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.5 The Dirac Delta Function
1.5.1 The Divergence of i*/r?

Consider the vector function 1
V= r. (1.83)
r

At every location, v is directed radially outward (Fig. 1.44); if ever there was a function that
ought to have a large positive divergence, this is it. And yet, when you actually calculate
the divergence (using Eq. 1.71), you get precisely zero:

18,1\ 13
. = —— —_ = —=— 1 =0. 1'84
vy r2 ar (r r2> r? 3r( ) (59

(You will have encountered this paradox already, if you worked Prob. 1.16.) The plot
thickens if you apply the divergence theorem to this function. Suppose we integrate over a
sphere of radius R, centered at the origin (Prob. 1.38b); the surface integral is

fv-da = /(%f)-(stin()ded(pf-)
T 2
- (/ sin9d0> (f d¢)=4n. (1.85)
0 0

But the volume integral, [V - vdz, is zero, if we are really to believe Eq. 1.84. Does this
mean that the divergence theorem is false? What’s going on here?

The source of the problem is the point r = 0, where v blows up (and where, in Eq. 1.84,
we have unwittingly divided by zero). It is quite true that V - v = 0 everywhere except
the origin, but right at the origin the situation is more complicated. Notice that the surface
integral (1.85) is independent of R; if the divergence theorem is right (and it is), we should
get [(V -v) dt = 4n for any sphere centered at the origin, no matter how small. Evidently
the entire contribution must be coming from the point r = 0! Thus, V - v has the bizarre
property that it vanishes everywhere except at one point, and yet its integral (over any
volume containing that point) is 47. No ordinary function behaves like that. (On the other
hand, a physical example does come to mind: the density (mass per unit volume) of a point
particle. It’s zero except at the exact location of the particle, and yet its integral is finite—
namely, the mass of the particle.) What we have stumbled on is a mathematical object
known to physicists as the Dirac delta function. It arises in many branches of theoretical
physics. Moreover, the specific problem at hand (the divergence of the function £/r2) is not
just some arcane curiosity—it is, in fact, central to the whole theory of electrodynamics.
So it is worthwhile to pause here and study the Dirac delta function with some care.

BURBEABPNER (T HRERLE



1.5.2 The One-Dimensional Dirac Delta Function

The one dimensional Dirac delta function, §(x), can be pictured as an infinitely high,
infinitesimally narrow “spike,” with area 1 (Fig. 1.45). That is to say:

0, ifx#£0
a(x)z{ o a0 I (1.86)

and .
j 5(x)dx = 1. (1.87)

Technically, &(x) is not a function at all, since its value is not finite at x = 0. In the
mathematical literature it is known as a generalized function, or distribution. It is, if you

d(x)
—Area l
X
Figure 1.45
___E_IJ—R.:U(J 2 P Ty(x)
| T.RI(X) |
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Figure 1.46

like, the limit of a sequence of functions, such as rectangles R, (x), of height n and width
1/n, or isosceles triangles T}, (x), of height n and base 2/ (Fig. 1.46).

If f(x) is some “ordinary” function (that is, nof another delta function—in fact, just
to be on the safe side let’s say that f(x) is continuous), then the product f (x)8(x) is zero
everywhere except at x = 0. It follows that

Fx)8(x) = f(0)8(x). (1.88)

(This is the most important fact about the delta function, so make sure you understand why
it is true: since the product is zero anyway except at x = 0, we may as well replace f(x)
by the value it assumes at the origin.) In particular

/ F)8(x)dx = f(O)/ 5(x)dx = f(0). (1.89)

Under an integral, then, the delta function “picks out” the value of f(x)atx = 0. (Here
and below, the integral need not run from —oo to +00; it is sufficient that the domain extend
across the delta function, and —e to +¢ would do as well.)

Of course, we can shift the spike from x = 0 to some other point, x = a (Fig. 1.47):

6(x—a)={ 0, dfx#a ]with /OOS(x—a)dle. (1.90)

00, ifx=a oo

Equation 1.88 becomes

f(x)(x —a) = f(@)é(x —a), (1.91)
and Eq. 1.89 generalizes to

fx f(x)8(x —a)dx = f(a). (1.92)



Example 1.14

Evaluate the integral

3
/ x38(x — 2) dx.
0

&x—a)

—Areal

Figure 1.47

Solution: The delta function picks out the value of x2 at the point x = 2, so the integral is
23 — 8. Notice, however, that if the upper limit had been 1 (instead of 3) the answer would be
0, because the spike would then be outside the domain of integration.

Although § itself is not a legitimate function, integrals over & are perfectly acceptable.
In fact, it’s best to think of the delta function as something that is always intended for use
under an integral sign. In particular, two expressions involving delta functions (say, D1 (x)
and D, (x)) are considered equal if 6

/00 fx)D1(x)dx = /-00 f(x)Dy(x)dx, (1.93)
—00 —00
for all (“ordinary””) functions f (x).
Example 1.15
Show that
8(kx) = %5@), (1.94)

where k is any (nonzero) constant. (In particular, 8§(—x) =d8(x).)
Solution: For an arbitrary test function f(x), consider the integral
o0
f f(x)8(kx)dx.
—00

Changing variables, we let y = kx, so thatx = y/k, and dx = 1/kdy. If k is positive, the
integration still runs from —oo to +00, but if k is negative, then x = oo implies y = —o0, and

6This is not as arbitrary as it may sound. The crucial point is that the integrals must be equal for any f(x).
Suppose Dj (x) and D7 (x) actually differed, say, in the neighborhood of the point x = 17. Then we could pick a
function f (x) that was sharply peaked about x = 17, and the integrals would not be equal.



vice versa, so the order of the limits is reversed. Restoring the “proper” order costs a minus
sign. Thus

o s dy 1 1
/_ F)8Gx) dx = + f FOIOBN Y =0 = 7 FO).

(The lower signs apply when k is negative, and we account for this neatly by putting absolute
value bars around the final k, as indicated.) Under the integral sign, then, §(kx) serves the
same purpose as (1/1k])d(x):

o0 o 1
/ fx)dkx)dx = / fx) [—S(x):l dx.
—o0 —o0 |k}

According to criterion 1.93, therefore, & (kx) and (1/|k|)8(x) are equal.

Problem 1.43 Evaluate the following integrals:
62,2

(a) f2 (Bx% —2x — 1)8(x —3)dx.

(b) [ cosx 8(x — m) dx.

© 3 ¥38(x + D dx.

@ [, In(x +3)8(x +2) dx.

Problem 1.44 Evaluate the following integrals:

@ [2,Cx +3) 8(3x) dx.

L) FeP 430 +2)8(1 - x)dx.

© 1, 9x25(3x + 1) dx.

(@) [% 8(x — b)dx.
Problem 1.45
(a) Show that
d .
xd—(S(x)) = —d(x).
X
[Hint: Use integration by parts.]
(b) Let 8(x) be the step function:

1, ifx >0
0(x) = . (1.95)
0, ifx<0

Show that d6/dx = &(x).
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1.5.3 The Three-Dimensional Delta Function

It is an easy matter to generalize the delta function to three dimensions:
8(r) = 8(x) 8(y) 8(2). (1.96)

(As always, r = x X+ y § + z Z is the position vector, extending from the origin to the point
(x,y,7)). This three-dimensional delta function is zero everywhere except at (0, 0, 0),
where it blows up. Its volume integral is 1:

/ 63(r)dt=/°°/ f 8(x)8(y)8(z)dxdydz = 1. (1.97)
all space —00 J—00 v —00

And, generalizing Eq. 1.92,
/ f@&(r — a)dr = f(a). (1.98)
all space

As in the one-dimensional case, integration with & picks out the value of the function f at
the location of the spike. .

We are now in a position to resolve the paradox introduced in Sect. 1.5.1. As you will
recall, we found that the divergence of £/r? is zero everywhere except at the origin, and
yet its integral over any volume containing the origin is a constant (to wit: 4xr). These are
precisely the defining conditions for the Dirac delta function; evidently

V. (12) = 4n8%(x). (1.99)
r

More generally,

V. (%) - 4ms3(4)w (1.100)
A

where, as always, 2 is the separation vector: 2 = r — r’. Note that differentiation here is
with respect to r, while r’ is held constant. Incidentally, since

V(l) S (1.101)
2 A
(Prob. 1.13), it follows that
1
v2; = —478>(). (1.102)



Example 1.16

Evaluate the integral

- J=/(r2+2)V<(L2)dr,
Vv r

where V is a sphere of radius R centered at the origin.
Solution 1: Use Eq. 1.99 to rewrite the divergence, and Eq. 1.98 to do the integral:

J= /v(r2 +2)4n83(rydr = 47(0 + 2) = 87.

This one-line solution demonstrates something of the power and beauty of the delta function,
but I would like to show you a second method, which is much more cumbersome but serves to
illustrate the method of integration by parts, Sect. 1.3.6.

Solution 2: Using Eq. 1.59, we transfer the derivative from &/ r2to (r2 +2):
_ r r
J = —/ = [V(r2 +2)}dt +f(r2 +2)—2 - da.
r r

The gradient is
V(r? +2) =2rf,

so the volume integral becomes
/ 2ir = f Erzsinedrdedq) =8n /err =47 R?.
r r 0

— Meanwhile, on the boundary of the sphere (where r = R),
R da = R%sin0dodot,

so the surface integral becomes

f(R2 +2)sinfd0d¢ = 4n (R +2).
Putting it all together, then,
J = —4xR% + 4n(R% + 2) = 8,

as before.
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- TUNNELING OF
- PARTICLES

- The general problem of quantum mechanical tunneling

- Tunneling as a stationary state problem:

Tunneling through a barrier

- Important technological applications of tunneling =

- Tunneling through multiple barriers: Resonant tunneling

‘ TOPICS STUDIED )

—
|

[ Tunneling of particles ‘

G(EY OBSERVATIONSJ‘*

In quantum mechanics, when particles are
treated as waves, they can traverse through
regions where their energy is less than the
potential energy. Their trajectories are
completely different from what one expects
from classical physics.

Tunneling as a stationary |
state problem -

e S P e T R E R T W

The time-independent problem can be used
to calculate the tunneling behavior of
particles. Physically, the time-independent
problem corresponds t0 @ constant flux of
particles in space. A number of analytical
and numerical approaches have been
developed to solve such problems.

FApplications of tunneling ];—-—

L

——

—

Tunneling through multiple

e e e e R S S

Tunneling of particles has many important
applications in technology. These include:

precise positions of atoms on & surface.

« Producing low-resistance ohmic contacts for
semiconductor devices.

« Tunnel diodes for microwave applications.

« Field emission devices.

« Radioacitve materials for medical and
anthropological uses.

T S R P L

» Seanning tunneling MIcroscopes for studying |

e e B o

When particles tunnel through multiple

barriers

P B o e 5

—_— e P —

barriers, the tunneling probability has strong
resonances as a function of particle energy.
This concept is exploited in a number of

devices. g
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E < V(r) E> Vir)

REGION |
CLASSICALLY FREE

E> V()

E < V(r)

)

i A particle
\ schematic view of two categorie.s of tunnem‘lg‘prf(::ie?;s.rns)a\})e clazsically
“f unbound state on the left in region I \‘vherenlt ls'on (I1) into a classically
Stuts;r;n‘:}( ;:] g A e “forblddeg reggn” and tunnels through
G 2 article is initially in “bound regi
! i I11). In (b) the partic . '
aﬂf;ve;li;:liﬁfi r{egic)m (I1) into a classically allowed region (III)
a “for

INCIDENT WAVE: A explithx — Euvh)]
REFLECTED wave: B expli(-kx — Evh)|
TRANSMITTED WaVE: ( explitkx — Evh))

V(x)

Reflected particle wave
<yuun

VUV

Incident particle wave

Transmitted particle wave

A generic description of the tunneling problem. Particles are incident from
the left with an energy E. A certain fra

ction of the particle current is reflected and the
rest is transmitted.
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(a) Aligned metallic cylinders serve as a potential barrier to charged par-
ticles. The central cylinder is held at some positive electric potential V, and the outer

cylinders are grounded. A charge ¢ whose total energy is less than ¢Vis unable to pen-
ewate the central cylinder classically, but can do so quantum mechanically by a process
“called wnneling. (b) The potendal energy seen by this charge in the limit where the

___.gaps between the cylinders have shrunk to zero size. The result is the square barrier

potential of height U.

Jimplest _way to realise a polential barrier
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x3E

1.0

0.8

T(E)
0.4

0.2

ST

(b}

———(a) Tunneling of a particle through a potential barrier. (b) The transmission

coefficients for an electron as a function of energy for Vo = 1.0 eV, a = 7.77 A. The results

are typical of transmittance through a barrier. Notice that even for £ > V;, the probability

goes through values less than unity; i.e., some reflection occurs.

through a smoothly varying potential.

T; = Tunneling probability =

through region i
7= IIT;

: An approximation scheme used to calculate particle tunneling with energy £ =~ |
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» Ohmic contact technology
* Tunnel diodes and mircrowave
devices

* Tunneling-based microaccelerom-
eters and other sensors

* Resonant tunneling switches

| * Radioactivity in diagnostics
* Radiation therapy

Medicine

Radioactive dyes injected in
insects to track their activities

Surface characterization by
scanning tunneling microscope

| Carbon-dating to determine age of

objects

==

Radioactive tracers to keep track of
wear-and-tear of machine parts
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The potential shape is described by an electric field E.

Figure 6.6: (a) Triangular and (b) trapezoidal barriers through which an electron with
energy E can tunnel. Such barriers are encountered in many electronic device structures.
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6.2 GENERAL TUNNELING PROBLEM _

The general problem of particle tunneling can be loosely classified into two cate-
gories, both of which involve the propagation of a particle with energy F through a
region of potential energy V(r), where in some regions, the particle energy is smaller
than the potential energy. This region is classically forbidden to the particle, but,
as discussed in the Introduction, when the particle is described through a wave de-
scription, tunneling can occur. In the first category of problems we have a situation,
as shown in Fig. 6.2a, where there is a region of space where the particle can be
represented by a “free” state. The particle can be represented by a momentum in
this free space region where the electron energy F is greater than the background —
potential energy, which may be considered to be uniform. In this example, the tun-
neling problem involves the particle coming from the left and striking the potential
barrier, with the particle having a finite probability of tunneling through and a
finite probability of being reflected back.

In the second category of tunneling problems, the particle is initially con-
fined to a “quantum well” region in a “quasi-bound” state, as shown in Fig. 6.2b. In
the quasi-bound state, the particle is primarily confined to the quantum well, but :
has a finite probability of tunneling out of the well and escaping. The key difference
between the two cases is that in the first problem the wavefunction corresponding
to the initial state is essentially unbound, whereas in the second case it is primarily —
confined to the quantum well region.

Tunneling Through Wide Barriers

In many applications, the transmission probability for tunneling is very small.
Inside a barrier, the wave function is essentially proportional to e, or e ¥,
where 6 = 1/ is the penetration depth.? If L >> §, very little of the wave will
“survive” to x = L. The condition for a “wide” barrier is thus

L, . V2m(Uo—E)L '

7 = = ] > .

3 a P (5-11)
Itis witle if L is large, or £ is much less than U,, or both.

It is left as an exercise to show that if (5-11) holds, the transmission probability
of (5-10) is given by the approximation

T = 16£ 1 — £ e —2V2mUp~Eyis]L (5-12)
Uo 0

2The solution within the barrier is not
Exam p le 5.2 strictly a decaying exponential, but con-

. B . . tains an exponentiully increasing part
An electron encounters a barrier of height 0.100 eV and width 15 nm. What is e In most cases, this part is inconse-

the transmission probability if its energy is (a) 0.040 eV? (b) 0.060 eV? quentially small

Bl = T L EA W IE Z /5 T00 00 == &= AM



. .
Solution

First we see if condition (5-11) holds.

For 0.040 eV:
=31 ] —0.040) X 1.6 X 1071

L _ V20T X 10" kg)(©.100 ) 15 % 10-Y m
5 1.055 X 107 I

=188
For 0.060 eV:
L _ V2O.I1 X 10-3kg)(0.100 - 0060) X L6 X 10°FT
5 1.055 X 1073 Js "

=154

In both cases, the barrier is wide, many times the penetration depth. Now,
noting that we have just calculated the arguments of the exponential in (5-12),

0.04 (.04 . B ;
Tyoa0ev = 160—1< - W)m—_,.ﬂ, — 18 X 10-16

0.06 0.06 ) :
Toos0ev = 16W<1 = W)e.--:.n..z =18 X 10-13 |

As expected, for both barriers the transmission probability for a single event is
very small. But in many real situations, barriers are constantly bombarded by
particles. If electrons at either of these energies were to strike the barrier 1020
times each second, there would be a significant flux of escaping particles. Such
high frequency is not at all unrealistic; alpha-particles almost trapped in an atomic
nucleus typically get 102° chances to tunnel out every second. Alpha decay is
discussed in the next section.

The example illustrates another important point: When transmission prob-
abilities are very small, they vary sharply with energy. Both probabilities are
small, but a modest 50% increase in particle energy results in a transmission
probability about a thousand times larger. This sensitivity is due to the exponential
dependence in (5-12), and the smaller the probability, the more pronounced is the
variation.?

T

Electrons with energies of 1.0 eV and 2 0 eV arc incident on a barrier 10 0 eV high and 0 50 nm
wide. (@) Find their respective transmission probabilitics (b) How are these alfected if the barrier

is doubled in width?
Solution
(a) For the 1 0-eV clectrons

Vamil = E)
s P

V(9.1 X 107°Tk)[(100 — 1.0) eVI(L6 X 10" ° J/eV)

1054 X 107HJ'S
=16X% 10" m

Since L =050 nm =50 X 107" m, 2k,L = (2)(16 X 10" m )50 X 10" m) = 16,

and the approximate transmission probability is

TI = t_‘ll:,l — t_fln — 1 1 % 10..7

One 1 0-eV eleuron out of 8 9 million can tunnel through the 10-¢V barrier on the average. For
the 2 0-eV electfons a similar calculation gives T, = 2.4 X 1077 These clectrons arc over twice
as likely to tunnel through the barrier

(b) 1f the barrier 15 doubled in width 0 1.0 nm, the transmission probabilities become

Ti=13x10"" T, =51x%x10"" B

Evidently T is more sensitive to the width of the barrier than to the particle energy here

e i . T T PN Ty ¥ ETYT Sk At A
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T A tunnel diode is an eleclronic element whose regponse to

applied voltages (s wnusual and very fast

— Tunneling i Jami condigctar
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— (or Lraki diode)
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- band = band _tunneling”

_ The Zener' diode has the properly tlhat ils resistance

- J%e;%mwy_ jagc_nz/ue to a very Small value
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 To understand these devices
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The Tunnel Diode

A tunnel diode is an electronic circuit element whose response to applied voltages
is unusual and very fast. In a narrow region between the device’s two ends (leads),
there is a change in the material’s physical properties that prevents simple con-
duction of electrons from one end to the other. In essence, the electrons at the
ends are separated by an electrostatic potential barrier they cannot classically sur-
mount. crudely depicted in Figure 5.11. By design, however, the barrier is not
wide and significant tunneling occurs. With no applied voltage, tunneling occurs
equally in both directions; there is no net flow. When a potential difference is
applied, the situation becomes asymmetric. Right- and left-tunneling transmission
rates differ, and a net current flows.

The tunnel diode may seem to have little utility, as an applied voltage will
induce current flow in many materials. But one of its distinctive features is how
the current varies with voltage. It does not always increase as applied voltage is
increased: at some points it decreases (see Exercise 9.32). Moreover, changing the
applied voltage changes the transmission rates almost instantly, and quick re-
sponse is very desirable at high frequencies. The more common devices that con-
trol current via voltage changes rely upon relatively slow thermal diffusion of the
charge carriers (see Section 9.9). Although its early promise as a high-frequency
switch in integrated circuits has dimmed, the tunnel diode has found use in a
variety of modern electronic circuits.

-
D>

-«— Net electron flow

Tunnel diode.
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Tunneling In Semiconductor Diodes
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Figure 6.11: (a) Schematic of how band-to-band tunneling takes place. (b) Tunneling
in a p-n diode across which a bias is applied. Also shown is the use of a reverse-biased
p-n diode for a voltage-clamping circuit. The current saturates to a value determined by
the external circuit resistor, while the output voltage is clamped at the diode breakdown
voltage. The circuit is thus very useful as a voltage regulator.

bands in a semiconductor across which some bias is applied. Electrons from the
valence band can tunnel across the forbidden bandgap and go into the conduction
band. Similarly, electrons in the conduction band can tunnel into the valence band
provided there are holes in the valence band. As shown in Fig. 6.11a, the electrons
see a triangular barrier and the tunneling probability is

(_4, /__Qm*E3/2)
- - T=exp| ——2—

3 6.18 =
3ehk (6.18)

where E is the field across the semiconductor.

The band-to-band tunneling is exploited to make the Zener diode. When
a p-n junction is reverse biased (l.e., a negative voltage is applied to the p-side
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and a positive one to the n-side), a strong electric field is produced in the diode
junction region, as shown in Fig. 6.11b. Once the reverse bias voltage reaches a
certain value, V;, the tunneling process becomes dominant. At this point, the diode
resistance becomes negligible. The voltage across the diode 1s then clamped at V,
regardless of how high the external bias becomes. This voltage-clamping property
of the Zener diode is very useful in many circuit applications.

The tunnel diode also exploits band-to-band tunneling, but couples it with .
clever energy band alignment to create negative differential resistance. The tunnel
diode is designed from very heavily doped n and p sides. The high doping ensures
a very large electric field in the junction so that band-to-band tunneling is possible —
at all biasing conditions.

The operation of the device is shown in Fig. 6.12. At a small forward bias,
some of the electrons on the n-side can tunnel into the holes on the p-side. As the ——
bias is increased, the band alignment is such that more and more of the electrons
find holes to tunnel into and the current in creases as shown, Beyond the point
marked B, the empty states on the p-side move higher in energy with respect to
the electron energies as the n-side. Eventually, at point C, there are no empty state B
(holes) available for electrons to tunnel into. This causes the current to decrease to
a minimum value. Eventually the current increases because the electrons and holes
are able to overcome the reduced barrier due to their thermal distribution. —

The negative resistance of the tunnel diode is an important feature that
allows one to use it in microwave applications (eg., radar detectors).

EXAMPLE 6.5 Calculate the band-to-band tunneling probability in InAs (Ey = 0.4 eV;
m® = 0.02 mo) and GaAs (E; = 1.43 eV; m" = 0.07 mo) under an applied field of

5 x 10° V/cm.
The exponent in the tunneling probability has the following value for InAs:

(]

—4(2 x 0.02 x 9.1 x 107 kg)*/?(0.4 x 1.6 x 10~2 J)*/?
3(1.6 x 101 C)(1.05 x 1072* Js)(5 % 107 V/m)

= —4.9032

This gives
T =17423x107°

For GaAs we get
T = exp(—62) = 1.18 x 1077

We see that while band tunneling can be responsible for breakdown in InAs, it is not the
cause for breakdown in GaAs. For GaAs, the value of T can increase with higher fields,
but there are other mechanisms that are responsible for breakdown. B __|
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Figure 6.8: Band diagrams of metal -n* -n contact. The heavy doping reduces the de-
pletion width to such an extent that the electrons can tunnel through the spiked barrier

easily in either direction. This leads to a highly linear current-voltage relation.
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The resistance can be reduced by using a low Schottky barrier height and

doping the semiconductor as heavily as possible. The current-voltage relation of a
good ohmic contact is highly linear, as shown in Fig. 6.8.

(6.17)

EXAMPLE 6.1 Assume that the potential profile of the barrier in the semiconductor side
is described by an electric field E. Calculate the tunneling probability if E =108 V/cm; ¢
= 0.5 eV and the electron mass in the semiconductor is 0.1 mo. Note that if the tunneling
probability approaches unity the electrons can go across the junction without “feeling” the
barrier. This is a requirement of good ohmic contact.

The tunneling probability is given by (choosing the electron energy to be ~ 0)

. 2 ,3/2
T _L_Lﬂ}
3e| E|h

(2m*)? = (2% 0.1 x 0.091 x 107°°)1/2 = 4,27 x 107"°(kg)'/*
32 = (0.5 x 1.6 x 107'%)%/2 = 2.26 x 1072°(J)*/2

e = 1.6x107°C
E=10°V/m

il

This gives
T = exp(—8.41) ~ 2.2 x 107*

EXAMPLE 6.2 Consider a metal-Si interface on silicon doped at 10'® and 10?! cm™3.
The Schottky barrier height is 0.66 V. Calculate the tunneling probability for electrons
with energies near the conduction band in the two doping cases. Use an effective mass of
0.34 mg for electrons in the semiconductor. The relative dielectric constant of Si is 11.9.

Let us first calculate the depletion width corresponding to a Schottky barrier
height of 0.66 V. The depletion width is

2 % (11.9 x 8.84 x 10~** F/cm) x (0.66 V)]'"*
(1.6 x 10-19 C)(10% cm—3)
2.9%x107% em = 290 A
Wi(n = 10" cm™)

4/1000

The electrons with energy just at the conduction bandedge will have to tunnel through an
approximately triangular well. We can use the tunneling probability through a triangular
well, using an average electric field in the depletion region

W(n = 10'® Cm_s) =

=917 4

W(n =10*" cm™°) =

= 0.66 V
E = 1018 =8 = — = 2. &
(n cm™) 79 % 10~ o 2.3 x 10> V/cm

E(m =10 em™) = 7.2 x 10° V/cm

Il

The tunneling probability is now
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Field emission is now being tried as the source of illumination in a new kind
of flat-screen display, the aptly named Field Emission Display (FED) shown in
Figure 5.13. Its potential advantages over the liquid crystal displays commonly
used in laptop computers include wider viewing angle and quicker response.

‘_/_yf display
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Energy diagram for tunneling between two metals sepa-
rated by vacuum. Tunneling between metals is possible only when
there are empty states on the right. Such empty states are created
when eV is applied to lower the Fermi level on the right.
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SCANNING TUNNELING MICROSCOPE has two stages, suspended from springs, that

nestle within a cylindrical stainless-steel frame.
scope mechanism. To achieve high-resolution images o
even such small vibrations as those caused by
d to the bottom of the stainless-steel frame) and the magnets

must be shielded from
The copper plates (attache

(attached to the bottom of the inner and outer _stages
causes the copper plates to move up and down in the fie

t induces eddy currents in the plates, The
the magnetic fie 3 plates and hence the motion of the stages. For

laced over the outer frame of the microscope.

the magnetic field retards the motion of the
work required in a vacuum a steel cover isp

The ar-c'jm&(. a/o/bara.i'w was

Superconducting lead bow!
Jazzﬂe J'tfa.b_aﬁ

Two stages, or sections, suspended
from springs, nestle within the stain-
less-steel cylindrical frame of the mi-
croscope and protect the tunneling gap
from vibration. Both stages, triangular
in cross section, are made of glass rods.
The second stage slips into the first
stage, from which it is suspended by
three springs. The first stage in turn is
suspended from the outer frame, also
by three springs. The second stage car-
ries the heart of the microscope: it con-
tains both the sample and the scan-
ning needle.

When the entire microscope sits in a
vacuum, air resistance is minimal and
the first and second stages could, if
they were disturbed, bounce up and
down almost indefinitely. To stop this
motion we rely on the phenomenon of
eddy-current damping. We let copper
plates attached to the bottom of the
first and second stages slide between
magnets attached to the outer frame.
As each plate slides up and down,
the magnetic field causes the conduct-
ing electrons of the copper to move
around, inducing a so-called eddy cur-
rent. The reaction between the eddy
current and the magnetic field retards

The innermost stage contains the micro-
f surface structures the microscope
footsteps and sound.

) damp vibrations. Any disturbance

Id generated by the magnets. T_he
interaction of the eddy currents with

ma a_atfca.!.(/ levitated on a
‘rjc.rt;‘ﬁ on a  Aeavy

a bed a/ z‘zyja.:fed rubber tires

the motion of the plate and thereby
protects the microscope from even the
smallest vibrations.
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Once the gross vibrations have been
stopped the sample can be positioned.
This is done with a specially devel-
oped drive that carries the sample
across a horizontal metal plate on the
second stage. The body of the drive
consists of a slab of piezoelectric mate-
rial that expands or contracts when
voltage is applied. The drive has three
metallic feet, arranged in triangular
fashion, that are coated with a thin lay-
er of insulating material. They can be
clamped to the metal plate by estab-
lishing a voltage between them and the
metal plate.

We move the drive in the follow-
ing manner. Suppose, for instance, we
clamp only one foot and apply a volt-
age to the piezoelectric body so that
it contracts. The other two feet will
move slightly. We then clamp those
two feet, release the third foot and re-
move the applied voltage so that the

body expands back to its original size.
The drive has just moved one step. The
step width can be varied between 100
and 1,000 angstroms. Since the drive
can rotate about each of its feet, it
can walk along the plate in any de-
sired direction.

When the drive has carried the sam-
ple to the wanted tunneling position,
we begin scanning the surface of the
sample. We use a rigid tripod made of
three piezoelectric sticks to move the
tip of the scanning needle. When we
apply a voltage to expand or contract
one of the sticks, the other two bend
slightly. Consequently the tip moves in
a straight line over distances as great as
10,000 angstroms. Furthermore, this
motion is quite sensitive to the magni-
tude of the applied voltage: a voltage
on the order of .1 volt results in a mo-
tion of 1.0 angstrom. The precision of
the tripod’s drive is so good that at
present only vibration limits the verti-
cal resolution of the sample’s surface.
This resolution at present is in the
range of approximately a few hun-
dredths of an angstrom.



TRIPOD (MADE OF
— PIEZOELECTRIC
STICKS)

N\

VOLTAGE SOURCE FOR _\. @
PIEZOELECTRIC STICKS |

MICROSCOPE DEVICE contains a sample and a scanning needle. Piezoelectric materi-
als, which expand or contract when voltage is applied to them, enable the device to resolve
features that are only about a hundredth the size of an atom. A piezoelectric drive positions
the sample on a horizontal metal plate, A piezoelectric tripod then sweeps the scanning
needle over the surface of the sample, simultaneously achieving high stability and precision.



The tungsten probe of a scanning
tunneling microscope

The lateral resolution of the surface

is limited by the sharpness of the tip. In ————

this instance nature has been kind to

the vacuum tunneler. It is relatively

easy to make a sharp tip that yieldsa

lateral resolution of about six to 12

angstroms: one simply grinds the end -

of a needle, which is usually made of
tungsten.

To achieve a lateral resolution of
two angstroms, however, the needle
must have a single atom sitting secure-
ly on top of its tip. Such an atom
usually comes from the sample itself.
It is dislodged by high electric fields
that are caused by applying a voltage
difference of from two to 10 volts be-
tween the sample and the tip. Since
tuck plays a large role in the final stage,
we are trying to sharpen the tip by
bombarding it with a high-energy
beam of ions. This causes the atoms on
the surface to sputter away in a highly
controlled manner.

The probe turned out to be even more
local than their fondest hopes. Em-
ploying stylus tips with curvature radii
on the order of a thousand angstroms,
Binnig and Rohrer had expected a
horizontal resolution of about 50 A—
not nearly good enough to resolve
individual atoms. But when they start-
ed scanning, they certainly did see
atoms. ‘“We had thought this kind of
resolution would require a big effort,”
Binnig told us. “But we got atomic
scale resolution more or less as a gift.”

The gift comes from the fact that these
1000-A tips are inevitably rough on a
smaller scale, with accidental protuber-
ances serving as tips only a few atoms
wide. With these protuberances doing
the probing, the scanning instruments
achieved a horizontal resolution of
about 4 A very early on. Now it’s down
to 1 A. In recent months the IBM
Zurich group has been replacing these
fortuitous probing tips with monatomic
tips carefully created by field-ion mi-
croscopy techniques devised by Hans-
Werner Fink. The end of the tip is the
world’s smallest manmade pyramid:
three layers consisting respectively of
seven, three and finally one single
atom. Putting the last single atom in
place is “a miracle,” says Rohrer.
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SURFACE OF SILICON as disclosed by the scanning tunneling

= microscope consists of a pattern of diamond-shaped unit cells. Each
cell measures 27 angstrom units (one angstrom unit is one ten-bil-

h lionth of a meter) on a side. The cell is called the 7-by-7 because

¢ach side measures seven atomic units. Each 7-by-7 contains 12

bumps that are arranged in two groups of six. The bumps, which
have never before been resolved, apparently correspond to the sur-
faces of individual atoms. They stand as much as 1.3 angstroms
above the rest of the surface. The image was formed by applying a
voltage so that electrons flowed from the needle tip to the surface.

The STM must be ranked as one of the most indispensable tools in'modern
technology. Its uses are already legion—studying geometry and composition of a
seeming endless list of surfaces; locating important biological molecular groups,
such as the fundamental building blocks of DNA; mapping microscopic “vorti-

ces” in certain kinds of superconductors; nudging atoms from one point on a
surface to another—and they continue to expand.

Actually, the result ol an STM scan s not a true topographical map of surface height but .
2 contour map of constant clectron density on the surface This means that atoms of different
elements appear differently, which greauly increases the value of the STM as a research ool

Although many biological materials conduct clectneity, they do so by the flow of 1ons rather
than of electrons and so cannot be studied with STMs. A more recent development, the atomic
force microscope (AFM) can be used on any surface. although with somewhat less resolution
than an STM. In an AFM, the sharp up of a fractured diamond presses gently against the atoms
on a surface, A spring keeps the pressure of the up constant, and a record is made of the o
deflections of the up as 1t moves across the surface. The result 1s a map showing contours of
sonstant repulsive foree between the electrons of the probe and the clectrons of the surface atoms
Even relatively soft biological materials can be examined with an AFM and changes in them
momitored. For example, the linking together of molecules of the blood protein fibrin, which
occurs when blood clots, has been watched with an AFM

Articles é/y Z?yer A. freedman and Paul K. Hansma o
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George Gamow, 1904-1968, whose work in 1928 showed that alpha particles can behave as waves. In so doing, he solved the long-standing puzzle
about the half-life of alpha decay. This demonstrated for the first time that guantum mechanics applies to nuclei. (AIP Emilio Segré Visual Archives.)
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The Tokomak
fusion reactor is designed to
ccnfine highly energetic
charged particles by strong and
cleverly arranged magnetic
fields. This photograph is of
the JET Tokomak and it’s auxil-
iary systems.

higher temperature, the number of deuterons with higher energy grows (See
Chapter 12). More energetic deuterons are closer to the top of the barrier, and
there the barrier is less wide than for low E. Thus it is more likely that deuterons
of higher energy will tunnel through the barrier separa ting them. Detailed cal-
culations show that it is necessary to achieve temperatures on the order of 10" K
to have a practical reaction rate. In a hydrogen bomb such temperatures are
achieved by means of compression initiated by an atomic bomb. To get to these
temperatures in an unexplosive manner and to confine such a hot gas for a time
long enough to extract the generated energy are the two great challenges fac-
ing this field* («Fig. 8-12). While much progress has been made over the last 40
years of research in this field, no immediate breakthrough is in sight.
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TUNNELING: THROUGH MULTIPLE BARRIERS:
RESONANT TUNNELING

In the previous subsection we examined tunneling of a particle through a single
barrier. As seen in Fig. 6.4b, when E < Vj, the tunneling probability monotonically
increases as either E increases or the barrier thickness shrinks. There is no inter-
esting resonant feature in the tunneling probability. If we examine the tunneling
of particles through a potential region made up of not one single barrier, but two
(or more) barriers as shown in Fig. 6.14, we find that the transmission or tunneling
coefficient has resonant features.

A typical resonant tunneling structure has a form shown in Fig. 6 14. It con-
sists of regions A and B where the particle is “free,” enclosing a series of potential
barriers and wells. An important resonant tunneling structure is the double-barrier
resonant tunneling structure, which has the form shown in Fig. 6.14b. This struc-
ture is used for many important device applications. As shown in Fig. 5.14b, the
quantum well enclosed by the two barriers has “quasi-bound” levels. If the barriers
were infinitely thick, these levels would simply be the bound states in a quantum
well, as discussed in Chapter 4. However, because of the finite barrier thickness,
the quasi-bound states have wavefunctions that “leak” out of the well region, but
the wavefunctions are primarily confined to the well region. When the energy of
a particle (say, approaching from region A) approaches one of these quasi-bound
energies, the transmission coefficient approaches unity.

The general problem of the resonant tunneling structure requires numerical
computation, but if we assume that the structure is made up of a series of regions
over which the potential energy is constant, it is possible to get analytical results.
The approach is quite similar to the one we used in the last subsection—one writes

Barrier
Barrier

y E
E £
m @

Well
Well
Well

Region A Region B

(a)

Quasi-bound
states

(b)

Figure 6.14: (a) A general potential profile which will show resonant tunneling behavior.
(b) A double-barrier resonant tunneling structure. In the well formed betwef.an the two
barriers, one has quasi-bound states with energies Fi, F2, E3,... As the particle energy
approaches these energies, the transmission coefficient approaches unity.

out the general solutions for the wavefunction in each region, matches bound_ary
conditions, eliminates the coefficients involving the wavefunction of the intermediate
regions, and then obtains the transmission and reflection coefficients.

In optics, we know that if light passes through multiple media, interference
effects allow transmission peaks at certain frequencies. A similar effect occurs when
particles impinge on more than one barrier. An interesting barrier is the double bar-
rier structure shown in Fig. 6.15. which can be fabricated from two semiconductors.
As shown in Fig. 6.15, the conduction band profile of such a structure produces a
quantum well of size W enclosed by two thin barriers of thickness a and barrier

height V4.
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We may think of the quantum well formed by the double-barrier structure
as having quasi-bound or resonant states at energy Ei, Fs, F3, etc., as shown in
Fig. 6.15. If the barriers were very thick the electrons in the levels £y, Es, Ej3
would not be able to “leak out” of the well. However, since the barriers have a finite
thickness, the electron wavefunctions leak out through the barrier. Now consider an
electron with energy E impinging on the double-barrier structure (resonant tunnel-
ing structure) as shown from the left. If the energy of the electron aligns with the
well energies E), Ea, E3, etc., the electron is able to tunnel through the structure
with unit probability. Otherwise, the tunneling probability is very small. This leads
to sharp structures or resonances in the transmission probability versus electron

energy curves, as shown in Fig. 6.15.
The tunneling probability for the double-barrier structure is given by an

approach similar to the one used in Section 6.3 for a single-barrier. However, in

Typical
) | double-barrier
/ * Or resonant
) r tunneling
, , T
;o , GaAs Structure

NSMISSION COEFFICIENT _

Energy band profile
of the resonant

o TrA

EI E: Ej
ELECTRON ENERGY ——

tunneling structure

Figure 6.15: Schem tic of
.15: ematic of a typj ng structure e
! pical double barrj Th
: 1 arrer resonant tunnelj g
€nerg ;35 Et ) E2,t Ej, iettC- Iepresent the energies in the wel] of width W lhet rant Sm:ss'on
coefficien goes to unity when the electron energy coincides with these .re t t by
Sonant energies.

this case, the b
’ oundary conditions haw
detailed s i 1ons have to be matched t :
problem is straightforward, but involves Ir-djrmsa albg?ei)};ath;Vbarr';Trs' e
e - We will simply

give the solution here. We first reexam; i
b reexamine the single-barrier results

1 Ilg D _'h:ll me hIO g = IlbI_ 28 g 0 h
Ihe tunnel ]()l JI ¥ i u h a single l'_? Irier Of hel ht L alld Wldt

a is given by
1B(Vs - E)
Ve sinh® ya + 4B(1, — E)

= %\/2771(1/0 - F)

which is the result obtained in Section 6.3.1

Tip =

with

AJSO, as in Section 6.3.1, we ave, fo e fr e
fer 3.1, h , for the reflection amplitude f om the first
s
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(k? — y?)sinh ya + 12k, cosh ya

with a reflection probability

. W
Vi2 sinh” ya

i Rin= gl = 0 6.31
1w =Insl = i et 4BV - B) R B
S where —
2mE
= BEYST

We may define (as in optics) the phase change § produced in the reflected
e wave due to the reflection from a single barrier through the relation

e rlp = Ripe™ %" (6.32)

The angle 6 is given by
—_— 2k17y cosh ya

tanf = (k‘% — 72) R (6.33)

These results have been repeated here, since the transmission probability through
the double-barrier structure is expressed in terms of Rip,T1p and 6, given above.

For the double-barrier structure shown in Fig. 6.15, the transmission prob- B
ability has sharp resonances as a function of the particle energy. In the case of a

symmetric barrier, we get the following relation:

-1
1B

4R .
Top = |1+ —5—sin” (k11 — g) (6.34)
TIB

where Ryp and Tip are the single-barrier reflection and tunneling probabilities, — -
and 0 is the angle defined in Eqns. 6.32 and 6.33. From the form of Eqn. 6.34,

we can see that the transmission probability becomes unity at certain well-defined
particle energies. Away from these resonant energies, the transmission coefficient — —
can become very small. Thus the transmission probability has very sharp features.
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6.5.1 Application Example: Resonant Tunneling Diode

Semiconductor diodes incorporating the double-barrier resonant structure are known S B
as resonant tunneling diodes. Resonant tunneling devices have potential for very-
— high-speed applications and are therefore being studied in great detail. The opera-
- tion of a resonant tunneling structure is understood conceptually by examining Fig.
6.16a. For small applied voltages (case A in Fig. 6.16a) the tunneling probability of

electrons with energies near the Fermi level energy is very small and, as a result, o
very little current flows through the structure. At point B, when the Fermi energy
lines up with the quasi-bound state, a maximum amount of current flows through

- = the structure, since the tunneling probability reaches unity. Further increasing the N i
bias results in the energy band profile (point C), where the current through the
structure decreases with increasing bias. Applying a larger bias results in a strong -
Yhermionic emission and thus, the current increases

— .rub;tantialt/y, as shown at /oomt D
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TUNNELING IN SUPERCONDUCTING JUNCTIONS

In Chapter 4, Section 4.6.2, we have briefly described how materials can act as -
superconductors. In these materials at low temperatures electrons pair up to form o
Cooper pairs. These pairs are bosons and not fermions. The lowest energy state
where electron pairs are bosons is separated from normal electron states by a small S
energy gap where no states are allowed. This gap is only about a millielectron volt
and plays a very important role in how electrons tunnel into superconductors.

Let us consider a thin insulator sandwiched between two metals, as shown ——

in Fig. 6.17a. Normal metals are characterized by two important properties: i) the -
Fermi level is in the middle of the band and electrons occupy states essentially up
to the Fermi level. There is no energy gap in this conduction band; ii) In normal

metals, electrons act as fermions and as they travel they suffer scattering. S

When a bias is applied to the metal-insulator-metal junction electrons can
tunnel from one side to the other and current flows. At small applied bias the
current—voltage characteristics are essentially linear as shown in Fig. 6.17a. -

Now let us consider a junction in which an insulator is sandwiched between
two superconductors as shown in Fig. 6.17b. In this case we remind ourselves of

two important properties of superconductors; i) Carriers move in pairs of charge — -

2¢ in the superconducting state; ii) the pairs suffer no scattering during transport.
Thus long-range phase coherence is maintained in the wavefunction of electrons.
This allows us to describe the carrier transport and current flow by simply solving _—

the Schrodinger equation. —m

For the superconducting junction if the insulator is thin electron pairs can
tunnel through the barrier. However, unlike the case in normal metals these electron
pairs can move around a closed wire to complete the current, since there is no N
scattering path. As a result, current flows even in the absence of any applied bias.
When a bias is applied the current is found to be constant up to a critical voltage
V.. Beyond this voltage electrons tunnel across the superconducting gap and normal ==
Ohmic conduction occurs. The current-voltage relations for a superconductor are
shown in Fig. 6.17b. The highly non-linear current—voltage relations are very useful
for devices such as mixers where two different microwave signals can be “mixed” to S
produce sum and difference frequencies. o

The detailed analysis of the current in a superconductor tunnel junction - .
(called Josephson junction) is somewhat involved, but is given below for complete-
ness. Let us consider first the case where no potential is applied across the junction. .

We consider the simple case in which the two superconductors are identical.
Let 1); represent the probability amplitude for the electron pairs on one side of the
junction, and 1, the amplitude on the other side. The time-dependent Schrodinger =
equation thdy /0t = Ht can be used to describe the coupling and time-dependence
of the electron pairs on one side across the junction. The equations for ¢ and -

BYEEXBMBR (FIIPPL T 438



o H
“k: S-62
W3

INSULATOR INSuLATOR =SS

MEeTAL METAL SUP’ERcommcmaf SUPERCONBUCTOR

[
it
(. i
|

[ Single .
Single \: electron |
electron | empty | _—
empty | L states |
states | —
— Ener;
= . E gY
=k E la % gap !
Single | —
electron | .
occupted fi Occupied || -
states | Caoper | =
—_ pmrsmtcs:; S
= ‘5 ~_/ S
£ E| 7
s
1©] 18] y
Voltage Ve /’ Ve
/ Valtage
/
(@ (b) /

Figure 6.17: (a) A schematic of a metal-insulator-metal Junction with the band profile

seen by electrons and the current-voltage relation. (b) A schematic of a superconductor—
insulator-superconductor junction.

are (choosing the energy of the pairs as zero)

L0

i % = Hizyp

5 0 o
Zh% = H12¢1 (635)

where the matrix element H,, = (V1|H|¢2) = (2|H |31)
the electron pairs across the insulator. This matrix elem
tunneling probability across the barrier.

If ny and ns are the pair densities on the two sides of the junction, we may

represents the coupling of o
ent is proportional to the

write

Y1 = Varet gy = /nget® (6.36) o
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This gives, from Eqn. 6.35,

6'!/)1 1 i 0711 . 801 ) .

— = W — = —— 2o 6.37
o 2\/n_16 7 + i 5 3 12%2 (6.37)
—= = i 2 =—=—Hi» 6.38
= 2\/n_2€ T ithy T 5 12%1 (6.38)

We multiply Eqn. 6.37 by \/nie~'%: to obtain (we define § = 6> — 6,)

10ny . 06 v i

iﬁi +m16_t1 = —EHM\/WG ’
Similarly, we have

1 6ng . 692

5—67 + zngW = —%1‘112\/711n2“3—“s

Equating the real and imaginary terms within each of these equations, we get

2H .
_62 = 2{_1_2_ /nin,sinéd ; -(?gntj = - 12\/71111281115

ot h h
%—_@ 112 1/2(:05(5 : %-_{IE_ E 1/2(‘,056
8t - h ny ' at N h no
We now assume that n; ~ ny, which gives
00, _ 00, a6
I
and
Ony _ _Om
ot ot
The current flow across the junction is
Ong ony
T = e
or
J = Josin§ = Josin(62 — 01) | (6.39)

The prefactor Jo is proportional to the coupling matrix element or the tunneling
probability of the pairs across the junction. An interesting feature of this result is
that there is a current flow across the junction in the absence of an applied voltage.
The current density lies between Jy and —Jg, depending upon the phase difference
62 — 91.

Let us now consider what happens when a small voltage V is applied across
the junction. As a result of this voltage, there is a net energy difference of 2 eV as
a Cooper pair crosses the junction. As a result, one side of the junction has an
energy of —eV and the other has an energy eV. These terms lead to the following
equations:

5}
ih% = Hiatpo — eV
ihda% = Hipzp1 + eV (6.40)
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Proceeding as we did for the V = 0 case we get

%1 = M mrsing; 52 = 21 in (6.41)

80, eV  Hip (m\Y* 80, eV  Hiz (n\'?
W—T—-h—<n—l> COS&, ot ——T R g cos é (642)

Once again, using n3 ~ ny, we get

8(0:—01) _ 86 _ 2V

ot ot “h

Upon integrating this equation, we get

6(1) = 6(0) - 222
The current across the junction is now
J = Josin (8(0) - eVt ) ' (6.43)
The current oscillates with a frequency
w= 2l (6.44)

This observation is used for precise measurement of £. If the applied voltage is
increased beyond a critical voltage, as shown in Fig. 6.17b, the current reverts to an
ohmic behavior, since the pairs are able to excite into the single-particle electronic
spectra where the transport is not by Cooper pairs.

The tunneling properties of Josephson junctions can be exploited, along
with the use of magnetic fields, to produce low-power digital logic devices and
extremely sensitive magnetic field measurement instruments. These applications
are discussed in Appendix C.
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In quantum mechanics, when particles are
treated as waves, they can traverse through
regions where their energy is less than the
pétential energy. Their trajectories are
completely different from what one expects
from classical physics.

Tunneling as a stationary
state problem

particles. Physically, the time-independent
problem corresponds to a constant flux of
particles in space. A number of analytical
and numerical approaches have been
developed to solve such problems.

Tunneling of particles has many important
applications in technology. These include: i
» Scanning tunneling microscopes for studying |
precise positions of atoms on a surface.

* Producing low-resistance ohmic contacts for
semiconductor devices.

* Tunnel diodes for microwave applications. |
* Field emission devices. .
* Radioacitve materials for medical and
anthropological uses.

Tunneling through multiple
barriers .

Summary table.

When particles tunnel through multiple

barriers, the tunneling probability has strong
resonances as a function of particle energy.
This concept is exploited in a number of
devices.
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MAGIC OF TECHNOLOGY

e A biologist is developing a model to understand how cockroaches move through
the sewer system. For some reason the scientist does not want to spend the next
few months with these critters. Technology comes to the rescue. The world’s most
adaptable creatures are injected with a dye, which sends out signals that can be
tracked from the streets above.

e Children playing in a lush forest somewhere in Africa come across a strange
jawbone of an animal. They have seen nothing like this before and start to use it as
a pretend weapon. A passing paleontologist sees them at play and asks to borrow
the bone. A few days later a worldwide press release announces: JA WBONE CF A
20 MILLION YEAR OLD DINOSAUR DISCOVERED.

e A high-density semiconductor memory manufacturing plant has developed a new
ozidation process that will be used for gigabit memory chips. However, the engineers
find that the yield of the process is extremely low. A team of researchers starts to
look at the precise arrangement of silicon and oxygen atoms on the surface using
a scanning tunneling microscope. They discover that whenever the starting silicon
atoms are bunched up in a certain way the process fails. This causes the engineers
to be more precise in preparing their wafers and the yield shoots up.

e A high-precision machine tool company is developing advanced materials for ball
bearings that don’t wear out so soon. Special ball bearings are prepared with a
built-in diagnostic tool. As microscopic wear occurs in the bearings during use; a
signal is sent out giving the exact level of degradation.

e Scientists at a research institute are following a promising lead to attack cancerous
cells individually. They have developed a homing molecule which goes and binds
itself to the offending cells. On top of this molecule the researchers manage to place
an armed atom with a zap-gun! Once the homing molecule attaches to the cancerous
cell, the zap-gun kills the cell.

In other institutes, scientists are developing tracer techniques to study com-
plex biological reactions, blood flow through damaged arteries, and thyroid disor-
ders. Similar techniques are being exploited by chemical companies, agriculsure
scientists, anthropologists, etc.
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Decay of Black Holes

Once inside the event horizon, nothing—not even light —can escape the grav- —
itational pull ol a black hole.” That was the view held undil 1971, when the
brillhiant British astrophysicist Stephen Hawking proposed that black holes are
indeed radiznt objects, emitting a variety of particles by i mechanism involving =
wnneling through the (gravitadonal) potential barrier surrounding the black
hole. The thickness of (his barricer is proportional (o the size of the black hole,

5A briel introduction to black holes is found i Clifford WAL s essiy “The Renissance of General
Relativity™, p. 50

Stephen Wo Hawking (1942—

), o British astrophysicist,
has made major contributions
to problems in cosm()l()gy, in-
cluding the theory of black
holes. (MMP/ Manni Mason s
Picticres)

For readable accounts of tunneling from black holes, s&z_
S. W. Hawking, “The Quantum Mechanics of Bia?};
Holes,” Sci. Am., January 1977, pp. 34~40; and J. D. BCCR;J'
enstein, “Black-hole Thermodynamics,” Phys. Today,']ﬂ_?;_
uary 1980, pp. 24-31. The second title is somewhat mor&
advanced, and contains additional references.

so that the likelihood of i tunnceling event initialls may be extremely small. Ag =
the black hole emits particles, however, its mass and size steadih (Iccrc;lse,

making it casier for more particles to tunnef out In this wav emission continues

atan ever increasing rate, untl evenually the black h()l(? 1‘;1(1'1;11(':\' itsell out of - —
existence in an explosive climax! Thus, Hawking's scenavio leads inexorably o B
the decav and eventual demise of any black hole. Calculations indicate that g

black hole with the mass of our Sun would strvive against decay by tunneling

tor about 100 vears. On the other hand, a black hole with the mass ot only a o
billion tons and roughly the size ol a proton (such mini black holes are believed
to have been formed just alter the Big Bang origin of the Universe) should
have almost completely evaporated in the 10 billion yvears that have clapsed -
since the time of creation.
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- In ammonia , Lhe [ émc_ézdrfjczz nuclei are at the I
—Corners _of an cquilateral triangle , with the nitrogen
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— metric position (shown in dashed ammonia molecule. The nitrogen can N
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Assume  the nitrogen atom possesses the minimum en erg S
of .vfér.aﬁmégfﬁ‘ﬁw. o,

There arc%ﬂr_.damj:ﬂ/g_ _ﬁmm_dgimmed_é#(x) =£

The pair _closesel  to X =0 _[.r located at x=2(a-A)

with A = A -
Mw
- fé.c_fmncl@_[gtyrgl_a_%matﬂfc Gboul X =0 _ and can

-  be written as o
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B — 4__ _a A 4 — 3 Jx = ——
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- With t__ﬁ_.i.r_tz;r v rough &fﬁmg,t&,__fé;? _re.ra[ t _/az'rc.r a
S _reasonable result. . .

BrIAEXBRYER (MM MBARE4HE



3

“ih: H-7/

LR A

- This fr@(&m

can be .roémd_év_.r_a Zm‘g z‘éc_JcAma_’{/yer

e ?ua_fz'a/?.

WL

g

(b)

Pctential Potential

(a) The wave

.
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functions for the nitrogen nucleus in ammonia in either of the two stable positions (poten-

tial-energy minima) if there were no mixing of the two due to tunneling. Tunneling implies that the wave functions

with fixed energies are (b) the symmetric (even) superposition of the two wave functions in (a) or (c) the antisymmetric
(odd) superposition of the two wave functions in (a).

Y =gy .
. b = A Cg-gy o

< £ from the connideration of he node

: Both £ ,-__an.d £ are less than VC(O)
- n — e ~—i£t4
2 A N X Sy N Bk

If A, , A _.a.;e_ determined by the ¢ m:emmf_ééaii
7'/_, /%&ﬂgﬂz s on the right side K o
then  W(x t) can be calculated at all later time.

In aq .com/mter .[QzLulaﬁ_m_/_éL _the ammonia ,p.mé[em_ L we
Jee  the nitro may ap sear al Jome laler time. S
= tunneling has occuréd. =~
=  the oicillat ng fc_y_gmgy can be calculated.
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(a) The nonstationary state formed from the superposition of the ground
and first excited states represents the nitrogen atom initially localized in the right-side
compartment of the double oscillator well. (b) Some time later, the nonstationary state

of Figure 6.18a reassembles in the leftside compartment of the double oscillator well

indicating the nitrogen atom is now on the opposite side of the basal plane: the molecule

has undergone inversion.

Since the tlopping frequency is in the microwave range, the annmonia mol-

ecule can serve as an amplitier for microwave radiation. The ammonia maser

operaLes on l|~ns pnngplc. Because ol the small energy dillerence between the
groun(l and irst excited states of (he ammonia molecule, ammonia vapor at
room temperature has roughly equal numbers of molecules in both states. Hav-
ing opposite clectric dipole moments, these states are casily separated by pass-
ing the vapor through a nonuniform electric fickd. In this way, ammonia vapor
can be produced with the unusually large concentrations of excited molecules
needed o creaie the population inversion necessary for maser operation. A spon-
maneous deexcitaion to the ground state of one molecule releases a (miero-
wave) photon, which, in turn, induces other molecules to deexcite. The re-
sult—much like a chain reaction—produces a photon cascade: an intense
purst of coherent microwave radiation. The operation ol masers and lasers is

discussedd in more detail in [a,tgr C/]@t&ﬂf
7/

The N atom is bound 1o the molecule. so

- r states lie well below the centr: 1 )
= . : ral maximum of -

the potential. The central maximum presents a barrier to the N atoms in the lower

;lules through which they slowly tunnel back and forth."” The oscillation frequency
F' Ture G- 15 {re SYETY ) H

%uu' 6 3]1).. This frequency is quite low compared with those of most molecular
7 2 q . Yl . . > 1 i . )
\hl rations. a 1.acl that allowed the N atom tunneling frequency in NH; to be used as
the standard in the first atomic clocks, devices that now provide the worlds stan-
dard for precision timekeeping. L

91 1wy, g
2.3786 X 10" Hz when the atom in the state characterized by the energy £, in -
L=F i
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Electrons in free space

» Electrons have an energy £ = gﬂé +Vp
Mo

= » Density of states define the number of allowed =s———
solutions (or energy levels) per unit volume per unit
energy. Density of states is a very important concept N -
and is dependent on the dimensions of the system. - —
[ I = —
Electrons in a periodic —1 «The wavefunction has a plane wave-like behavior
potential W~ e where uy is periodic.
TR IR TR e * The energy of the electron is not continuous. a
Allowed energy bands are separated by bandgaps.

| A new parameter k is introduced. For most
purposes, hk acts as a momentum of the electron
[ inside the crystal.

P e A e e W P YT R S, == T = SmeTR—y e e+ p geere]

Crystalline structures » Perfect periodicity exists in the arrangement of
| atoms or molecules—produced by placing a basis —
e on lattice sites.

Crystalline semiconductors | —1 ¢ Semiconductors such as Si, Ge and C have a
diamond structure with an underlying fcc lattice.

* Semiconductors such as GaAs and InAs have a
zinc blende structure with an underlying fcc lattice.

Ferroelectric crystals —1  » Such crystals have a built-in electric dipole due to
the arrangement of positively and negatively N ————
charged atoms in the structure.

Summary Lable
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Kronig-Penney model for
bandstructure

PRt s i e 2

A simple model for electronic properties in a
periodic structure. The outcome of this model is:
* There are a series of allowed energy bands
separated by bandgaps.

* Electrons cannot have energies in the bandgap
region.

e e e

s T T e

Insulators, semiconduciors,

and metals

« If, at 0 K, the highest occupied band is filled
completely and the next band (separated by a
bandgap) is completely empty, a semiconductor
or insulator results.

* I the highest band is partially filled, a metal
results.

e

G i T

Valence and conduction
bands

B e e

Summary table.

* The highest occupied band in a semiconductor at
0 Kis called the valence band.

* A completely filled band cannot carry any currant,
s0 the conductivity of a pure semiconductor. at 0 K
is zero.
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Yacuum enargy
| Elactron
Work  affinity
. furietion ;!I Conduction band
A,
— 7
i Eg. Bandgap
' i A I Valence band
= [ErrEr—=a == Corg level
: — ===z Core level
—
= it Highest occupied Higheast occupied band
band is partially filled is completely filled

) Figure 4.19: A schematic description of electron occupation of the bands in a metal
and semiconductor (or insulator). In a metal, the highest occupied band at 0 K is partially

|
|
filled with clectrons. Also shown is the metal work function, In a semiconductor at 0 K, the |

highest occupied band is completely filled with electrons and the next band is completely |

empty. The separation between the two bands is the bandgap £,. The clectron aflinity I
and work function are also shown.
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QMOBILE CARRIERS IN METALS AND SEMICONDUCTORS )

METALS
EV{I(.‘
T Eg r
Ec Electrons in the

conduction band
can carry current

ENERGY

[t

——
(a)

SEMICONDUCTORS
&

Vi

I
Electrons in the
Ep II conduction hand
{density, n carry curment
L

¥ ¥ +\f: .
Haoles i the valence |
band { density, p)

\ camy current |

Valence band

—

l_' Mobile carrier density
[ =n+p

ENERGY

N

)]

Figure 4.27: (a) A schematic showing mobile carricr (capable of carrying current) in
metals; (b) In semiconductor, only clectrons tn the conduction band holes in the valne
band can carry current.

INTRINSIC CARRIER CONCENTRATION

[rom our discussion on metals and semiconductors we see that in a metal, current
flows because of the electrons present in the highest (partially) filled band. This
is shown schematically in Fig. 4.27a. The density of such electrons is very high
(~ 10%* cm™3). In a semiconductor, on the other hand, no current fows if the
valence band is filled with electrons and the conduction band is empty of electrons.
However, if somehow empty states or holes are created in the valence band by
removing electrons, current can flow through the holes. Similarly, if electrons are
placed in the conduction band, these electrons can carry current. This is shown
schematically in Fig. 4.27b. If the density of electrons in the conduction band is n
and that of the holes in the valence band is p, the total mobile carrier density is
n+p.

How do holes appear in the valence band and how do electrons occupy the
conduction band? In a pure semiconductor, at finite temperatures the thermal en-
ergy of the crystal knocks some electrons from the valence band into the conduction

DU aEARYERFIHMATLER
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band. When this happens, an electron-hole pair is produced. In the pure semicon-

ductor, the electron density is equal to the hole density and is denoted by n; and
Pi, the subscript ¢ standing for intrinsic. It is also possible to create holes in the

valence band and electrons in the conduction band by using impurity atoms with

special properties. This process is called doping, and we will discuss this in the next
chapter. — 3 B

N(E)

EV
7 ff (If(E)) N(E) dE
-0 T~

- < E,—>

Figure 4.28: A schematic of the density of states of the conduction and valence.banc!. bN:
S and N, are the electron and hole density of states. Also shown is the Fermi function giving
the occupation probability for the electrons. The resulting electron and hole caucent:_ai.mns
are shown. For an imtrinsic semiconductor m = p, since each electron produced in the

conduction band leaves behind a hole in the valence band.
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Paul K. Hansma

Departnent of Physics,

Uriversity of Calrfori,

he basic idea of quantum mechanics, that particles have properties ol waves and
vice versa, is among the strangest found anywhere in science, Because of this
strangeness, and because quantum mechanics mostly deals with the very small, it
might scem to have littde practica application. As we will show in this essay, however,
one of the basic phenomena ol quantum mechanics—the wnneling of particles—is at
the heart of a very practical device that is one of the most powerful microscopes cver
buill. This device. the scanning tuneling micvoscope or STM. enables physicists 10 make
highly detailed images of surfaces with resolwion comparable (o the size obw single atom.
Such images promise to revolutionize our understanding of structures and processes on
the atomic scale
Belore discussing how the STM works, we first look ata sample ol what the STM can

do. An image made by ascanning tumneling microscope ol the surface of a piece ol gold

is shown in Figure T You can casily see that the surface is not uniformly flat, butis a

Figurc 1 Scanning tunneling nucroscope image ol the surface ol enastalline gul(l Suc-
CONSIVE SCITES e ;ll)])l'n\im;ll(‘l\ ED A apars The hgue is from Go Bivnig, HL Rohreb
Cli Gerber, and Vo Stoll, Swurgace Sco, TEESZ T TURY
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Figure 2 One design for a scanning tanmeling nicroscope (SEM). The sample (o be
studicd is mounted on acplate in the ovlindrical disle The probe extends beneath the
lett wripod. The micrometer attached 1o the spring is used 1o position the sample.

series ol terraces separated by steps that are only one atom high. Gentle corrugations
can be seen in the terraces, caused by subtle rearrangements ol the gold awoms

What makes the STM so remarkable is the tineness of the detail that can he seen in
images such as Figure L The sesoludion in this image—that s, the size ol the smalles
detail that can be discerned—is about 2 A (2 < 1010, Foran ordinary microscope,
the resoluton is Himited by the wavelength of the waves used to make the image, Thus
an optical microscope has o resolution of no better than 2000 A, about hall the wave-
length of visible light, and so could never show the detil displayed in Figure 1, Electron
microscopes can have a resolution of 2 A by using clectron waves ol wavelength Ao
shorter. From the de Broglic formula A = S pothe electron momentum prequired to
give this wavelength is 3100 ¢V/ e, corresponding 1o an clectron speed v = p/m. =
L8 X 108 m/s. Electrons traveling a this high speed would pencetrate into the interior
of the picce of gold in Figure 1, and so would give no inlormation about individual
surface atoms

The image in Figrre 1was made by Gerd Binnig, Heinrich Rohrer, and collaborators
atthe IBM Research Laboratory in Zurich, Switzerfand. Binnig and Rohrer invented the
STM and shared the 1986 Nobel prize in physics for their work. Such is the importance
of this device that unlike most Nobel prizes, which come decades alter the original work,
Binnig and Rohrer received their Nobel prize just six vears after their [irst experiments
with an STM.

One design for an STM is shown in Figure 2. The basic idea behind its operation s
very Simple, as shown in Figure 3. A conducting probe with a very sharp tip is brought
ear the surface to be studied. Because it is atracted to the positive ions in the surface,

FUNNELING MICROSCOPL 24
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|
Naterinl

| Iy St
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Figure 3 (1) The

tion ol an clectron in the surface

wavelune-

of the material to be studied
The wavefuncuon extends be-
vond the surface into the empty
region. () The sharp tp ol a
conducting probe is  brought
close o the surface. The wave-
function of a surtace clectron
penetrates into the tp. so that
the electron can “tunnel” from
surtace to tip. Compare this lig-
ure to Figure 6.2a.
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an electron in the surface has a lower total energy than would an electron in the empty -

space between surface and tip. The same thing is true for an electron in the tip. In §9 bet

classical Newtonian mechanics, electrons could not move between the surface and tip cur

because they would lack the energy to escape either material. But because the electrons oyp

obey quantum mechanics, they can “tunnel” across the barrier of empty space between cur

the surface and the tip. Let us explore the operation of the STM in terms of the discus- ' cre.

sion of wnneling in Section 6.1. bey

For an electron in the apparatus of Figures 2 and 3, a plot ol the energy as a function 3 Lis

of position would look like Figure 6.2b. The horizontal coordinate in this figure repre- is st

sents clectron position. Now L is to be interpreted as the distance bewwveen the surface ; In

and the tip, so that coordinates less than 0 refer to positions inside the surface material ' apr
and coordinates greater than L refer 1o positions inside the tp. The barrier height :

U= ¢¢ is the potential energy difference benween an electron outside the material and . pla:

an clectron in the material. That is, an electron in the surlace or tip has potential energy . an

— Ucompared with one in vacuum. (We are assuming for the moment that the surface p onl

and tip are made of the same material. We will comment on this assumption shortly.) L mig

The kinetic energy of an clectron in the surface is £so that an amount of energy cqual pase €as

to (U= £) must be given to an electron to remove it from the surface. Thus (U - E) is e san

: the work function ol an electron in the surface, . cal!

BTy For the potential energy curve of Figure 6.2b, one could expect as much tunneling : rer
from the surface into the tp as in the opposite direction. In an STM, the direction .

which clectrons tend 10 cross the barricr is controlled by applying a voltage between the ur

surface and the dp. With preferential tnneling from the surlace into the tip, the tip : isf

oo samples the distribution of clectrons in and above the surface. Because of this “bias” : S

voltage, the work functions of surface and tip are different, giving a preferred direction
of winneling. This is also automatically the case if the surface and tp are made of dif-
ferent nuuerials, n addition, the wp of the barrier in Figure 6.2b will not be flat but
will be tilted w reflect the electrie field between the surface and the tip. 1 the barrier 3 {4
energy Uls large compared with the difference between the surface and tip work fune- '
tons, however, and if the bias voltage is small compared with ¢ = U/¢. we can ignore

these complications in our calculations. Then all the results for a square barrier given
in Section 6.1 may be applied to an STM. Detailed discussions of the effects that result
when these complications are incuded can be found in the article by LK Hansma and
J. Tersoff and in the Nobel prize lecture of Binnig and Rohirer (see Suggestons for b

A

Further Reading) a)
The characteristic scale of length for tinneling is set by the work lunction (U = E).
For o typical value (U — £) = 4.0 eV, this scale of Iength is

L

5 — i B he
2m (U= F)  2mec2(U = L)
1.978 keV-A

= 008A=1.0A
V21T keV) (4.0 X 1077 Kel)

Schematic view

The probability that a given clectron will tunnel across the barrier s just the transimission

One scan

cocfficient 7' (Equation 6.9). 1f the separation L between surface and tip is not small
compared with 8, then the barrier is “wide™ and we can use the approximate result of
Problem 5 for 77 The current of clectrons tunneling across the barrier is simply pro-
portional to 7. The wunneling current density can be shown to be

Dy

-

- Jar2L.5h ‘

* Multiple scans

=LY

In this expression ¢ is the charge of the clectron and Vs the bias voltage hetween

surface and tp
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Cempiy We can see from this expression that the STM IS very sensitive 1o the separanon /
Hp G between tpand survtace. This is because ol the exponential dependence ol the tinneling

wmd tip currenton £octas is much more important than the | Ldependence). Aswe saw cardier,

DT ypically 8 = L0 A Henee increasing the distanee by just 0.01 A causes the tunneling

current 1o he multiplicd by o fctor ¢ 2000 G0N = 0 98 that is, the carent de-

creases by 290 —a change that is measurable, For distince £ greater than 1O\ tihat s,

elhween
- discus- ) Sl J ) ) L
bevond atew aomic diumerersic essentially no nneling takes place, This sensitivity 1o

wncton L is the basis of the operation ol the STNM: monitoring the tinneling current as the tip

¢ repre- is scanned over the surfiace gives asensitive measure of the topography ol the sln[;u &
In this wav the STM can measure the heighe of surface Teatures 1o within 0.0 A, o1

appmxim;llvl\ one one-hundredth of an omice diauneter

surlace
material e ‘ ' ) '
¢ height The STM also has excellent lateral resoluton, that s, resolution ol [eatures in the
dial and
lenergy

planc of the surface, This is because the tips used wre very sharp indeed, ivpically only
an atom ot two wide at their exireme end. Thus the tip samples the surfice electrons
surthce only in averviinv region approximately 2\ wide, and so can see"very line detail. You
shorty.)
oy equal A : _
p_ £) is sandpapery s enough to canse the tp aroms o rearmrange by themselves into an atomi-

might think that making such tips would be extremely difticult, butin Gt ics relativeh
easv sometmes just sharpening the ap on a tine grinding stone (or even with fine

callv shavp conliguration. (It vou fimd this swrprising vou're notalone. Binmg and Roh-

g
umeling y rer were 1o less surprised when they discovered this,)
«ton in “ There are two modes ol operation for the STNM, showir in Ficure 1 I the constant
ween the
), the tip
ns “bias”
lirection
le ol dif

current mode (Fig, 1) comvenient operating voltage (typically between 2 m\y and 2 V)
is first established benween surtace and tp. The dpis then hroughe close enougl to the

surface (o obtain measwrable tunneling cnvent. Fhetip s then scmned over the surtace

- flat but

« harrier (0 (0 ST A i e Y rmtamtiiiht ol Figure 4 Scanning tinneling microscopes can he op-
ork func- crited i either () the constant current mode or (hy the
W ignore Sl S constamt heighe mode. The images ol the sinface ol

ier given graphite were e by Richard Sonnenteld at the Uni-

hat result versity of Californiaca Santa Barbara  The constant height
wsima and

dtions for

mode was first used by A Brvane, DL P ED Smidh, and
Co 1 Quate, Appl Phys. Letr, 13:832, 1986
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CHAPTER 6

TUNNELING PHENOMENA

while the tunneling current 7 is measured. A feedback network changes the vertical
position of the tip. z, to keep the umneling current constant, thereby keeping the sep-
aration L between surface and tip constant. An image of the surface is made by plotting
zversus tateral position (x, v). The simplest scheme for ploting the image 1s shown in
the graph below the schematic view. The height zis plotted versus the scan position .
An image consists of multiple scans displaced laterallv from cach other in the ydirection,

The constant current imode wis historically the first o be used and has the advantage
that it can be used o rack surfaces thit are notatomically flat (as in Fig. 1), The feedback
newwork, however, reguires that the scanning be done relatively slowly, As a resull, the
sample being scanned must be held fixed in place for retatively long times 1o prevent
image distortion

Alernativelyin the constant height wode (1. 4b), the tp s scanned across the surlace
at constant voltage and nearly constant height while the cament is monitored. In this
case the Teedback newwork vesponds only rapidiv enough 1o keep the average current
constant, which means that the tp mamtains the saime average separation from the
strface. The hmage s then a plot of current [ oversus fateral position (x, v), as
shown i the graph below the schematic, Again, multiple scans along x wre displaved
Literally displaced in the y divection, The image shows the substantial variation of tun-
neling carventas the tp passes over surface features such as individual atoms

The constant height mode allows much faster scaming of atomically flat surfaces
(100 tmes faster than the constant carrent mode), since the tip does not have 1o be
moved up and down over the surtace “terrain.™ This fast scanning incans that making
an image ol wsurface requires only s short “exposure tme.” By making a sequence of
such images, rescarchers man be able o study inreal-time processes inwhich the surfaces
renange themselves—in effeer making an STM “movie.”

Individual atoms have heen imaged on aovaniens of sinfaces, incuding those ol so-
clled davered waterials in which atoms e natvrall aoranged mio two-dimensional lavers.
Figure b shows an (',\;nnplv-ni atoms on one of these Tivered mateyials, In this image it
is lascinating not only 1o see mdividual stoms, bat also o note thitt some atoms are
missing, Specificadly, there are three atoms missing from Figure 5. Can vou find the
placeswhere they belongr

Figure 5 Lnage of ioms oncasswrlace of antabum disalfide (TaSy) immersed in liquid
mtogen. Do = 10 " meter = TOA The igure is from Co Gl Sloagh, WoOW A Natrys
RN Coleman. B Drake and IO Flansia, Pins Bee B EO9 1 1986
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‘ces 3 Figure 6 Image ol a graphite clectrode inan clectrolyte used for silver plating. The
| be + figurce is from R, Sonnenteld and B, Schardt, Apple Phys. Lett, 19: 1172, TORG
\ng £
¢ of { ;
JXEES Another renmarkable aspect ol the STM image in Figure 5 s that it was obtained with P ]
the suntace and tp immersed in liquid nitrogen. We assumed earlier in chis essay that i
£'so- the space between the surtice and tp must be empty, but in fact clectron tunneling can g
MG take place not just through vacuum but also dhirough gases and liquids—cven water, e
set This scems very surprising since we think ol water, especially water with salts dissolved £
o BHE in it as aconductor, But water is only an onie conductor. For electrons, water behaves
e as an imsubtor just as vicuam behaves as an insulator, Thus electrons can flow through
water only by tunneling, which makes scanning tunneling microscopy possible “under
water.”
As an example, Figure 6 shows individual carbon atoms on a graphite surface. Tt was
obtained [or a surface immersed in a silver-plating solution, which is highly conductive Lt

for ions but behaves as an insulator tor clectrons. (The sides of the conducting probe
were sheathed with a nonconductor, so that the predominant current into the probe
comes [rom clectrons tunneling into the exposed tip. The design of STM used to make
this particular image is the one shown in Fig. 2.) Sonnenteld and Schardt observed atoms
on this graphite surlace hefore plating ivwith silver, alter “islands” of silver atoms were
plated onto the surface, and after the silver was clectrochemically stripped from the
surface. Their work illustrates the promise of the scanning wnneling microscope lor
seeing processes that take place on an atomic scale,

While the original STMs were onc-of-a-kind laboratory devices, commercial STMs
have recently become available. Figure 7 is an image of a graphite surface in air made
with such a commercial STM. Note the high quality of this image and the recognizable
rings of carbon atoms. You may be able to see that three of the six carbon atoms in each
ring appear lower than the other three. All six atoms are in fact at the same level, but
the three that appear lower are bonded to carbon atoms Iving dircctly beneath them in ]
the underlying atomic layer. The atoms in the surlace layer that appear higher do not s
lie directly over subsurface atoms, and hence are not bonded to carbon atoms beneath
i them. For the higher-appearing atoms, some of the electron density that would have 2
liquid ~ # been involved in bonding to atoms beneath the surface instead extends into the space 5

above the surface. This extra electron density makes these atoms appear higher in Figure
+Since what the STM maps is the topography of the electron distribution.




CHAPTER 6

TUNNELING PHENOMENA

Figure 7 Image of a graphite surface in air, obtained with a commercial STM: the

Nanoscope I from Digital Instruments m Goleta, California,

The availability of commercial instuments should speed the use of scanning tunnel-
ing microscopy in a varicty ol applications. These include characterizing clectrodes for
clectrochemisuy (while the electrode isstllin the clectrolytey-characterizing the rough-
ness ol surfaces, measuring the quality of optical gratings, and even imaging replicas of
biological strucuures.

Perhaps the most remarkable thing about the scanning tunneling microscope is that
its operation is based on o quantum mechanical 1)11(-11(nncn(m—umm:ling—lh;ll was
well understood in the 1920s, yet the STM itself wasn ' Cbuilt undil the T980s. What other
applications of quantum mechanics mav yet be waiting o be discovered?

Suggestions for Further Reading

G. Binnig, H. Rohrer, Ch. Gerber, and L Weibel, Phys. Rev, Lett. 49:57, 1982, The first
description of the operation of a scanning winneling microscope.,

G. Binnig and H. Rohrer, S Am., August 1985, p. H0. A popular description of (lie STM
and its applicatons,

C. F. Quate, Phys. Today, August 1986, p. 26. An overview of the field of scanning tun
neling microscopy, including insights into how it came 10 be developed.

P. K. Hansma and J. Tersolf, J. Appl. Phys. GLRT, 1987, A comprehensive review of the

“state of the art” in scanning wnneling microscopy.

Binnig and H. Rohrer, Rev, Mod, Phys. 59:615, 1987, The text of the fecune given on

the occasion ol thie presentation of the 1986 Nobel prize in physics,
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The Scanning Tunneling Microscope

A new kind of microscope reveals the structures of surfaces

atom by atom. The instrument’s versatility may extend to

investigarors in the fields of physics, chemistry and biology

by Gerd Binnig and Heinrich Rohrer

49 he surface was invented by

I the devil,” said the illustri-

» ous physicist Wolfgang Pauli.
Pauli’s frustration was based on the
simple fact that the surface of a solid
serves as the boundary between it and
the outer world. Whereas an atom
within a solid is surrounded by other
atoms, an atom at a surface can inter-
act only with other atoms on the sur-
face, with atoms beyond the surface or
with those immediately under it. The
properties of the surface of a solid
therefore differ radically from those of
the interior. For instance, to minimize
energy, surface atoms often arrange
themselves differently from the other
atoms in a solid. The resulting com-
plexities of surface structures have
long thwarted efforts to derive pre-
cise experimental and theoretical de-
scriptions of them.

At the IBM Zurich Research Labo-
ratory we have developed a device that
makes it possible to characterize in a
quantitative way such surface com-
plexities: the scanning tunneling mi-
croscope. Our microscope enables one
to “see” surfaces atom by atom. It can
even resolve features that are only
about a hundredth the size of an atom.
Such a tool has important implica-
tions, for example, in the microelec-
tronic industry. As the silicon chip,
which is the key element in computer
architecture, decreases in size its sur-
face area increases sharply in relation
to its volume. Therefore the surface
becomes increasingly important in the
chip’s operation and in its interactions
with other logic elements. The scan-
ning tunneling microscope will proba-
bly contribute to the understanding of
other physical, chemical and biologi-
cal phenomena as well.

Scanning tunneling microscopy is
the product of considerable evolution.
Microscopy appears to have begun in
the 15th century when simple magni-
fying glasses were made with which to
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observe insects. In the late 17th cen-
tury Antony van Leeuwenhoek devel-
oped the optical microscope, which
revealed the existence of single cells,
pathogenic agents and bacteria. Al-
though optical microscopy has de-
veloped into a sophisticated, versatile
technique, a physical limit hampers it:
the optical microscope cannol resolve
atomic structures. The reason is that
the average wavelength of visible light
is about 2,000 times‘greater than the
diameter of a typical atom, which is
about three angstrom units. (One ang-
strom unit is one ten-billionth of a me-
ter.) In other words, trying to probe
atomic structures with visible light is
like trying to find hairline cracks on a
tennis court by bouncing tennis balls
off its surface.

The first successful exploration of
atomic structures grew out of a basic
discovery of quantum mechanics. It is
that light and other kinds of energy
exhibit characteristics of both particles
and waves. In 1927 Clinton J. Davis-
son and Lester H. Germer of the Bell
Telephone Laboratories confirmed the
wave nature of the electron. They also
found that a high-energyelectron has a
shorter wavelength than a low-energy
electron. An electron of sufficient ener-
gy exhibits a wavelength comparable
to the diameter of an atom. This fact
led to the invention of the electron mi-
croscope. With electron microscopy
projections of atomic rows and even

atomic orbitals in thin crystalline films
have been observed.

Since the electron microscope has
such a high resolving power, why
was it necessary to develop a new kind
of microscope? Although electron mi-
croscopy has proved to be extremely
successful in observing the bulk fea-
tures of crystalline materials, it can-
not resolve surface structures except
under very special circumstances. A
high-speed electron penetrates deep
into matter and so reveals little of the
surface structure. A slow-moving elec-
tron is easily deflected by the charges
and the eleciric and magnetic fields of
the sample. In the 1950's Edwin W.
M iiller made some progress when he
invented the field-ion microscope, an
instrument that is highly sensitive to
surfaces. Unfortunately its range of
applicability is narrow: a sample must
sit on a fine needle tip that is only a few
angstroms wide and the sample must
be stable against the high electric
fields characteristic of the technique.
The principle of operation of the
scanning tunneling microscope makes
it possible to avoid these difficulties.
The main difference between the scan-
ning tunneling microscope and all oth-
er microscopes is that it uses no free
particles; consequently there is no need
for lenses and special light or electron
sources. Instead the bound electrons
already existing in the sample under

SCANNING TUNNELING MICROSCOPE has two stages, suspended from springs, that
nestle within a cylindrical stainless-steel frame. The innermost stage contains the micro-
scope mechanism. To achieve high-resolution images of surface structures the microscope
must be shielded from even such small vibrations as those caused by footsteps and sound.
The copper plates (attached to the bottom of the stainless-steel frame) and the magnets
(attached to the bottom of the inner and outer stages) damp vibrations. Any disturbance
causes the copper plates to move up and down in the field generated by the magnets. The
movement induces eddy currents in the plates. The interaction of the eddy currents with
the magnetic field retards the motion of the plates and hence the motion of the stages. For
work required in a vacuum a steel cover is placed over the outer frame of the microscope.
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TRIPOD (MADE OF
. PIEZOELECTRIC
STICKS)

VOLTAGE SOURCE FOR | @
PIEZOELECTRIC STICKS

MICROSCOPE DEVICE contains a sample and a scanning needle. Piezoelectric materi-
als, which expand or contract when voltage is applied to them, enable the device to resolve
features that are only about a hundredth the size of an atom. A piezoclectric drive positions
the sample on a horizontal metal plate. A piezoelectric tripod then sweeps the scanning
needle over the surface of the sample, simultaneously achieving high stability and precision.
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investigation serve as the exclusive
source of radiation.

To understand this principle imag-
ine that the electrons bound to the sur-
face of the sample are analogous to the
water of a lake locked in by the shore.
Just as some of the lake water seeps
into the surrounding land to form
groundwater, so some of the electrons
on the sample’s surface leak out and
form an electron cloud around the
sample. According to classical physics,
no electron cloud exists because reflec-
tion at the sharp boundaries of sur-
faces confines the particles. In quan-
tum mechanics, however, each elec-
tron behaves like a wave: its position is
“smeared out.” This accounts for the
existence of electrons beyond the sur-
face of matter. The probability of find-
ing an electron beyond the surface of a
conductor falls rapidly, in fact expo-
nentially, with distance from the sur-
face. Since the electrons appear to be
digging tunnels beyond the surface
boundary, the effect is traditionally
known as tunneling.

The first experimental verification
of tunneling was made about a quarter
of a century ago by Ivar Giaever of the
General Electric Company. A thin,
rigid insulating layer was used to sepa-
rate two metal plates called electrodes.
The gap between the electrodes was
small enough to allow the electron
clouds associated with the electrodes
to overlap slightly. A potential differ-
ence between the electrodes, induced
by applying voltage to them, causes
electrons to flow from one electrode
to the other through the overlapping
clouds. The flow is analogous to the
flow of groundwater between two ad-
jacent lakes when one lake is higher
than the other.

e built our scanning tunneling

microscope by making a few ba-
sic changes in the standard tunnel-
ing configuration. First we replaced
one of the electrodes with the sample
we wanted to investigate. Then we
replaced the other electrode with a
sharp, needlelike probe. Finally we re-
placed the rigid insulating layer with a
nonrigid insulator such as liquid, gas
or vacuum so that we could scan the
needle tip along the contours of the
sample’s surface.

To scan the surface we push the tip
toward the sample until the electron
clouds of each gently touch. The appli-
cation of a voltage between the tip and
the sample causes electrons to flow
through a narrow channel in the elec-
tron clouds. This flow is called the tun-
neling current. Since the density of an
electron cloud falls exponentially with
distance, the tunneling current is ex-




tremely sensitive to the distance be-
tween the tip and the surface. A change
in the distance by an amount equal to
the diameter of a single atom causes
the tunneling current to change by a
factor of as much as 1,000.

We exploit the sensitivity of the tun-
neling current to produce exquisitely
precise measurements of the vertical
positions of the atoms on the sample’s
surface. As the tip is swept across the
surface a feedback mechanism senses
the tunneling current and maintains
the tip at a constant height above the
surface atoms. In this way the tip fol-
lows the contours of the surface. The
motion of the tip is read and processed
by a computer and displayed on a
screen or a plotter. By sweeping the tip
through a pattern of parallel lines a
three-dimensional image of the sur-
face is obtained. A distance of 10 cen-
timeters on the image represents a dis-
tance of 10 angstroms on the surface:
a magnification of 100 million.

How is it possible to move the nee-

dle over a sample while maintain-
ing a gap between the tip and the sur-
face that is less than 10 angstroms and
achieve a stability and precision that is
better than .1 angstrom? First, the mi-
croscope must be shielded from vibra-
tions such as those caused by sound in
the air and by people walking around
in a building. Second, the drives of the
needle must be highly precise. Finally,
the tip must be as sharp as the limits of
rigidity and stability allow.

Two stages, or sections, suspended
from springs, nestle within the stain-
less-steel cylindrical frame of the mi-
croscope and protect the tunneling gap
from vibration. Both stages, triangular
in cross section, are made of glassrods.
The second stage slips into the first
stage, from which it is suspended by
three springs. The first stage in turn is
suspended from the outer frame, also
by three springs. The second stage car-
ries the heart of the microscope: it con-
tains both the sample and the scan-
ning needle.

When the entire microscope sits in a
vacuum, air resistance is minimal and
the first and second stages could, if
they were disturbed, bounce up and
down almost indefinitely. To stop this
motion we rely on the phenomenon of
eddy-current damping. We let copper
plates attached to the bottom of the
first and second stages slide between
magnets attached to the outer frame.
As each plate slides up and down,
the magnetic field causes the conduct-
ing electrons of the copper to move
around, inducing a so-called eddy cur-
rent. The reaction between the eddy
current and the magnetic field retards

ELECTRONICS

I

_ELECTRON CLOUD

SURFACE OF SAMPLE

COMPUTER SCREEN

SCANNING NEEDLE TIP

[
ELECTRON TUNNELING is the phenomenon that underlies the operation of the micro-
scope. An electron cloud occupies the space between the surface of the sample and the nee-
dle tip (hottom). The cloud is a consequence of the indeterminacy of the electron’s location
(a result of its wavelike properties); because the electron is “smeared out,” there is a proba-
bility that it ean lie beyond the surface boundary of a conductor. The density of the clectron
cloud decreases exponentially with distance. A voltage-induced flow of electrons through
the cloud is therefore extremely sensitive to the distance between the surface and the tip.
As the tip is swept across the surface a feedback mechanism senses the flow (called the tun-
neling current) and holds constant the height of the tip above the surface atoms (rop). In
this manner the tip follows the contours of the surface. The motion of the tip is read and
processed by a computer and displayed on a screen or a plotier. Sweeping the tip through a
pattern of parallel lines yields a high-resolution, three-dimensional image of the surface.

the motion of the plate and thereby
protects the microscope from even the
smallest vibrations.

- Once the gross vibrations have been
stopped the sample can be positioned.
This is done with a specially devel-
oped drive that carries the sample
across a horizontal metal plate on the
second stage. The body of the drive
consists of a slab of piezoelectric mate-
rial that expands or contracts when
voltage is applied. The drive has three
metallic feet, arranged in triangular
fashion, that are coated with a thin lay-
er of insulating material. They can be
clamped to the metal plate by estab-
lishing a voltage between them and the
metal plate.

We move the drive in the follow-
ing manner. Suppose, for instance, we
clamp only one foot and apply a volt-
age to the piezoelectric body so that
it contracts. The other two feet will
move slightly. We then clamp those
two feet, release the third foot and re-
move the applied voltage so that the

body expands back to its original size.
The drive has just moved one step. The
step width can be varied between 100
and 1,000 angstroms. Since the drive
can rotate about each of its feet, it
can walk along the plate in any de-
sired direction.

When the drive has carried the sam-
ple to the wanted tunneling position,
we begin scanning the surface of the
sample. We use a rigid tripod made of
three piezoelectric sticks to move the
tip of the scanning needle. When we
apply a voltage to expand or contract
one of the sticks, the other two bend
slightly. Consequently the tip moves in
a straight line over distances as great as
10,000 angstroms. Furthermore, this
motion is quite sensitive to the magni-
tude of the applied voltage: a voltage
on the order of .1 volt results in a mo-
tion of 1.0 angstrom. The precision of
the tripod’s drive is so good that at
present only vibration limits the verti-
cal resolution of the sample’s surface.
This resolution at present is in the

43




range of approximately a few hun-
dredths of an angstrom.

The lateral resolution of the surface
is limited by the sharpness of the tip. In
this instance nature has been kind to
the vacuum tunneler. It is relatively
easy to make a sharp tip that yields a
lateral resolution of about six to 12
angstroms: one simply grinds the end
of a needle, which is usually made of
tungsten.

To achieve a lateral resolution of
two angstroms, however, the needle
must have a single atom sitting secure-
ly on top of its tip. Such an atom
usually comes from the sample itself.
It is dislodged by high electric fields
that are caused by applying a voltage
difference of from two to 10 volts be-
tween the sample and the tip. Since
luck plays a large role in the final stage,
we are trying to sharpen the tip by
bombarding it with a high-energy
beam of ions. This causes the atoms on
the surface to sputter away in a highly
controlled manner.

n addition to delineating the atom-

ic topography of a surface, the
scanning tunneling microscope reveals
atomic composition. The tunneling
current depends both on the tunnel
distance and the electronic structure
of the surface and on the fact that

each atomic element has an electronic
structure uniquely its own.

The ability of the microscope to re-
solve both topography and electronic
structure will make it useful to investi-
gators in physics, chemistry and biolo-
gy. We first pursued the simplest case:
the topographic structures of single
crystals characterized by a homoge-
neous surface structure. Crystals con-
sist of identical atomic layers built
one on top of another. While results
from scattering experiments indicate
that the top layer is different from and
more complex than the others, the pre-
cise structure of this layer was hard
to determine.

The best-known surface structure 1s
the diamond-shaped unit cell of sili-
con. Since each of the four edges of the
cell measures seven atomic spacings,
the cell is referred to as the 7-by-7.
Each 7-by-7 contains 12 bumps that
have not been visualized before. Each
bump apparently corresponds to a sin-
gle atom. The arrangement of the sur-
face atoms is, although aesthetically
pleasing, quite complex. This is in con-
trast to the relatively simple structure
of any bulk layer found in silicon. Its
unit cell, 49 times smaller in area than
the 7-by-7, contains only two atoms.
Another great difference between the
two kinds of layers is that the surface

layer is much rougher than any bulk
layer. Although the surface pattern is
now known and a vast amount of in-
formation about it has been gained
from other experiments, the reason
this and not a different structure forms
is not yet understood.

Another crystal whose surface struc-
ture is now better understood is the
gold crystal. We found that when we
cut the crystal in a direction parallel to
its atomic layers, the resulting face is
smooth. A cut in a direction diagonal
to the atomic layers results in a rough-
er face. Just as one learns from study-
ing the earth’s crust how it was formed
millions of years ago, so we have
learned from studying these surfaces
how they took shape. Current theories
reveal that the diagonally cut surface
assumes its jagged nature because such
a configuration has a lower energy and
is consequently stabler than a smooth
configuration.

A more exotic branch of physics, the
study of superconductivity, has also
benefited from the application of scan-
ning tunneling microscopy. A super-
conducting material is characterized
by its complete lack of electrical resis-
tance. The use of superconductors to
make cables-that are free from power
losses could save enormous amounts
of energy. The colliding-beam acceler-

S(-IRFACE OF SILICON as disclosed by the scanning tunneling
microscope consists of a pattern of diamond-shaped unit cells. Each
:.ell measures 27 angstrom units (one angstrom unit is one ten-bil-
ionth of a meter) on a side. The cell is called the 7-by-7 because
:ach side measures seven atomic units. Each 7-by-7 contains 12

e

bumps that are arranged in two groups of six. The bumps, which
have never before been resolved, apparently correspond to the sur-
faces of individual atoms. They stand as much as 1.3 angstroms
above the rest of the surface. The image was formed by applying a
voltage so that electrons flowed from the needle tip to the surface.




tor at Fermilab uses superconduct-
ing magnets to achieve high magnetic
ields while saving energy. There 1s a
-atch, however. Superconductivity is
only known to occur in some conduc-
lors that have been chilled below a
critical temperature, typically a few
degrees above absolute zero (—273 de-
crees Celsius).

A group of Stanford University in-
vestigators led by Calvin F. Quate has
developed a scanning tunneling micro-
scope that operates effectively at low
temperatures. The workers first used
their microscope to map the electron-
ic structure of the surfaces of several
conductors atroom temperature. Then
they chilled the conductors below the
critical temperature of each and re-
corded the changes in electronic struc-
ture. The group can now document the
growth of regions of superconductivi-
ty on surfaces.

The scanning tunneling microscope
has also led to new understanding
of certain chemical interactions. Our
group has now observed on an atomic
scale the adsorption of oxygen by nick-
¢l [see illustration at righf]. Our finding
confirms the results from earlier scat-
iering experiments: The spacing of the
oxygen atoms bound to the nickel sur-
face varies according to direction. In
particular, oxygen atoms that lie in one
specific direction, designated [001], are
separated by one lattice spacing, or the
distance between two adjacent nickel
atoms in that direction. Oxygen atoms
that lie in another direction, designat-
ed [170], are separated by two or five
lattice spacings but never by one, three
or four. We suspect that some kind of
screening effect between the electric
charges of the nickel and oxygen at-
oms is responsible for the anomaly,
but more investigation is needed to de-
termine the actual details of the physi-
cal interaction.

11 the applications we have so far
g discussed have hinged on the abil-
ity of the microscope to detect struc-
tures whose dimensions are measured
in mere fractions of an angstrom. Such
high resolution is not always neces-
sary. Even where the resolution of the
scanning tunneling microscope is no
better than some tens of angstroms, we
expect on the basis of previous results
that it will yield novel information and
stimulate significant progress. In par-
ticular the possibility of operating the
scanning tunneling microscope in air
at ordinary pressure will in many ap-
plications more than compensate for
any loss in resolution.

One such application is found in the
study of friction. In order to minimize
friction energy losses, investigators are
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3.5 ANGSTROMS

OXYGEN ADSORBED ON NICKEL (top) is observed on an atomic scale. The oxygen
atoms (color) are 3.5 angstroms apart in one direction, designated [00'1], and 5.0 ang-
stroms apart in the other, [110]. The face-centered cubic model of the mck_el crystfxl (bot-
tom) suggests the reason. The geometry of the model dictates that if the lattice spacing be-
tween two adjacent nickel atoms in the [001] direction is 3.5 angstroms, the spacing in the
[170] direction must be 2.5 angstroms. The electronic repulsion between two oxygen at-
oms is too great, however, to allow them to rest stably at lattice poinis separated by a mere
2.5 angstroms. Therefore oxygen atoms lying along the [170] direction must be separated
by at least two lattice spacings, which corresponds to the observed 5 .O-nngsh‘om distance.
Separations of five lattice spacings are som climes seen, but never separations of three or
four. Additional investigation may yet disclose the underlying reasons for the anomaly.
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interested in learning more about the
structure and causes of surface rough-
ness of industrial materials. Recent
studies suggest that the scanning tun-
neling microscope is ideally suited to
the required work.

Our microscope has also demon-
strated its usefulness in biology, even
though at present it can achieve lateral
resolutions of only 10 angstroms. In
this case the relatively poor resolving
power of the microscope is more than
compensated for by its ability to pro-
vide a direct and nondestructive meth-
od of viewing biological samples.

Other microscopes in some sense
partially destroy the samples on which
they have been focused. In standard
electron microscopy, for instance,
samples must be coated with a thin
layer of metal and, because they must
be studied in a vacuum, they dry out.
Since water molecules are an impor-
tant part of biological substances, this
might change the samples in an unde-
sirable—and uncontrollable—way. In
the scanning tunneling microscope

COLLAR OF VIRUS PHI 29 connects the head of the virus to its
tail. Raw, unprocessed electron micrographs such as this one have
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water can even be used as the insulat-
ing layer between the sample and the
probing needle. (Water is a relatively
poor conductor unless it contains ions
such as those formed when sodium
chloride dissolves in it) Exploiting
the sensitivity of the scanning tunnel-
ing microscope, we have, with the help
of E. Courtens of the IBM Zurich Re-
search Laboratory and H. Gross and
J. Sogo of the Swiss Federal Institute
of Technology, scanned the surface
of the nucleic acid DNA. We observed
a series of zigzags corresponding to
its helical structure.

In a collaborative effort with Arturo
Bard, Nicolas Garcia and Rodolfo
Miranda of the Autonomous Univer-
sity of Madrid and José L. Carascosa
of IBM Spain, we found that the head
of the virus known as phi 29 meas-
ures 400 X 300 X 200 angstroms. The
structure of the connection between
the head and the tail of the virus, called
the collar, which appears to play a sig-
nificant role in the process of infection,
has been unraveled; the results agree

with those obtained by means of im-
age-processed electron micrographs.

Apart from imaging, the probe tip
will also be useful for testing electron-
ic circuits. As components continue to
shrink, the probes that test them must
also be continuously miniaturized.
The tip then serves as both a local volt-
age probe and a current source.

In all the foregoing applications it is
vital that the imaging process not de-
stroy or even alter the object. But the
scanning tunneling microscope also
oflers promise as a tool for spurring
specific chemical processes. One of the
unique features of the microscope is
its highly focused low-energy electron
beam, or tunnel current. The ener-
gies of the beam lie within the range
of those of most chemical processes.
Therefore by tuning the beam to spe-
cific energies workers can cause par-
ticular reactions to occur. This mode
of operation and the other capabili-
ties of the instrument appear to open
an entire new gamut of investigative
possibilities.

aided in unraveling the structure of the collar, an understanding
of which is critical in controlling the spread of some viral infections.




(i) a-Decay: In a-decay, a helium nucleus is emitted from the radioactive nucleus.
The general reaction is written as (Z is the atomic number, A4 is the atomic mass)

(Z,A) = (Z—2,A—4) + He

The original nucleus has 2 units less charge and 4 units less mass.
(ii) B-Decay: In f-decay, a negative electron is emitted from the nucleus, leaving
the nucleus with one more charge and the same mass

(Z,4A) = (Z+1,A)+ 8~

(iii) y-Decay: this case, the original nucleus is an excited state (usually produced
when another atom decays) and relaxes by emitting vy-rays.

Let us develop an understanding of radioactive decay by studying a-decay.
In this process we can think of the nucleus as containing a-particles, i.e., 2 neutrons
+ 2 proton composites. There is a strong binding energy to keep the nucleus intact.
However, in radioactive materials the nuclear structure is such that the highest
energy nucleus can tunnel out of the nuclear potential.

In Fig. 6.13, we show a model potential for an a-particle as a function of
its distance from the nucleus. At large distances from the nucleus, the potential
energy is the electrostatic energy between a helium ion and the nucleus. At very
small distances, the potential is the nuclear potential and is attractive and of the
form shown in Fig. 6.13. The general potential is assumed to be of the form

V(ir)= =Vo, r<mo
27’ 2
=22° s> (6.19)

4regr’

where Z' is the charge of the final nucleus and the factor 2 is due to the charge of
the helium nucleus.

Let us consider the limits of the integral for the tunneling probability. One
limit is » = 7o and the other can be seen to occur at (E is the energy of the
a-particle) the point where £ = V(r). This gives for the other limit, a value r;
where

27'¢*> A
r = =i
4TI'€0E E

(6.20)

Using these limits, we have, for the tunneling probability 7" (m is the mass of the

a-particle),
nfom\ YR f9g0e2 12
-9 e -
/ro < h? > (47ffo7" E) o

omENY? mop 1/2
—2<h2> / (7—1) dr (6.21)
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Figure 6.13: Model for the potential energy of an a-particle near a nucleus.

A solution of the integral gives the following result for the tunneling out
probability of a-particles:

_de (m o2 &2 (m \Y? ., ~1/2
If energy is expressed in MeV, rq in 10715 m, we get
InT = 2.972'12})? 3952/ E-1/2 (6.23)

As a-particles leave the nucleus the nucleus transforms from one element
to another. This process is known as radioactive decay. It is possible to describe the
radioactive decay of an element by the equation

N(t) = N(0)exp -\t (6.24)
An approximate expression for the rate A can be obtained from the intuitive relation
A=vT (6.25)

where v is the frequency with which the a-particle “strikes” the potential barrier.
Inside a nucleus we can picture that there are N a-particles that can be produced
by the proper association of protons and neutrons. The attempt frequency v can

then be written as
Nv
=

= o (6.26)

where v is the velocity of the a-particles:
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[sotope Ky(MeV) npn AT

232Th 4.0l 1.4x 100y 1.6 x 10-18
238y 4.19 45x10%y 49x10°18
230Th 4.69 8.0x 10ty 2.8x 1013
230y 5.89 208d 3.9x 1077
210Rp 6.16 2.4h 8.0x 1075
220Rn 6.29 56 s 1.2x 1072
2227¢ 7.01 5s 0.14

215pg 7.53 1.8 ms 3.9x102
218Th 9.85 0.11 us 6.3 x 106

Table 6.1: Half-lives and a-particle energies of some elements.

The parameter A is related to the half-life, t12 (i.e., the time it takes for half of the
original atoms to decay), by the relation

0.693
tiyp = o (6.28)

A
In Table 6.1 we show half-lives of some elements that decay by emitting a-particles.
We can see that the half-life ranges from billions of years to microseconds. Radioacti-
vity is used in a number of important technologies. We will briefly discuss a few
applications.

Tracer Applications: An important application of radioactive materials is for
tracer applications. This application is based on two properties: 1) similarity in
chemical properties of a radioactive atom (an isotope) and other atoms of an ele-
ment. This allows one to follow movement of an element through chemical, physical
or biological steps; ii) detection of the chemical species by examining the unique
half-life of the radioactive tracer. Uses of tracer radioactive elements have been
made in

o Tracking of cockroaches through city sewer systems. In this application, the insect
is injected with a small radioactive material and the emission is tracked.

e Tracking of leaks in piping systems.

e In the metal industry, wear-and-tear of tools is tracked by radioactive tagging of
tools and examining the radioactivity content of shavings, etc.

e A widespread use of tracers is in the field of medical diagnostics where a trace
radioactive element is injected in the bloodstream and its movement is following
through the body.

Treatment of Tumors: Advances in drug technology have allowed pharmaceutical
companies to make drugs where radioactive elements (e.g., iodine) can be incorpo-
rated into specially designed molecules. These molecules, when injected into the
bloodstream, can distinguish between healthy and tumor cells. They attach them-
selves to the tumor cells where the radioactive element delivers local radiation,

destroying the unhealthy cells. Since the radiation is preferentially delivered, there
are few side effects.

Carbon-Dating: A very useful application of radioactivity is for dating objects
such as fossils, bodies buried in glaciers, and even the Turin shroud. It is known
that 12C and !3C are stable while 1*C is radioactive with a half-life of 5700 years.
The disintegration of *C produces '*N. Cosmic rays in the atmosphere produce4C
which is then dispersed through the biosphere. The fraction of !*C in the total
carbon content in the biosphere (living organism) is fairly stable. However, when
an organism dies, it no longer gets 1*C from the atmosphere, and the C content
starts to decrease. By measuring the residual *C in an object, it is possible to find
the time of “death” in reference to contemporary time. The years before present, t,
are given by
1 A,

t= /\ZnA, (6.29)
where A, is the contemporary activity, A4, is the radioactivity in the object. Carbon
dating is one of the most accurate ways of determining the age of life forms which
have been dead for a long time. The accuracy of the method is such that objects
can be dated to within decades.
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