
canbcshUwnasfUⅡ Uws:wehaVe

╛  一

｜
一̄￣

十一̄
￣

L一

扛
｜

一

┬

一

”
一
x

”
一仍

=2sc￣
J2+2θε=Σ

n=U

=i::÷至生
:茗

≦≧
,

=(功ε+γ )c￣θ
2十
2θε=Σ
n=U

=i::洋≒孖n° .

㏒ uatingcqualpUwersUfsin theSumsUfthesetwUequ針

tiUns,weUbtain

響 翔硎 ,

πn十 1(θ =2〔πn(θ -2ηπn一 l(ε ) .

ThcrcfUreitfUⅡ Uwsthat

旦
月琴〨

2=泛〔刀㏑° 一站 禰 ,

andhence

2:多多
°≧”托°以響 一置
坎響 噅°《加吻Ⅶ

下
中一

￣ ￣ ￣

十

一

———— — ———
﹎一一 一—— —— — ——十 一

——————————————

—

—

一 ｜一

〦一
」一
｜

｜

(Θ  一一一̄ ￣￣̄ .̄———﹉—————— ————————————— ———

╒
1一
十  一

一 十一

┤﹊一一

┤一一一

〦一
｜

｜
1一
一一

可
一一

寧 Ⅶ

甲
Inlf,

(7)
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=2〔旦早各勞
立＿2nπn(ε)

響 t=U=臨°
NUw,fUranarbi● 田γ funCtiUnr(ε 一 〔),italSUhUlds中

at

旦上=＿ 2⊥
θε    Uε

(lU)

thuS

θ
n∫

θεn

(ll)

CUmpanng(ll)with(’ )y沌ldsthcvaγ
uScfulfU1︳︳lula,

πn° =←°n=J2諾 c┤2.

::;︳:古 ai;i:i:::::｜ :片翠器踖苺比點。●;‵豔出
HCl1Ⅱ itcpUlyπUmials.

抽 crecuIencefUmuIas(6)maybcusedtUcalculatc

thc πη andtheirdcHva●vcs. AnUthercxpIicitcxp了
eSSiUn

diecuy UbtainabIe frUm the gencra吐
ng func● Un is quite

usefuI;lctuSnUweStablkhthis impUmntrcla●
Un.FrUm

(Φ itfUllUwSinStantlythat

(9)

我 ′
甲

‵

﹎Dn↙2諾古┤.一 U2

(12)

thcΠ
「
n廷)田tpUl玾 Um㏑lsUfnthdegrccin6withthedUmin田 〕ttem2nε η.Ⅲ e

nrst nvcπ nㄍ9calculatediUmφ .2勾 Ur(l砂 Uf山efUEg㎡ ngexaInplear已

西㏑ㄍ,=l , 西Π(ε)=2ε  ,

西4(ε)=4ε2-2 ,五陌(ε)=8′ 一12ε ,山磁(ε)=1‘ε
4-48ε 2+12 .(’ .23)

thecigenfuncdUnsσ .21)wcrccUmuned” in.Uducing山 eabb比㎡auUnε =ˊ貼 and
u血ngthcHcIⅡ IitcpUbmUmials inaway● lathUldSfUrbUthcvcnandUddη ,i.e.

ψπ(t)=Λ4e(￣
1/2)ε
2π
n(ε) , 〔=V丌岔 .           (’ .24)

Ⅲ e cUnstant Ⅳn, which depcnds Un the index η, is deteπ㎡ned by the nUrmaliza㎡ Un

cUnditlUn

︳ψn(π )｜
2dz=1 , (7.25)

SincewcrequircthepUSijUn prUbabⅡ itytUbclfUrthepaΓ ●cle㏑ theen●rccUnnguΥ a由Un

spacc.╮ uS

∞
ˊ
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冗=U:ψ U(2)=中‘;cxp(一言人π2)  ,

n｛=l一幯ψ覶 expl翔√E,

InFig.7.l,sUmcUftheψ n田時 plUttedtUge山 erwithancner田 山 aεπ m.

器織孟眾 Ⅷ 磾 甜 扣
熙控裡 盟棩擺

n=2:ψ 2(工)= (9.33)

thc cigenfunctiUns havetheFrUm(7.2Φ andθ .3U9加 fUIIUwsthat,fUrsPacc兄 neCIUn,

symme●VprUperty

ψn(-π )=(一 l)nψ n(£ ) .

╮ kmcans

neven: ψ(-z)=ψ (£)→ pan呼 +l
nUdd: ψ(一π)=一ψ(2)→ panΨ 一1 .

(7.34)

FUrthelUwest月4,lcancasi9bcshUwnthattheypUsscss predseV冗 山fferent realzerUs
andη -lexiemaIvalucs lsceΠ g.7.l).WI山 respccttU(I砂 inExamplc7.2,wchave

西47+1=一ε2堯 .一′瑪)
UntheassumptiUnthatπη pU∫ scsse§ n+lrcaleⅡEmalvalues,wecancUnclude山 c
cxistcnccUfη +le〤‘emalvaluesfUrc￣ 〞正rn仆㏑cee-′ →UfUrε 一→∞).η㏑extremal
v缸ueSareidcnticalwiththezcrUsUfthedcHvativc菡伯時;thc比fUreπn十 lhaSprccise”
n+lrealzcrUs.T㏑ scUndusbnshUwsthat山 cHcIⅢ itepUl押 U︳nialsJfnㄍ )-and,㏑
cUnsequcncc,thewavefuncHUnsψη(θ 一 pUssess n山 ffcrcnt rcaI窋 rUS.Ⅲ6kaspec伍 l

caseUfau㎡ veΓsallyvalidthcUEmwhichstatcsthatthcpHncip田 quantumnumbe了 Ufan
eigcnfunc●Un is iden● calㄐ方」‵thcnumbcrUfzcrUs.

(7.35)

F:g.7.1.Usci】】乙t。Γpotential,energyIev-
e】sandcorΓ ●sPondin8wavefunctions

國 立溝 華大 學物理 系 ｛所 )研 究
室糸
日
綠
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｜ψn(窋 )｜
2d£
= e一〞孖nㄍ )2《 =1 .

———
 —
—
——————

————————十—
￣̄ ￣ ￣

(7.26)
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︳
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｜
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寸

￣ ￣ ￣
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｜

︳
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︳

｜

θ.29) 
￣￣̄ ￣̄ ——下

一一一一

- —
— — — — —

 ﹊
一 一  

一 十
一 一 一

.

fUrthe啾 h —̄̄̄ ————— ———L—＿＿

︳

σ.3U)一
﹎̄￣ —̄————

「
——

一 一——
‵
—— ———

〦一———

︳

σ.31)一＿＿＿＿—————i一一——
一

一 一

一 一

—

—

—

‵

— — —

上

一

一 一 一

︳

ㄒ
一̄ ￣￣

一一    ——    +
︳

(732)一一一
 一一——

∞
/Ⅳ

一√
UsingrclatiUn(12)UfEx刉 mPlC7.2tUcxpresSUneUfthcHcIⅡ IitcpUIynUmials thatappears

in theintcgrandUfthemUnⅡ alizatiUn intcgral,theeva)ua● UnUfthis integralbecUmes

simply

陋認州2d£ =←●<矮
Byp田Ial integraHUnweUbt茁n

°
πn°舊:一 e-c2d〔

孖n°古:一 c一ξ
2d(

=K器σ《’)〣1一上等器
一
0

Thenrst te1Ⅲ is,becauseUf(l勾 inExample7.2,cqualtU(一 1尸 l̄e-〞 πn＿ l(θπn(θ .

ItVaniShcSat innnity,ductUtheexpUncΠ ●alfunctiUn.

HavingcamedUutpartial inte曰 t.Unη Hmes,wcareleftwith

7瑚 諾

一

父 中
㎡ 帶

一

父 .

Sinccπ n《)isapUIynUmiaIUfn山 UrdcΓ wi山 thcdUminant terIn2n‘
n,

dehva位 ve,

古︴

一

πn° =2n㏕
hUIdS.

FrUmt㏑Swenndthat

7πη。諾
e一ε2dε =← Dnφη口7c一ε2dε =← Vφn口√,

-∞                        
一

∞

andfUrthenUΠ malizatiUncUnStant,

Ⅳ n=

ThestatiUn呵 statesUf● lcharrnUnicUScⅡ IatUrin quantummechanicsarethcrefUre

HerewehavesuppressedthephasefactUr(一 l)n,sinceit is nUtcssCnda1.TU山 scuss thC

sUlutiUn,wctakcalUUkatthe行 st threecigcnfunctUnSUfthcIincarharmUnicUscillatUr
(seeFig.9.l):

︳ 一一一

｜
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屁 打
吵
翠
身 彩系 螂 蛙!〝鎞竑

TheHamiItUnianUfapalticleUfmass沕 WhlChUscillateSwithfrequencyω underthe丘 田u-

enceUfaUne-dilmensiUnalhaΠnUnicpUtential is

〞=上二十吉〞〞′

〈
σ

一砨=
入
a

卜鬥=元

(4.1U8)

TheprUbIem ishUwtUnndtheenergyeigenvaluesandeigenstatesUfthisHan】 iItUnIan. This
prUblem canbe sttldiedby hvU separatemethUds. The nrst cUnsiSts UfsUlvingthe tilne＿

independelltScl11.°d㏑g㏄ equatbn(TISE)fUrtheHamiltUnian“ .1Uω .ThesecUndmethUd,
called山e加dder〞θ物U矺 dUesnUtdealwithsUlvingtheSc㏑δdingerequat㏑ n,丘 deals instead

withUperatUralgebrainvUlvingUperatUrs knUwnasthe粥 列′U刀 anda刀刀′乃o′aroU刀 UperatUrs;this

methUdisanessenceamaiixfUrlnl1latiUn,becauseitexpresseSthevariUusquantitiesin tems

Ufmatrices WeadUpthere山 esecUndmethUd, fUr itis mUreStraightfUrwafd,mUreelegant
andmuchsimplerthansUlvingtheScllr° dingerequatiUn.UnliketheexamplesseenuptUnUⅥ 4
sUⅣ㏒ 山eSc㏑山ng“ equatiUllfUr山 epUta血缸 /a)=告 形a2‘ nt9m叩 jUb.3

。
/↓易錯肯:nd芽雪↓搖署爭爭

㎡all“ⅡU助㏑terlnsUfthetwU山 mensiUnlessUp釘 atUrS° =

(4.lU9)

+9′ ), -′′) (41lU)a=-吉σ

丘=響〞+扚 ,

andthen intrUduce小 〃 UnUn一 HeΠ “ litianUperatUrs

ThephysicalmeaningUftheUpefatUrsaanda十 willbeexaminedlaterNUtethat

屁 =吉σ-功竹+功 =吉〞 +′2+巧′一栩 =吉〞 +的 +:匕 比 印 的

where,1lsingIX,P〕 =油 ,wecanveriㄅ tllat山ecUmnutatUrbeh〃eenθ and° 沁

〣=I
1
一

力
 
 
l
一

↙
 
1
一

↙

(4112)

(4.l13)

(4.l14)

hence

a十a=吉σ2-+′ 2)-
Ur

吉(θ
2—

—

°2)==a十a+
InseIting(4.114)intU(4.1U9)wcUbtain

(4.l15)

v/hereΛ√is knU、 vnas tlleㄔ〞,羽 tθ尸 Upθ ,ηtUJ.UrUεεI.Pθ↙′Uη η〃9刀 taUpeIatUr,whichisclearly

H㎝㏕tian.

DSee,fUfexan〕 p!e,BHBransden,aΠ dCJJoachaln,乃 ,ZlU氻 KVb刀 ㄌ U〃a9,〞 rl,?i↓矻 c方 c.,,IC∫ ,LUl1gmaΠ Scientincand
Technic㏕ ,London,1994,SectiUn48,andRWRobinei,@tη 子〞t〃 919i切tε乃ω?z..6 CtaSs必〞 R釕 t了妳 ,勤b花η?凸杏〞99?∫ ,
ω ,t′ ”∫tη 亡́θ〞已‘θ′η 泛∫,Ux心 rdUniversityPress,NewY班 k,1997,ChaPterlU

仰
牡 免 r勿

比 鈕 a協
一

︳

〈
a

〈
a=

〈Ⅳh
w

↘

—

—

↗

l
一

2+
〈Ⅳ

ˊ

＿

＿

ˋ

ω
力

=

\
—

—

/

1
l
一

。
‘
+
〈
a

〈
a

ˊ

＿

I
\
ω
方

=
〈〃
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L說 uSnUWdehVe山ecUlllmⅢ狂UrIa,a十
I.s㏑
ce〞,角 =油 玳 haVet,到 =芳 *,角 =

i,hence

“.l16)

←.117)

4.8.1  EnergyEigenvaIueS

NUtethat〃 as」venby“ .l15)cUIllmuteswΠ hⅣ,S㏑ce〃 is linear inⅣ.Thus,〃 andⅣ can

haveasetUfjUinteigenstates,tUbedenUtedby︳ 刀)

=
〈
p

〈
σ一=

《
P一

〈
σ
〈
p+

《
σ

l
一

2=
〈
a

〈
a

and

Ⅳ｜〞〉=刀 ｜刀〉,

〃｜刀〉=E〞 〡刀〉;

(4.l18)

(4.119)

(4.121)

(4.122)

(4.123)

(4.124)

thestates｜ η〉arecalledene珽 〃eigenstates.CUmbining(4115)and(4.119),weUbtain the
energyeigenvaluesatUnce:

(4.12U)

Wewill shUwlaterthat刀 iSapU“′”θ加招g〞 .

ThephysicalmeaningUftheUperatUrsa,a十 ,andⅣ cannK9wbeclarined.Π rst,weneedthe

fUllUwing小〃UCUmmutatU捲 thatCanbeextIactedfrUm“.119land← .115):

.—
—

︳

ThesecUnlInutatiU︳ lreIatiUnsalUngwith(4.l19)leadtU

〞φ︳刀〉)=°〞-乃ωa)︳ η〉 =(E〞一力ω)(a｜ ′?〉 ),°
F叫 =㎡〞十力ω的〣=仍,+方。

㎡〣>

Thus,a︳ 刀)anda十 ｜η〉a㏄ eigenstatesUf身 witheigenvaltIes(E〞 一 力ω)and(E〃 +力ω),
respectiveIy SUtherespectiveactiUnsUfaanda十 Un〡  刀〉 generatenewenergystatesthat

arelUwerandhigherbyUneun丘 Uf力ω Asaresult,aanda十 arerespcctIvelyknownasthe

了Uwθ r9〃gand′η心9q思 UperatUrs,Urthea乃 η9/9〃θ′9U刀 andC沒η′
。
Uη UperatUrS;theyarealsUknUwn

astherrr′ t佢 r qpε Jη′U溶

Let tls llUvVdetemi肥 hUWtlleUperatU僽 aanda十 actUn tlleeIlc珽〃 d..enstates｜ η〉 S㏑ce

aanda十 dUnUtcUllllnt比eWith沖 ,thestates〡 刀〉areeigensta亡 eSneithertUanUrtUa十 .Using

(4117)a︳ UngwithI4B,C〕 =4IB,C〕 +I4,c〕B,wecanshUwt)iat

ω
力

、
.
—

/

I
一

2+
刀

ˊ
r
＿

I
\
=E
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henceⅣa=a(斤 ＿1)andⅣ a｜ =a十 (Ⅳ +l).CUmbiningtheserelatiUnswith← .11勒 ,we
Ubtain

Ⅳφ︳刀〉)=a(Ⅳ 一l)〡η〉=“ -1)φ 〡刀〉),

叩 〣)=加 +o〣 =“ +●“井〣>

Theserd㏕ Uns reveaIthata〡 刀〉anda十 〡刀〉aredgeIlstatesUfⅣ w山 dgenv㏕ ues“ 一 l)

and。 +l),respec“velyThis impliesthatwhenaanda〡 UperateUn︳ 刀),reSpectivel兄 they

decreaseandincrease〞 byUneunit.That is,whiIetheactiUnUfaUn︳ 刀〉generatesanewstate

︳〞 -1〉 ,● .e.,a〡 刀)∼ ｜刀 一 l)),theactiUnUfa十 Un｜ η〉generateS〡 η +1｝ .HencefrUm← .125)

wecanwrite
a︳ 刀)=ε ,,︳ ㄔ-1), (4127)

whereε〞isacUnstant tUbedetenninediUmtherequiement thatthestates〡 刀〉benUnmaIized
fUralIvaIuesUfη .UntheUnehand,← .127)”elds

l︳ 刀一 l〉 =︳ε〞︳
2, (4.128)

andUntheUtherhand,(4.l18)gives

l(r的
.φ r))=仍山 ω=︻〢叫=t

WhencUInbined,thelast● vUequaⅡ Unsyield

〡ε〞｜
2=η

. (4.13U)

Thk impl抬 sthatη,which6equaltUthenUrmUfa︳ 刀〉(See← .I2ㄌ ),ε aηKatε 刀Cg列”ε,
刀 ≧ U,SincethenUΠ n isapUsΠivequanti9:Subs“ tuting(4.13U)intU(4127)weendupwith

a〡 η)=vㄞ 〡K＿ 1〉 . (4131)

ThiSequatiUnshUwsthatrepeatedappIicatiUnsUftheUperatUfaUn｜ ,,)generateasequenceUf

eigenvectUrs〡 η一 l〉 ,︳ 刀 -2〉 ,〡 刀 -3〉 ,‥ ‥ Since刀 ≧ Uandsincea｜ U)=U,this sequence

hastUteΠninateatJ,=U;this is trueifwestaltwithan integefvalueUf.,.ButifwestaltWith

anUnintegef孔 theSequencewill nUtteΠ Ⅱinate,henceit leadStUeigenvectUrswithnegatlve

valuesUfη . ButasshUwnabUve,sinceKcaIlllUtbenegative,wecUncludethat刀 haStUbea
ηU唧 打vθ ′η此習ur
Na妨 WeCaneasi垃 shU既 aSWedidfUr← 131),t)lat

a十 〡刀〉=ˊη+l｜ 乃+l〉 .
(4.132)

This impIiesthatrepeatedappIicatiUnsUfa︳ Un〡 η)generatean innnitesequenceUfeigenvec-
tUrS｜ 刀 +l〉 , ｜η +2), ｜刀 +3), ‥ ⋯ Since刀 iSapUsitiveintege馬 theenergyspectnlmUfa

haΠnUn沁 UsciIltntUras specInedby“ .12U)is therefU㏄ disc耀 5:

(4.133)

一〞ε

=
刀

〈
a

〈
aη=

〞
〈
a

、
—
,
′

〈
a刀

(4.125)

(4.126)

(4.129)

ω
力

\
.
,
/

l
一

2+
刀

ˊ

‘

.
\=E

一
︳
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ㄔε Z〃E夭kR羽a叼tUSCJLL4ηUR

〡2〉  =

〡3) =

。
乙

AsexpectedfUrbUundstatesUfUne-diInensiUnalpUtentials,theene理
Vspectmm isbU山 dis＿

creteandnUndegenerate. Asin thecaseUftheillnnitesquarewell pUtential,thelUwestenergy

eigenvalueUftheUscillatUr is nUtzerUbutequaltUEU=乃
ω/2.It iscalled山ez夠 ㄗ U′η′

θ化 一田 . TheZerU＿ pUintenergyUfbUundstatesystemscannUtbezerU,fUr itwUuldviUlatethe

uncertain妙 pΠnciple.

4.8.2  EnergyEigenstates

TheUperatUrmethUdcanalsUbeusedtUdetel11Iinetheene!gyeigenvectUrs First,using(4132),

weseethatthev缸 iUuSeigenvectU倦 Canbewfitten in terlnsUfthegrUundstate｜
U〉 asfUlIUws:

｜l)=a十 ︳U),

｜.=砝 (a42｜ψ,
〡砂=浩 (a.3｜Φ,

｜η-
P)〞〣 (4137)

〈
θ
 
 
 
 

《
a

⊥
√
l
一

√

(4134)

(4.135)

(4.136)

(4138)

(4139)

(414U)

Uii:廿::氍 9柘
e馬
∴℉
j沒
:::」::i禺 銝 苦 :ξt::茁:｛ξ:信塔:足

j∫::驟乳:;營:t主:
就ateS｜ U〉 ,｜ l),｜ 2〉 ,︳ 3〉 ,‥ ”｜η),‥ are∫切〞/r,ηω鄉 ε嬨uη∫勿比恣Uf〞 andⅣ ;tllese〢 〡刀)｝
cUnstitl1tesanUIhUnUⅢ alandcUmpIetebasis:

妙=鴞叫 = 
劦
a十

↘
.
口

/

σ
一西
x+

〈
x
ˊ

‧

＿

ˋ

1
一

函
=

↘
t
J
↗

ˊ

一
衛x

十
〈x
一

狗

ˊ

‘

＿

ˋ一拒

(η
ˊ
｜K)=易′,π , 柚.,

幻

周
︳η)〈〞︳=1.

4.8.3  EnergyEigenstate§ inPU§itiUmSPace

LetusnUwdeteminethehalⅢ UnicUscⅡ latUrwavemnctiUn in thepUsitiUnrepresenta伍 Un.
EquatiUns(4134)tU(4.137)shUwthat,kllUwingtlle田 Uundstatew田K釦 nctiUn,wecan

deteΠmineanyU山 ereigenstatebysuccessiveapplicaⅡUnsUftheUperatUra｜ UnthegrUund
state.SUIetLls nrstdetenminethegULlndstate、 vave丘lnctiUn in thepUsitiUnrepresentatiUn.
TheUpelatUr′ ,dennedby′ =° /V′〞力ω,isg拉en in thepUsitbn spaceby

︿     9力   〞       σ
P=一
V〞方ωσx=一

行Uπ。

wherexU=︶ 物/(/,,rl,)6acUnstant t)l扯 h小 thedimensiUnsUflengt比 it se‘ thelengthscaleUf
theUsciIlatUr.〝氣 CaneasilyshUwthattheannihⅡ atiUnandcreatiUnUperatUrsaanda｜ ,denned
in(41lU),canbewritten in thepUsitiUnrepresentatiUnas

一
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a〡 =÷
告(壽
一xU磊

)=青
(夕 一ㄔ差;).

Using(4.14U)wecanwritetheequatiUna｜ U〉 =Uin thepUsitiUn spaceas

仕形〢φ=青 祔 +喏 〣 =青 (η勾ω +Ⅱ←一穿

一

生
)=仇 件吻

(4.141)

(4.147)

(4148)

hence

where〃U(x)=什 ｜U〉 ㏄presents tlle即 Uund就ateWaveftlnctiUn.ThesUlu● UnUfthis山 ffe一
entialequatiUlIis

㏕ zexp〔翽,  〔午Ⅱ凶uD
、
vhefe4isacUnstant thatcanbedeteI,1linedfrUln thenU1lllalizatiUncUnditiUn

l=f御 Uω ㄕ=′
f乩

‘隊p←
譯 )=′

而 ”  件 呴

hence4=(〞 ω/仇 力))lu=1/Ⅳ/打氏U.ThellUm缸 izedgUt1lldStatewaveilIlctiUn低 thell
givenby

〃U° )=弓
瓦砉言╤
exp(一
差幸).

(4143)

(4.146)

This isaGaussian 血nctiUn.

WecanthenUbt.lin thewaveftlna㏑ nUfa呼 excitedstatebyaser始 sUfapplicatbnsUfa十
UnthegrUundstate. FUr instance,thenrstexcitedstateisUbtainedbyUneappIicatiUnUfthe

UperatUraTUf(4.141)UnthegrUundstate:

響 =-寺靦

剛 =似║#〣 =競〔-ㄔ :每)剛
=競〔-堵←奇》㏕二等x㏕ ,

峋 二
等
糊 ω =V:9言

言
I唧
陶

仕〡幻=浩什〡(a42｜ω=砝色豔)｛一x:封
2〞

Uω ,

∥︳外=去什｜(∥
)3〡
Φ=去 (ㄎ吉而)｛ x̄‘封

3〃

U。)

AsfUrtheeigensta亡eSUf亡heSeCUndandthirdexcitedstates,、 vecanUbtain then】 byapplying
a十 Un tllegrUundstate∥ viceandth1.eetimes,respecIvely:

｜
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總 號 :

〃U什 ) 〞l什 ) 〃2a)

FigⅢ re4.9 ShapesUfthenrst threewaveftlnctiUnsUftheharInUnicUscillatUl

｜

一

Similarl拓 uSing(4.137),(4.141)and(4.146),wecaneasi︳ y

刀theXCitedstate:

仿 〣 =嘉 〣 F)〞 〣 =濤 (競 )〞 ←

w㏑chin tumcanberewrittenas

infertheenergyeigenstatefUrthe

-堵封
〞
v/Ufx9,剛

物ω =ˊ
伢̌挖物!元╒

瓦万←
ㄔ̄
封

刀

Insu9lmalv,” Successiveapu㏑沚㏑nSUfa〡 =(夕 一 ㄔ 〃 歲 )/(砨xU)Un喲 什 ),wecan
nndthewave血 nct沁nUfaIlyexcitedstatev/m。 ).Fi駟e4.9山 splηstheshapesUfthenrstfew
wavemncⅡ Uns.

(4.152)

HeIⅢlitepUlYnUmia)s.Using

←.153)

(4154)

(4.155)

(4.156)

UsciⅡ︳atUrwaVefⅢ ΠeIUnsand theIIermitePU︳ ynUΠIa︳ s
InwhatfUIlUws,letusexp㏄ ss〞〞°)ln terInsUfthewell-knUwn
tlleUper飩 Uridenti妙

θ一x’ /2←＿嘉)θ
x2/2=一
差

一

wecan prUvethat

〔
一x6嘉

)〞

θ一
′弼 =← o〞 x。↙

2弼

嘉
�
′廝 =�

′p琋
協

whereJFr.,U)isanη th“ derpUlynUm位 Ⅱ calledaΠ φ 料 ′比 pU〞 乃U〞′a戶

K,ω =← DⅡ↙2諾θ一́2.

FrUmthis reIatiUn it iseasytUcalculatethenrstfewpUlymUlnials:

riUo)=l,       〃l°)=ㄉ ,

〃2(＿1,)=4夕 2￣ 2,      Jf3° )=8↗ 一12)〞 ,
地 °)=16夕

4￣
48ˊ
2+12, 

托 V)=笓 ˊ
5-16Uˊ 3十

12U,,.
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NUtethatthepUlynUm伍kJf2〞 ° )areevenandJf2〞 +l°)areUdd,s㏑ce〃永一V)=(-l)勺 %° ).
CUmbining(4.152)and(4.154)wecanwritetheUscillatUrwaVemnctiUn in terInsUftheHer一

ΠlitepUlynUmialsasfUllUws:

“.157)

ThiswavemncIUn沁 dtherevenⅨ UdddependingUnη ;㏑ fact,〞幼 a)isevenalld吻 〞+la)
isUddsince王垃〞a)isevenandJf2〞 +l。)isUdd.T㏑ skexpectedbecause,asmenⅡ Unedin
SecⅡUn4.2.4,thewavemnctiUnsUfevenUne-dimensiUnalpUtentialShavedefinitepari” :

4.8.4  TheⅣIatrixRepreseΠtatiUmUfVaHUⅢ sUperatUrs

HerewelUUkatthernatrixrepresentatiUnUfseveralUperatUrs in theⅣ -space.Inpalticula罵 We

fUcusUntherepresentaⅡ Un可 theU昈 rakxsa,a十 ,9,and° Fist,由 ncethestates︳ 刀〉戶rejUi牛

UrthUnUrEna︳ eigenstateSUf〃 aIldⅣ ,丘 6easytUseefrUm“ .l18)and(4.119)that〃 andⅣ
arerepresentedwithin tIle｛ 〡η)｝ basisbyinnnite山 agUnalmatrices:
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編 “奾┤十砳飭初中●,

〢雩←翔!牞┤+︶万┬瓦切〃刊),

“.I58)

AsfUrtheUperatUrsa,a十 ,身,°,nUneUftllemare山 agUn lin theⅣ -repreSentaIUn,since

theydUnUtcUIlmuteWithⅣ .ThemathxelementsUfaanda十 canbeUbtainedfrUm“ .131)
and(4.132):

a十 = .   (4.159)

NUw,letus nndtheⅣ -representaIUnUfthepUsitiUnandmUmcntuImUperatUrs,XandP

身and° 斜e酊ven in teΠmsUfaanda十 asfUllUws:FrUm←.11U9wecanshUwthat

X= (4.16U)

Their nlatriXeIementsaregivenby:

in particu｜ ar

｛〞｜文｜η)=

〈/︳ P〡 η〉=

←.161)

(4.162)

(4.163)

｜
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4.8石  ExPectatiUnVaIⅢ esUfVariUusUperatUrs

LetusevallIa怕 theeXpect皕Unv㏕uesfUr五′ and°2in theⅣ ｛epreselltatiUn,

五′ = 
ㄞㄞ石
(a2+a十
2+aa十
+a十 a)=丟

每石
(a2十 a十
2+z井

a＿├1),    (41‘ 6)

°2 = ＿＿型上聖
(a2＿+a十

2＿ &井 ＿a十a)=＿ 生生堅2(a2＿

—

a十
2＿
2a十 a+l), (4.1‘ 7)

wherewehaveusedthefactthataa｜ +a十a=2a十 a+1.SincetheexpectatiUnvaluesUf〞
anda柉 arezem,〈η｜a﹁ η)=〈刀〡a柉 ｜η)=U,and〈η〡a十 a｜ 〞)=η ,weh卻 e

〈刀〡砳〡+a十 a｜ η)=〈刀〡2a十 a+l｜ η)=2?+1,

仍〡′ 〣 =磊 仍║瑜〞 +屁 〣 =劦 勿 +° ,

扣｜
°2〣 =型

吾
聖仍｜滃肘十σ帖〢ω =型

告
聖仰 十°.

CUlnpaⅡ ng(4.169)and(4.17U)weSecthattheexpecta伍 UnvaluesUfthepUtentialandkine伍 c
energieSareequalandarealsUequaltUhalfthetUtalenergy:

←.171)

This resuIt is kllUwnasthev〞 oaˊ ′/昭 U′ t999

(4168)

(4169)

(417U)

hence

竽仍｜〞︳叫=嘉〣
°2〣 =:仍〡分〣.

｜

WecannUweasⅡycalculatetheprUductΔ xΔpf1.Um(4.169)and(417U).Since〈 X) =
(P〉 =Uwehave

Δp=淑
°
約一向 2=Vt百

一
=γ型
吾
聖φK+,

hence

ΔxΔp=二
(〃┤├:)力  →  ΔxΔP≧吾,

sinceη ≧U;this is theHeisenberguncertain垀 principle

(4172)

(4.173)

(4174)
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1 2 
2multiplied by u0(y) = e− y at infinity. Consequently, we need the series to terminate, 

which requires �m = 2m + 1 for some m. Thus, 

¯ 1hω 
En = �n = h̄ω n + → HO energy levels (18-1) 

2 2 

Quantized energy levels of a harmonic oscillator. The ground state (zero­
point) energy is E0 = 1

2 hω, the energy levels are equidistant. ¯

Note. This feature allows us to identify the HO not only with a particle in potential 
V (x) = 1

2 mω
2x2, but also with a system of noninteracting (bosonic) particles. 

Therefore, a mode of an electromagnetic field of frequency ω can be viewed as a HO 
with frequency ω; n photons in that mode correspond to the n-th occupied state 
of the HO. The uncertainty in x and p of the HO ground state corresponds to the 
“vacuum fluctuations” of the electromagnetic field �x� = 0, �x2� �= 0 corresponds to 
�E� = 0, �E2 = 0 etc. 

For given � = 2n + 1, the recursion relation (∗)


(m + 1)(m + 2)cm+2 = (2m − �n + 1)cm = (2m − 2n)cm (18-2) 

yields 

2n • c2 = −
1 2 c0 ·


4−2n (4−2n)(0−2n)
• c4 = 
3 4 c2 = 

1 2 3 4 c0 · · · ·

and in general 

c2k = (−2)k n(n − 2) · · · (n − 2k + 4)(n − 2k + 2) 
c0,

(2k)! 

0 ≤ 2k ≤ n, n even (18-3) 

for the even coefficients. 
For the odd coefficients we have 

c3 = (2−2n) c1 = (−2)n−1 c1• 
2 3 2 3· ·

• c5 = 6−2n c3 = (−2)n−3 c3 = (−2)2 (n−3)(n−1) c14 5 4 5 1 2 3 4 5· · · · · ·

and in general 

c2k+1 = (−2)k (n − 1)(n − 3) · (n − 2k + 3)(n − 2k + 1) 
c1,

(2k + 1)! 

0 ≤ 2k + 1 ≤ n, n odd. (18-4) 
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The eigenfunction un(x) for energy level n with energy En = h̄ω n + 1
2 is given 

by 

n/2
1

2
un(y) = e− y c2ky 2k for even n, (18-5) 

n=0 

(n�−1)/2 

un(y) = e− 1 y c2k+1y 2k+1 for odd n, (18-6) 2 

n=0 

The coefficient c0 or c1 has to be chosen such that the wavefunction is normalized, 

and y is related to the position coordinate x via y = mω x. The quantity h̄ 
¯ mωh 

has units of length and defines the natural quantum length scale for the harmonic 
oscillator. Apart from the normalization, the polynomials 

n/2

hn(y) = c2ky 2k (18-7) 
k=0 

(n�+1)/2 

hn(y) = c2k+1y 2k+1 (18-8) 
k=0 

are the Hermite polynomials Hn(y). The Hermite polynomials obey the following 
relations: 

Hn
��(y) − 2yHn

�(y) + 2nHn(y) = 0 → (defining equation) (18-9) 

Hn+1(y) − 2yHn(y) + 2nHn−1(y) = 0 (18-10) 

Hn+1(y) − Hn
�(y) + 2yHn(y) = 0 (18-11) 

� n∞
z 2 

Hn(y) = e 2zy−z (18-12) 
n! 

n=0 � �2 � � 
d alternative definition 

Hn(y) = (−1)n ey2 

dy 
e−y2 → 

of Hermite polynomials 
(18-13) 

Since the wavefunction belonging to level n is un(y) = Ce− 
2
12
Hn(y), in order to 

normalize it, we need to calculate 
∞ ∞ 

2 
dy|un(y)|2 = dy|C|2 e−y Hn 

2(y) (18-14) 
−∞ −∞ 

The Hermite polynomials are real. One can show that 

∞ 

dye−y2 
Hn 

2(y) = 2n n!
√
π (18-15) 

−∞ 
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Normalization actually requires ∞ 
dx (x) 2 = 1, but since x and y = mω x are � −∞ |un | � � h̄ 

2 h̄ 2related by a constant factor, ∞ 
dx un(x) = 

mω 
∞ 

dy un(y) . −∞ | | −∞ | |

H0(y) = 1 (18-16) 

H1(y) = 2y (18-17) 

H2(y) = 4y 2 − 2 (18-18) 

H3(y) = 8y 3 − 12y (18-19) 

H4(y) = 16y 4 − 48y 2 + 12 (18-20) 

H5(y) = 32y 5 − 160y 3 + 120y (18-21) 

Consequently, the lowest eigenfunctions look like (Fig. I). The eigenfunctions of the 

Figure I: HO eigenfunctions. 

HO look the same in momentum space, since the Hamiltonian is symmetric in x and 
p, and 

h̄ ∂ 
x̂ = x, p̂ = in position space ψ(x) (18-22) 

i ∂x 
∂ 

x̂ = ih̄ , p̂ = p in momentum space φ(p) (18-23) 
∂p
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The harmonic oscillator ground state, being a Gaussian function with no spatial de­
pendence of the complex phase, has minimum uncertainty allowed by the Heisenberg 
relation: 

h̄
ΔxΔp = for the ground state (18-24) 

2

h̄


ΔxΔp > for any excited state (18-25) 
2 

• Show Bose-Einstein condensate expansion 

Thermal cloud • 

• isotropic expansion for anistropic trap 
2 

(
2
p
m = 

2
1 kT ) 

condensate: 
2 

• 
p 1 mω anisotropic expansion 22m ∝ 

x0 
∝ 

h̄ → 

HO: operator method 

There is an elegant and instructive way to derive the HO eigenstates without directly 
solving the SE. Instead, we use commutation relation between operators. We start 
by writing the Hamiltonian in dimensionless form 

p2 mω 2H = h̄ω + x (18-26) 
2mhω¯ 2h̄ ⎡ ⎤ � �2 

� �2 
p x 

= h̄ω ⎣ √
2mhω¯

+ � 
2h̄/mω 

⎦ (18-27) 

�� �2 � �2 
� 

p x 
= h̄ω + (18-28) 

p0 x0 

with p0
2 = 2m¯ 2 = 2h̄ . Classically we can write, hω, x0 mω � �� � 

x p x p
Hcl = h̄ω − i + i , (18-29) 

x0 p0 x0 p0 

however, since in QM p̂ and x̂ do not commute, we have � �� � � �2 � �2 
x̂ p̂ x̂ p̂ x̂ p̂− i + i = + (18-30) 
x0 p0 x0 p0 x0 p0 � �2 � �2 

x̂ p̂ i 
= + + [x̂, p̂] . (18-31) 

x0 p0 x0p0 
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Using the commutator [x̂, p̂] = ih̄ ∂ p − pih̄ ∂ = ih̄ and 1 = mω 1 = 1 we 
∂p ∂p	 2¯

√
2m¯ 2¯λ0p0 h hω h 

have �� �2 � �2 
� 

ˆ x p̂
H = h̄ω + (18-32) 

x0 p0 �� �� � � 
x̂ p̂ x̂ p̂ 1 

= h̄ω − i + i − i [x̂, p̂] (18-33) 
x0 p0 x0 p0 x0p0�� �� � � 
x̂ p̂ x̂ p̂ 1 

= h̄ω 
x0 

− i
p0 x0 

+ i
p0 

+ 
2	

(18-34) 

We can define a new, non-Hermitian operator by 

x̂ p̂
â := + i (18-35) 

x0 p0 

Consequently, the Hermitian conjugate operator is 

â† =	
x̂

+ i
p̂

† 

= 
x̂ − i

p̂
(18-36) 

x0 p0 x0 p0 

since p̂† = p̂, x̂† = x̂

Note. The Hermitian conjugate operator O† of any operator is defined by the relation 

∞	 ∞ 

dxψ2 
∗(x)O†ψ1(x) = dx (Oψ2(x))

∗ ψ1(x) (18-37) 
−∞	 −∞ 

for any well-behaved wavefunctions ψ1(x), ψ2(x). 

Consequently, for any operator Ô = c1Ô1 + c2Ô2, where c1 and c2 are complex 
numbers, 

Ô† =	 c1Ô1 + c2Ô2 

† 
= c1 

∗Ô1
† + c2 

∗Ô2
† (18-38) 

and for any operator Ô = Ô1Ô2
† we have Ô† = Ô1Ô2 

† 
= Ô2

†Ô1
†

Proof.	 See problem set. 

Using the operators â,â†, we can write the Hamiltonian for the HO in the partic­
ularly simple form 

1 
Ĥ = h̄ω â†â+ (18-39) 

2 
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Rather than being explicitly defined in terms of x̂, p̂, . . . , and operator can be defined 
through its commutation relations with other operators. Let us look at â, â†: � � x̂ p̂ x̂ p̂

ˆ a† + i , − i (18-40) a, ̂ = 
x0 p0 x0 p0 

p̂ x̂ x̂ p̂
= i , − i , (18-41) 

p0 x0 x0 p0 

i 
= ([p̂, x̂] − [x̂, p̂]) (18-42) 
p0x0 

i 
= 2 [p̂, x̂] (18-43) 

2h̄
i h̄

= (18-44) 
h̄ i 

= 1, (18-45) 

where we have used [x̂, x̂] = 0 = [p̂, p̂]. So we have 

ˆ a† (18-46) a, ̂ = 1 

[â, â] = â†, a† = 0 (18-47) 

As will be elaborated on in 8.06, this defines a commutation relation for bosonic 
(quasi)-particles, i.e. particles whose wavefunction is symmetric under the exchange 
of two particles. For the commutators with the Hamiltonian, we have

ˆ = ¯ ˆ a, ̂ (18-48) H, â hω a†ˆ a 

= h̄ω â†ââ− ââ†â (18-49) 

= h̄ω â†ââ− 1 + â†â â (18-50) 

hωâ (18-51) = −¯

and 

ˆ = ¯ ˆ a, ̂ (18-52) H, â† hω a†ˆ a† 

= h̄ω â†ââ† − â†â†â (18-53) 

= h̄ω â†ââ† − â† ââ† − 1 (18-54) 

= h̄ωâ† (18-55) 

We are now in the situation to calculate the spectrum of eigenenergies of the HO 
simply using those commutation relations. Let us first note that since Ĥ is quadratic 
in x and p, all eigenvalues must be positive: 

�E� = Ĥ = �T � + �V � (18-56) 

1 1 
= dpφ∗(p)p 2φ(p) + mω2 dxψ∗(x)x 2ψ(x) > 0 (18-57) 

2m 2 
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for any wavefunction ψ(x) and its Fourier transform φ(p). Before determining the 
eigenspectrum, let us define a convenient notation. 

State vector notation (Dirac notation) 

We have already argued that a physical state, (i.e., a physical system whose initial 
conditions have been prepared to the maximum extent allowed by QM), is described 
by a vector in an abstract vector space (Hilbert space), and that a wavefunction 
in position space is only one possible representation of the state. Alternatively, the 
state can be described in the momentum representation (wavefunction in momentum 
space), or by specifying the expansion coefficients when expanding the basis of energy 
eigenstates. Using a notation introduced by Paul Dirac, one of the creators of QM, 
we write the state as 

|ψ� (18-58) 

and define � 
�φ|ψ� := dxφ∗(x)ψ(x) (18-59) 

for any two states |ψ�, |φ� whose wavefunctions are by ψ(x), φ(x). Dirac introduced 

�φ ���� ψ� (18-60) ���� | ���� 
bra -c- ket 

So |ψ� is called a “ket”, and �φ| a “bra”. You can think of the “bra” as the transpose 
of the “ket” vector ⎛ ⎞ � � ⎜w1⎟ ⎜ ⎟ 

v1 v2 ⎜w2⎟ = c-number (complex number), (18-61) · · · · ⎝ ⎠ 
. . . 

but possibly for infinite-dimensional vectors. In this sandwich or Dirac notation, the 
expectation value of any operator Â is given by � � � � � 

Â = ψ|A|ψ = Aψ(x). (18-62) ˆ dxψ∗(x) ˆ

In Dirac notation, 
∗ 

�ψ|φ� = dxψ∗(x)φ(x) = dxφ∗(x)ψ(x) = �φ|ψ�∗ (18-63) 

An operator Â acting on a state produces another state, symbolically


ˆ �� ˆ
A |ψ� = Aψ (18-64) 
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Consequently, � � � � � � � � 
φ|A|ψ = φ|Aψ = dxφ∗(x) Aψ(x) = Aψ(x)ˆ ˆ ˆ dxφ∗(x) ˆ (18-65) 

The Hermitian conjugate operator Â† is defined by � � � �� �∗ 

φ|Â†|ψ = dx (Aφ(x))∗ ψ(x) = dxψ∗(x) (Aφ(x)) (18-66) 

= �ψ|Aφ�∗ (18-67) 

= �Aφ|ψ� (18-68) 

In Dirac notation, the orthonormality condition for eigenstates n�, m� reads 

�n|m� = dxun 
∗(x)um(x) = δnm, (18-69) 

where the expansion coefficients are 

cn = dxun 
∗ψ(x) = �n|ψ� . (18-70) 

A bracket like �a|b� is a complex number, but a ketbra like |b� �a| is an operator since 
acting on a state it produces another state 

|b� ��a��|ψ�� . (18-71) 

state c-number 

One can show that the sum over all eigenstates n |n� �n| of a Hermitian operator is 
the unity operator � 

|n� �n| = 1̂, (18-72) 
n 

and � � expansion into |ψ� = 1̂ |ψ� = |n� �n|ψ� = cn |n� → 
eigenstates 

(18-73) 
n 

Back to the operator treatment of the HO: Let us assume that we have found an 
energy eigenstate with eigenenergy E and let us denote that state by |E�. Let us 
define a new state |ψ� by having the operator â act on |E�, |ψ� := â |E�. What 
happens if we act with the Hamiltonian |ψ�? 

Ĥ ψ� = Ĥâ E� (18-74) 

ˆ ˆ= H, â + âH |E� (18-75) 

= (−hω¯ â+ âE) |E� (18-76) 

= (E − hω¯ ) â |E� (18-77) 

= (E − ¯ |ψ� (18-78)hω) 
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ˆHere we have used the previously calculated result H, â = hωâ for the commu­−¯

tator, and the fact that complex (here real) numbers commute with everything. The 
above formula signifies that |ψ� is also an energy eigenstate, but with lower energy 
E = hω. Since starting from any eigenstate E� we can repeat the procedure any −¯ |
number of times, 

ân E − n¯ (18-79) |E� = | hω� , � � 
and the eigenenergy has to remain positive, (we have shown ψ|Ĥ|ψ > 0 for any 

state), there must exist a state |0� such that 

â |0� = 0 (18-80) 

i.e., a state whose energy cannot be lowered further. 

Note. It is important to distinguish between |0� (lowest energy eigenstate, vector in 
Hilbert space) and 0 (zero of the Hilbert space, vector of zero length). 

Note. Nothing implies that the state |0� has zero energy. in fact, 

1 1 
Ĥ |0� = h̄ω â†â+ 

2 
|0� 

â|0
= 
�=0 2

¯ |0� , (18-81) hω 

so the ground state has eigenenergy E0 = 
2
1 hω, this is the zero-point energy. In the ¯

context of identifying a HO at frequency ω with an electromagnetic mode at frequency 
ω, the ground state 0� is also called the vacuum (ground state has no excitations, |

1 ¯photon number is zero): the vacuum has finite vacuum energy E0 = 
2 hω0. 

What happens if â† acts on ground state? Let us define 

�1̃ := â† |0� . (18-82) 

The tilde ∼ is there to remind us that this state is not necessarily normalized, even 
if |0� is chosen to be normalized. 
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We then have 

Ĥ|1̃� = Ĥâ†|0� 

= 

� � 
Ĥ, ̂a† 

� 
+ â† Ĥ 

� 

|0� 

= 

� 

h̄ωâ† + â† 
1 
2 
h̄ω0 

� 

|0� 

= 
3 
2 
h̄ωâ†|0� 

= 
3 
2 
h̄ω|1̃�, 

(19-1) 

(19-2) 

(19-3) 

(19-4) 

(19-5) 

31 = ˆ 0 is also an energy eigenstate, but with eigenenergy � �
2 

˜ ˜†Similarly, we can show that 2 = ˆ 1 is also an energy eigenstate, but with � �a
Consequently, we can construct a ladder of (yet to be normalized) 

|˜
 1 a†i.e.,
 h̄ω instead of h̄ω|

0�.


2 

for
|
energy 

|
 |

5 
2 ̄hω etc. 

energy eigenstates ñ� by |
|ñ� = â† 

n |0� (19-6) 

with � � 
1 

En = n + hω. ¯ (19-7) 
2 

â (â†) is called the lowering (raising) operator, it lowers (raises) the energy by h̄ω. 

Figure I: â, â† are sometimes called “ladder operators” since they take us up and 
down the ladder of energy eigenstates. 

When describing a monochromatic electromagnetic field quantum mechanically, we 
can associate the frequency ω with a harmonic oscillator of that frequency. For non-
interacting particles (such as photons) a state with n photons can be associated with 
the n-th eigenstate of the HO with n. The ground state then corresponds to an 
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empty mode (no photons, n = 0), however there is still a finite energy
 1 
2 ̄hω that 

we associate with vacuum fluctuations of the electromagnetic field. In this context, 
â† and â are called creation and annihilation operators, respectively, since they 
create and annihilate photons, or more generally, arbitrary non-interacting bosonic 
particles. 

Normalization of HO energy eigenstates 

Let us assume that the ground state |0� is already chosen to be properly normalized: 

∗dxu0

�0|0� = 1. � 
Note. Remember that �0|0� denotes �0|0� =
 (x)u0(x). 

How long is the state |1̃� = â†|0�? 

�1|1� = �â†0|â†0� (19-8) 

= �0|â|â†0� (19-9) 

= �0|a� 
ˆâ†|0�� 

(19-10) 

= �0| ˆ a† a†ˆ|0� � � 
(19-11) a, ̂ + ˆ a

= �0|1 + â†â|0� → â|0� = 0 (19-12) 

= 1 (19-13) 

The state |1̃� is already normalized, so we can write: 

|1� = â†|0� → normalized eigenstate (19-14) 

What about |2̃� = â†|1̃� = â†|1�? 

�2̃|2̃� = �â†1|â†1� (19-15) 

= �1|� 
ââ†|1� � 

(19-16) 

= �1| â†â+ 1 |1� � � 
(19-17) 

= �1|â†|0� + 1 → â|1� = |0� (19-18) 

= �1|1� + 1 (19-19) 

= 2 (19-20) 
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Then the properly normalized second excited state is 

1 1 � �2 |2� = √
2
|2̃� = √

2 
â† |0�. (19-21) 

We can show, in general, (see PS) that the length squared of the state |ñ� = â† 
n |0�

is �ñ|ñ� = n!. Consequently, the n-th normalized eigenstate is 

1 � �n |n� := √
n! 

â† |0� . (19-22) 

We can also show (see PS) that 

â|n� = 
√
n|n − 1�, (19-23) 

â†|
√
n + 1|n + 1�. (19-24) n� = 

From operators back to spatial wavefunctions 

The condition on the ground state |0�, â|0� = 0, reads in position space using our 
definition of the annihilation operator, 

x̂ p̂ mω i 
â = + i = x̂+ p,̂ (19-25) 

x0 p0 2h̄ 
√

2h̄mω 

mω i h̄ ∂ 
ˆ

2h̄
x + √

2h̄mω i ∂x 
(19-26) au0(x) = u0(x) = 0 

∂ 
mωx + h̄ u0(x) = 0. (19-27) 

∂x 

mω 2 
2h̄The simple DE has the solution u0(x) = ce− x with normalization 1 = c2 πh̄ .

mω 
Consequently, the normalized ground-state wavefunction is � � 1 

mω 2mω 4 

2¯u0(x) = e− 
h x . (19-28) 

πh̄

The normalized n-th eigenstate can be obtained from 

1 � �
|n� = √

n! 
â† 

n |0� (19-29) 

or �� �
1 mω i h̄ ∂ n 

un(x) = √
n! 2h̄

x − √
2h̄mω i ∂x 

u0(x). (19-30) 
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Commutators, Heisenberg uncertainty, and simul­

taneous eigenfunctions 

The fact that p̂ = h̄ ∂ in the position representation (or x̂ = ih̄ ∂ in the momentum 
i ∂x ∂p 

representation) implies 

p̂ˆ p xψ(x) = xˆ ˆ ,xψ(x) = ˆ ˆpψ(x) = x pψ(x) (19-31) 

i.e., x̂ and p̂ do not commute. Define the difference between p̂x̂ and x̂p̂ as the com­
mutator 

p,̂ x̂ = p̂x̂− x̂p.̂ (19-32) 

Here: � � h̄
p,̂ x̂ = (c-number) (19-33) 

i 
→ 

In general, ˆ B = ˆB − B̂Â is an operator. The commutator is linear. A, ˆ A ˆ

c1Â1 + c2Â2, B̂ = c1 Â1, B̂ + c2 Â2, B̂ (19-34) 

Other useful relations 

ˆ ˆB, Â = − A, B̂ (19-35) 

Â ˆ C = ˆ ˆ C + ˆ C BB, ˆ A B, ˆ A, ˆ ˆ (19-36) 

Simultaneous eigenfunctions 

Consider a free particle. The plane waves ψ(x) = e±ikx are simultaneous eigenfunc­
¯tions of energy with eigenvalue h
2k2 

,
2m 

h̄2 ∂2 h̄2k2 

Heˆ ±ikx = −
2m ∂x2 

e±ikx =
2m

e±ikx , (19-37) 

and of momentum with eigenvalue ±h̄k, 

pe±ikx h̄ ∂
e±ikx hke±ikx ˆ = = ±¯ . (19-38) 

i ∂x 

Note. If we had chosen cos(kx), sin(kx), these would have also been energy eigen­
h2k2¯functions with eigenvalue 
2m , but not momentum eigenfunctions. 
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However, since cos(kx) and sin(kx) are degenerate (i.e., have the same energy 
eigenvalue), it is possible to choose linear combinations of degenerate eigenstates 
e±ikx = cos(kx) ± i sin(kx) that are simultaneous eigenstates of momentum. In the 
potential well, on the other hand, the energy eigenstates were not simultaneous eigen­
states of momentum. In general, we have: 

Theorem 19.1. Two Hermitian operators Â, B̂ have a set of simultaneous eigen­
functions if and only if they commute. 

Proof. ” ” Assume a complete set {uab} of simultaneous eigenfunctions is found, ⇒
i.e., 

Âuab = auab (19-39) 

Buˆ ab = auab (19-40) 

a, b, eigenvalues. Then [ A,ˆ B̂]uab = (ab − ba)uab = 0 for all eigenfunctions → A, ˆ[ ˆ B] = 
0. 

” ” See Gasiorowicz, 5-4.⇐

Since only an eigenstate of Â will have a definite outcome when a measurement 
of Â is made, this means that ΔA and ΔB can always be simultaneously made zero 
only when Â and B̂ commute. 

Theorem 19.2. One can prove that in any chosen state ψ, 

(ΔA)2 
ψ(ΔB)2 A, B̂]�ψ 

2 (19-41) ψ ≥ �i[ ˆ

for any two Hermitian operators Â, B̂. 

Proof. see Gasiorowicz, online supplement SA. 

For x̂, p̂, we have 

(Δx)2 
ψ(Δp)2 

ψ ≥ 
4

1 �iih̄�2 
ψ = 

h̄

4 

2 

, (19-42) 

where the RHS does not depend on the state ψ. This is another derivation of the 
¯Heisenberg uncertainty relation ΔxΔp ≥ h .
2 

The Schrödinger equation in three dimensions 

Ĥψ(r) = Eψ(r) → SE in 3D (19-43) 

with 
p̂2 = p̂2 + p̂ 2 + p̂ 2 (19-44) x y z 
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h̄ ∂ h̄ ∂ h̄ ∂ 
p̂ = , , in the position representation (19-45) 

i ∂x i ∂y i ∂z 
→ 

The SE then reads 2 = ∂
2 

+ ∂
2 

+ ∂
2 

,
∂x2 ∂y2 ∂z2 

h̄2
2−

2m
� + V (r) ψ(r) = Wψ(r) → SE in 3D (19-46) 

Spherically symmetric potential 

If the potential is spherically symmetric, V (r) = V (r), then it is convenient to work 
in spherical coordinates, where we can write 

∂2 2 ∂ 1 ∂2 ∂ 1 ∂2 
2� = 

∂r2 
+ 
r ∂r 

+ 
r2 ∂θ2 

+ cot θ
∂θ 

+ 
sin2 θ ∂φ2 

(19-47) 

We define an operator via 

∂2 ∂ 1 ∂2 

L̂2 = −h̄2 

∂θ2 
+ cot θ

∂θ 
+ 

sin2 θ ∂φ2 
. (19-48) 

L̂ will be the operator associated with angular momentum. 

∂2 2 ∂ L̂2 
2� = 

∂r2 
+ 
r ∂r 

− 
h̄2 r

(19-49) 
2 

Since V (r) does not depend on θ, φ, we try an 

ansatz. 
ψ(r) = R(r)Y (θ, φ) (19-50) 

Then, � � � � � � 
h̄2

2 h̄2 ∂2 2 ∂ −
2m

� + V (r) ψ(r) = −
2m ∂r2 r ∂r 

+ V (r) R(r)Y (θ, φ) (19-51) 

L2 

+ R(r)Y (θ, φ) (19-52) 
2mr2 

= ER(r)Y (θ, φ) (19-53) 

As before, when deriving the time-indepenedent SE, we divide by R(r)Y (θ, φ) = 0. 

h̄2 ∂2 2 ∂ 1 L2 

· · · = −
2m ∂r2 

+ 
r ∂r 

+ V (r) R(r) + 
Y (θ, φ) 2mr2 

R(r)Y (θ, φ) (19-54) 

= E (19-55) 
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The LHS can only be a constant for all θ, φ if the second term does not depend on 
θ, φ. We arrive at two equations: 

L̂2 const 
Y (θ, φ) = Y (θ, φ) = EL(r)Y (θ, φ) (19-56) 

2mr2 2mr2 

1 h̄2 ∂2 2 ∂ const 
R(r) 

−
2m ∂r2 

+ 
r ∂r 

+ V (r) R(r) + 
2mr2 

= E (19-57) 

h̄2 ∂2 2 ∂ const −
2m ∂r2 

+ 
r ∂r 

+ V (r) + 
2mr2 

R(r) = ER(r) (19-58) 

where EL = const is the energy associated with the angular dependence of the wave­
2mr2 

function. 
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