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8.04 Quantum Physics Lecture XI

Since V(z) = 0 in the region where the particle can be found, the zero-point
energy must be purely kinetic in this case. We could have estimated it using the

Heisenberg uncertainty relation: Confining the particle to a region Az = a introduces
2

a momentum uncertainty Ap ~ Ai’z = %, and a kinetic energy % ~ ﬁiag Since

V(:c) =0 forz <z < a, and —%‘327%’ = E% in this region,aand E = % in QM,

it appears that momentum is associated with the derivative 5~ of the wavefunction,

and kinetic energy with the curvature 30%.

The eigenfunctions have the property that

/_Z dzuy (z)um(x) = /Oa da:2 sin (mrf) sin (mﬂf) (11-1)

— 2 /Oa dx {cos ((n — m)ﬂg) — o8 ((n + m)ﬂg)} (11-2)
_ sin((n —m)m)  sin((n +m)m) 13
(n—m)m (n+m)m (11-3)
_Jo for n # m, (11-4)

1 for n=m.
— b (11-5)
Onm = {(1) ior " 7_& ™1 5 Kronecker delta (11-6)

This is a general property, not particular to this example: Eigenfunctions belonging
to different eigenvalues are orthogonal, if the eigenfunctions are normalized we call
them orthonormal.

orthonormality condition (11-7)

/00 dzu, (z)um(z) = dmn

—00

Complex conjugate not necessary for box potential, where eigenfunctions are real,
but necessary in general.

/u;undx = /Iunl2d:v =1 normalization (11-8)
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Expanding the exponential function in terms of?)_wgr-s_ of o _ ) _
s and £, we see that the coefficients of the powers s™ are
polynomials in terms of ¢ — the Hermite polynomials. This . . B
can be shown as follows: we have - - ) - |
7 ® ggnt R e = —=—
05 _pse=9+26 = Y- 2 Hu(6) - i
S o om S —
_ & 5" 0 - e
B '12::0 n! 0 B o S o L
X (=25 +28)s™ == o T
95 _(-2s+20)em HBE = 5 2 HA() - -
83 n=0 B B
o] n—1 — —— =
= Z 2 Hu6) . (5) - - .
— (n—1)! )
Equating equal powers of s in the sums of these two equa-  ———— ="
tions, we obtain R - N !
81{9’2(5) =2nH,-1(8) = S — ‘_——— |
Hp1(6) = 26Hn(6) —2nHp_1(6) . © ) _‘ B - ) B )
Therefore it follows that - - - e
OHn) 2t Ha(®) = Hur©) O T
o€ ) B _
and hence === = |
PHAE) _ OHn(®) _ 9Hn1(©) —
s =AY e - i
=262 211, - @n 2 B —




OH ()
o€
This is exactly differential equation (3), proving that the
o : ~——  H,(£) appearing in the generating function (4) are indeed
_______ Hermite polynomials.
The recurrence formulas (6) may be used to calculate
""" the H, and their derivatives. Another explicit expression —

e . -2 ~2nHa(©) (8) e mnes

= S directly obtainable from the generating function is quite S ——, § R

useful; let us now establish this important relation. From
(4) it follows instantly that
S

B CICIGE) R A ©)

S = S==SE— e LS CFE s A
85 3=0

"~ Now, for an arbitrary function f(s — ¢), it also holds that

of __of (10)
Js ot === =
MR- —mra N — |
e ——— ——e 8"5 52 an c—(s—f)2 —— —
=e -
- S dJsn gsm e = =
. o et 9 (- 1
(1)ca§nc : (11) e !
S Comparing (11) with (9) yields the very useful formula, =  r
o el e - I
- Ha© = (D" =¥ gme™ S

The H,(£) are polynomials of nth degree in ¢ with the dominant term 27¢™. The
first five H,,(¢) calculated from (7.22) or (12) of the foregoing example are:

Ho()=1 , Hi(6)=2¢ ,
Ho(€) =42 -2 , H3(©) =863 -12¢ , Hy(&)=16¢* —48¢2+12 . (723)

ThF cigenfunctipns (7.21) were combined by introducing the abbreviation ¢ = v/Az and
using the Hermite polynomials in a way that holds for both even and odd n, i.e. B i

A $n@) = NaeVE o), e=Via a2
e The .c?nstant N,, which depends on the index n, is determined by the normalization o M
= e condition - = s
- B oo
- / lhn(@))?dz =1 , (7.25) —

since we require the position probability to be 1 for the particle in the entire configuration
N space. Thus



== A 1
B n=0:yylx)= \ ;exp(— A:c2> ,

= 2
- ~1 Zoxf L A _ 1,2
- n=1:¢Y(x)=2 > 7rexp( 2/\$> Az,
i 1, 9 2 T
n=2:yYo(z)=1\/=/—exp| — zAz* | dAz* =2) . (7.33)
— 8V 2 1

From (7.24) and (7.30) it follows that, for space reflection, the eigenfunctions have the
__ symmetry property

= PYn(—2) = (=1)"Pa(z) . (7.34)
= This means
n even: Y{—z) =1(z) — parity +1

n odd: P(—z)=—y(z) — parnity —1

——  For the lowest H,,, it can easily be shown that they possess precisely n different real zeros
~ and n — 1 extremal values (see Fig.7.1). With respect to (12) in Example 7.2, we have

Hpky1 = —cfzé(e‘fzﬂ'n) ; (1.35)
On the assumption that H,, possesses n + 1 real extremal values, we can conclude the I
existence of n+1 extremal values for e =4 H, (since e=¢" —0for & — 00). The extremal -
— values are identical with the zeros of the derivative d/d¢; therefore H,4; has precisely
n+ 1 real zeros. This conclusion shows that the Hermite polynomials H,(¢) — and, in
consequence, the wave functions ¢, (£) — possess n different real zeros. This is a special
case of a universally valid theorem which states that the principal quantum number of an
_ cigenfunction is identical with the number of zeros.
In Fig. 7.1, some of the i,, are plotted together with an energy diagram. 4
The energy eigenvalues are represented as horizontal lines with the quantum |\ A ~_/h = T

--—— segments E, = (n + %)hw. For each of the lines there is a corresponding % |22 2 /L ’
~___ cigenfunction ¥y(x) drawn on an arbitrary scale. LA 6

— = - - - e a — 3
e huw
I ) - S —— - == "
e —>
I S e “~ " Fig.7.1. Oscillator potential, energy lev-
R els and corresponding wavefunctions




/l¢n(x)l2dz=%N3 / e Ha(6)?de=1 (726) T

Using relation (12) of Example 7.2 to express one of the Hermite polynomials that appears ==
in the integrand of the .normalization integral, the evaluation of this integral becomeg
simply

% ) N2 % "
—(_nyni'n = —
[ n@[?dz = -1y — [ Ha® e e (7.27)
— 00 -0
By partial integration we obtain

[ Hn© e e

den R
dan-1 2 > dH, d"! 2 = -
= = _ =0 B =3
[(d{"‘l e )Hn(f)J_ _/ il e s df . (7.28) ) -

The first term is, because of (12) in Example 7.2, equal to (—1)*~! e~¢’ Ho_1(O)H, ().
It vanishes at infinity, due to the exponential function.
Having carried out partial integration n times, we are left with

d"H, —¢2
. 7.2
i (7.29)

7 Hn«)d‘i—';e—f’ de = (=1)" 7

Since H,(£) is a polynomial of nth order with the dominant term 2"¢", for the nth
derivative, =

d" . R
Zin n(§) = 2"n! (7.30) _
holds. -
From this we find that
i Hn(s)di—:c"f’ ="t [ e € dg=r@nE L (31 -

and for the normalization constant,
A 1
Ny = — . <= =
7w 2Mn!
The stationary states of the harmonic oscillator in quantum mechanics are therefore

| [ 1 [a k. 5 i
Ynlz) = T \/;cxp (— E,\x )H,,(\/Xr} . (7.32) ) _

Here we have suppressed the phase factor (—1)™, since it is not essential. To discuss the
solution, we take a look at the first three eigenfunctions of the linear harmonic oscillator

(see Fig.7.1): =
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7] Vhis photograph of Werner
Heisenberg was taken around
1924 (University of Ham-

burg). Heisenberg obtained his PhD

in 1923 at the University of Munich
where he studied under Arnold Som-
merfeld and became an enthusiastic
mountain climber and skier. Later,
he worked as an assistant to Max

Born at Géttingen and Niels Bohr in

Copenhagen. While physicists such

as de Broglie and Schrodinger tried

to develop pictorialized models of
the atom, Heisenberg, with the help
of Born and Pascual Jordan, devel-
oped an abstract mathematical
model called matrix mechanics to ex-
plain the wavelengths of spectral
lines. The more successful wave me-
chanics by Schrédinger announced a

few months later was shown to be
equivalent to Heisenberg's ap-
proach. Heisenberg made many
other significant contributions to
physics, including his famous uncer-
tainty principle, for which he re-
ceived the Nobel prize in 1982, the
prediction of two forms of molecular
hydrogen, and theoretical models of
the nucleus. During World War II he
was director of the Max Planck Insti-
tute at Berlin where he was in charge
of German research on atomic weap-
ons. Following the war, he moved to

West Germany and became director

of the Max Planck Institute for Phys-

ics at Géttingen.

WERNER HEISENBERG =
(1901-1976)
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(Photo courtesy of the University of Hamburg)
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- A thought exper-
iment for viewing an electron
with a powerful microscope.
(a) The electron is shown before
colliding with the photon.
(b) The electron recoils (is dis-
turbed) as a result of the colli-
sion with the photon.
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