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SuppIement4一B

TunneⅡnginNucIearPhy㎡cs

Tunnelingis impUiantiΠ nuclearphyslcs.Nuc】 eiareve,cUmplkatedU切 ects,butunder
certaincircumstances it isapprUpriatetUviewnucIeUnsas independent particlesUccupy＿

inglevels inapUtentlalweⅡ  With士心s pictureinΠund,thedecayUfanucleus intUana＿
particIe(aHeΠ ucIeuswithZ=2)andadaughternucleuscanbedescribedasthe
tunneIingUfana＿particlethrUughabarnercausedbytheCUulUmbpUtentialbetweenthe
daughterandthea＿ particle(Fig 4B＿ l) Thea＿ particleis nUtviewedasbeinginabUund
state:ifitwere,thenucIeuscUuldnUtdecay.Rather,thca-particIeis takentUhavepUsi一

tiveenergy,anditsescapeiSUnlyinhibitedbytheexistenceUfthebaΓ Πer.I
IfwewHte
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whereRis thenuclearradius2andt is theturningpUint,deterImnedbythevanishingUf

theintegrand← B挖);Zl is thechargeUfthedaughternucleus,and乙 (=2here)ls the
chargeUftheparticIebeinge.lltted TheintegraIcanbedUneexactly
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witht=Z︳ Z2ε 2/4πεUE.IfwewritefUΓ thea-partic】 eeneΓgyE=用 V2/2,wherevis its
nΠ aIveIUcity,亡heΠ

(4B-5)
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Figure4B＿ l Poten亡 ialba㏕ erfUra
decay

Thetimetaken fUrana＿ particIe tUgetUutUfthenucIeus maybeestimatedasfUl-

lU、vs:theprUbabilityUfgettingthrUughthebarnerUnasingleencUunter isε 一c Thusthe

numberUfeΠcUunterSneededtUgetthrUughisK=θ c.ThetirnebetweenencUunters isUf

theUrderUf2R/v,whereRisagain thenuclearradius,andvis theaveIUcityinsidethe

nucleuS ThustheIifetimeis

t一
罕
ε
c (4B-6)

ThevelUcityUftheainsidethenucleus isaratherfuzzycUncept,andthewhUIepictureis

ve, classical,sU thatthefactUr infrUntUftheεGcannUtreally bepredictedwithUu亡 a

muchmUreadequatetheUE/ UurcUnsideratiUnsdUgiveusanUrderUfInagnitudefUr it.

FUral-MeVa-particle,

× 1U‘ In/s

sUthatUnepredicts,fUrlUwenergya’ s,theStraight-lineplUt

(4B一 7)

、
viththecUnstant infrUntUftheUrderUf【 nagnitude27-28、 vhen tis rneasuredinyears in＿

stcadUfsecUnds AlargecUⅡ ectiUnUfdatashU、 vsthatagUUdnt tUtheIifetimedataisUb-

tained、 vi亡hthefUmula

(4B-8)

Here Cl = 1° l andC2lyingbetweeΠ 55 and62 TheexpUnentialpaiUfthentdiffers
slightlyfrUmUurderivatiUn,butgiventhesimp】 icityUfUurmUdeI,thea野 eementhastU
beratedas..UUd.

FUr】 argeraene吧 ies,theGfactUrdependsUnR,andwithR=rUAlˊ 3,Unenndsthat

rUisacUnstaΠ t——thatiS,thatthenUtiUnUfaCUulUmbbarrierta㎞ ΠgUvertherUIeUfthe
pUtentialbeyUndthenucIearradiushassUmevalidity Again,siInplequali亡 atiVecUnsider＿

atiUnsexplain thcdata.

v=摴 =Uv6吾言=3×㏕

Z
i
一

面
c一q=

一—
二
t

go

㏒m÷ =㏕一鬥濷

Z,Z2ε 2

4× 94U  7U
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PeriUdicPUtenIals

MetaIsgenerally haveac,stallinestructure;that is,theiUnsare啊 angedin away that

exhibitsaspatialperiUdicity InUur one-diInensiUnaIdiscussiUnUfthis tUpic,wewill see

thatthls periUdicityhastwUeffectsUnthemUtiUnUfthefreeeIectrUns in themeta1.Uneis

thatfUraperfect幼 r●ε ε一 that is,fUriUns spacedequalIy一 theθ ′ε ε rㄏU刀 praJ9agθ rε∫ w9r乃 -

U〞 r石句βθεr● Uη ;theUther is thattheΓearereSt㎡ ctiUnsUntheeneΓ giesaIlUwedfUrtheeIec-

trUns;that is,氻 ε〞 arε 〞′U〃ε〞 a刀′ b́功 j′′ε〃εηε侶 V“ taη浾 .”

WebeginwithadiscussiUnUfthccUnSequencesUfperfectperiUdicity

ThepeHUdicitywillbebuilt intUthepUtential,fUrwhichwerequirethat

“́+ω =Kx) (4C-l)

SincethekineticenergyterIn一 (元 2/2〞 )(′
2/山
′)isunaIteredbythechangex一 →x+a,the

、
vhUleHa用●trU刀 ′a刀 j∫ jKVarja刀 〞J們〞εr′●ptacε用θ刀你 tVa.FUrthecaSeUfZerUpUtential,

whenthesUlutiUncUrreSpUndingtUagiveneΠergyE=元 2比2/2用
iS

thedisplaccmentyieIds

ψ(x)=ε
i奻

ψ(x十 a)=ε
ㄍ〦十
。=ε

i幼

ψ(x)

that is,theU㎡ ginaIsUIutiUnmultipIiedbyaphasefactUΓ ,SUthat

ψ(x+的｜
2=ψ°)｜ 2

TheUbseΓ vabIeswi】ltherefUrebethesameatxasatx+athat is,wecannUttellwhether
weareatxUratx+aInUurexampIewesha(IalsUinsist thatψ仁)andψa十 a)differ
UnlybyaphasefactUr,whlchneednot,hUweveΓ ,beUfthefUrΠ】↙

幼

WedigressbhenytUdiscuss thiSrequirement mUrefUmally TheinvarianceUfthe

HamiItUnianunderadiSplacementx一 )x+acanbetΓ eatedfUmallyasfUⅡ Uws LetDa

beanUpeΓ atUrwhUseruIeUfUperatiUn is that

(4C-2)

(4C-3)

(4C-4)

(4C-5)

(4C-6)

(4C-7)

(4C-8)

、
V＿ 19

Da人x)=人t+a)

TheinvarianceimpIiesthat

I〃,D‘〕=U

Wecan nndtheeigenvaluesUfthisUperatUrbynU└ Πgthat

Uaψ(x)=λ“ψ(x)

D＿ p“八x)=D↙)一口↗9)=八x)

tUgetherwith
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impIiesthatλ “λ一a=l This then impliesthatλ amustbeUfthefUrrnε η
a.Hereη muStbe

real,becauseifahadan ima..ina,part,aSuccessiUnUfdispIacemeΠ tsbyawUuldmake
the、vavefunctiUnIargerandIar..erwitheachdispIacement inUneUrtheUtherdirectiUn.

CUnsidernUwasiInultaneUusei..cnfunctiUnUf′ ΥandD口,anddennc

跖(X)=ε 1φψ(x) (4C-9)

Then,usingthefactthat入 a=ε叩,we..et

Davφ)=ε
l̄f(x+°
D“ψ(x)=ε

一以x+a)θ竹.ψ(x)=θ  i午ψ(x)=毋(X)   (4C-1U)

This meanSthat切 (。 iSapehUdicfunct1UnUbeyin..〞 (x+a)=v(x) TheupshUt is thata
functiUnwhichisasi【 nultaneUuseigenfunctiUnUf′ ΥandDarnustbeUfthefUm

ψφ)=εη切φ) (4C-ll)

With跖°)pe㎡ UdicThis resultis knUwnasBJUε乃
’
∫2乃εU〞用 .

FUrafreepaiicleσ =竹,thewavenumbercUrrespUndstUtheeneΓ gyE.∼IUregener-
alIy,therelatiUnbetweenη and比 is rnUrecUmplicated.Inanycase,it isclearthat(4C-4)

hUIds,sUthatthenetnuxisuΠ changcdaswegUiUΠ1xtUX+a,andbyextensiUntUx十
月a.This means thataneIectrUn prUpagateswithUutachangein月 ux.

LetuscUnsideΓ aseriesUfiUnSin aline, withtheirceΠ tersIUcatedatx = /la.TU

avUldhavingtUdealwithθ 刀′缸〞crJ,weassumethatthereareⅣ iUns placedUnave,
la㎎ ering,sUthatK = l andK=Ⅳ + larethesamesite WewilIassumethatthemUst
lUUsely bUuΠ d electrUns一 the Unes 亡hat are viewed as 

“
free” 一 are stiIl sufnciently

strUn望 ybUundtUtheiUns亡 hattheirwavefunctiUnsdUnUtUverIapmUrethanUneUrtwU
nearest neighbUrs WemaynUwask:Whatis theeffectUfthlsUverlapUntheenergieSUf
theelectUnS?

TUanswerthis queStiUn,wccUnSider nrstaclassicalanalUgy.Werepresent theelec一

trUnSatthedifferent sitesbysiInplehamUnicUscillatUrs,allUScillatingwiththesamean-

gularfrequcncyω . IntheabsenceUfanycUuplingbetweenthe UscillatUrs,wehavethe
equatiUnUfrnUtiUn

(4C-12)

IftheharmUnic UsciIlatUrs arecUupledtU their nearest neighbU【 s, then theequatiUn is

changedtU

爭 一
矺
一 何 阢 一 而 ω 十 “ ”

一
馬 ┤ 刃

TUsUlvethiswewhtedUwnatHalsUlutiUn

x口 =A刀 cUsΩ r

Whenthis is substitutedintU(4C-13),weget

(4C一 13)

(ω
2一

Ω
2)Aπ
=一 Kφ ㏑

π
-A刀

┤
一 人

口+l)

This is knUwnasa〞 咖 rθ刀εεεσ毋arjU刀 WeSUIveitbyatrialsUluuUnLetusassumethat

Aπ =乙
Π                    (4C-16)

TheidentincatiUnUfthcsitesat刀 =landⅣ +l irnpIiesA︳ =AⅣ +︳ sUthat乙Ⅳ=lThis
means that

午一ω牧π(刀 =U,l,2,‥ )

(4C-14)

(4C-15)

乙=ε
打irrN  r=U,l,2,‥

.,(Ⅳ 一 l) (4C-17)
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(4C-18)

(4C-19)

ω2一Ω2=-2K(l 工
Ⅳ
nK4一=知一Ⅳ

o一

ThereSult

Ω2=ω 2十併血n2哥

:子:子 ;ξ ::〧塗 #扯 ℉ 早r騁 諤 毋 甓 ΓΠ::生眾 :拶 ::钀 ;漿 h萬 出 :哭 落翠

theycanbesaidtUfUrInataK〞 .IfwethinkUfelectrUnsasundergUIngharmUnicUscil-

latiUnsabUuttheircentraIIUcatiUns,wecan translatetheabUveintUaStatement that in

theabsenceUfneighbUrs,aⅡ eIectrUnenergieSaredegenerate,andtheinteractiUnwith

neighbUringatUms spreadstheencrgy values Wecan, UfcUurse,haveseveralfunda-

mentaI frequencies ωI, ω2,   ., and different cUupIings tU their neighbUΓ s, with

strengthsKl,K」 .‥ ,whichwiIlthengiverlsetUseveralbandsthatmayUrmaynUt
UvcrIap

ThespreadingUfthefrequencies is thesaIneeffectasthespreadingUftheeneΓ gyIev-

elsUfthemUst lUUselybUundelectrUns FUratUmsfarapart,withspacinglargerthanthe

expUnentialfaⅡ -UffUfthewavefunctiUns,aIltheenergieSarethesamesUthatwehavean

JV＿fUIddegeneratesingleenergy BecausetheatUmsare nUtsUfarapaΠ , thereis SUme
cUuplingbetweennearest neighbUrs,andtheenergyleveIs spread TheclassicaIanalUgy

is suggestive,butnUteXact,SincefUrthequantumcaseleVelsarepushcdupasweIlas

dUwn,whereasall thefrequenciesabUve,lieabUveω  LaterwesUlVetheKrUnig一 Penney

mUdel inwhichthepUtentialtakesthefUm

K玓 =鑫告星δ“一祠
ThesUIutiUncanbeshUwntUleadtUacUnditiUnUnθ ,whichreads

cUS σa=cUs 女a+吉 λ且
≒≒苦
坒l                 (4c＿ 2U)

AscanbeseenfrUmFigure(4C-l),thiscIearlyshowstheencrgybandstructure.

THEKRUNIG-PENNEYⅣ IUDEL

TUsimpliㄅ thealgebra,wewill takeaserlesUfrepulsivedelta＿ functlUnpUteΠ uals,

v(x)=鑫告用壘∞如一刀ω (4C-2I)

AwayfrUmthepUintsx=刀 a,theSUluⅡUnwiIlbethatUfthefree-particIeequatiUn— —that

is,sUmelinearcUmbinatiUnUfsin紅 andcUs紅 (wedealwithreal mnctiUnsfUrSimpIic-

ity).Letusassumethatin theregiUnRΠ dennedby“ 一 l)a≦ x≦ Ka,wehave

ψ
(x)=Aπ sin走 (x一 刀a)+Bπ cUs5(x一 刀ω

andin there」 UnR月+ldennedby刀 a≦ X≦ (刀 +l)aWehave

(4C-22)

ψ
(x)=A用

十 l sin比 Ix一 (刀 +1)a〕 +Bπ
十 lcUs比 Ix一 (刀 +l)a〕   (4C-23)
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.。sx+⊥彥

一

三

Figure4C＿ 1 PlUtUfcUsx+(λ /2)(sinxix)asafunc﹂ on ofxThehoHzontaI︳ inesrePresent the

bounds± 1 TheregiUnsUfxfUrwhichthecurvelinesoutSidethestHParefUfbidden

CUntinui呼 UfthewavefunctiUn impliesthat° =刀θ)

一Aπ +l sin泛a+Bπ+IcUs女a=B刀

andthediscUntinuitycUnditiUn(4-68)herereadS

(4C-24)

(4C一 25)uπ +l cUs走a+泛 Bπ十I sin 比a一

AIittleInanipulatiUnyieIds

AπH=A刀 cUs幼 十 (ε cUS磁 一 sin泛a)Bπ
B月┤ =竹 sin㎞ +cUs泛 a)Bπ +AΠ sin㎞

whereε =λ /走a

TherequirementfrUmBlUch’ stheUremthat

超Π=告 B口

(4C-26)

ψ(x十 a)=ε竹
(x+a)“ (x+a)=↙“(x+a)切°)=ε lrr‘ψ(x) (4C-27)
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impl沁 sthatthewavefunctiUns in theadJacent regbnsR刀 andR刀
+′ arereIated,sincethe

wavefunctiUn in“ C挖2)maybewhttenas

ψ(x)=AΠ sink((x+a)一 (K+l)a〕 +B刀cUs又 I泛 ((x十 a)一 (η +1)a〕

whichis identicaltUthat in(4C-23),prUvided

Aη +l=ε
’φAΠ

Bπ +l=ε
tφ
Bπ

(4C-28)

WhenthiSiSinsertedintUthe(4C-26),that is,intUthecUnditiUns thatthewaveequatiUn

UbeystheSchr°dingerequatiUnwiththedeltafunctiUnpUtentiaI,weget

AΠ (ε
tφ
一 cUs如° =Bπ (gcUs幼 一 sin是a)

BΠ (ε
ηa一

(習 sin幼 +cUs走a))=AΠ sin幼
(4C-29)

(4C-31)

parts lead tU the

(4C-32)

This quadratic equatiUn

cUnditiUn

This leadstUthecUndiⅡ Un

(εηa一 cUs又a)(ε
‘φ一 (gsin幼 +cUs走a))=sin比a(gcUs幼 一 sin如” (4C一 3U)

This mayberewhtten in thefUrIn

狎 一 2(cU此a+暑 Mn切 ′ a+l=U

can be sUIved, and bUthreal andimaginary

cUs σa=cUS化a十
告
」
甹士
旦

This isave,intereSⅡ ngresult,becauSetheIeft sideisaIwaysbUundedbyl;that is,theΓ e

arerestrictiUnsUnthepUSsibleΓ angesUftheenergyE=元 2泛 2ˊ2用 thatdependUnthepara-
metersUfUur“ c╮溶亡aI” Figure4C＿ 1shUwsaplUtUfthcfuncuUΠ cUsx十 λ SinX/2xasa
functiUΠ Ufx=泛a.ThehUhzUntalIinerepresents thebUundsUncUsφ 色 andtheregiUnsUf
x,fUrwhichthecurveIiesUutsidethestrip,arefUrbiddenregiUns.ThusthereareattUw〞

θ刀ε摺 Vta刀′∫SeparatedbyregiUns thatarefUrbidden.NUtethattheUnsetUfafUrbidden
bandcUrrespUndstUthecUnditiUn

刀=± I,± 2,± 3, (4C-33)

This,hUwever,is just thecUnditiUnfUrBraggrenectiUnwithnUrrnaIincidenceTheexis-

tenceUfener..ygapscanbcunderstUUdquaIita● veIy.In nrstapp了 UXiInatiUntheelectrUnS

arefree,except thattherewilIbeBra..grenectiUnwhenthewavesrenectedfrUΠ 1succes-

siveatUmsdifferin phasebyan integra】 numberUf2π—＿that is,when(4C-33)is satiSned.
TheserenectiUnsgiveHsetUstandingwaveS,wiulevenandUddwavesUf亡 hefUrIncUsπxla
andsinπx｜a,reSpectiveIy.TheenergyleveIscUrresPUndingtUthesestandingwavesare
degeneΓ ate. Unce the attractive interactiUn between thc elcctrUns and the pUsitively

chargediUnsatx=〞 a(用 intege● is takeΠ intUaccUunt,theeven states,peakedinbe-
tween,will mUveup inenergy.Thustheener..ydegeneracyis spIitata=刀 T/a,andthis
IeadstUenergygaps,asshUwniΠ Fig.4C-1.
TheKrUnig-PenneymUdelhassUmerelevancetUthetheU,UfrnetaIs,insulatU【 s,and

serrucUnductUrs ifwetake intU accUunt thefact (tU be studied later) thatenergy levels

ηa
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Uccupiedby electrUns cannUtaccept mUre elec亡 rUnS Thus ametal may haveanenergy

bandpartially nlled. Ifanexternal雨 eIdisappIied, theelectrUnsareaccelerated, and if

there aremUmentumStates available tU them, theelectrUns will Uccupy thcmUmeΠ tum

Sta亡eSundertheinnuenceUftheelectricneld IΠ sulatUrshavecUmpIetelynlledbands,and

anelectrjcfieldcannUtaccelcrateelectΓUns,sincetherearenU neighbUringemptystates.

rtheelecthcneIdis stUngenUugh,theelectrUnscan‘ bump” acrUsSafUrblddenenergy

gapandgUintUanemptyallU、 vedenergyband.ThiscUrrespUndstUthebreakdUwnUfan

insuIatUr The senucUnductUr is an iΠ sulatUrwitha very narrUw fUrbidden gap There,

smallchangesUfcUndi﹂ Uns,suchasarlsein temperature,can prUducethe﹁ ump’
’
andthe

insulatUrbecUmesacUnductUr

thebandstructureiSUfgreatreIevancein sUlidstatephysics Fi.. 4C＿2shU、vsthree

situatiUns thatcan anse when energy leveIs are nlled with electrUnS. We shaH learn in

Chapterl3thatUnlytwUelectrUnsarealIUwedperener..yleveI Incase(a)theeIectrUns

nl】 all theenergylevelsbelUwtheedgeUftheener..ygap.TheappIicatlUnUfaweakelec一

山cneIdwⅡlhavenUeffectUnthemateHa1.TheeIectrUns nearthetUpUfthenlledband
cannUtbeaccelerated TherearenUlevelswithhigherener..yavailabIetUthem MateHalS

inwhichthisUccurSarer乃 ∫J●幼′UrJ;that is,theydUnUtcaΠ γ cuπcntswhenelecthcnelds

areapplied.Incase(t)theenergyIeveIsareUnlypartlynⅡ ed IΠ thiscasetheapplicat1Un

UfanelecbΠ cneldaccelerateStheelectrUnsatthetUpUfthestackUflevels TheseeIectrUns

haveemptyenergyleveIStUmUveintU,andthey、 vUuldaccelerateindenniteIyinaperfect

lattice,as statedin theprevlUussectiUn Whatkeeps themfrUmdUing亡 hatiS〞心∫ψar●Uη

� elatticeis nUtperfectfUrt、vUreaSUnS:Uneis thepresenceUfimpuhties,、vhichdestrUys

theperfectperiUdicity;theUther is theeffectUfthemalagitatiUnUnthepUsitiUΠ UftheiUns

fUrrmngthelattice,、 vhlchhaSthesarneeffectUfdestrUyingperfectpehUdicity Materials

in、vhichtheenergyleveISbelUwthegapsareUnlypartiallynⅡ edareε U刀〞跖ε′Ur∫

ThewidthUfthegaps in theenergyspectrumdependSUnthemate了 ialS.FUrsUmein一
sulatUrs thegapsarequitenarrUw Whenthishappens,theΠ at nnitetemperatures瓦 there

isacalculableprUbabilitythatsUmeUftheelectrUnsarcexcitedtUthebUttUΠ 1UfthesetUf

energylevelsabUvethegap.(TUgUUdapprUxiInatiUntheprUbabilityis prUpUrtiUnaltUthe

BUltzmannfactUrε
一日【
╮.TheseelectrUnScanbeacceleratedas inacUnductUr,sUthat山 e

appIicatiUnUfanelectricfieIdwiIlgiverisetUacuπent Thecurrent isaugmentedbyan＿

Uthereffect: theenergy leveIs thathadbeen UccupiedbytheeIectrUns prUmUtedtUthe

higherene【 gybaΠ d(caⅡ edtheε Uη〞切ε〞jU刀 taγUarenUwempty TheyprUvidevacancies
intUwhichelectrUns iΠ theIUwerband(caⅡ edthevaJt刀 εεta刀〞)CanbeacceleratedintU,

Conduction
band

。
Ho｜ es

｛6〕

Ft邸re4C-2 Uccupation oΓ leve!sin thelowest twUenergybands,separatedbyagap (a)Insulator

hasacomPleteIynlledband EIectronscannotbeacce!eratedintoanearbyenergyleveI
(t)C° nductoΓ hasaha︳ fnl︳ edband,allUwingelec亡 rUnStUbeacceleratedinto nearbyenergy!eve!s

(ε)InaserluconductUr,themaleffectsPr。 motes。 meelectrons intoasecondband Theseelectrons

canconducteIectHcity 
「
Γheelectrons leavebehindthem方 Ut召6thatactas positivelycharged

Particlesandalsoconductelect㎡ city

Va〡 ence
band

Gap
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Figure4C＿ 3 SchematicpictuteUf

eIectronsandholes trappedinawell

createdbya由 acent semjconductorswith

awidergap ′‵nexampleofsucha
heterUstructureis providedbyalayerof

GaAssandwichedbe〔 weentwolayers of

AIGaAs

whenanelectricneldisapplied Thesevacancies,cal(ed乃 U泛∫,prUpa..atein thedirectiUn
UppUsitetUthatUftheelectrUnsandthuSaddtUtheelectrlccuⅡ ent.This is thesi亡 uatiUn
shUwn inFig4C＿ 2(ε)
ThetechΠ UIUgyUfrna㏑ngveξyⅡ心nlayersUfcUmpUundsUfrnaterialshas imprUved

in receΠ tdecades 亡USuChanextent that it is pUssibletUcreatetheanaIUgUftheinnnite

welIsdiscussedinChapter3.CUnsidera‘ ‘sandwich’ ’createdbytwUmaterials.TheUuter
UnehasaIargerenergygapthantheinnerUne,asshUwn inFig 4C.3 Ⅲ eIudpUintsUf
thegaps mustcUincideI (fUrequilibriuΠ 】reasUns) Thercsult is thatbUthelectrUnsand
hUIesin theinteriUrserrucUnductUrcannUt rnUveUutUftheΓ egiUnbetweentheUuterseΠ li一
cUnductUrs,becausethe了 earenUenergylevels thattheycanmUvetU.SuchcUnfinedre-
giUns mayUccur inUne,twU,UrthreedimensiUns.Inthelastcasewedealwithava刀 砌用
′U′∫.ThestudyUfthebehaviUrUfeleciUnSin suchcUΠ nnedregiUns isave,activefield
Ufresearchin thestudyUfrnatehals.

InsuIrlm卿 , Une-diInensiUnalPrUblems give us aveFγ impUrtantgliInpse intUthe
physicsUfquantumsystemsin thereaI、 vUrldUfthreedimensiUns.

!AbHe「 semiquantitatived:scussion oFlhls maleHalmaybeFUundinuUZε 用 Pㄉ6j“ byJBemstein,
PM Fishbane,andSGasiorowicz(PrentlceHaⅡ ,2UUU)SeeaIsoChapler日 吽inP方 y6jε 6力′∫εjε刀tj6估 aπ Z
E91gj刀εθ心,θndEditi。n)byPMFishbane,SG心 i。 r°WiczandSTThomton(Prenti㏄ HaIl,1996)╮ ere
are,oΓ course,maΠ yteXtbooks oΠ semicoΠductors,、vhichdiscuss themanydevicesthatuseta,〞 gap
ω1gi..εθ′iπεingreatquantitativedetaiI SeeinPaiicularL SolymaraΠ dD Wa︳ sh,tε c了“′θ∫U91妨θEttε t′ jε at
P′φtr〞“好材a竹 r油心,UxfUrdUniˇ ersi呼 Press,NewYork(1998)

「
Ⅱ｜ed〡 eve｜ s
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One-dimensional potentials: potential step


Figure I: Potential step of height V0. The particle is incident from the left with energy 
E. 

We analyze a time independent situation where a current of particles with a well-
defined energy is incident on the barrier. The time-independent SE is 

Ĥu(x) = Eu(x) (15-1) 

h̄2 d2u −
2m dx2 

(x) + V (x)u(x) = Eu(x) (15-2) 

d2u 2m 
dx2 

= − 
h̄2 [E − V (x)]u(x) (15-3) 

Qualitative features of solutions for regions of constant V1: 
If E − V1 > 0, the solutions are of the form e±ik1x with h̄2k2 

= E − V1, k1 real.
2m 

¯Interpretation. h2k2 
is the KE of the particle with total energy E in a region of 

2m 
potential V1, the e±ikx wavefunctions correspond to particles traveling left / right. 

Figure II: In a region where the particle energy is greater than the (constant) potential, 
the solutions of the SE are plane waves e±ikx, where E − V1 = h̄2k2/2m is the kinetic 
energy of the particle in that region. 

If E − V1 < 0, the solutions are of the form e±κ1x with h̄2

2
κ
m 
1
2 

= V1 − E, κ1 

real. These are damped exponentials with a decay length constant κ1 (decay length 
κ1
−1), where h̄2κ1

2 
= V1 − E represents the “missing” kinetic energy of the particle 

2m 
As E V , the decay length κ1

−1 becomes longer and longer. → 
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Figure III: In a region where the particle energy is less than the (constant) potential, 
the solutions of the SE are exponentially growing or decaying functions, e±κx, where 
V1 − E = h̄2κ2/2m is the ”missing kinetic energy” of the particle in that region. 

Figure IV: When a light wave experiences total internal reflection on a glass-vacuum 
interface, an evanescent (non-traveling, exponentially decaying wave) builds up inside 
the vacuum. The closer we are to the critical angle for total internal reflection, the 
longer the decay length of the evanescent wave. This phenomenon is analogous to a 
particle entering a classically forbidden region with V1 > E. The less forbidden the 
region, the longer the decay length. 

Note. There is a non-zero probability to find the particle with energy E in a “clas­
sically forbidden region” with E < V1. The less the region is forbidden (the smaller 
V1 − E), the further the particle penetrates into the forbidden region (the longer the 
decay length κ1

−1). The phenomenon is similar to total internal reflection inside glass 
at a glass-vacuum interface. 

The light field has non-zero amplitude in the “forbidden region”. How do we 
know? Approach with a second prism. The evanescent (decaying) field existing in 
the vacuum is converted back into a traveling wave in the second prism. 

Similarly, a particle can tunnel through a potential barrier even if its energy 
is insufficient to surpass it. 

Back to potential step Assume E > V0: define 
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Figure V: The light field ”tunneling” through the forbidden region can be detected 
as it emerges on the other side in a second prism. 

Figure VI: As a particle tunnels through a barrier and emerges from the other side, 
the energy E and the Broglie wavelength 2π/k remain the same. The amplitude of 
the emerging wave is smaller than that of the incident wave. 

Figure VII: Potential step 

h̄2k2 

2m 
h̄2 q2 

2m 

= E 

= E − V0 

(KE in region x < 0) 

(KE in region x > 0) 

(15-4) 

(15-5) 
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The most general solution is 

Aeikx + Be−ikx in the region x < 0 (15-6)


Ceiqx + De−iqx in the region x > 0 (15-7)


If we choose as the initial condition a particle incident from the left (A = 0), then 
the particle can be transmitted to the RHS (C = 0), or, as we shall see, partially 
reflected by the barrier in spite of E > V0 (B = 0). However, if no particle is incident 
from the right then D = 0. 

Calculate the particle current (or flux) 

In region x < 0: 

h̄ du du∗ 
j< =

2im 
u∗ 
dx 
− 

dx 
u (15-8) 

h̄ �� � � � � 
=

2im 
A∗e−ikx + B∗e ikx ikAeikx − ikBe−ikx − c.c. (15-9) 

=
2

hk

m 
|A|2 + AB∗e 2ikx − A∗Be−2ikx − |B|2 − c.c. (15-10) 

hk¯ � 
2 2 

� 
= 
m 
|A| − |B| → net current for x < 0 (15-11) 

We define the reflection amplitude r = B , and the reflection coefficient as R = r 2 = � � A | |�B �2 
.

A 
For x > 0: 

h̄q
j> = 

m 
|C|2 (15-12) 

Continuity of wavefunction at x = 0: 

ψ(x 0) = A + B = ψ(x 0) = C (15-13) → ← 

In spite of the potential step, the derivative of the wavefunction must also be contin­
uous: � 

du 
� � 

du 
� � � d 

� 
du 
� 

dx x=� 

− 
dx x=−� 

= 
−� 
dx 
dx 

2m 
� � 

dx 
(15-14) 

= − 
h̄2 

−� 
dx[E − V (x)]u(x) = 0 (15-15) 

For future applications, we note that if the potential contains a delta function term 
λδ(x − a), with some magnitude of the delta function λ, then the same calculation 
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gives
 � � � � � a+�du du 2m 
dx x=a+� 

− 
dx x==a−� 

= 
h̄2 

a−� 
dxλδ(x − a)u(λ) (15-16) 

2m 
= 

h2 λu(a) (15-17) 
¯

To summarize, we have the following rules: 

Rule 1. The wavefunction u(x) is always continuous 

duRule 2. The first spatial derivative of the wavefunction 
dx is continuous if the po­

tential does not contain δ-function like terms. (It may contain potential steps). 

Rule 2.1. if the potential contains a term λδ(x − a), the the first derivative du is
dx 

discontinuous at x = a amnd satisfies the relation 

du du 2m 
dx x=a+� 

− 
dx x=a−� 

= 
h̄2 λu(a) (15-18) 

Figure VIII: A discontinuity in the slope of the wavefunction occurs at a delta function 
potential. The difference in wavefunction slopes is proportional to the strength of the 
δ potential, and to the value of the wavefunction at the cusp. 

Continuity of ψ: A + B = C (15-19)


Continuity of ψ�: ik(A − B) = iqC (15-20)
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Solve for B, C in terms of A 

k 
C = A + B = (15-21) 

q

k	 k 

A 1 − 
q 

= −B 1 + 
q 

(15-22) 

A
q − k 

= −Bq + k 
(15-23) 

q q 

B = A (15-24) 
k + q 

2 

� 

k − q

k − q
C A B A A A (15-25) + += = = 

k + q k + q 

Reflection amplitude r = 
B 

= 
k − q 

(15-26) 
A k + q 
C 2k 

Transmission amplitude	 t = = (15-27) 
A k + q�22

B
 k − q

Reflection coefficient	 r 2 (15-28)
|
 |
 =
 =


A
 k + q

2 

4k2C

A


Transmission coefficient	 t 2 (15-29)
|
 |
 =
 =

(k + q)2 �2

hk 
Reflection current j = 

hk¯
B 2 =

¯ k − q
A 2 (15-30) ←	

m 
| |

m k + q 
| |

¯ 2 ¯ 4kq 2
2hq hk 

Transmission current j→,x>0 = 
m 
|C| = 

m (k + q)2 
|A| (15-31) 

hk hk 
Net current for x < 0 j< =

¯

m 
(|A|2 − |B|2) = 

¯

m 
|A|2 

(k 
4

+ 
kq 
q)2 

(15-32) 

hq hk 
Net current for x > 0 j> =

¯

m 
|C|2 =

¯

m (k 
4

+ 
kq 
q)2 
|A|2 (15-33) 

The current obeys the continuity equation (see problem set) 

∂j	 ∂ 
∂x 

+ 
∂t
|ψ|2 = 0	 (15-34) 

Here we are considering stationary states, ∂ ψ 2 = 0 (no change of probability density 
∂t | |

in time), = j = const, current is continuous across the potential step, ⇒ 

j< = j>,	 (15-35) 
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or 

h̄k 2jinc = j→,x<0 = 
m 
|A| = jrefl + jtrans (15-36) 

= j ,x<0 + j ,x>0 (15-37) ← →

hk¯ 2 ¯ 2hq 
= 
m 
|B| + 

m 
|C| . (15-38) 

Note. |r|2 + |t|2 = 1 because the particle velocity is different for � x > 0 from that for 
x < 0. 

Discussion of results 

In contrast to classical mechanics, there is some reflection at the potential step even 
though the energy of the particle is sufficient to surpass it. This is familiar from 
optics, where a step-like change in the index of refraction (e.g., air-glass interface) 
leads to partial reflection. The particle reflection is a consequence of the matching of 
the wavefunction and its derivative at the boundary. Again, this is similar to optics 
where the matching of th electromagnetic fields at the boundary results in a reflected 
field. 

Note. For a very smooth change of potential (or refractive index in optics) there is 
not reflection. What is smooth? A change over many wavelengths. Changes of the 
potential over a distance l short compared to a wavelength λ = 2

k
π result in reflection. 

Slow changes of potential over many λ do not result in reflection if particle energy 
exceeds barrier height. 

Figure IX: A potential that varies smoothly over many de Broglie wavelengths does 
not produce partial reflection if the particle energy is sufficient to surpass it. 

Intermediate region l λ: we expect resonance phenomena (non-monotonic ∼
changes of reflection probability with particle energy). For the potential step, the 
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reflection probability 

|r|
2

2 → 0 for k → q (E � V1), and (15-39) 

|r| → 1 for q → 0 (E � V1), as expected. (15-40) 

(15-41) 

Interestingly, the reflection probability can be written as 

|r|
2 =


√
E −

√
E − V1 

�2 

√
E + 
√
E − V1 

(15-42)


i.e. it does not depend explicitly on h̄. However, the reflection is still inherenetly non­
classical in that the potential needs to change abruptly compared to the particle’s de 
Broglie wavelength, that depends on h̄. 

Solution for E < V0: We define 

h̄2k2 

= E (KE for x < 0) (15-43) 
2m 

h2κ2¯
= V0 − E (“missing KE to surpass barrier”) (15-44) 

2m 

Most general solution 

Aeikx + Be−ikx for x < 0 (15-45) 

Ce−κx + Deκx for x > 0 (15-46) 

The e+κx term is not normalizable, D = 0 
We can go through the same procedure as before using the continuity of ψ1ψ

� 

at x = 0, or use the previous calculation if we set q iκ (Ceiqx Ce−κx then).→ →
Consequently, 

2 2 
k2 + κ2B


A

k − iκ
2 = 1 (15-47)
|r|
 =
 =
 =


k2 + κ2k + iq

2 2 

4k2 + κ2C

A


2k

k + iκ


2 = 0 (15-48) |t|
 =
 =
 =

k2 + κ2 

(15-49) 

A part of the wave penetrates the barrier, which is why the ’transmission’ amplitude 
does not vanish. Note, however, that there is no associated particle current: Since 
Ce−kx does not have a spatially varying phase, the particle current 

j = 
h̄ 

2im 
ψ∗ 
∂ψ 
∂x 
− c.c. (15-50) 
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vanishes for x > 0, 

h̄k 2j< = 
m 

(|A| − |B|2) = 0 (15-51) 

j> = 0 (15-52) 

The net current is zer0 in steady-state because all particles are reflected. 

Note. The reflected wave has an energy-dependent phase shift 

r = 
B 

= 
k − iκ 

(15-53) 
A k + iκ 

(k − iκ)2 

= (15-54) 
k2 + κ2 

k2 − κ2 − 2ikκ 
= (15-55) 

k2 + κ2 

= e iφ (15-56) 

2kκ with tan φ = − −κ2k2

The phase shift of the wave is important in 3D scattering problems. 

Can we localize the particle in the forbidden region? 

Figure X: The wavefunction for E < V0 protrudes into the forbidden region x > 0. 
Can the particle be observed there? 

To be sure that we have measured the particle inside the barrier, and not outside, 
we must measure its position at least with accuracy Δx ≈ κ−1 . Then according to 

¯Heisenberg uncertainty, a momentum kick exceeding Δp ≥ h hκ will be trans­
Δx ∼ ¯

ferred onto the particle. 
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How much energy do we transfer? 

ΔE = E(p + Δp) − E(p) (15-57) 

(p + Δp)2 p2 

= (15-58) 
2m 

− 
2m 

pΔp (Δp)2 

= + (15-59) 
m 2m 

p = h̄k (15-60) 

pΔp can be positive or negative, (Δp)2 is always positive. the transferred energy is 
on average 

(Δp)2 h̄2 h̄2κ2 

�ΔE� =
2m 

=
2m(Δx)2 

=
2m 

= V0 − E (15-61) 

According to Heisenberg uncertainty, the measurement that localizes the particle 
inside the barrier transfers enough energy to allow the particle to be legitimately 
there. 

Rule. A positive KE E − V1 > 0 corresponds to a spatially oscillating wavefunction 
e±ikx with rate constant k (oscillation period λ = 2

k
π ). A negative (“missing”) KE 

E − V1 < 0 corresponds to a spatially decaying or growing wavefunction e±κx with 
decay rate constant κ (decay length κ−1). 

The “missing” KE is associated with the size of the region (κ−1) that the particle 
occupies in the classically forbidden space. 
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The potential barrier: tunneling


Figure I: Tunneling through a potential barrier. 

Assume E < V0 (classically particle is reflected). Outside barrier solutions to the 
SE are 

u(x) = Aeikx + Be−ikx for x < −a, (16-1)


u(x) = Ceikx for x > a, (16-2)


(16-3)


where we have omitted the term De−ikx that corresponds to an incident waveform 
the right. Inside the barrier the SE is 

d2u 2m 
(x) = + (V0 − E)u(x) = κ2 u(x) (16-4) 

dx2 h̄

2mwith κ2 = 
h2 (Vo − E). As before, κ is the decay constant in the classically forbidden 
¯

region (κ−1 is the decay length) that is associated with the “missing” KE necessary 
¯to surpass the barrier classically, h2κ2 

= V0 − E. Consequently inside the barrier 
2m 

u(x) = Ee−κx + Feκx , for |x| ≤ a (16-5) 

As before, we need to match the solution u(x) and its derivative u�(x) at the bound­
aries. 

• At x = −a: 

Ae−ika + Beika = Ee+κa + Fe−κa for u (16-6) 

+ikAe−ika − ikBeika = +κEe+κa + κFe−κa for u� (16-7) 

At x = a:• 

Ceika = Ee−κa + Feκa for u (16-8) 

ikAeika = −κEe−κa + κFeκa for u� (16-9) 
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B (or the reflection probability
We are interested in the reflection amplitude r = 
A 

2��
C 

A 
2 

B C) and the transmission amplitude t
 =
 (or transmission probability
|r|
2 

=

A 

) from the barrier. Remember that A 2 determines the incident current, |t|
and is a free parameter. It is useful to divide the equation for u� by the equation for 

|
 |
=

A 

1 du d u (or alternatively, match 
u(x) dx = 

dx (ln u(x)) directly. Then we write 

• At x = −a: 

+ikAe−ika − ikBe+ika 

= 
−κEeκa + κFe−κa 

(16-10) 
Ae−ika + Beika Eeκa + Fe−κa 

At x = a:• 

+ikCeika −κEe−κa + κFeκa 

ik = 
Ceika 

= 
Ee−κa + Feκa 

(16-11) 

(matching of d (ln u(x)) = 1 du at boundaries). 
dx u(x) dx 

Now we proceed to eliminate E, F (Eq. 16-11): 

ikEe−κa + ikFeκa = −κEe−κa + κFeκa (16-12) 

(κ + ik)Ee−κa = (κ − ik)Feκa (16-13) 

E = 
κ − ik

Fe2κa (16-14) 
κ + ik 

Substitute into Eq. 16-10: 

κ+ikRHS = 
−κκ−ik Fe3κa + κFe−κa 

(16-15) 
κ−ik Fe3κa + Fe−κa 
κ+ik 

−κ(κ − ik)e+2κa + κ(κ + ik)e−2κa 

= (16-16) 
(κ − ik)e2κa + (κ + ik)e−2κa 

−κ2(e2κa − e−2κa) + ikκ(e2κa + e−2κa) 
= (16-17) 

κ(e2κa + e−2κa) − ik(e2κa − e−2κa) 
κ2 sinh(2πa) + ikκ cosh(2κa) 

= − 
κ cosh(2κa) − ik sinh(2κa) 

(16-18) 
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Consequently, Eq. 16-10


+ikAe−ika − ikBeika [κ cosh(2κa) − ik sinh(2κa)] 
(16-19) � � � � 

= Ae−ika + Beika −κ2 sinh(2κa) + ikκ cosh(2κa) 
(16-20) 

= Ae−ika(+ikκ cosh(2κa) + k2 sinh(2κa) + κ2 sinh(2κa) − ikκ cosh(2κa)) 
(16-21) 

= Beika(+ikκ cosh(2κa) + k2 sinh(2κa) − κ2 sinh(2κa) + ikκ cosh(2κa)) 
(16-22) 

Ae−ika (k2 + κ2) sinh(2κa) = Beika 2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 
(16-23) 

B 
r = (16-24) 

A 
(k2 + κ2) sinh(2κa) 

= e−2ika (16-25) 
2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

reflection amplitude from barrier. 

To calculate the transmission amplitude C , we use the continuity of u at x = a:
A 

Ceika = Ee−κa + Fe+κa (16-26) 

= 
κ − ik

Feκa + Feκa (16-27) 
κ + ik 

2κ 
= Feκa (16-28) 

κ + ik 
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We find F from the continuity of u at x = −a: 

RHS = Eeκa + Fe−κa (16-29) 

= 
κ − ik

Fe3κa + Fe−κa (16-30) 
κ + ik 

= Feκa κ − ik
e 2κa + 

κ + ik
e−2κa (16-31) 

κ + ik κ + ik 

= Feκa 2κ cosh(2κa) − 2ik sinh(2κa) 
(16-32) 

κ + ik 
RHS = Ae−ika + Beika (16-33) 

= Ae−ika + Ae−ika (k2 + κ2) sinh(2κa) 
(16-34) 

2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

= Ae−ika 1 + 
(k2 + κ2) sinh(2κa) 

(16-35) 
2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

2ikκ cosh(2κa) + 2k2 sinh(2κa) 
= Ae−ika 

2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 
. (16-36) 

Then, 

C 2κ F 
= e κa−ika (16-37) 

A A κ + ik

2κ Ae−2ika (2ikκ cosh(2κa) + 2k2 sinh(2κa)


= (16-38) 
A 2κ cosh(2κa) − 2ik sinh(2κa) 2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

1 
= 2κe−2ikaik (16-39) 

2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa)

C


= (16-40) 
A 

2kκ 
= e−2ika (16-41) 

2kκ cosh(2κa) − i(k2 − κ2) sinh(2κa) 

Figure II: Tunneling through the potential barrier. 

Consequently, we have the results for the barrier 
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h2k2¯ = E•	
2m


¯
h2κ2 •	
2m = V0 − E


B = e−2ika −i(k2+κ2) sinh(2κa)
r = •	
A 2kκ cosh(2κa)−i(k2−κ2) sinh(2κa)


t = C = e−2ika 2kκ
•	
A 2kκ cosh(2κa)−i(k2−κ2) sinh(2κa) 

Since the energy and particle velocity are the same on both sides of the barrier, here 
we have |r|2 + |t|2 = 1. 

Figure III: The sinh function. 

Let us look at |t|2 

|t|2 =	
(2kκ)2 + (k2 

(2

+ 

kκ

κ

)
2

2 

)2 sinh2(2κa) 
(16-42) 

where we have used cosh2(x) = 1+sinh2(x). Since, sinh is a monotonically increasing 
2mfunction, and κ = 
h2 

√
V0 − E, the transmission is monotonically decreasing with 

¯
barrier height V0. 

In the limit of small transmission, κa � 1 (barrier width large compared to decay � �2 � �2 
length κ−1), we have sinh(2κa) ≈ 1 e2κa = 1 e4κa and |t|2 → 4kκ e−4κa . In this 

2 4	 k2+κ2 

limit the tunneling probability falls off exponentially with barrier thickness (in units 
of decay length κ−1). 
→ This exponential dependence explains the extremely wide variation in, e.g., 

lifetimes of unstable nuclei (µs to 109 years, corresponding to a variation by a factor 
of 1022). 
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Figure IV: The transmission through the barrier as a function of decay wavevector κ.


Figure V: In the limit of large barrier height or width, the transmission falls off 
exponentially because the wavefunction inside the barrier is dominated by the expo­
nentially decaying term. 

Potential well: resonance phenomena 

We first consider scattering (E > 0) 

x ≤ −a : Aeikx + B−ikx (16-43) 

−a ≤ x ≤ a : Ee+iqx + Fe−iqx (16-44) 

x ≥ a : Ceikx (16-45) 

Figure VI: The potential well.
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h2k2¯ = E•	
2m


h2 2
¯ q = V0 + E•	
2m 

Instead of going through the calculation again, we note that these equations are 
equivalent to those of the potential barrier (for E < V0) if we replace κ → −iq. 
Consequently, we obtain 

r = ie−2ika (q2 − k2) sin(2qa) 
2kq cos(2qa) − i(q2 + k2) sin(2qa) 

(16-46) 

t = e−2ika	 2kq 
2kq cos(2qa) − i(q2 + k2) sin(2qa) 

(16-47) 

For the potential well, in contrast to tunneling through the barrier, the reflection and 
transmission oscillate as a function of parameter 2qa, i.e. as a function of number of 
de Broglie wavelengths 2

q
π inside the well of size a. In particular, for values 

2qna = nπ n integer	 (16-48) →
nπ 

qn =	 (16-49) 
2a 
2π 4a 

λn = =	 (16-50) 
q n 

the reflection goes to zero because of destructive interference between the waves re­
flected at −a and +a. This corresponds to the resonance condition for a Fabry-Perot 
resonator in optics. the phenomenon persists in 3D, and for electrons scattering off no­
ble gas atoms is called a Ramsaner-Townsend resonance. A very similar phenomenon 
has been observed in collision of ultracold atoms, where the effective depth of the 
interatomic potential V0 can be tuned with a magnetic field, there (and in nuclear 
collisions) it is called a Feshbach resonance). 

Bound states in attractive δ-potential 

What happens for negative energies −V0 < E < 0 in the potential well? 
We expect discrete bound states, at least if potential is sufficiently deep. Particu­

larly simple mathematically is a limiting case where we shrink the size of the potential, 
simultaneously making it deeper, such that the product of depth and width is con­
stant. 

Let V0 ã 0 such that ã V0 = const = λ > 0. We then obtain the → ∞, →	 · 
attractive delta potential V (x) = −λδ(x). We are interested in bound states: E < 0 

Define•	
h2κ2¯

2m 
= 0 − E = −E = |E|, κ > 0	 (16-51) 
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Figure VII: If the potential well is sufficiently deep or wide, it can support bound 
states with discrete energies −V0 < E < 0. 

Figure VIII: Attactive delta potential.


Solutions for x < 0:
• 
B−κxAeκx + ���	 (16-52) 

diverges for x → −∞ 

Solutions for x > 0:• 
+ D−κx�Ce�κx�	 (16-53) 

•	 Continuity of wavefunction at x = 0: 

A = D (16-54) 

•	 Derivative obeys (Lecture XV) 

2m 
u�(�) − u�(−�) = − 

h2 λu(0)	 (16-55) 
¯

2m 
κD − κA = − 

h2 λA	 (16-56) 
¯
2m −2κ = − 
h2 λ	 (16-57) 
¯
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m 
κ1 = λ (16-58) 

h̄2 

h̄2κ2 h̄2 m2 m 
E1 = − = − 

h4 λ
2 = − 

h2 λ
2 (16-59) 

2m 2m¯ 2¯

→ Binding energy for attractive δ-function. The δ potential supports 

Figure IX: Comparison of bound states as the potential evolves from a very deep 
to a very shallow potential. In the very deep potential, like in the infinite well, the 
wave function oscillates sinusoidally inside the well, and decays exponentially in the 
forbidden region. In the very shallow potential, the wavefunction is is mostly located 
in the ”forbidden” region outside the well. 

exactly one bound state of energy E mλ2 
. For a finite-size well, this result = −

2h̄2 

corresponds to the limiting case of a weak potential that supports only one 
2h̄2 mãbound state (V0 � 
mã

) with energy E = −
2h̄2

2 
V 2 

2 0 . 
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Figure X: Solutions in different regions. 

Two attractive δ-potentials 

We could proceed as before, or simplify slightly by making use of the fact that the 
potential is symmetric x → −x, and therefore we expect solutions of definite parity. 
The even solution in the middle region is 2B cosh(κx), and A = D, which eliminates 
two parameters. 

•	 Continuity of u: 
2B cosh(κa) = Ae−κa (16-60) 

Derivative: • 
2m −κAe−κa − κ2B sinh(κa) = − 
h2 λAe−κa (16-61) 
¯

2m 

h2 λ − κ Ae−κa = 2κB sinh(κa) (16-62) 
¯

2m 

h2 λ − κ 2B cosh(κa) = 2κB sinh(κa) (16-63) 
¯

2ma 

h̄2κa
λ − 1 = tanh(κa)	 (16-64) 

There is always exactly one solution of the eigenvalue equation (16-64) for even 
parity. From the figure we see that for the bound state κa < 2maλ , which is where 

h2 

2maλ 1 
¯

the function 
κa − 1 intersects zero. On the other hand, since tanh(x) ≤ 1, we 

h2


1 m

¯

need 2maλ 
κa − 1 < 1, or κ > 

h2 λ. Larger κ means larger magnitude of binding energy 
h2


h̄2κ2 m 2m

¯	 ¯

E = − 
2m . We have 

h̄2 
m 
λ < κ < 

h̄2 λ If we compare this to the binding-energy in 
single δ-potential, κ1 = 

h2 λ we see that the particle is more strongly bound in the 
¯

double-well potential. 
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Figure XI: Graphic solution of the eigenvalue equation 16-64. 

Reason. Given the discontinuity in slope due to the potential, it is possible to choose 
a steeper wavefunction (larger κ larger binding energy) when the two δ-functions →
are close. Variation of binding energy with well separation a: As we decrease a, the 

Figure XII: Comparison of the wavefunction for two different well spacings. If the wells 
are close, for the same wavefunction discontinuity at each δ function the wavefunction 
outside the two wells can decay faster (larger κ), resulting in larger binding energy 
|E| = h̄2κ2/2m. 

Figure XIII: Graphic comparison of the binding energies for large and small separation 
2a between the binding sites. 

mλbinding energy increases from the value given by κ = 
h2 (binding energy of a single 
¯

well attained at a → ∞) towards the value κ = 2
¯
mλ , attained as a → 0. Thus 
h2 

the binding energy quadruples. the possibility of the wavefunction in a double-well 
system to change so as to decrease the kinetic (and possibly potential) energy is at 
the origin of chemical bonds in molecules. 
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For the single δ-potential we have exactly one bound state (symmetric state), for 
the double δ-potential we always have one symmetric bound state, and we may have 
(depending on the potential strength) also an antisymmetric bound state. For the 
finite-size potential well we may have several (but always a finite number) of bound 
states. 

Bound states in potential well 

Figure I: Solutions in different regions for bound states in a potential well. 

˜ ˜Here, instead of writing the solutions as exponentials, Beiqx + Ce−iqx, we have 
already written them in a form that reflects the symmetry of the potential. We 
match 1 du at x = a: 

u dx 

For even solutions: C = 0 • 

−q sin(qa)
= 
−κe−κa 

(17-1) 
cos(qa) e−κa 

κ = q tan(qa) (17-2) 

For odd solutions: D = 0 • 

q cos(qa) 
sin(qa)

= −κ (17-3) 

κ = −q cot(qa) (17-4) 
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Even solutions 

Let us introduce y = qa, λ = 2m 
h̄2 V0a

2 

κa = 

� 
2ma2 

h̄2 |E| 

= 

� 
2ma2 

h̄2 V0 − 
2ma2 

h̄2 (V0 − |E|) 

= 
� 

λ − q2a2 

= 
� 

λ − y2 

(17-5) 

(17-6) 

(17-7) 

(17-8) 

Figure II: Graphic solution of the eigenvalue equation (17-2) for symmetric bound 
states. 

2mThere is always at least one solution, more if λ = 
h2 V0a

2 is larger (potential deeper 
¯

and/or wider). For λ � 1, the lowest energy solutions are approximately located at � � 
h2 2 � �2 

y = qa = n + 1 π, or V0 − |En| = ¯ qn = h̄2π2 
n + 1 , similar to infinite well. 

2 2m 2ma2 2 
The existence of at least one bound state is typical of 1D problems, but not of 3D 

problems that behave more like odd solutions. 

Odd solutions 

π
√

λ − y 
= − cot(y) = tan + y (17-9) 

y 2 

The looks similar to the previous plot, but with shifted RHS. For large λ, the solutions 
2 

are qna = nσ. For small λ, a solution exists only if 
� 

π 
�2 ≥ 0 or 2mV0a π2 

.λ − 
2 h̄2 ≥ 

4 
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Figure III: Graphic solution of the eigenvalue equation (17-4) for antisymmetric bound 
states. 

Figure IV: Graphic construction of an odd-state solution, or of a solution in 3D, where 
the wavefunction must vanish at the origin. 

Condition for the existence of odd solutions. In 3D, we will require that a 
(modified) wavefunction vanishes at the origin, therefore the solutions will look like 
odd-parity solutions. (It is as if the wavefunction were continued at −r.) 

Odd solutions do not always exist because the wavefunction needs to bend around 
sufficiently to match a decaying exponential, this requires high KE. 

Figure V: If the well is not deep enough, the odd solution cannot bend down suffi­
ciently to match (with continuous slope) a decaying exponential at the edge of the 
well. 
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