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(b) Graph of |y100/2, with the classical distribution (dashed curve) superimposed.
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7] Vhis photograph of Werner
Heisenberg was taken around
1924 (University of Ham-

burg). Heisenberg obtained his PhD

in 1923 at the University of Munich
where he studied under Arnold Som-
merfeld and became an enthusiastic
mountain climber and skier. Later,
he worked as an assistant to Max

Born at Géttingen and Niels Bohr in

Copenhagen. While physicists such

as de Broglie and Schrodinger tried

to develop pictorialized models of
the atom, Heisenberg, with the help
of Born and Pascual Jordan, devel-
oped an abstract mathematical
model called matrix mechanics to ex-
plain the wavelengths of spectral
lines. The more successful wave me-
chanics by Schrédinger announced a

few months later was shown to be
equivalent to Heisenberg's ap-
proach. Heisenberg made many
other significant contributions to
physics, including his famous uncer-
tainty principle, for which he re-
ceived the Nobel prize in 1982, the
prediction of two forms of molecular
hydrogen, and theoretical models of
the nucleus. During World War II he
was director of the Max Planck Insti-
tute at Berlin where he was in charge
of German research on atomic weap-
ons. Following the war, he moved to

West Germany and became director

of the Max Planck Institute for Phys-

ics at Géttingen.

WERNER HEISENBERG =
(1901-1976)
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- A thought exper-
iment for viewing an electron
with a powerful microscope.
(a) The electron is shown before
colliding with the photon.
(b) The electron recoils (is dis-
turbed) as a result of the colli-
sion with the photon.

. - The Heisenberg microscope.
Conservation of momentum requires pe- =
(A sin a)/A. Because of diffraction by the
lens opening, the electron may be anywhere
in the region Ax.
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f(z)o(z — a)dx = {0 if ad|ay,a.
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The Dirac delta function is not an ordinary well-behaved map R — IR, but a distribution, also known
as an improper or generalized function. Physicists express its special character by stating that the Dirac
delta function makes only sense as a factor in an integrand ("under the integral"). Mathematicians say
that the delta function is a linear functional on a space of test functions.

Properties

Most commonly one takes the lower and the upper bound in the definition of the delta function equal to
—00 and 00, respectively. From here on this will be done.

[ dtarte =1,
LI B '

27 J_

o(r — a) = d(a — 1),
(I - G’)O(T - (l) = ( !
d(az) = |a|*d(x) (a #0),
F(2)8(z — @) = fla)d(x — a),
| s =ity -ty = stz - )

The physicist's proof of these properties proceeds by making proper substitutions into the integral and
using the ordinary rules of integral calculus. The delta function as a Fourier transform of the unit
function f{x) = 1 (the second property) will be proved below. The last property is the analogy of the
multiplication of two identity matrices,

n
Z 51")' 5‘,1. = (S,';,g, ?.If = 1, ey 12
i1



APPENDIX 8

DIRAC 6-FUNCTIONS

One-Dimensional § functions. Definition:

[F(x)6(x = x)dx = Fixo) (AS-1)
provided the integration includes x = x,.
Properties:
O(x" — x) = d(x — x), (A8-2)
xox =0, (A8-3)
blax) = ﬁ 50, (A8-4)
J(x)ox = f(0)d(x), (A8-5)
B0k = %0} — xy)] = S = %) +9bx = x5) (A8-6)
i — x|
(x? — a?) = % [6(x — a) + d(x + a)] (a > 0), (A8-7)

O(x — X1)0(x — x3) = 0(x — x1)3(x; — x;) = 8(x — x,)6(x; — x3), (A8-8)
[, otxydx =1, (A8-9)
O=x)= —=d(x), (A8-10)

xd(x) = —d(x), (A8-11)



x25'(x) =0,
[8760f(x)dx = (= 17£™X0)
If u,(x) form a complete set,

f0) =¥ canld)
=Y () [ (x)dx

- [ [Z o | serax
- f S(x' — x)f(x) dx'.

We then have the closure property
3 uX(x)ua(x) = 0(x" — x).

Representations:
1 rew ikx
6(x)——2nf_we dk

L ffw cos(kx) dk

=27‘L’

sin(ax)

= lim
a— oo X
. 1 — cos(ax) lim sin? a(x/2)
T max? | e 2ma(x/2)

=lim ——-
amo (a2 + x3)

- x2{4ka

(k > 0)

e
= lim
a0 /4mko
—w2y2
R 72
= lim

S =

o1l pe
= lim — e~ cos kx dk.
a—+0 T 0

. . e —————
Three-dimensional § functions:

d(r) = 6(x)6(y) 6(2)
1 6(r)

21 r?

1 5

ﬁﬂ‘ 2 r

1 ©
Imf_welk.rdak’

(A8-12)
(A8-13)

(A8-14)

(A8-15)

(A8-16)

(A8-17)

(A8-18)

(A8-19)

(A8-20)

(A8-21)

(A8-22)

(A8-23)

(A8-24)

(A8-25)

(A8-26)

1
oty —ry)) = z o(ry — ry)d(cos B, — cosB,) (¢, — ®2), (A8-27)
1

1
(2m)?

ff (¥)o(r —r)dr' = f(r)  (closure),
V(1/r) = —4n &(r).

bk — k) = > [ rar,

(A8-28)

(A8-29)
(A8-30)
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N ¢ ~wit)
= [’r Gofﬁ—gﬁifxﬂﬂ{{—fg—&_fg—n”&[_’é‘ Coew s »}Jz e ¢ é,a w

= 4%‘(&, f)—:—%él)—eﬂt—:— CcC e (A~ wi) [

L Using  plxt) = $at) Pla,t), plx,t) can be

- _caiculaicd_/
: o __ =2 (x, .t,)__z.r_/a_cwi dzc_dyfzm'te.. gad_z'adsgmdmt____
. of lime.

P ik, t) = Pl
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The mast /nfcre_rhy ﬂab.é%{a:_lzmad ing Lroblem

S the lransmission coe Jé/;_gmii

o Lransmitted probabilely Flux

! incident probabilily” flux

W****d —téw—aéz—d—- éwﬁ rrY

B lg;m z{ (R X d Eué; Eu(‘,kd 3-.4_,71_//,4,3 o

_,._%-*‘_LCL __ def®

AR 444 /Al
) - m
z a -/
o [ b chor s f B f ik )

LA A

l = [ 1 +(sinh’ (hoa)) (1+ % WU

sinh kG -l s (R _ Aty

s
_=L'

- £E£0. 5,4 = /6 E,, £, J
_ ] |74 ],‘ I/;"/
R 2 e (- g Ty ¥R
N L /6__5_._(_/_—-. £y J

A v,

S o 2

_ 7 is a function of £. Vanda
| 2

. . J_?ii.‘.r_'z;c_ ﬁ.c#mdamanéa.ﬁ _e';.;maiﬁqzz

- - for cdiftussine the Z‘unne[t)_?f

~

- fmbiém

- -_z//' éga 2>/ , then

— . edRiaq g

— _.... - — “"
- r~/ :’615;(1~g) = decy (/ %_Je )
- A _z,_

— — Zé _(,_ —f@ Z\/ZM(V—E) a/ﬁ‘

e BT BR R 2R = 43448
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erualf v, the &;panenf[a.l L Lhe damz'na.ftha -fac‘f'nr,

l%fenha/ 6arw.er WLZ‘/L £> l/, cm be Carned ol

with the JM:M_LMIA_WQAMAL%H (A
/'EQLQA_I_

P = 12 e
7] ZLVQ”T@"%JG* 4._4_5,(_5-_{)
A LV
B ) £
7= ¢ (e =)
P A TR YD
it (&) g £ (£
y: _%(j_

Allﬁo_gﬁ_tﬁc_r e ¥avi

are in  general non-j3ero . the numeralor Jo,/ lhe r;/[am‘mn_
ba,é:[arjt.‘v iavelve a Jsine When the sithe (S _jero, there

is no reflection

/o

resonant Lransmicsion

The condition s

— werw)

n2rh
a =hx = L=l 2

A

integer
-
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IR

" Compare with the formula in the textbook (ihere lhe

detail Ahas not ~_been iorficd oul)

= At R 2R, G 7 =1
F T a0 }f:g‘)'-‘e b

6 AEARS o 2k a

é- F 4 . § ]
4LQMA,L~M_@_'Q‘G as kas»ld
With the (denlification
our hnotation __na@i@a%ﬁ Lhe Lextbool
A, R
| A, X
) width a 2a
o 7 T & i
- = we  recover the d:,)uafjan (8~/8)
- 16 APkt ~-4ka
= et P .
N RO* KA

. [ Our no ) al _a// —
ke Cuwipre T $trE ]
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5
Tn_general _the E‘Q[&J’_/I_Zfdwu__._ﬁcah!fi” LL_AL,P/??/JLC}‘(L nb«zgomeﬁa are
o
rot J-I?_uar(i’ 2 - B I I
= we want ts oblain an a,a,pra.zwaaz‘e‘_a/a -rir_x_'aﬁo:q_j_{szr__-rzif.e__fmzz_fzaz;x:ciqzz.___
sz o llyelen Vel s ;
R _L._G_j/j_.‘pieft ATl _.,ém%gﬁ_uc ng/.g:_&az&er o B
Aﬁ__/‘?/:a‘gel A/a/v . N‘(ﬂ melHod wi ’8 discussed LAhere - I
/
te m tho . |
Jﬁim_%aca&mz@ ethod ) .
___/AQ_mOLJ_Amparﬁung’_ j{‘ﬁaa__;\. g & /’f___ o - o
S Wtq/l% - -
O ther zéu;@- *jc;.LL&éL_MC\ ing compared wilth Zhis /faccaz- S| |
for a_,»:;zmrc;zzaz.cu:&__ z(ﬂU/('Lu/ S — — 1
In JTI2 = - 2k(2a) + 2 ,Za_é,éa)ﬁf_é)(_a )2 —
i S VAR - |
S ) mt.(__ﬂfy[s;f_i‘&ir_ﬁecm_ R ———| | R
fqpprﬁ.—t:ma.xit’__a Jme?% éc.'r"z.::r.._é/_ _/u.m,:'a.ruf'aﬂf J‘/«? uare /ﬂallEﬂLZ a:(_’_
— barrier (Afﬂe_fbnﬂ_falfaﬂlff_ __}[yaLﬁ e R
2 N S B =
A / - M 7 / barz‘uui
,Darfl.a[ A | | U
‘barrier vErres
~ =~ 2) ax < /‘0 e - o
/
o sotdth ok - L average A ¢ — =1
o =
S _lhe barcier the rnverval . o T
7
2t Sy E] S
P — gy NPT — ﬂ — P — c—r— -
< 2 ~ 2/ dx | Z
— o B Y. e [V(z) £l . !
The egumﬁﬂz a;azmﬁj[, r:ac/,v /barflal Darrier 2 Ar /k 22/ L
_ = () the méave %PPJ:Q&U?IMLO/?_,_M /Dooz:,_near Z"ﬂc,,cu/r,w/zj /oawf
o (ie., Wix)=F£ 2> L=0)

B Q/JM_KQ:)___ must_be smooth_so_that _one Cdn_;_a/p/oroztmate o PrrTEe
%hﬁ_méaz,—msr__,byy_aé Stack of sufficienl large width sguare barrier. ..

I S AN
- . Approximation of smooth barrier by a juxta- B —t
position of square potential barriers.
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%R, 3 -/6
I

o _ Potential  Inell

7}\/};51!6_&{&&4“&@1& jﬁeﬁpﬁélem_&L%ﬁmLé_,ga&a&al_

o weld.
~In this section. we ..r/zaﬂ_duw the _/;m fcﬁgaémtm‘(_ml { ,ém_é[em_

W(x)

o v, o o I

- I I O

. . - —all 0 al2 X . - o [

ke -
/ffj[on v /[7e on I _@Jm_ﬂ_—__
x <-4 -4 T x< & 4 cx
& 4 o ”©s

_—,: », _.dd ,;_dl Sl 2 -
 Chd& Wbt B ) (BErvg =

e ACIE C-‘-"Q’ti‘_..f)e"é"Jr = ge,(x)-'-'A’e‘é‘lﬁe‘é"‘ B Sb(x)" WW

é =1 /VJZM(%"E) —_— .')‘Néﬁz_‘f‘ﬁ‘fﬂfé SR
- ! A A—“/; = The wave fanab.a/z
o _ﬁc_mm.’._{aacﬁgz LJ—Af.:_ﬁﬁ T must Af.jém_&:—
- ﬁmf& at x = at x= oo
= .D =0  we use Sin and cos = F=o0

because we want to

take advantage o e

:_ S B .f/mmctnﬁiﬁieﬁr
= j’—%{x) == x<- &

____ prései—r b(x) = Asink,x + 8 cosh, X - 2‘3 <
- ) % (x) = Gehx  Zex |

 Symmelry of the polentiad
— e} =) - = -

=B d oy oy ) Plr) = L Ppt)—

. zma

o Let X —-~x (e just rename our Vvariable
o w B g2 : - .
d«;—}&f o 1"%’(*:!9—6(’(*:%') Eplx)

zm

CWeth  W(x)= V(-X) . the e?uaimn becomes
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“i: §-/7
483 .

33
T

2 P(-x) + x) Yl-x) = FYl-%)

g
e

>

— .___,_.Z. - (x) ~ et . ‘0 .o : : . r_q =~ ~ - - . - ;
with Pwmyaiue £ then” Yil-x) i alsa an egaﬁn—/uﬂcfwll

a/ ZA& ,Lamc_JicAmda_/ytar eﬁm;w th f/)c Jame

/;-om .mperbaﬂ, teon brmupl e

: %e,enﬂ/ﬂ——Lewx)ﬁ#;&éux})

. odd

—aaLmana%[maém; gLZZu: ol hnelioned equation with

N jeayalue_f_
. )
R e/ - )

94.-414(/'5) =-§%D,d(-x)

= With W(x)= V(-x), we CQa_J_éza_Zﬁc_fLA[em__

by Zaaém_;vfar_am odd eigen /@m;tm

Fren _.a!./,d.u/z.
[l [ a) . Alx _ a
{T/ vesr = ﬁ_ ’r < 2
b (x) = Beosh, X "ja‘ C X< }_Q
% (x) = c e fi% x> 5

_—Mat?ﬁiajJ&Lﬁgﬂa.dﬂc)Lmﬂdiﬁba_ al x=- ;eq

Sé(x=~:?—)=$é(x=‘§a-)

Beosfed o comhr - —

)l —

B A'—-Hﬂ FAL(——};L (:;é—e—‘— JL)

= 3%2 t“tisz‘i 7é)

_ Compare _our. notation  with thal wsed in the Lextbook |

Our hotation Notalion of the textbook
.
4y - 7
A -
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I

e recover the cquation (8-35) of the lextbook, i,
ft.‘agz_f@ =K (A)

o JLM_%_,_Q%MM_*_IA) (S an Eau&f fisvz. Sor £
4
. on }_mfam_mlu::.r_ jLE il satis _/gv_64) -

. . oa(/v ducmﬁuzzﬁ rgies ace_a_([owed -

- Jhe 5Qggdgrg Qdi[f[gg,[ al A= 'g'a can be shown , are
—La%[Lﬁuaﬁmﬁgmll)L_—__ .

/_[_:gua,z‘:zja/z (A) [_r_.r_c)[gdﬁzaﬁﬁicaléa—_

Lrom bquation (A) , we have

) (ZmE mEa Zm (v, -E)
A/ﬁ t,'gn /_mdﬁ‘ '[——ﬁ‘___

'_ Ligenvalue of £ con be /OMMMM
S/ A

S _An J.L_Jﬁfuﬁéﬂ.Lacﬂ_

 Define € = JnE4C
ke ZAT
—f_guaim (A) becomes € tan€ = /MVa %
4 A%y

o B PE) QE)
. o
_ Qee) = /%4 ¢ 5 Q@lret= 2L
- _ . ! i 5 s platted
o ;_aﬂam.rtJJ_ -

Pls) ———a o
[+[0)]

Pix)

0 7/ n/2 71 4x/2 72 6n2 [T [8m2] T
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%h: 8-/9
3%
—MLm:g)chmVal ues : é”;"s'?; " é;.,.gw*‘;éaa_&%{maﬁ‘
- g - - . 3 e " - ;- > . /4 r - ~ - . = 1 -
' Odd solution. Eeo £or
Ny L ‘-..'é X > A
?% (x) = Cce' > zg
. b(x) = Asink x -2 x<F
) =g x>t !
A, cot &2'8 ==~ A, (jlm_mﬁaéify_zﬁe_émm%mmw
—— S : IS S
42 = aaf./ = A/L?A!;L:(,il o
Ajamﬂ_.jgafﬁic_m&féﬁd_ma.. be .ux&d.laﬁé‘ad_é;,_,_fﬁﬁ._':_
_—_ - Qm"‘"‘ii; k 3 - o
I ‘1{;\ o -

i
o 7T [x w2 (i - [Sw2 Px, (T2 [4r P2 8
’ L} ¥ ‘

o :
I this _j_}:m:ic_ Square_well problem.

i canf_(auoa'(.r
- - | i
s - £, -
S By
— £ —
— — E".l —_—

0

— — j—a | .

S _.la/;:tib_efj.mméuc_.f_jffm " .édc_wazcﬁ(gﬂcﬂaﬁ_iﬂob__
o  determined o

o -~ .—A-f*"— éa are éﬂown —

— - _ _f/’ﬂ.;ﬂz/v_ﬁ:eﬁbmme;c; .J:JJ_ , can be delermined [
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. Even l | Gad

|
|
|

_ solutions |
__ PN N
_ - Y

|
Solutions for discrete spectrum in attractive potential well.

s

-

- 7he more nodes, the Awn_mcgiﬂ_&[_ﬁe_éami;

N r}ailﬁ__'j'

- This cwmfmd_m//adaWJ

B . p X g’-éff

= 4

—roughly speak: more_a_Wave function wiggles,
o t/;e_ﬁgber_[.r verage. v e . and

- _a‘ccacdfz_:}éz_tbf_égémﬂ_éﬁc_a verage hindtic en crgy

. : ﬁc%tﬁéi@a_ﬁr_mt_@MtMﬁ nce the Ainelic
- energy zh.z;t(uc_f_fﬁﬁ_,L?_uﬂcc_y_ﬁﬁ_ma;a—fém. —

EYaAZEA2MERFOHHAREZLE
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% H=21

(LS
Jl‘:)}aﬁe and Dowuble. & = Function
Paie{'zﬁf.‘q.ﬂ
,.ﬁ‘fj[ﬂ 3 - function. Potential
Viz) = =V Slx). Koo o
7
'—-‘——‘——czz’i'raci’c"ve—/bm“'eﬂéda;.#’ o B B
The Ja’zraa’o_q/aer EGuaiL'oﬂ s o S S S|
3
‘£" _£ [{(—() — /,J(-t)‘[/(f/—zf/( o e B
B 2. dx? - - B - B
d—r‘ ;5‘ /
| o 2mly ST
U St —
. £F<o dxi T K ux) =0 for X #O -
/sz _ Zm/£/ - |
5{
Ulx) = Ae * A e for X 20
/ - . _
. - A =0 regucred by zzacma[zjmffmn C’szdLZLQﬁ.___ﬁ
Wix) = Be X% +j/3’c'kz f/a/- x<o i
L o o
— N _B=0p reg mﬁeé,_‘é)z_ﬂazmalgaﬁ:o_ajc:aa,d,cf_lfz__b,_n_,,, —
— The w aclion must be_conlinuous at _r=0 = A=8 _
ux)
. _ /\
o |
: .
I r e
e ; r.'.y_a.t{zf_a_ _.2."_/5_@_ Kave //mzcila)L has._a. . ’/)EM’I“LZL L =0 1
— o Ay yA- /A
aid el e me e < v SAE
—_— ax’x=¢p" Lg’z Z,z;i{;‘; ATt |
—_— ~kA - ka =-AA . 1
‘*\\.:)__~_.__,,/EN.= A = _d_‘_ e 2/m ‘("-‘C‘j =
- < % A
. ,. /\ .
— = S . orlic
= only—atb— )£/ O? there-ezists solution

et .k el =t | ESE dAm THR 2 s R TINI OO o 4 AL
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(LB

T2k Y-V~ A

A(onag.ég_afm;/ﬂ/‘// e Tdx r Je dxd TS

— Daile d= Emihian Diteabial

Vix) =~ Y d(x +ta) - Y,4(x-a)

V(-x)= V(x), the Ipoicnfl.'al Lr Symmetric under X — ~X

S _Z'Ac_mlutigzz_iﬁmid_ﬁc_ciiéer_azga_ec odld
 We shall discuss the case . F< O —

LEven  solution .

We are _[Qazﬁy_jcz;tﬁﬁ ro

o we m%lmzc_fﬁc_az ﬂazmlgaiiga__o_m—_

R ’ - KX fcx . ,
U(x) = & /for x>a (e Ferm 1o absenl Jwe Lo —

= normal{/raffan requirem ent ) o

) n(x) = A cosh TX /—/or aArxo—a ( ort'm'na.lév L is a linear —
)  combination of 27 and &~ XX even. LML&A_{@_FJ,LL.I'meﬂi ! [
T mde.r_z'i‘__;zm:.zié_(,e Fo write o as coshix) - res| i—
XX ) i
T U(x) = & for X <-a (/é:mrﬁazwﬁ_iuﬁ;m_::_?wfﬁgat | |
. R - A ulx)
o o -a x
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G%H: 9 -23
7 :
f I — B
T /x\L_,/\ ‘ S
- - | A .
-a | a < S
I - - — ——
B ./ wunclion s conlinuous al X =a I
a—ka— Ao ] 3 SO
C = A Cosa Aa
DCrt'VdWLﬂa ve. j@ﬂci‘z o has a  dircentinud é/__a,f_«t =a__
“ka - Xa - 2my
e KA -simhtea—= ____apEme L
o o ¢ R
- ula) I

.Qu&_ﬁa_L)LfLME_L/_._Ce;JLUf_mfnt ,_Z-ﬁ_c boundary Caﬂde(.OﬂgalLAfC— -a.__ |

will _give no new resull, I _ om,

S 2m(E/

ﬁ;.___

B 5;’9&7&/0.(4/6 JO/ Ererg

—

Diseucrian : o —

_-____Z'aaﬁjn-a__io -1 o @ AI)L _

A
k’
L 'd . - A
_ tendka <l mscl = Bl E——
>
=

— A= ‘ijérﬂiuyéf Jj&.wci»aﬂ_____ o S

— . 1
: ————A M

— lnergy of z‘/}c’_cz’zu.aé..__wcéc’ s a lg:@g&_a%aze aam/i‘fr_z%aa f/faf ﬁﬁa
. unple i fanclfvdz’._,aaa‘;az‘.aj_.v wlH lhe same fz‘rfnm.% -

I real _world . _au_clmtaof'z_équﬂzi io_tma_acﬁu%pamldaf_é oy -.
—_small distance (similar fo  a  dowble fﬁéiactaon_/a; lential )
will _have ( 9mc;.aer:%v_fziaa_équaa’_fa_a_ﬂ@f(e_/zac(cﬁ__ o

Csimlar to a_tingle J- funcltion potential ) ~ .;
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%K 8—24

4 3%

o _ Odd_solution o —

— "kx b B

E T G ===

UCe)—=——fsinfkxzx—— a>x>~a - —

ﬁounc/gr/v condition al x =g o -
_/’{a I S o
A sinhka = £ S _ . S |

~Aa - T T L kxa - - R | i

ke ‘tﬂ,/f(_,afu_’.:_é'{ﬁj,(a,, =-Jde o - | A

. - SEae S S )

o = cothka = -1 = jmbka = 7 s . | [
x — !/

e - A g - e

. tanhka o = g —ildo = x>l = A>x )

o lanh Ka <] # .

| P The odd Jsolution ., (f té::e._ i @ bound JState . ir lecs
 stron oune than the even solution.

. fie  wave function , which Aas to go 1 ro, is forced
B _ZQMQ&M: é/ze_&zd(L,_aaszZm.Lgm_ggya&'mmMa&

 to a les rapidly fallin tial ‘ .
o fa : _Jﬂﬁg fi}t s;é j there may or may not exist an

044 b3und Jstate.
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