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Course Meeting Times

Lectures: 2 sessions / week, 1.5 hours / session

Recitations: 2 sessions / week, 1 hour / session
Course Description

Quantum Physics | explores the experimental basis of quantum mechanics, including:

e Photoelectric effect

e Compton scattering

e Photons

o Franck-Hertz experiment

e The Bohr atom, electron diffraction

e deBroglie waves

e Wave-particle duality of matter and light

This class also provides an introduction to wave mechanics, via:

e Schrodinger's equation

e Wave functions

e Wave packets

e Probability amplitudes

e Stationary states

e The Heisenberg uncertainty principle

e Zero-point energies

e Solutions to Schrddinger's equation in one dimension
o Transmission and reflection at a barrier
O Barrier penetration
o Potential wells
o The simple harmonic oscillator

e Schrodinger's equation in three dimensions
o Central potentials
O Introduction to hydrogenic systems

Prerequisites

In order to register for 8.04, students must have previously completed Vibrations and Waves (8.03)
or Electrodynamics (6.014), and Differential Equations (18.03 or 18.034) with a grade of C or higher.
Textbooks

Required

OBy stAmazon) Gasiorowicz, Stephen. Quantum Physics. 3rd ed. Hoboken, NJ: Wiley, 2003. ISBN:
9780471057000.

Strongly Recommended

@By atAmazon) French, A. P., and Edwin F. Taylor. Introduction to Quantum Physics. New York, NY:
Norton, 1978. ISBN: 9780393090154.

Read Again and Again
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[DEwyatAmazen) Feynman, Richard P., Robert B. Leighton, and Matthew L. Sands. The Feynman Lectures
on Physics: Commemorative Issue. Vol. 3. Redwood City, CA: Addison-Wesley, 1989. ISBN:
9780201510058.

References

[@BuyatAmazon} | jboff, Richard L. Introductory Quantum Mechanics. 4th ed. San Francisco, CA: Addison
Wesley, 2003. ISBN: 9780805387148.

@By atAmazon) Eisberg, Robert Martin, and Robert Resnick. Quantum Physics of Atoms, Molecules,
Solids, Nuclei, and Particles. New York, NY: Wiley, 1974. ISBN: 9780471873730.

Problem Sets

The weekly problem sets are an essential part of the course. Working through these problems is
crucial to understanding the material deeply. After attempting each problem by yourself, we
encourage you to discuss the problems with the teaching staff and with each other--this is an
excellent way to learn physics! However, you must write-up your solutions by yourself. Your
solutions should not be transcriptions or reproductions of someone else's work.

Exams

There will be two in-class exams. There will also be a comprehensive final exam, scheduled by the
registrar and held during the final exam period.

Grading Policy

ACTIVITIES PERCENTAGES
Exam 1 20%
Exam 2 20%
Final exam 40%
Problem sets 20%
Calendar

LEC # | TOPICS

Overview, scale of quantum mechanics, boundary between classical and quantum

1
phenomena

2 Planck's constant, interference, Fermat's principle of least time, deBroglie
wavelength

3 Double slit experiment with electrons and photons, wave particle duality,
Heisenberg uncertainty

4 Wavefunctions and wavepackets, probability and probability amplitude, probability
density

5 Thomson atom, Rutherford scattering

6 Photoelectric effect, X-rays, Compton scattering, Franck Hertz experiment

7 Bohr model, hydrogen spectral lines

8 Bohr correspondence principle, shortcomings of Bohr model, Wilson-Sommerfeld
quantization rules

9 Schrédinger equation in one dimension, infinite 1D well
In-class exam 1

10 Eigenfunctions as basis, interpretation of expansion coefficients, measurement

1 Operators and expectation values, time evolution of eigenstates, classical limit,
Ehrenfest's theorem

12 Eigenfunctions of p and x, Dirac delta function, Fourier transform

13 Wavefunctions and operators in position and momentum space, commutators and
uncertainty

14 Motion of wavepackets, group velocity and stationary phase, 1D scattering off
potential step

15 Boundary conditions, 1D problems: Finite square well, delta function potential

16 More 1D problems, tunneling

17 Harmonic oscillator: Series method

In-class exam 2

http://ocw.mit.edu/courses/physics/8-04-quantum-physics-i-spring-20... 2012/11/14
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18 Harmonic oscillator: Operator method, Dirac notation
19 Schrédinger equation in 3D: Cartesian, spherical coordinates
20 Angular momentum, simultaneous eigenfunctions
21 Spherical harmonics
22 Hydrogen atom: Radial equation
23 Hydrogen atom: 3D eigenfunctions and spectrum
24 Entanglement, Einstein-Podolsky Rosen paradox
Final exam

Your use of the MIT OpenCourseWare site and course materials is subject to our Creative Commons License and other terms of use.
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Lecture Notes

The lecture notes were typed by Morris Green, an MIT student, from Prof. Vuletic's handwritten

notes.

LEC #

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

TOPICS

Overview, scale of quantum mechanics, boundary between classical and quantum
phenomena (PDF)

Planck's constant, interference, Fermat's principle of least time, deBroglie
wavelength (PDE)

Double slit experiment with electrons and photons, wave particle duality,
Heisenberg uncertainty (PDF)

Wavefunctions and wavepackets, probability and probability amplitude, probability
density (PDE)

Thomson atom, Rutherford scattering (PDE)
Photoelectric effect, X-rays, Compton scattering, Franck Hertz experiment (PDF)
Bohr model, hydrogen spectral lines (PDF)

Bohr correspondence principle, shortcomings of Bohr model, Wilson-Sommerfeld
quantization rules (PDFE)

Schrédinger equation in one dimension, infinite 1D well (PDF)

Eigenfunctions as basis, interpretation of expansion coefficients, measurement

(BDF)

Operators and expectation values, time evolution of eigenstates, classical limit,
Ehrenfest's theorem (PDE)

Eigenfunctions of p and x, Dirac delta function, Fourier transform (PDF)

Wavefunctions and operators in position and momentum space, commutators and
uncertainty (PDF)

Motion of wavepackets, group velocity and stationary phase, 1D scattering off
potential step (PDE)

Boundary conditions, 1D problems: finite square well, delta function potential

(PDE)

More 1D problems, tunneling (PDF)

Harmonic oscillator: series method (PDE)

Harmonic oscillator: operator method, Dirac notation (PDF)
Schroédinger equation in 3D: cartesian, spherical coordinates (PDF)
Angular momentum, simultaneous eigenfunctions (PDF)

Spherical harmonics (PDF)

Hydrogen atom: radial equation (PDF)

Hydrogen atom: 3D eigenfunctions and spectrum (PDFE)

Entanglement, Einstein-Podolsky Rosen paradox (PDF)

Your use of the MIT OpenCourseWare site and course materials is subject to our Creative Commons License and other terms of use.
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The Art of Estimation Physics

also known as Ph 239

. “Natural Units”

Patrick Diamond, George M. Fuller, Tom Murphy
Department of Physics, University of California, San Diego, 2012



Richard Feynman :

“use sloppy thinking”

“never attempt a physics problem
until you know the answer”



“Natural Units”

In this system of units there is only one fundamental dimension, energy.
This is accomplished by setting Planck’s constant, the speed of light,
and Boltzmann’s constant to unity, i.e.,

h:CIkB,:l

By doing this most any quantity can be expressed as powers of energy,
because now we easily can arrange for

[Energy] = [Mass] = [Temperature] = [Length] " = [Time] "

To restore “normal” units we need only insert appropriate powers of
of the fundamental constants above



It helps to remember the dimensions
of these quantities . . .

hc| = [Energy| - [Length]
c| = [Length]| - [Time]_1

for example, picking convenient units (for me!)

hc~ 197.33 MeV tm
c~ 29979 x 10?3 fms™!



length units
1fm=10"%ecm =10""m
1A=10%cm=10""m = 0.1nm

Figure of merit for typical
visible light wavelength X = 10* A = 103 nm
and corresponding energy p_ 4, — 92k, — 9.1€

A

3
oo e _, 19733x10°eVA o
A 104 A




Boltzmann’s constant
— from now on measure temperature in energy units

|[Energy]

kB| =

Kelvin

for example.. ..

8.617 x 10 ° eV 04 &Y
Kelvin K

kg =

butllike kg = 0.08617 MeV /T9

T

with T9 =
10°K




Examples:

Number Density

id id

n = = g = [Energy]®
volume [Length]
s  MeV® 1
[n] = MeV*® = 3 = 3
(Ac)”  (fm)

e.g., number density of photons in thermal equilibrium at temperature T=1 MeV

2¢(3 2-(1.20206
My = C(z Jps o 221 ) )78 ~ 0.2436 T3
T /3
3 3
— 0.2436 MoV® = 22230 h;[ev _ 02436 MeV 5 =3.170 X 107° fm ™
(hc) (197.33 MeV fm)

~ 3.17 x 103 em 3



stresses

e.g., energy density, pressure, shear stress, etc.

[Force] _ [Force| [Length]| _ [Energy]
[Area]  [Area] [Length] [Volume]

[Pressure| = = [Energy]”



another example. ..

2
A quantum mechanics text gives the Bohr radius as g = L -
M€
But | see thisas. ..
1 he he 197.33 Mev fm
ag = = — . — = (137.036) - Or.33Mevim _ ;59918 &

mee2 €2 m, 0.511 MeV



or whatever units you prefer. ..

e~ 1.9733 x 10™° €V cm
¢~ 2.9979 x 10'° ¢m 571

or maybe even . ..

he ~ 1.9733 x 10°eV A
c~ 2.9979 x 101® A g1

OK, why not use ergs or Joules and centimeters or meters ?
You can if you want but . ..



better to be like Hans Bethe
and use units scaled to the

problem at hand

size of a nucleon/nucleus ~ 1 fm
energy levels in a nucleus ~ 1 MeV

atomic/molecular sizes ~ A
atomic/molecular energies ~ eV

supernova explosion energy 1 Bethe = 10°! erg



electric charge and potentials/energies

one elementary charge 1 e &~ 1.6022 x 10~° Coulombs

One Coulomb falling through a potential difference of 1 Volt
=1 Joule= 107 erg

1 eV~ 1.6022 x 10717 J =1.6022 x 10712 erg

or
1 MeV ~ 1.6022 x 107° erg
1 erg =~ 6.241 x 10° MeV ~ 10° MeV



fine structure constant QAlem

e? 1

Sl e e S 137.036

e? 1

cgs he - 137.036




particle masses, atomic dimensions, etc.

electronrestmass  m, & 0.511 MeV

proton rest mass mp ~ 938.26 MeV

neutron-proton mass difference My — mp ~ 1.293 MeV
atomicmassunit 1 amu ~ 931.494 MeV

Avogadro’s number N = 6.022 x 1023 amd
g



Handy Facts: Solar System

solar mass Mg =~ 1.989 x 10°° g ~ 10°Y MeV
solar radius Ry ~ 6.9598 x 10 cm
solar luminosity Lg ~ 3.9 x 10°% ergs™!

1A.U. ~ 1.4960 x 1013 em  radius of earth’s orbit around sun

earth mass Mearth 3 X 107 Mg Miupiter ~ 300 Meartn ~ 1073 Mg
earth radius Rean = 6.3782 x 108 cm ~ 1072 Rq

Jupiter orbital radius ~ 5 A.U.
solar system diameter ~ 100 A.U.

sidereal day ~ 8.6164091 x 10*s ~ 10°s
sidereal year ~ 3.1558 x 10"s ~ 7 x 10"s ~ 3 x 10" s

1 dog year =~ 7.0000 yr



We can do all this for spacetime too !

1/2
(hc) /
Define the Planck Mass 771 ,] = S
P G

mp ~ 1.2211 x 10%? MeV ~ 10%° MeV
1
2
mpl

... and now the Gravitational constant is just . .. G —



The essence of General Relativity:

There is no gravitation: in /ocally inertial coordinate systems,
which the Equivalence Principle guarantees are always there,
the effects of gravitation are absent!

The Einstein Field equations have as their solutions
global coordinate systems which cover big patches of spacetime



A convenient coordinate system for

weak & static (no time dependence) gravitational fields
IS given by the following coordinate system/metric:

ds® = —(1 + 2p)dt? + (1 — 2¢) (dz* + dy? + dz°)

This would be a decent description of the spacetime
geometry and gravitational effects around the earth,

the sun, and white dwarf stars, but not near the surfaces
of neutron stars.



It turns out that in a weak gravitational field the time-time
component of the metric is related to the Newtonian gravitational
potential by . ..

goo ~ —1 —2¢p

GM
Where the Newtonian gravitational potential is (P =~
1 R
G=—
m2, 1
my ~ 1.221 x 10%° MeV v
. C
he~ 197.33 MeV im P = 5
1fm =10""cm pl
1 MeV =~ 1.6022 x 10~ Joules dimensionless !




Characteristic Metric Deviation

OBJECT | MASS RADIUS geWt.O”‘_a“
ravitational
(solar masses) (cm) Potential
earth 3x10% |6.4x108| ~10°
sun 1 6.9 x1010| ~10°
white
~]1 5x 108 ~10+4
dwarf
neutron ~0.1
~1 106
star to 0.2




Handy Facts: the Universe

1 parsec (pc) = 3.2615 light year (Ly.)
1 mega. — parsec (Mpc) =~ 3.0856 X 10** em ~ 3 x 10** em

size galaxy ~ 1Mpc, 10'? M dark matter big galaxy clusters ~ 1000 galaxies
size galaxy (visible/baryons) ~ 100kpc, 10! M baryons Virgo Cluster distance ~ 16 Mpc
galaxy density (inside causal horizon) ~ 1 Mpc 2 Coma Cluster distance ~ 55 Mpc

Hy = expansion rate of universe (current epoch) = (100 h) km s~ ! Mpc™*
h=0.71 e.g., WMAP3

Hp =~ (2.13x 107%MeV) h = (3.24 x 107 "®s™') h

Hy' ~ (9.78 Gyr)h ™! age of universe ~ 13.7 Gyr
Q = closure fraction = £-  ODark Matter 2 0.23  Qvac 073 Dbaryon ~ 0.04
Pc
: 3H3 3 12 2 —35 4y 12
pc = closure density = — = — Hym%; ~ (8.1 x 107°° MeV ) h
8 718 0"pl amu
~ (1.054 x 10°eVem ™) b* ~107° —

, keV h \? [ Qe L
Pvac = dark energy density ~ (3.9 (:F) : (ﬁ) - (0.73) ~ 4 keV cm



Rates and Cross Sections

Rate| = [Flux]| - [Cross Section]

57 = || - fem?]




Eddington Luminosity

Photon scattering-induced momentum transfer rate to electrons/protons
must be less than gravitational force on proton

Yy+e—e+y

Electrons tied to protons via Coulomb force

proton

.\
~
\~

At radius r where interior mass is M( r ) and photon energy luminosity
(e.g.,inergs s?t)is L,(r) the forces are equal when

Sir Arthur Eddington
electron www.sil.si.edu

L. (r) G M (r) mp

Flux of photon Gravitational force on proton with mass m,
momentum

Thomson cross section o = 6.65 X 1072° cm? ~ 107%* cm? = 1barn

4nG M mpe in M mp- (hc)c
oT mpl oT

Eddington _
- L, =

2
-



Natural units

Natural llnitS [Wikipedia, the free encyclopedial

In physics, natural units are physical units of measurement based only on universal physical constants. For example
the elementary charge e is a natural unit of electric charge, and the speed of light ¢ is a natural unit of speed. A
purely natural system of units is defined in such a way that some set of selected universal physical constants are each
normalized to unity; that is, their numerical values in terms of these units are exactly 1. While this has the advantage
of simplicity, there is a potential disadvantage in terms of loss of clarity and understanding, as these constants are

then omitted from mathematical expressions of physical laws.

Introduction

Natural units are intended to elegantly simplify particular algebraic expressions appearing in the laws of physics or
to normalize some chosen physical quantities that are properties of universal elementary particles and are reasonably
believed to be constant. However there is a choice of the set of natural units chosen, and quantities which are set to

unity in one system may take a different value or even assumed to vary in another natural unit system.

Natural units are "natural” because the origin of their definition comes only from properties of nature and not from
any human construct. Planck units are often, without qualification, called "natural units", although they constitute
only one of several systems of natural units, albeit the best known such system. Planck units (up to a simple
multiplier for each unit) might be considered one of the most "natural" systems in that the set of units is not based on

properties of any prototype, object, or particle but are solely derived from the properties of free space.

As with other systems of units, the base units of a set of natural units will include definitions and values for length,
mass, time, temperature, and electric charge (in lieu of electric current). Some physicists do not recognize
temperature as a fundamental physical quantity, since it expresses the energy per degree of freedom of a particle,
which can be expressed in terms of energy (or mass, length, and time). Virtually every system of natural units

normalizes Boltzmann's constant kB to 1, which can be thought of as simply a way of defining the unit temperature.

In the SI unit system, electric charge is a separate fundamental dimension of physical quantity, but in natural unit
systems charge is expressed in terms of the mechanical units of mass, length, and time, similarly to cgs. There are
two common ways to relate charge to mass, length, and time: In Lorentz—Heaviside units (also called "rationalized"),
Coulomb's law is F=q lqz/(4m2), and in Gaussian units (also called "non-rationalized"), Coulomb's law is

F=q lqz/rz.[l] Both possibilities are incorporated into different natural unit systems.

Notation and use

Natural units are most commonly used by setting the units to one. For example, many natural unit systems include
the equation ¢ = 1 in the unit-system definition, where c is the speed of light. If a velocity v is half the speed of light,
then as v = 1/2c and ¢ = 1, hence v = l/2. The equation v = l/2 means "the velocity v has the value one-half when

measured in Planck units", or "the velocity v is one-half the Planck unit of velocity".
The equation ¢ = 1 can be plugged in anywhere else. For example, Einstein's equation E = me” can be rewritten in

Planck units as £ = m. This equation means "The rest-energy of a particle, measured in Planck units of energy,

equals the rest-mass of a particle, measured in Planck units of mass."
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Natural units

Advantages and disadvantages

Compared to SI or other unit systems, natural units have both advantages and disadvantages:

Simplified equations: By setting constants to 1, equations containing those constants appear more compact and
in some cases may be simpler to understand. For example, the special relativity equation E*= pzc2 +mect appears

somewhat complicated, but the natural units version, E*= p2 + m2, appears simpler.

Physical interpretation: Natural unit systems automatically subsume dimensional analysis. For example, in
Planck units, the units are defined by properties of quantum mechanics and gravity. Not coincidentally, the Planck
unit of length is approximately the distance at which quantum gravity effects become important. Likewise, atomic
units are based on the mass and charge of an electron, and not coincidentally the atomic unit of length is the Bohr

radius describing the orbit of the electron in a hydrogen atom.

No prototypes: A prototype is a physical object that defines a unit, such as the International Prototype Kilogram,
a physical cylinder of metal whose mass is by definition exactly one kilogram. A prototype definition always has
imperfect reproducibility between different places and between different times, and it is an advantage of natural

unit systems that they use no prototypes. (They share this advantage with other non-natural unit systems, such as

conventional electrical units.)

Less precise measurements: SI units are designed to be used in precision measurements. For example, the
second is defined by an atomic transition frequency in cesium atoms, because this transition frequency can be
precisely reproduced with atomic clock technology. Natural unit systems are generally not based on quantities
that can be precisely reproduced in a lab. Therefore, in order to retain the same degree of precision, the
fundamental constants used still have to be measured in a laboratory in terms of physical objects that can be
directly observed. If this is not possible, then a quantity expressed in natural units can be less precise than the
same quantity expressed in SI units. For example, Planck units use the gravitational constant G, which is

measurable in a laboratory only to four significant digits.

Greater ambiguity: Consider the equation a = 10'%in Planck units. If a represents a length, then the equation

P m.Ifa represents a mass, then the equation means a = 220 kg. Therefore, if the variable a

means a = 16 x 10
was not clearly defined, then the equation a = 10" might be misinterpreted. By contrast, in SI units, the equation
would be (for example) a = 220 kg, and it would be clear that a represents a mass, not a length or anything else.
In fact, natural units are especially useful when this ambiguity is deliberate: For example, in special relativity
space and time are so closely related that it can be useful not to have to specify whether a variable represents a

distance or a time.

Choosing constants to normalize

Out of the many physical constants, the designer of a system of natural unit systems must choose a few of these

constants to normalize (set equal to 1). It is not possible to normalize just any set of constants. For example, the mass

of a proton and the mass of an electron cannot both be normalized: if the mass of an electron is defined to be 1, then

the mass of a proton has to be ~1836. In a less trivial example, the fine-structure constant, ax1/137, cannot be set to

1, because it is a dimensionless number. The fine-structure constant is related to other fundamental constants

_ k.e?
ke’

where ke is the Coulomb constant, e is the elementary charge, h is the reduced Planck constant, and c is the speed of

light. Therefore it is not possible to simultaneously normalize all four of the constants ¢, h, e, and ke.
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Natural units

Electromagnetism units

In SI units, electric charge is expressed in coulombs, a separate unit which is additional to the "mechanical" units
(mass, length, time), even though the traditional definition of the ampere refers to some of these other units. In

natural unit systems, however, electric charge has units of [mass]”2 [le>ngth]3/2 [time]_l.
There are two main natural unit systems for electromagnetism:

* Lorentz—Heaviside units (classified as a rationalized system of electromagnetism units).

* Gaussian units (classified as a non-rationalized system of electromagnetism units).

[2]

Of these, Heaviside-Lorentz is somewhat more common, ~ mainly because Maxwell's equations are simpler in

Lorentz-Heaviside units than they are in Gaussian units.

In the two unit systems, the elementary charge e satisfies:

* e = v/Adrahe (Lorentz—Heaviside),
* ¢ = v ahe (Gaussian)

where 7 is the reduced Planck constant, c is the speed of light, and a~1/137 is the fine-structure constant.

In a natural unit system where c=1, Lorentz-Heaviside units can be derived from SI units by setting &)= U,y = 1.

Gaussian units can be derived from SI units by a more complicated set of transformations, such as dividing all

electric fields by /47e(, multiplying all magnetic susceptibilities by 4, and so on.”!

Systems of natural units

Planck units

Quantity Expression Metric value Name
Length (L) EG 1.616x10~° m Planck length
l P = —3 '
C
Mass (M) Fc 2.176x1078 ke Planck mass
mp =4/ —
e
Time (T) EG 53912x10~ s Planck time
tp = —5 ’
C
Temperature (®) hed 1.417x10°2 K Planck temperature
T _he? .
PV Grg?
Electric charge (Q) qp = 6/4 /drrey (L-H) 5201x10°'8 C
gp = e//a (©) 1.876x107'8 C

Planck units are defined by
c=G=h=kg=1
where c is the speed of light, G is the gravitational constant, F, is the reduced Planck constant, and kB is the

Boltzmann constant.

Planck units are a system of natural units that is not defined in terms of properties of any prototype, physical object,
or even elementary particle. They only refer to the basic structure of the laws of physics: ¢ and G are part of the
structure of spacetime in general relativity, and A captures the relationship between energy and frequency which is at
the foundation of quantum mechanics. This makes Planck units particularly useful and common in theories of

quantum gravity, including string theory.
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Natural units

Some may consider Planck units to be "more natural” even than other natural unit systems discussed below. For
example, some other systems use the mass of an electron as a parameter to be normalized. But the electron is just one
of 15 known massive elementary particles, all with different masses, and there is no compelling reason, within

fundamental physics, to emphasize the electron mass over some other elementary particle's mass.

Like the other systems (see above), the electromagnetism units in Planck units can be based on either

Lorentz—Heaviside units or Gaussian units. The unit of charge is different in each.

""Natural units'' (particle physics)

Unit Metric value Derivation
_ _ -1

1 eV~ of length 197x107m | = (1eV ™ )he
1 eV of mass 1.78x10 P kg | = (1eV)/c2
1 eV~ of time 6.58x10"%s | = (1eV ')A
1 eV of temperature L16x10°K = 1eV/kB
1 unit of electric 520%10°9¢C | = 6/. [Ara
charge
(L-H)
1 unit of electric 1.88x10°19C | = e/\/a
charge
(&)

In particle physics, the phrase "natural units" generally means: (11!

h=c=kp=1.
where # is the reduced Planck constant, c is the speed of light, and kB is the Boltzmann constant.
Like the other systems (see above), the electromagnetism units in Planck units can be based on either
Lorentz—Heaviside units or Gaussian units. The unit of charge is different in each.
Finally, one more unit is needed. Most commonly, electron-volt (eV) is used, despite the fact that this is not a
"natural” unit in the sense discussed above — it is defined by a natural property, the elementary charge, and the
anthropogenic unit of electric potential, the volt. (The SI prefixed multiples of eV are used as well: keV, MeV, GeV,
etc.)
With the addition of eV (or any other auxiliary unit), any quantity can be expressed. For example, a distance of 1 cm

can be expressed in terms of eV, in natural units, as:[S]

1
M o 510006V

lcm =
c

Stoney units
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Natural units

Stoney units are defined by:

Quantity Expression Metric value
Length (L) 1.381x107%
*4mep)
Mass (M) 1.859x10™ kg
G (47r(-:0
Time (T) 4.605%x107 s
8 (47['6[])
Temperature (©) - cte? 1.210x10°' K
57\ Gdmey) ki
Electric charge (Q) | 4s = € 1.602x107"° C

c=G=e=kg=1

h=—

where c is the speed of light, G is the gravitational constant, e is the elementary charge, kB is the Boltzmann constant,

| is the reduced Planck constant, and a is the fine-structure constant.

George Johnstone Stoney was the first physicist to introduce the concept of natural units. He presented the idea in a
lecture entitled "On the Physical Units of Nature" delivered to the British Association in 1874.161 Stoney units differ

from Planck units by fixing the elementary charge at 1, instead of Planck's constant (only discovered after Stoney's

proposal).

Stoney units are rarely used in modern physics for calculations, but they are of historical interest.

Atomic units

Quantity Expression Metric value
(Hartree atomic units) | (Hartree atomic units)
Length (L) h2 (471-60) 5200%10" ' m
A=
M€
Mass (M) SIS 9.109x10™" kg
Time (T) _ B(dme)? | 2.419x1077s
me.et
Electric charge (Q) | 44 — € 1.602x10° C
Temperature (®) T, — M, et 3.158x10° K
R*(4meo)2kp

There are two types of atomic units, closely related: Hartree atomic units:

e=m,=h=kg=1

c=

Rydberg atomic units: L

Sl

=2m.=h=kp=1
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Natural units

cC= —
(81

These units are designed to simplify atomic and molecular physics and chemistry, especially the hydrogen atom, and
are widely used in these fields. The Hartree units were first proposed by Douglas Hartree, and are more common
than the Rydberg units.

The units are designed especially to characterize the behavior of an electron in the ground state of a hydrogen atom.
For example, using the Hartree convention, in the Bohr model of the hydrogen atom, an electron in the ground state

has orbital velocity = 1, orbital radius = 1, angular momentum = 1, ionization energy = %2, etc.

The unit of energy is called the Hartree energy in the Hartree system and the Rydberg energy in the Rydberg system.
They differ by a factor of 2. The speed of light is relatively large in atomic units (137 in Hartree or 274 in Rydberg),
which comes from the fact that an electron in hydrogen tends to move much slower than the speed of light. The
gravitational constant is extremely small in atomic units (around 10_45), which comes from the fact that the
gravitational force between two electrons is far weaker than the Coulomb force. The unit length, m " is the Bohr

radius, ag
The values of ¢ and e shown above imply that o — 1/ > s in Gaussian units, not Lorentz—Heaviside units.[g]

However, hybrids of the Gaussian and Lorentz—Heaviside units are sometimes used, leading to inconsistent

conventions for magnetism-related units.””!

Quantum chromodynamics (QCD) system of units

Quantity Expression Metric value
Length (L) lQCD _ i 2.103x 10%m
myC
Mass (M) mQcp = My 1.673 x 107 kg

Time (T) h 7015 x 10725

tqep =
Q mpc2

2

Temperature (©) Toop = ™ 1.089 x 10" K
Q ki

Electric charge (Q) | g0 oy = e/v/dwa (L-H) | 5.291x107'8 C

gqcp = e/vV/a (G) 1.876x107'% C

c=m,=h=kp=1

The electron mass is replaced with that of the proton. Strong units are "convenient for work in QCD and nuclear

physics, where quantum mechanics and relativity are omnipresent and the proton is an object of central interest

w [10]
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Natural units

Geometrized units

c=G=1
The geometrized unit system, used in general relativity, is not a completely defined system. In this system, the base
physical units are chosen so that the speed of light and the gravitational constant are set equal to unity. Other units

may be treated however desired. By normalizing appropriate other units, geometrized units become identical to

Planck units.

Summary table

Quantity / Symbol Planck Stoney | Hartree | Rydberg | ''Natural" ""Natural"
(with Gaussian) (with L-H) | (with Gaussian)
Speed of light in vacuum | 1 1 1 2 1 1
c [ [
Planck's constant 1 1 1 1 1 1
(reduced) a
T o
Elementary charge Va 1 1 NG Vira Va
e
Josephsone constant ﬁ o 1 @ [4a ﬁ
K;= E i ™ ™ T T ™
von Klitzing constant 2 2 o2 T 1 27
27h . . o .
e o o 2a o
Ry = 2
Gravitational constant 1 1 ac 8ag (2 7¢] aqg
G (24 83 me2 me2
Boltzmann constant 1 1 1 1 1 1
kg
Electron mass /oG ag |1 1 511keV | 511keV
Me «a 2

where:
* a is the fine-structure constant, approximately 0.007297,

* a is the gravitational coupling constant, (me/mleck)z ~ 1.752 x 1074,
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Conversion Table for natural and MKSA Units

Natural units defined by: & = ¢ = 1 (and 4mep = 1). Remaining unit is choosen to be
Energy (eV).

Quantity Symbol natural units MKSA
Length / 1/eV 1.9732705 -107" m =~ 0.2 um
Mass m 1eV 1.7826627 10736 kg
Time t 1/eV 6.5821220 10716 s ~ .66 fs
Frequency v 1eV 1.5192669 -10'° Hz
Speed 2 2.99792458 -10% m/s
Momentum P 1eV 5.3442883 -10~* kg'm/s
Force F 1eV? 8.1194003 -10~* N
Power P 1eV? 0.24341350 mW
Energy E 1eV 1.6021773 -1071° J
Charge q 1 1.8755468 10718 C
Charge density P 1eV3 244.10013 C/m3
Current I 1eV 2.8494561 mA
Current density J 1eV3 7.3179379 -10'° A /m?
Electric field E 1eV? 432.90844 V/mm
Potential o 1eV 85.424546 mV
Polarization P 1 eV? 4.8167560 -10~5 C/m?
Conductivity o 1eV 1.6904124 -10° S/m
Resistance R 1 29.979246 Q
Capacitance C 1/cV 2.1955596 -10~17 F
Magnetic flux o 1 5.6227478 10717 Wb
Magnetic induction B 1eV? 1.4440271 mT
Magnctization M 1 cV? 1.4440271 -10* A/m
Inductance L 1/eV 1.9732705 -10~* H
some constants:
Planck’s quantum h 1 1.05457266 -10—3 J.s

h =2mh h 27 6.6260755 -10734 J.s
Charge of electron e 8.5424546-102 1.60217733 -10~%° C
Bohr radius, A?/me? ao 2.6817268-107%/eV  5.29177249 10~ m
Encrgy 1 clectron Volt cV 1cV 1.60217733 -10~19 J
Rydberg energy, e*/2a9  Eryq  13.605698 eV 2.1798741 -10718 J
Hartree energy, €2 /ay P 27.211396 eV 4.3597482 10718 J
Speed of light c 1 2.99792458 -10% m/s
Permeability of vacuum Jo 47 47 - 107" H/m
Permittivity of vacuum €0 1/4m 8.854187817 -10712 F/m
Bohr magneton UB 8.3585815:107%/eV  9.2740154 -10~2* J/T
Mass of electron Me 510.99906 keV 9.1093897 -10~3! kg
Mass of proton m, 938.27234 MeV 1.6726231 -10~2" kg
Mass of neutron My, 939.56563 MeV 1.6749286 -10~?%7 kg

Gravitation constant G 6.70711-107%7 /eV?  6.67259 -10~!! N.m?/kg?




The Limics of Classical Physics 5

The Rayleigh-Jeans law (1-7) (Jeans made a minor contribution to its
derivation) does not agtee with experiment at high frequencies, where the Wien
formula works, though it does fit the experimental curve at low frequencies
(Fig. 1.2). The Rayleigh-Jeans law cannot, on general grounds, be correct, since
the total energy density (mtegrated over all frequencxes) is predicted to be
infinite!

In 1900, Max Planck found a formula by an ingenious interpolation
between the high-frequency Wien formula and the low-frequency Rayleigh-
Jeans law. The formula is

14
w(y, T) = —LTe"—'”;i'.— . (1-8)
where b, Planik’s constant, is an adjustable parameter whose numerical value was
found to be b = 6.63 X 10~" erg sec. This law approaches the Rayleigh-Jeans
form when v — 0, and reduces to

u(v, T) = ﬂ vl e—hr/kT (1 _ e"::'/kr)—l
i et #
= 817}1 G (1-9)

when the frequency is large, or, more accurately, when v 3> £T. If we rewrite
the formula as a product of the number of modes [we obtain this from (1-7) by
dividing the energy density by £#T] and another factor that can be interpreted as
the average energy per degree of freedom

8mv? hv
Il(ll, T) _‘-l— ehrlkT -1
8 hv/kT
= 7 e—_—hvlkT —1 (1-10)

we see that the classical equipartition law is altered whenever the frequencies are
not small compared with £T/h. This alteration in the equipartition law shows
that the modes have an average energy that depends on their frequency, and
that the high frequency modes have a very small average energy. This effective
cut-off removes the difficulty of the Rayleigh-Jeans density formula: the total
energy in a cavity of unit volume is no longer infinite. We have
© 3
U(T) = 8rh f & ¥

ghrleT _ 1

3
(1}
S‘n'h “ (hp/ET)* d(hvfkT)
& h ___‘,n'»ur g

T
e j e (1-11)
h‘f 0 er — 1




4 Quantum Physics
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Fig. 1-2. (a) Distribution of power radiated by a black body at vartious tempera-
tures. () Comparison of data at 1600°K with Planck formula and Rayleigh-Jeans
formula.

ever, in accord with some very general notions of classical physics. Rayleigh, in
1900, derived the result
2

s, T) = T AT (1.7)
whete £ is Boltzmann's constant, £ = 1.38 X 10~'% erg/deg and ¢ is the velocity
of light, ¢ = 3.00 X 10'° cm/sec. The ingredients that went into the derivation
were (1) the classical law of equipartition of energy, according to which the
average energy per degree of freedom for a dynamical system in equilibrium is,
in this context,* T, and (2) the calculation of the number of modes (i.e., degrees
of freedom) for electromagnetic radiation with frequency in the interval (v, » +
dv), confined in a cavity.®

4 The equipartition law predicts that the energy per degree of freedom is kT/2. For
an oscillator—and the modes of the electromagnetic field are simple harmonic oscilfators—
a contribution of 4T/2 from the kinetic energy is matched by a like contribution from the
potential energy, giving &T.

5 We will need this result again, and derive it in Chapter 23. The number of modes is
4x2/c3, further multiplied by a factor of 2 because transverse electromagnétic waves cor-
respond to two-dimensional harmonic oscillators.



Example 1.1 (Wien’s displacement law)

(a) Show that the maximum of the Planck energy density (1.9) occurs for a wavelength of
the form Apmqx = b/ T, where T is the temperature and b is a constant whose value needs to be
estimated.

(b) Use the relation derived in (a) to estimate the surface temperature of a star if the radiation
it emits has a maximum wavelength of 446nm. What is the intensity radiated by the star?

(c) Estimate the wavelength and the intensity of the radiation emitted by a glowing tungsten
filament whose surface temperature is 3300K.

Solution
(a) Since v = ¢/4, we have dv = |dv/(dA)|dA = (c/lz)dl we can thus write Planck’s
energy density (1.9) in terms of the wavelength as follows:

dv 87rhc 1
4@, T) =a@, T) | 5 T (1.11)
The maximum of #(4, T') corresponds to 8 (4, T)/dA = 0, which yields
8xhc h he LA
—5(1 ~ g he/ 4T = .
A6 [ ( ¢ ) * T (ehe/ 2T — 1) 0, (1.12)
and hence o
T=50 — ey, (1.13)

5To integrate (1.9) over all frequencies, we need: +°° ;{—de = 4




a = he/(kT). We can solve this transcendental equation either graphically or numeri-
by writing a/4 =5 —¢. Inserting this value into (1.13), we obtain 5 — & = 5 — Se=>+¢,

which leads to a suggestive approximate solution ¢ ~ 5e™ = 0.0337 and hence a/i =
5 — 0.0337 = 4.9663. Since a = hc/(kT) and using the values # = 6.626 x 10~ 3475 and
%= 13807 x 107237 K' we can write the wavelength that corresponds to the maximum of

he 1 28989x106mK
49663k T T

(1.14)

/lmax

‘This relation, which shows that A4, decreases with increasing temperature of the body, is
“called Wien'’s displacement law. It can be used to determine the wavelength corresponding to
the maximum intensity if the temperature of the body is known; or, conversely, to determine the
iemperature of the radiating body if the wavelength of the strongest emission is known. This
‘Taw can be used. in particular, to estimate the temperature of stars (or of glowing objects) from
‘their radiation, as shown in part (b). From (1.14) we obtain

4.9663
¢ _I%T (1.15)

max h

Vmax =

This relation shows that the peak of the radiation spectrum occurs at a frequency that is propor-
tional to the temperature

(b) If the radiation emitted by the star has a maximum wavelength of 4,4 = 446 nm, its
surface temperature is given by

2898.9 x 107°mK
© 446x10°m

~ 6500K. (1.16)

Using Stefan’s law (1.1), and assuming the star to radiate like a blackbody, we can estimate the
total power per unit area emitted at the surface of the star:

E=0T*=567x 10 Wm2K™* x (6500K)* ~ 101.2 x 10° Wm™2, (1.17)

This an enormous intensity which will decrease as it spreads over space.
(c) The dominant wavelength of the radiation emitted by a glowing tungsten filament of
temperature 3300K is

2898.9 x 107°mK
Amax = ~ 878.45nm. 1.18
L 3300K nm (1.18)

The intensity radiated by the filament is given by

E=0T*=567x10"Wm™ 2K *x(3300K)* = 6.7x10° Wm™2 = 6.7 Wmm™2. (1.19)




. LUL. Units in High-Erergy Physics

1.11. UNITS IN HIGH-ENERGY PHYSICS

The fundamental units in physics are of length, mass, and time, the familiar
systems (MKS) expressing these in meters, kilograms, and seconds. Such
units are however not very appropriate in particle physics, where lengths are
typically 10™'° m and masses 10727 kg,

Lengths in particle physics are usually quoted in terms of the
femtometer or fermi (1 fm = 10™'5 m), and cross-sections in terms of the barn
(1b=10"2*m?), millibarn (1 mb = 103! m?), or microbarn (1 ub =
10~3* m?). The unit of energy is based on the electron volt (1eV =16 x
107*? joules) with the larger units MeV (=10°eV), GeV (=10° ¢V), and
TeV (=10'?eV). Masses are usually measured in MeV/c?, meaning that if
ml- the mass is M, the rest energy is Mc? MeV. For example, the proton has a rest
:,, - energy of 938.28 MeV or 0.938 GeV. Often masses (meaning the rest-energy
. cquivalents) are loosely quoted in MeV or GeV.,

E In calculations, the quantities # = h/2% and ¢ occur frequently, and it
[ _is.often advantageous to use a system of units in which # = ¢ = 1. We do this
* by choosing some standard mass m, (e.g., the proton mass) as the unit:

my = 1.

n
I-E:-"- The natural unit of length is then the Compton wavelength of the standard
L

L particle:
' h

s i0 = = 15
BE - mgc

g >

5‘5 that of time is

.:1-.' Fy h

- - tO = O = — = 1,
F ¢ mye
=8

- and that of energy is

45

B Eo=myc? = 1.

. of the calculation to the more usual units, it is useful to remember that
:{; he = 197 MeV fm. Thus, a particle of mass energy myc? = 197 MeV has a
_‘_; Compton wavelength of h/myc = hc/myc® = 1 fm. '

Throughout this text we shall be dealing with the couplmg.of
13 charges—strong, electric and weak—to mediating bosons. In MKS un1t§,
. electric charge, e, is measured in Coulombs and the fine-structure constant is
_ then given by

E
£

e? 1

%= dmeohc 137

For the genéral coupling of charges to bosons, such units are not useful and
we define e in Heaviside-Lorentz units (¢o = po = 1) so that with = ¢ = {
e 1

o = — ~

T4z 1370

as in (1.12). A similar definition is used to relate charges and coupling
constants in the other interactions,
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For the sake of argument let us suppose that the opposite is true. Let p1(x) and.ya(x)
then be two linearly independent eigenfunctions with the same energy eigenvalue E. From
the equations

2 ., 2m
g+ (E=Vpy =0, 95+ (E=Vp2 =0,

we obtain

ie.
vi'pe—ypa'pr = (piye) —(iyp)’ = 0.

After integrating this equation we find that

Y1z —ysy1 = a constant.
Since, at infinity, y; = w2 = O (bound states), we must have the constant = 0 and hence

vi_ ¥

1 Y2 ’

Integrating once more we have Iny; = In ya+Inc, ie. y1 = ¢y, which contradicts the
assumed linear independence of the two functions.



3. Sudden f:\'/bam‘z'a/z

9A particle is initially (¢ < 0) in the ground state of an infinite, one-dimensional potential well
with wallsatx =0 and x = a.
(a) If the wall at x = g is moved slowly to x = 8a, find the energy and wave function of the
particle in the new well. Calculate the work done in this process.
. (b) If the wall at x = a is now suddenly moved (at t = 0) to x = 8a, calculate the
._pmbability of finding the particle in (i) the ground state, (ii) the first excited state, and (iii) the
* second excited state of the new potential well.

Solution
" For ¢t < 0 the particle was in a potential well with walls at x = 0 and x = a, and hence

2,242 .
n“m“h /5 . (NTX
En = 2ma2 ) Wn(x) == \u ;mn ( 4 ) (0 <x < a)‘ (1076)

(a) When the wall is moved slowly, the adiabatic theorem ciictates that the particle will be
found at time ¢ in the ground state of the new potential well (the well with walls at x = 0 and
x = 8a). Thus, we have

n2h? m2h? 2 X
) = = ‘ = —si —— 0< < o 10.77
210 2m(8a)?  128ma?’ &) a s ( 8a ) P8 ( )

The work needed to move the wall is AW = Ey—E1(f) = n2h%/(2ma®)—n*h?/(2m(8a)?) =
637 2h%/(128ma?).

(b) When the wall is moved rapidly, the particle will find itself instantly (at ¢ > 0) in the
new potential well; its energy levels and wave function are now given by

2 2p2 2242
, n°meh n°mwh , 2 nmx

- - = gz sin (=~ . Qo.
En 2m(8a)2 128ma2’ Wn(x) 8a Sln( Ra ) (0 <x < 8(1) ( 0 78)

The probability of finding the particle in the ground state of the new box potential can be
obtained from (10.73): Py = [{y] | y1)[* where

' 2 e 2 [T, (mx\ . (mx 16 |
_ - jadad had =—\/4 =22,
(py | w1) /) wy ()yi(x)dx Taa Jo sm(8a)sm( P )dx O \/4 V2
(10.79)
hence 5
P = (v} lyn)|’ = (%) (4 — 2+/2) = 0.0077 = 0.7%. (10.80)
T

The probability of finding the particle in the first excited state of the new box potential is given
2
by P12 = [{w5 | w1)|

a 2 a TX TXx 8
4 = /o = —_—— 1 —_— 1 — e pp—
(o | w1) _A vy (Dwi(x)dx = ﬁa/() sm(4a)sm( p )dx 52’

hence

where

2
2 8
Py = |(l//é | y/l)l = (E) = 0.1699 == 17%.

A similar calculation leads to

2 d
Pia = (w4 | ) = | / sin (222 ) ¢ (3 2
' | V5a Jo S5 ) sin ()

These calculations show that the icle i 1 in hi
-2 particle is most likely to be found in h ited sta
probability of finding it in the ground state is very small. " Migher exciteg

::}5_;%\/44-2»/5['
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Assume that, at time ¢ = 0, the wavefunction icle i
w(x, #) of a particl
(cf. problem 16, Chapter III): ) RGeS ol the fom:

1 2
wm®=aﬁwﬁm%_%ﬂ 8 = (dxp.

Investlgate the change in time of this wave-packet if, for ¢t > 0, no forces act on the particle.

It is necessary to determme the wavefunction y(x, f) which satisfies the Schrédinger
equation

ihw = Hy(x, 1),

and which, at time ¢ = 0, is the given function y(x, 0). With that end in view we expand
w(x, 0) in terms of the set of orthonormal time-independent eigenfunctions ,(x),
(Hy,(x) = E,p,(x)) (see p. 204, footnote), thus:

Y5 0 = Tawn(x), @ = [yix)p(x, 0)dx.

The function ) a,y,(x) exp (—%E,,t) then satisfies the Schré dinger equation, and, at
n

time ¢ = 0, coincides with y(x, 0). Hence

i
ww0=§%mmW“

1.e.
v(x, ) = [ G, x, (&, O dS
where

G¢, x, 1) = Z Pr(®) yalx)e * Ent

Since, in the case of free motion, the eigenfunctions are

i b
ya(x) = (z-m)v“ exp (sz")l’

the Green’s function (8.4) becomes (with p continuous)
2;71]} P

G@n0=f7% h[

m )l/ﬂ n ( _
= 5 e- 5
( 2mifit |

From (8.3) and (8a) it follows that

B m \12 1 __Ei_}_i’ (x— &)
SR (2m'ht) @y P\ Tae " 2

whence we obtain finally, for the wave function,

w(x, ) = ! exp ? (1 iht )
’ - fi2r? 14 - 22 2md2 s
C AN T
and for the probability density
22 \ Ve 2
lp(x, D2 = | 27821+ =7 exp _—XW“ )
ot 288 (140
()

This expression has the same form as the initial probability density

1 x2
[¥(x, O)F = W"_’”‘p{_ﬁ}’



£ Classica / lim o / Harmonic Crccllalor

Since the general solution of the equation of motion of a classical oscillator, ¥ +w?x
= 0, is of the form x = C sin (wf+ ¢), the total energy
mxt  mo?

T L 32
3 vt %

E,=T+V =
of such an oscillator is given by E; = mw?c?/2.

Since T = 0, we have E; = V, which means that, classically, the particle can be f-oun'd
only in the range —a < x <+a. At the ends of this interval, where El. =V, its kmftlc
energy vanishes; the points x = +a are called “turning points”. Accorc?mgly, Ct=a"=
2E;/mos® = 3%/ma. The classical probability of finding the particle in the interval (x, x+dx)

is proportional to the time dt which it takes to pass through this interval. If the period of
oscillation is T’ = 2n/w, then

L

dr
WCI(X) dx = ZT = ; = F

wdsy o  dx 1 : x2 —1/2d
X 7 aocos(wi+d) n_a( - ) %

which is the required expression.

wix)
el ! Wey
| !
|
\/ i
' \'a
! )
| | i
! ! |
I I :
! ]
i ! = | |
W o : E : | Way
-a  -o ‘:05" a o %
Fic. 11.23.

It can be seen that this probability is greatest at the turning points x = + a (Fig. I1.23).
According to quantum mechanics the probability of finding the particle in the interval
(x, x+dx)is

2
Wou(x) dx = 2n-42x53x% exp (— %) dx
0

It should be noted that W,,(x) has maxima near the classical turning points (a =1 3h/mow,
a = \/h/%), but, in contrast with the classical case, it does not vanish beyond these points.
This phenomenon, of the penetration of a particle into regions with “negative kinetic energy”
(x| > a), does not lead to any contradiction because the equality £ = T+ ¥ in quantum
mechanics is not a simple relation between numbers, but between operators; the kinetic and
the potential energies cannot in fact be determined simultaneously.

For higher levels, it is found that the curve 2W (x) becomes the envelope of the peaks of
W.u(x) in the classical limit n —oo (cf. Fig. I1.24, which represents W (x) = |p10(x)[?,

1= \/211’}/% . = -
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483 .

33
T

2 P(-x) + x) Yl-x) = FYl-%)

g
e

>

— .___,_.Z. - (x) ~ et . ‘0 .o : : . r_q =~ ~ - - . - ;
with Pwmyaiue £ then” Yil-x) i alsa an egaﬁn—/uﬂcfwll

a/ ZA& ,Lamc_JicAmda_/ytar eﬁm;w th f/)c Jame

/;-om .mperbaﬂ, teon brmupl e

: %e,enﬂ/ﬂ——Lewx)ﬁ#;&éux})

. odd

—aaLmana%[maém; gLZZu: ol hnelioned equation with

N jeayalue_f_
. )
R e/ - )

94.-414(/'5) =-§%D,d(-x)

= With W(x)= V(-x), we CQa_J_éza_Zﬁc_fLA[em__

by Zaaém_;vfar_am odd eigen /@m;tm

Fren _.a!./,d.u/z.
[l [ a) . Alx _ a
{T/ vesr = ﬁ_ ’r < 2
b (x) = Beosh, X "ja‘ C X< }_Q
% (x) = c e fi% x> 5

_—Mat?ﬁiajJ&Lﬁgﬂa.dﬂc)Lmﬂdiﬁba_ al x=- ;eq

Sé(x=~:?—)=$é(x=‘§a-)

Beosfed o comhr - —

)l —

B A'—-Hﬂ FAL(——};L (:;é—e—‘— JL)

= 3%2 t“tisz‘i 7é)

_ Compare _our. notation  with thal wsed in the Lextbook |

Our hotation Notalion of the textbook
.
4y - 7
A -
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%% 3-—-/3

I

e recover the cquation (8-35) of the lextbook, i,
ft.‘agz_f@ =K (A)

o JLM_%_,_Q%MM_*_IA) (S an Eau&f fisvz. Sor £
4
. on }_mfam_mlu::.r_ jLE il satis _/gv_64) -

. . oa(/v ducmﬁuzzﬁ rgies ace_a_([owed -

- Jhe 5Qggdgrg Qdi[f[gg,[ al A= 'g'a can be shown , are
—La%[Lﬁuaﬁmﬁgmll)L_—__ .

/_[_:gua,z‘:zja/z (A) [_r_.r_c)[gdﬁzaﬁﬁicaléa—_

Lrom bquation (A) , we have

) (ZmE mEa Zm (v, -E)
A/ﬁ t,'gn /_mdﬁ‘ '[——ﬁ‘___

'_ Ligenvalue of £ con be /OMMMM
S/ A

S _An J.L_Jﬁfuﬁéﬂ.Lacﬂ_

 Define € = JnE4C
ke ZAT
—f_guaim (A) becomes € tan€ = /MVa %
4 A%y

o B PE) QE)
. o
_ Qee) = /%4 ¢ 5 Q@lret= 2L
- _ . ! i 5 s platted
o ;_aﬂam.rtJJ_ -

Pls) ———a o
[+[0)]

Pix)

0 7/ n/2 71 4x/2 72 6n2 [T [8m2] T
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%h: 8-/9
3%
—MLm:g)chmVal ues : é”;"s'?; " é;.,.gw*‘;éaa_&%{maﬁ‘
- g - - . 3 e " - ;- > . /4 r - ~ - . = 1 -
' Odd solution. Eeo £or
Ny L ‘-..'é X > A
?% (x) = Cce' > zg
. b(x) = Asink x -2 x<F
) =g x>t !
A, cot &2'8 ==~ A, (jlm_mﬁaéify_zﬁe_émm%mmw
—— S : IS S
42 = aaf./ = A/L?A!;L:(,il o
Ajamﬂ_.jgafﬁic_m&féﬁd_ma.. be .ux&d.laﬁé‘ad_é;,_,_fﬁﬁ._':_
_—_ - Qm"‘"‘ii; k 3 - o
I ‘1{;\ o -

i
o 7T [x w2 (i - [Sw2 Px, (T2 [4r P2 8
’ L} ¥ ‘

o :
I this _j_}:m:ic_ Square_well problem.

i canf_(auoa'(.r
- - | i
s - £, -
S By
— £ —
— — E".l —_—

0

— — j—a | .

S _.la/;:tib_efj.mméuc_.f_jffm " .édc_wazcﬁ(gﬂcﬂaﬁ_iﬂob__
o  determined o

o -~ .—A-f*"— éa are éﬂown —

— - _ _f/’ﬂ.;ﬂz/v_ﬁ:eﬁbmme;c; .J:JJ_ , can be delermined [
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o Py
AT |

|
|
'.
I

I

. Even l | Gad

|
|
|

_ solutions |
__ PN N
_ - Y

|
Solutions for discrete spectrum in attractive potential well.

s

-

- 7he more nodes, the Awn_mcgiﬂ_&[_ﬁe_éami;

N r}ailﬁ__'j'

- This cwmfmd_m//adaWJ

B . p X g’-éff

= 4

—roughly speak: more_a_Wave function wiggles,
o t/;e_ﬁgber_[.r verage. v e . and

- _a‘ccacdfz_:}éz_tbf_égémﬂ_éﬁc_a verage hindtic en crgy

. : ﬁc%tﬁéi@a_ﬁr_mt_@MtMﬁ nce the Ainelic
- energy zh.z;t(uc_f_fﬁﬁ_,L?_uﬂcc_y_ﬁﬁ_ma;a—fém. —

EYaAZEA2MERFOHHAREZLE



7 ¥

% H=21

(LS
Jl‘:)}aﬁe and Dowuble. & = Function
Paie{'zﬁf.‘q.ﬂ
,.ﬁ‘fj[ﬂ 3 - function. Potential
Viz) = =V Slx). Koo o
7
'—-‘——‘——czz’i'raci’c"ve—/bm“'eﬂéda;.#’ o B B
The Ja’zraa’o_q/aer EGuaiL'oﬂ s o S S S|
3
‘£" _£ [{(—() — /,J(-t)‘[/(f/—zf/( o e B
B 2. dx? - - B - B
d—r‘ ;5‘ /
| o 2mly ST
U St —
. £F<o dxi T K ux) =0 for X #O -
/sz _ Zm/£/ - |
5{
Ulx) = Ae * A e for X 20
/ - . _
. - A =0 regucred by zzacma[zjmffmn C’szdLZLQﬁ.___ﬁ
Wix) = Be X% +j/3’c'kz f/a/- x<o i
L o o
— N _B=0p reg mﬁeé,_‘é)z_ﬂazmalgaﬁ:o_ajc:aa,d,cf_lfz__b,_n_,,, —
— The w aclion must be_conlinuous at _r=0 = A=8 _
ux)
. _ /\
o |
: .
I r e
e ; r.'.y_a.t{zf_a_ _.2."_/5_@_ Kave //mzcila)L has._a. . ’/)EM’I“LZL L =0 1
— o Ay yA- /A
aid el e me e < v SAE
—_— ax’x=¢p" Lg’z Z,z;i{;‘; ATt |
—_— ~kA - ka =-AA . 1
‘*\\.:)__~_.__,,/EN.= A = _d_‘_ e 2/m ‘("-‘C‘j =
- < % A
. ,. /\ .
— = S . orlic
= only—atb— )£/ O? there-ezists solution

et .k el =t | ESE dAm THR 2 s R TINI OO o 4 AL
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4 §-22

(LB

T2k Y-V~ A

A(onag.ég_afm;/ﬂ/‘// e Tdx r Je dxd TS

— Daile d= Emihian Diteabial

Vix) =~ Y d(x +ta) - Y,4(x-a)

V(-x)= V(x), the Ipoicnfl.'al Lr Symmetric under X — ~X

S _Z'Ac_mlutigzz_iﬁmid_ﬁc_ciiéer_azga_ec odld
 We shall discuss the case . F< O —

LEven  solution .

We are _[Qazﬁy_jcz;tﬁﬁ ro

o we m%lmzc_fﬁc_az ﬂazmlgaiiga__o_m—_

R ’ - KX fcx . ,
U(x) = & /for x>a (e Ferm 1o absenl Jwe Lo —

= normal{/raffan requirem ent ) o

) n(x) = A cosh TX /—/or aArxo—a ( ort'm'na.lév L is a linear —
)  combination of 27 and &~ XX even. LML&A_{@_FJ,LL.I'meﬂi ! [
T mde.r_z'i‘__;zm:.zié_(,e Fo write o as coshix) - res| i—
XX ) i
T U(x) = & for X <-a (/é:mrﬁazwﬁ_iuﬁ;m_::_?wfﬁgat | |
. R - A ulx)
o o -a x
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| X
G%H: 9 -23
7 :
f I — B
T /x\L_,/\ ‘ S
- - | A .
-a | a < S
I - - — ——
B ./ wunclion s conlinuous al X =a I
a—ka— Ao ] 3 SO
C = A Cosa Aa
DCrt'VdWLﬂa ve. j@ﬂci‘z o has a  dircentinud é/__a,f_«t =a__
“ka - Xa - 2my
e KA -simhtea—= ____apEme L
o o ¢ R
- ula) I

.Qu&_ﬁa_L)LfLME_L/_._Ce;JLUf_mfnt ,_Z-ﬁ_c boundary Caﬂde(.OﬂgalLAfC— -a.__ |

will _give no new resull, I _ om,

S 2m(E/

ﬁ;.___

B 5;’9&7&/0.(4/6 JO/ Ererg

—

Diseucrian : o —

_-____Z'aaﬁjn-a__io -1 o @ AI)L _

A
k’
L 'd . - A
_ tendka <l mscl = Bl E——
>
=

— A= ‘ijérﬂiuyéf Jj&.wci»aﬂ_____ o S

— . 1
: ————A M

— lnergy of z‘/}c’_cz’zu.aé..__wcéc’ s a lg:@g&_a%aze aam/i‘fr_z%aa f/faf ﬁﬁa
. unple i fanclfvdz’._,aaa‘;az‘.aj_.v wlH lhe same fz‘rfnm.% -

I real _world . _au_clmtaof'z_équﬂzi io_tma_acﬁu%pamldaf_é oy -.
—_small distance (similar fo  a  dowble fﬁéiactaon_/a; lential )
will _have ( 9mc;.aer:%v_fziaa_équaa’_fa_a_ﬂ@f(e_/zac(cﬁ__ o

Csimlar to a_tingle J- funcltion potential ) ~ .;
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o H
%K 8—24

4 3%

o _ Odd_solution o —

— "kx b B

E T G ===

UCe)—=——fsinfkxzx—— a>x>~a - —

ﬁounc/gr/v condition al x =g o -
_/’{a I S o
A sinhka = £ S _ . S |

~Aa - T T L kxa - - R | i

ke ‘tﬂ,/f(_,afu_’.:_é'{ﬁj,(a,, =-Jde o - | A

. - SEae S S )

o = cothka = -1 = jmbka = 7 s . | [
x — !/

e - A g - e

. tanhka o = g —ildo = x>l = A>x )

o lanh Ka <] # .

| P The odd Jsolution ., (f té::e._ i @ bound JState . ir lecs
 stron oune than the even solution.

. fie  wave function , which Aas to go 1 ro, is forced
B _ZQMQ&M: é/ze_&zd(L,_aaszZm.Lgm_ggya&'mmMa&

 to a les rapidly fallin tial ‘ .
o fa : _Jﬂﬁg fi}t s;é j there may or may not exist an

044 b3und Jstate.
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| 548 :

— = EEm—

— Céapigf;i I
— ,Jc/zradr.jer fyuai!.m in Three  _Dimension. (}gyd@mﬁfgm)
R ‘_;f:— _a;,g ja ) Yix, y; t) * V(«ngpﬂi t}%cgr,_y(;,zﬁ)
= ihSrpxy g t) _

9& (Ja:,_y Jo L) = Wave /uncz.‘mg_ R
- /911(Jt 4,3 t)/ dxdy o j -——/broéa:éa/:./ /_){ma’:j the e(aef)m

in the wvolume element belween X  and X * dx, yana’ —
. yfdy J and jtdj at time T

: e

AIn more cam/baci notakion , it can be written as | -
=B PGB+ VR R t)a B FA)

2m

= H Y = atf_f ¢ .

CH=-Artery I

for V(F,t) = )/(r) _tme md/omdeni;_ afmtr,ai4_ the
/amélem can be solved by the method y ..re/pcmf.mn of -

— variable
¢
PP L

 with a.c_r_)_,zaﬁjé‘_a_ the time- z‘:m'?p—ma’em‘ Jehrodinger
] ~ egualion : ‘ — . _
= = A s B 4 2 2 Ulx ¢, 3) + V& yj)u(xy;)—~———-

}'Z' Jxk _)?3 JJ‘ S
: = £ utx g, §) :
J// Vix, g, 3)= Ylx) + M(q)*%(i)Lz‘/)ca . | [

o T _“j;(ﬁ. ,,‘;,:_ JJ.) u (X, g;) # (1/(3:)* 2(y) )+ (3]

ulx gy, j) = £ wulx, y, 7) s

Ansaly . wulx, yf,j)l X(x) Yey) Z() 1

EURERBYERFIHMRELE



P WX XTE + YY) XTE » Q) XVE = FXTE

Divide -Mc:e%ély_ X P2 and rearrange R
1 2 B~ % | ;S i — || BN
T am X s Vix =k FE T EFSZ 4y
o~ Yg) +E - I
- LHS  ir funclion of x aﬂgv I |
. RHJS iy /Hﬂcttﬂﬂ / y » aﬂZ)/
) 2 - x,;r Z.: g &t Vi(x) = f' - i)
N "%}%7 *h 2 ;J,, Z - Vity) -yg) +£ = 4L
. T 3 J._ - 4 . = . 15
— h v eupe F L -ygieZ-Z |
 LHS s funclion of gy only 1
S RHS is j//unczfzan 9( J alone
_ii d&. . — -
8 =sapea ¥ 4 ufy) = £, R |
— = i 4 = | R P — —
) ___and " 2nm ?";7: *l'ég):f'é:,_,‘é, =§
b 4 o —
> AL Fx it yoXx)= LX)
- “% d‘f{,; Yiy) + Vacy) Yeg) = by Xix) —
! g ()t BQEQG L #(5) i
— with £ = E_‘g * é" * é a

_MMM_ZD_M_C three one dimensiomal.

Afc/arodz‘f/aer elauafj}m.r il M

- f:\‘am/bfci.
. ~ Vix f' /or o< X< é

ﬁr;c dimensional d_'&/im.'fc well /bto_ékm

/ar X2 4 _ .__Axo =

) f o l&f 0<l{<l,1 I
7 ( 7

-

L.,
2 _jaE. i.;{_e;.,_;_ﬁ' : : : : : e

BUREABRNER(FFMEELE



N Vil3) = o or  O0<3 <Ly o —
— ¥ o0 j-/;r__ i fl, _ f <0 B
gy _ : ' r - : —7" ey L A - : : - : .
() = A cinkx + 8 cuhx  in 0cx<L |
— B /f - [x o i
I o = 9 n xXeo. xo>l, B - j| -
- B _4{3ounda9r condi'tion A (o) = o —"3__ =0 __ I
— o X(L)=0 = ,éﬂ_z_,:m‘ .
. . - = A,_.,F__?_ = inlegers o
- . 2 . Llx) = A, sin 'Z‘:L_x with A= .z'nffyraéf
— S N [ LN o< x < 44 — -
B ) ___Narm_gfg_agi_an. /A _/ .J"U} 7 al’ dx = /. R o
o S /2 - - - |
= — n _—Ll — S — S E 3
. = f?‘ﬂ ;R.‘ . — . u
- . I
- f/_lc—_mme ;oet‘/wa; —can be  wused to solve the L7 r?c_za_fz;/z.d
T o - _ /a3 n, XX NI
. R 4{,,* 7y, ,3‘._( x. 4, 3= T PE sin _a_._. —
o sin /-—742_-”—-% Sin X7 4
2 Ly s
— — -.‘.z-. z_—.:,_._-
. = %& g J—(_x,y;él-' nz””}xg,;}e T
- = — ﬁl}r m ﬁ‘ﬁ'}%‘ Z ﬁ"/-{-a.}z‘;.___
o £ = Ln f"r—' 5!) = 2mir emé&s 2mi
—humber A
De ,mcmez , %é;{ut wave ﬁzactl.M with Jame energy
_—_ ___ [;near :nd?endmf - 1:
S [xamﬂc j/br Zhe case L, =Ly 2Ly =L . A
. ﬁ (;-- — = . _ | |-
. £ = 273 ( /7); L /?7 L /7) ) — il |
. Clearly . n,ti-z," y=L. mpEl, =l ny=2, =l
3 - - : - __ML __n* = ! 7 = ’ = ! ”j_z g.__ _J‘Ydf._ _é.ﬂﬂg__:tég.____ | N
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i 74 |

LIS

| 48

L . 3

— e e

= these three states are said Lo be degenera fe. 1
lhe _number 3/ degencracy. =

tiz_:.‘.r_ Le an_ [m}ec;;‘_qzzé _concepl th ol we shall stccunt ﬁ( ler

* From z‘ﬁa’.r_._eaom/aic,_ [l can be seen the concc/c:_f .?{ dfjmerac_z i —
is closely related to .mec_é.;y. - I

Central force problem Vix, 4y 3) = V() -
4 7/ 777 .l

o 7 -'-'L«?.:“g‘g‘ |
~ Obviously . it ls more convenienl to wse the .Wﬁcrz‘.ca,l_ | 1.

S coordinale - - |
- - .ﬁl 2 S — S L

. m VYt g =LY - |

— P - .ﬁl_ -~ -_/. 2> / _,__) : o J! —— a_‘_ 5
__ . —2m SR ;;‘.(t; c_;.-—‘iz) 7 rALinG 20 (JAAGQ—GE} *f“.ﬂ}:é@ (J?J}T
) t Yer) b = £ S N

R . R R — = 3
2 =5 9 ———— —————— 3

[ p L2 ri:oanr ( r Sy ) ¢ 4 j‘ﬂé_a?@ (J‘ﬂ QJ@.) +,~. I'J‘f:ﬁ‘i? ‘,‘?ﬂé | I

. _aqre /bmued in Various books on Magt/;mng.‘cai_/g. 2Le8, |

~In the .A/p/o_md&{ﬂ . . i

 solve the probléem using the met
variable R

— Lir. 6, ¢)  — time :bd'?bﬂ?a’mf “wave ﬁﬂcta’aft
- . e S
R— L Yino.@ . t) = girog)e y| - I

- e p)= RY©O,P)

Jince Vir) is 2 unction r only , cha[ﬁ Lry to |l
é'a’ y J?acrait’.an 9( | -

 Substitute into  the Lime - t‘ndﬁamdm}f /\Ic/)r._aa.’d_ﬂ}ff 87ua,ff?ﬁ!£
- AR Y d o1 dR ) R . N L —" SV |
2m 4 A GF LT =0T B s e AP ) ij—_?__
— +rIRY =LRY 1
— g 2mps |
Divide éy_ YR  and rearrange. [ muﬂc/.b(c i )

. Lo d 2 4Ry . 2mr® LY
__"[ﬁedr’z?) I~k . |

- — 1 = . '[ J A
L T ; 7 s ;ﬁ‘_( $inG ,irg Ly Y, Y |

BEYUREAZNERFIMRELH




' o :

(%w:  7~5 |
b i

LHS z’.f_/mctfon. 3[ roonly B

RHJ__uj/uacfmn/ o, $ R

e st be constant . - . B

 for reasons _z."/la.t wi (ZJaﬁpear n z_‘llf. dhie co me we shall
 choose the .rc;p.zraij.azz constant” to be L CZH)

: d(r‘i/_-.?j: ‘_z_—.”l__[t/c.")—é:] ALt

o =9 R dar ar A
I S I
- )  pradial J:yua.tgon ) de/bmd on Ver) o
- ,—[.rma 28 ($in@ ,}f) ¢ .H-L;S’J] - L4r)
S ) __J . - R (.
S B azyu!ar_ayaai‘ma_ Jﬂa’e/l?zndmf_? ver)
_____ - _/‘4411'.::/;9; Y..rc‘n s} _— _ ____ - __"_ o _ .
2 S _a" . R _
5in6 35 (5in6 55-) * ::TJ; == L(Lt]) 5in'® Y
- —@aiq_, z‘% Je/bcra.tfazz__ y kazi@b(ai . - _—_—
I An.m.f_} Y8, P) = @e)F( ¢L ) o B i
__ ___Pu.t _Lt zafa 4501/6 C?ua.fwﬂ- ,._du/'tda_ z%mjé é)/ @.@., aﬂa’_
- _ rearrange . S i
R e S T N Ty JEVTo T M——
- e =— __{h___d;@-._ B —
—— = 9‘ d?" S — — S— 1 —
LHS s function of O only - I 1
e .KH_J_EJ fmcfa.‘aﬂ y ) cmév - = i |
_ N —— [ sino = = (5in® 3 )] FLLHD) sintO = mt
. . . s B ) I
6 _e.?_uaf ion - B - . | -
- __;__{_ d.‘.@_ —~ -_”_7.3._ - . SN | M
- F k- B _ 1
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ek 7-&

1 48 ¥

8 rE S |
e Fepr et

= _g;(_¢ ..p__z_izq,),_:..?'f' ( ¢) |_ I = C— =

sl ey - | I

single = valueness. y’ f/&c_wazejémaﬁm_ _
N = ﬂ.‘-m i — —— — Em——— |
= e 2 ;e st éﬁ_z}zif_ejgc. - i

- This z‘.r__clo..re[)/ pelatad fo fﬁei;gm.ﬁédéan_éﬁﬁgu(ar
I _.momentm. = — -

- - m  is Anown Gs mygct{c guan tun  number. I
_La_pa.ti:m._ ) | -
. d® R o I _
$in® 5 (5in0 25 ) A L#1) sin*6 -m*]@ =0 |
Note. m = o, 21, 22, . __. 1
C/)afje variable X =cos@ - | -
S _[_ using the chain rule = o - - _|
_‘i. = d&.’_ _d — i - . ; I E—| | —
46 T as ax C iy =-Jrxi gy i
sinte = /- x*t ,] - o | -
The _above cgualion becomes . - . |
7 gxt ax o Yokl il .

e —(

 agssoclated Z._c_s;_ena.’rc_ ;ua.ft.'azz., o | -
_ /B/?/vn'ca.ﬂ_z.&?a;meﬁﬁ__-_f_ S - __

@ (x)  must be well- behaved. at x =21 |
B = L must  be zgfjcr.r se A Q,;/,__Z.,_“ ‘_—_:_
. - m must be jfmm «d to L, &, -

- B M- f ot A2, =y, o, t, d-2 LIl
O i lebeller by e ———— L

@ (x) . =< @m‘fﬁc)- — associaled lgmdmﬁp_eyaammi._

AU REABYER FHMESHLYS




(=) g e/1G
A e Qndz'{\' /3
e the V<r) jz'yeﬂ; and will be
discussed later
A
- i
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J \ ;i /6

3k

( Orbital ) A)yu/ar Moment wm.

T =FxF > ixib

In  Carlesian coordinate

77
%_[,*Z_,‘._,Z;-—-'Mzi :

N"'

e

Q % f taxo_eg_azgca_éﬁdm&_a

([ +! f'g : l é “; even Qm“ggzma 3£ L. 2)
" -/ / 7
[

_ Fundamental  commutalor

Lx, Pd=Ly Pd=L3 Bl =/4

Gd=lx Bl=Lygpd=L04 31203 R]=[5P]=0

e * . . - - . . " . 2 . 0 . . . - . = . z
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%R /7
L

_ Theorem L Ar8,c+DI

= (A+8)(c+D) ~ (c+D)NA+8B)

= ACc +BC *AD+BD~- CA - DA -cB -DA

= [A . cl+/8, cl+* LA DI+ [8 DI

Theorem [AB(. cl = AlB,c] + LA, clAi3

/i

ABC - AcB + AcB - CcAB
"

i
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