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8.04 Quantum Physics Lecture XX 

Angular momentum 

The eigenequation associated with angular momentum reads 

L̂2Y (θ, φ) = 2mr 2EL(r)Y (θ, φ) = const · Y (θ, φ) (20-1) 

where 2mr2EL is the eigenvalue, and 

L̂2 = −h̄2 

� 
∂2 

∂θ2 
+ cot θ 

∂ 
∂θ 

+ 
1 

sin θ 
∂2 

∂θ2 

� 

(20-2) 

Similar to the HO problem, we can proceed in two ways. We can either: 

1. solve the differential equation using some Taylor expansion. 

2. we can take a more abstract operator approach. 

Here we will do the latter. (For the direct approach see Gasiorowicz, supplement 7-B, 
or F&T.) We analyze the commutation relations for the angular momentum operator 

L̂ = r̂ × p̂ (20-3) 

Note. that since waves in orthogonal directions are independent, we have no Heisen
berg uncertainty restriction on, say x and py, and consequently the commutator is 
zero, [x, py] = 0. 

Let us calculate the commutator between different components of L: omit operator 
symbol 

[Lx, Ly] = [ypz − zpy, zpx − xpz] (20-4) 

= y[pz, z]px + x[z, py]py (20-5) 
h̄

= ypx hxpy+ i¯ (20-6) 
i 

= ih̄(xpy − ypx) (20-7) 

= i¯ (20-8) hLz 

[Lx, Ly hLz] = i¯ (20-9) 

[Ly, Lz hLx] = i¯ (20-10) 

[Lz, Lx hLy] = i¯ (20-11) 

The fact that the different components of angular momentum do not commute means 
that it is not possible to find simultaneous eigenstates of, say, Lx and Lz, unless 
Lz = 0 for that state (see previous lecture). 

Massachusetts Institute of Technology XX-1 
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What about L2? 

[Lz, L
2] = [Lz, L

2 ] + [Lz, L
2]	 (20-12) x y

= Lx[Lz, Lx] + [Lz, Lx]Lx + Ly[Lz, Ly] + [Lz, Ly]Ly (20-13) 

= i¯ + i¯ hLy hLx (20-14) hLxLy hLyLx − i¯ Lx − i¯ Ly 

= 0 (20-15) 

This implies that one can find simultaneous eigenstates of L2 and one component 
of L2 and one component of L, e.g., Lz, but not of all components: 

Proof. (Direct proof by contradiction) For a simultaneous eigenstate |n� of Lx and 
Ly with 

Lx|n� = l1|n�, (20-16) 

Ly|n� = l2|n�. (20-17) 

we have 

[Lx, Ly]|n� = 0 = Lz|n� (20-18) 

and 
1 

l2|n� = Ly|n� = 
ih̄

[Lz, Lx]|n� = 0 → l2 = 0 (20-19) 

and similarly l1 = 0. Only for L = 0 can we have simultaneous eigenstates of Lx, Ly, 
Lz. 

In general, we can only have simultaneous eigenstates of L2 and Lz (or Lx or Ly, 
Lz by convention). Let us denote such an eigenstate by |l,m� with 

Lz|l,m� = mh̄|l,m� (20-20) 

L2|l,m� = h̄2l(l + 1)|l,m� (20-21) 

The reason for the strange definition of the quantum number l (or L2 eigenvalue 
h̄2l(l + 1)) will become apparent later. m, l are dimensionless numbers, since L = 
r × p has units of h̄. We assume that the simultaneous eigenstates of L2 and Lz are 
normalized, 

�l�,m�|l,m� = δll� δmm� 

orthonormality for 
→	 angular momentum (20-22) 

eigenstates 

Massachusetts Institute of Technology XX-2 
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Raising and lowering operators for angular momentum 

It is useful to define the following non-Hermitian operators 

(20-23) 

(20-24) 

(20-25) 

L± = Lx ± iLy 

L† = L+ − 

L† = L+− 

L+ and L are Hermitian conjugate of each other (reminiscent of â = 
x
x̂
0 

+ i 
p
p̂

0 
,− 

â† =	 x̂ − i p̂ ). To understand similar significance of these operators, let us analyze 
x0	 p0 

their commutation relations: 
[L2, L±] = 0 (20-26) 

since [L2, Lx] = 0, [L2, Ly] = 0. 

[L+, L−] = [Lx + iLy, Lx − iLy] (20-27) 

= −i[Lx, Ly] + i[Ly, Lx] (20-28) 

= −2i[Lx, Ly] (20-29) 

= −2ii¯ (20-30) hLz 

= 2h̄Lz (20-31) 

[L+, L−] = 2h̄Lz (20-32) 

[L±, Lz] = [Lx ± iLy, Lz] (20-33) 

= [Lx, Lz] ± i[Ly, Lz] (20-34) 

= −i¯ hLx (20-35) hLy ± i(i¯ ) 

= �¯ hLyhLx − i¯ (20-36) 

= �h̄(Lx ± Ly) (20-37) 

hL (20-38) 

[L±, Lz hL±] = �¯ (20-39) 

We also note that 

L+L−	 = (Lx + iLy)(Lx − iLy) (20-40) 

= L2 
x + L2 

y − iLxLy + LyLx (20-41) 

= L2 − L2 
z − i[Lx, Ly] (20-42) 

= L2 − L2 
z + h̄Lz (20-43) 

and similarly L = L2 hLz.−L+ − L2 
z − ¯

Massachusetts Institute of Technology XX-3 
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L+L− 

L−L+ 

= 

= 

L2 − L2 
z + h̄Lz 

L2 − L2 
z − h̄Lz 

As for the HO, we now proceed to analyze the range of allowed values for l, m: Since 
L2 = L2 + L2 + L2 and Lx, Ly, Lz are Hermitian operators, we have x y z 

�l,m|L2 |l,m� = �L† (l,m)|Lx(l,m)� = �Lx(l,m)|Lx(l,m)� ≥ 0, (20-44) x x

similarly for y, z, and consequently �l,m|L2|l,m� ≥ 0 or 

0 ≤ �l,m|L2|l,m� = h̄2l(l + 1)�l,m|l,m� = h̄2l(l + 1). (20-45) 

Consequently, we can choose l ≥ 0. we define l� := −(l + 1), then (If l ≤ −1, 
l(l +1) = −l�(l� + 1) and l� ≥ 0.) To understand the operators L±, let us define a new 
state 

|ψ±� := L±|l,m�, (20-46) 

and act on it with L2 . 

L2|ψ±� = L2L±|l,m� (20-47) 

= L±L2|l,m� (20-48) 

= h̄2l(l + 1)L±|l,m� (20-49) 

= h̄2l(l + 1)|ψ±�, (20-50) 

so |ψ±� is an eigenstate of L2 with the same quantum number l. Also we have 

Lz|ψ±� = LzL±|l,m� (20-51) 

= (L±Lz ± ¯ ±)|l,m� (20-52) hL

= (mh̄± h̄)L±|l,m� (20-53) 

= (m ± 1)h̄L±|l,m� (20-54) 

= (m ± 1)h̄ ψ (20-55) 

This means that L±|l,m� is also an eignenstate of Lz, but with an eigenvalue (m±1)h̄ 
that differs from the original one by one. Since m is the quantum number associated 
with the z component of angular momentum, we call m the azimuthal (or mag
netic) quantum number, while l is the quantum number associated with 
total angular momentum. L+ (L−) raises (lowers) the magnetic quantum number 
by one, while preserving the total angular momentum l. 

Let us calculate the length of 

|l,m �± 1� := L±|l,m�, (20-56) 

Massachusetts Institute of Technology XX-4 
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8.04 Quantum Physics Lecture XX 

l,m ± 1 l,m ± 1� = �l,m

the unnormalized state vector.


L�L±l,m� (20-57) |
 |

L2 − L2 hLz l,m� (20-58) z � ¯ |

h2 

= �l,m
|

= h̄2l(l + 1) − h̄2 2 2)�l,mm � ¯
 |l,m� (20-59)
m


l(l + 1) − m(m ± 1) (20-60) = h̄2

= h̄2(l � m)(l ± m + 1) (20-61) 

Since the length squared of any vector must be non-negative, it follows that 

l(l + 1) − m(m ± 1) ≥ 0. (20-62) 

Consequently, 

1 1 
m(m ± 1) = m 2 ± m + (20-63) 

4 
− 

4�2
1 1 − (20-64) m ±=

2
 4
�2

1 1 
+ l = l + (20-65) ≤ l2 

2 
− 

4 

or


m ±

1

2

≤
 +


1

2


1

= l + (20-66)


2


since l ≥ 0, 
m ≤ l, for m > 0 (20-67) 

and also 
− m ≤ l, for m ≤ 0. (20-68) 

Therefore, m is bounded both from above and from below: 

−l ≤ m ≤ l , l ≥ 0. (20-69) 

Since |ψ+� = L+|l,m� is also an eigenstate of L2 and Lz, but with new eigenvalue 
m� = m + 1, the bound on m is only consistent with this fact if L+|l,m� = 0 for some 
m. Consequently, with 

L+|l,m� = |
 (20-70)
l,m + 1� 

l,m + 1 l,m + 1� 
(l − m)(l + m + 1). (20-72) 

0 = �
 |
 (20-71)


= h̄2

Massachusetts Institute of Technology XX-5 
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mmax = l (20-73) 

Similarly, for 
ketψ− = L−|l,m� we have 

mmin = −l . (20-74) 

Thus, we have a ladder of eigenvalues spaced by one, and connected by the raising 
and lowering operators L+ and L− 

m = −l, −l + 1, . . . , l − 1, l , l ≥ 0 (20-75) 

This is only possible is l is integer or half integer. It turns out that half-integer 

Figure I: Ladder of eigenvalues for fixed l. 

values of l have no simple spatial representation, and correspond to an internal form 
of angular momentum called spin of the particle. Here we will restrict ourselves to 
orbital angular momentum, which requires l to be an integer. 

Massachusetts Institute of Technology XX-6 
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Summary: angular momentum derivation 

L = r × p (21-1)


Lx = ypz − zpy, etc. (21-2)


[x, py] = 0, etc. (21-3)


Angular momentum commutation relations 

[Lx, Ly hLz] = i¯ (21-4) 

[Li, Lj ] = i¯ (21-5) h�ijkLk 

Levi-Civita symbol: 

+1 for even permutation of xyz 
�ijk = (21-6) 

−1 for odd permutation 

In general, no simultaneous eigenstates of Lx, Ly, Lz, 

L2 = L2 
x + L2 

y + L2 
z, (21-7) 

[L2, Lx] = [L2, Ly] = [L2, Lz] = 0, (21-8) 

simultaneous eigenstates of L2 and one component (Lz). 
Define, without loss of generality, simultaneous eigenstates |l,m� of L2 and Lz 

such that 

Lz l,m� = mh̄ l,m� m magnetic quantum number (21-9) | | → � � 

L2 h2 l ≥ 0 quantum number of |l,m� = ¯ l(l + 1)|l,m� → 
total average momentum 

(21-10) 

�l�,m�|l,m� = δll� δmm� , → orthonormality (21-11) 

Raising and lowering operators 

L = Lx ± iLy = L† (21-12) ± ± 

[L2, L±] = 0 (21-13) 

Note. L± preserves l. 

Massachusetts Institute of Technology XXI-1 



� 

� 

8.04 Quantum Physics Lecture XXI


L±|l,m� = |l,m �± 1�, from [L±, Lz] = �¯ ± (21-14) hL

Note. L± increases (lowers) magnetic quantum number by 1. 

�l,m �± 1|l,m �± 1� = �L±l,m|L±l,m� = h̄2(l � m)(l ± m + 1) (21-15) 

(21-16) |m| ≤ l 

Since L+ increases m by 1 we need L+|l,mmax� = 0 for some mmax or 

�l,m� 
max + 1|l,m� 

max + 1� = h̄2(l − mmax)(l + mmax + 1) = 0 (21-17) 

mmax = l (21-18) 

L−|l,mmin� = 0, for some mmin (21-19) 

�l,m� 
min − 1|l,m� 

min − 1� = h̄2(l + mmin)(l − mmin + 1) = 0 (21-20) 

(21-21) mmin = −l 

since mmax − mmin = integer (integer number of application of L+ onto |l,mmin�). We 
need mmax − mmin = 2l = integer. (l integer of half-integer.) 

State vector notation and wavefunctions 

In the decomposition of an arbitrary state |ψ�, in terms of energy eigenstates |n�, 

|ψ� = cn|n� (21-22) 
n 

cn = �n|ψ� (21-23) 

Similarly, we can calculate the projection of the state |ψ� onto the state where the 
particle is found with certainty at x and nowhere else, i.e., onto the eigenstate |x0� of 
the position operator with eigenvalue x0, 

x̂|x0� = xo|x0� (21-24) 

(In position space, these states are δ-functions.) We can expand the wavefunction in 
terms of the continuum of eigenstates, 

|ψ� = dxc(x)|x� (21-25) 

Massachusetts Institute of Technology XXI-2 
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Figure I: Decomposition of a state vector into basis vectors. 

where |x� is the position operator eigenstate with eigenvalue x, x̂|x� = x|x�, and the 
expansion coefficients are given by, 

c(x) = �x|ψ�. (21-26) 

Since c(x)dx is the probability to find the particle within the interval [x, x + dx], we 
identify the expansion coefficients with the spatial wavefunction and write 

|ψ� = dx ψ(x) |x� , (21-27) ���� ���� ���� 
arbitrary state scalar coefficient x eigenstate 

ψ(x) = �x ψ� projection of |ψ� vector onto 
. (21-28) | → 

position eigenstate |x� 

The wavefunction in position space ψ(x) is the set of expansion coefficients of the 
state |ψ� in terms of position eigenstates, it is the projection of the state |ψ� onto the 
position eigenstate where the particle is localized at x. Similarly, we can expand in 
terms of momentum eigenstates, 

|ψ� = dkφ̃(k)|k�, (21-29) 

ψ̃(k) = �k|ψ�. (21-30) 

The wavefunction in momentum space is the set of expansion coefficients in terms 
of momentum eigenstates. Similarly, we have for eigenstates of angle |θ, φ� in po
lar coordinates (i.e., states where the particle is found with certainty in a direction 

Massachusetts Institute of Technology XXI-3 
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specified by θ, φ, and nowhere else): 

|ψ� = dΩc(θ, φ)|θ, φ� (21-31) � 2π � π 

= dφ sin θdθc(θ, φ)|θ, φ� (21-32) �0
2π �0 

−1 

= dφ d(cos θ)c(θ, φ)|θ, φ� (21-33) 
0 −1 

with the angular wavefunction 

Y (θ, φ) = c(θ, φ) = �θ, φ|ψ�, (21-34) 

expansion coefficients in terms of angular eigenstates. 

Figure II: Angles θ, φ in spherical coordinates. 

Wavefunction of angular momentum eigenstate |l,m� 
in “angle representation” 

The wavefunction corresponding to state |l,m� is 

Ylm(θ, φ) = �θ, φ|l,m� (21-35) 

Massachusetts Institute of Technology XXI-4 
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without proof: by expressing Lz = xpy +ypx etc. in polar coordinates and substituting 
= h̄ ∂ we obtain the following operator expressions: pi i ∂xi 

h̄ ∂ 
Lz = ,

i ∂φ
∂ ∂ 

L± = h̄e±iφ ±
∂θ 

+ i cot θ
∂φ 

. 

The eigenequation for Lz becomes 

�θ, φ|Lz|l,m� = h̄m�θ, φ|l,m� 
= h̄mYlm(θ, φ) 

�θ, φ|Lz|l,m� = 

= 

∂ 

h̄ ∂

i ∂φ

l, m�|�θ, φ

h̄ ∂ 
Ylm(θ, φ)

i ∂φ


Ylm(θ, φ) = imYlm(θ, φ)
∂φ 

This differential has the solution 

Ylm(θ, φ) = Plm(θ)e imφ 

(21-36) 

(21-37) 

(21-38) 

(21-39) 

(21-40) 

(21-41) 

(21-42) 

(21-43) 

The stretched state m = l is characterized by L+ l,m = l� = 0 or |

∂ ∂ 
heiφ¯ + i cot θ Yll(θ, φ) = 0,

∂θ ∂φ 
∂ ∂ 

e iφ + i cot θ Pll(θ)e 
ilφ = 0,

∂θ ∂φ 
∂ 
∂θ 

− l cot θ Pll(θ)e
(l+1)φ = 0, 

∂ 
∂θ 

− l cot θ Pll(θ) = 0, 

the solution of which is Pll(θ) = (sin θ)l . Consequently, 

Yll(θ, φ) = Cll(sin θ)l e ilφ . 

(21-44) 

(21-45) 

(21-46) 

(21-47) 

(21-48) 

As for the HO, the eigenstates for m < l can be found by applying L− to Yll: 

Yll(θ, φ) = c(L̂−)l−m(sin θ)l e ilφ , (21-49) 
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where the operator L̂− is given on p. XXI-5. These are the spherical harmonics, 
given by 

2l + 1 (l − m)!
Ylm(θ, φ) = (−1)m 

4π (l + m)! 
Pl

m(cosθ)e imφ , 

1 
2 

for m ≥ 0 (21-50)


(θ, φ) = Y ∗Yl,−m lm , for m ≥ 0 (21-51)


where the Plm(cos θ) are the associated Legendre polynomials 

(1 − n2)− m 
2 

�l−m
(l + m)!
 d


(u) = (−1)l+m 2)lP m 
l (l − u
 , for m ≥ 0 (21-52)


(l − m)! 2ll! du 
(l − m)!

P mP −m(u) = (−1)m 

(l + m)! 
(u) (21-53)l l 

The first spherical harmonics are: ⎫ 
1 ⎪⎪

Y00 = ⎬√
4π ⎪⎪ l = 0 (21-54) ⎭ ⎫ � ⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

3 
Y11 = − e iφ sin θ 

8π 

3 ⎬
Y10 = cos θ 

8π l = 1 (21-55)� ⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
3 

Y1,−1 = + e−iφ sin θ 
8π ⎭ � ⎫ 

Y22 = 
15 

e 2iφ sin2 θ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

32π 

15 
Y21 = − e iφ sin θ cos θ 

8π� ⎬ 
5 

Y20 = (3 cos2 θ − 1) l = 2 (21-56) 
16π ⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

15 
Y2,−1 = − 

8π
e−iφ sin θ cos θ 

Y2,−2 = 
15 

e−2iφ sin2 θ ⎭ 
32π 
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(a) |Y00|2 (b) |Y11|2 (c) |Y10|2 

Figure III: Distance of displayed curve from origin in given direction indicates value 
of |Ylm|2 . 

Geometric interpretation of quantum mechanical fea
ture of angular momentum 

Classically, we can prepare an object to have its angular momentu completely aligned 
along an axis, say, the z axis. Then we have classically (L2 

z)cl = (L2)cl, and Lx = Ly = 
0. In QM, Lz and Lx do not commute, which implies a Heisenberg uncertainty be
tween them. Quantum mechanically, the largest z component of angular momentum 
in that we can produce for a given total angular momentum l is m = l, but 

�l,m = 1|L2|l,m = l� = h̄2l(l + 1) (21-57) 

> �l,m = 1|Lz
2�l,m = l (21-58) 

= h̄2l2 (21-59) 

Consequently, some angular momentum must be pointing in some other direction: 

L2 + L2 = L2 − L2 (21-60) x y z 

= h̄2l(l + 1) − h̄2l2 (21-61) 

= lh̄2 (21-62) 

= 0 (21-63) 

So there is angular momentum 
√
lh̄ pointing elsewhere. 

Massachusetts Institute of Technology XXI-7 
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Let us analyze Lx, Ly in the stretched state m = l: 

�Lx�m=l = �l,m|Lx|l,m� (21-64) 
1 

= �l,m|
2
(L+ + L−)|l,m� (21-65) 

1� � 
=

2 
�l,m|l,m �+ 1� + �l,m|l,m �− 1� (21-66) 

= 0 (21-67) 

since states with different quantum numbers are orthogonal. So we have �Lx� = 
�Ly� = 0. (Similarly for Ly.) Where, then, is the missing angular momentum? 

1 �Lx
2 �l=m =

4
�l,m|(L+ + L−)2|l,m� (21-68) 

1 
=

4
�l,m L2 + L+L −L+ + L2 

−�l,m (21-69) | + − + L

1 
=

4
�l,m|L+L− + L−L+�l,m (21-70) 

1 
=

4
�l,m − L2 + h̄Lz + L2 − L2 hLz�l,m (21-71) |L2 

z z − ¯

1 
=

2
�l,m = l|L2 − L2 

z|l,m� (21-72) 

=
1 
l(l + 1)h̄2 − l2h̄2 (21-73) 

2 

= 
l
h̄2 (21-74) 

2 

and similarly for �L2 
y�: 

�L2 
x� = �L2 

y� = 
l
h̄2 (21-75) 

2 
Even though �Lx� = �Ly� = 0, some angular momentum is contained in the x- and y-
components as uncertainty. Since l is constant, we can draw the following geometrical 
picture for angular momentum: 

Note. There is nothing special about the z-direction, we could prepare, e.g., a max
imally oriented state m = l along x (or, in fact, any other direction) by a linear 
combination of |l,m� states, 

l

|l,m = l�x = cm|l,m�z (21-76) 
m=−l 

Massachusetts Institute of Technology XXI-8 
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Figure IV: For given state |l,m�, the angular momentum points somewhere along the 
circle that corresponds to the given m-value, but we cannot predict the direction, i.e., 
the Lx and Ly components. 

Massachusetts Institute of Technology XXI-9 
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Radial equation for spherically symmetric potential 

The SE in 3D in spherical coordinates is 

h̄2 ∂2 2 ∂ L2 

− 
2m ∂r2 

+ 
r ∂r 

ψ(r) + 
2mr

ψ(r) + V (r)ψ(r) = Eψ(r) (22-1) 
2 

using the ansatz ψ(r) = R(r)Y (θ, φ), and inserting for the angular function an eigen
function 

Y (θ, φ) = Ylm(θ, φ) = �θ, φ|l,m�, (22-2) 

we have, using L2Ylm(θ, φ) = h̄2l(l + 1)Ylm(θ, φ) after dividing by Ylm for the radial 
equation, 

h̄2 ∂2 2 ∂ h̄2l(l + 1) −
2m ∂r2 

+ 
r ∂r 

+
2mr

+ V (r) Rnl(r) = EnlRnl(r) . (22-3) 
2 

Here, we have added two subscripts n, l to the radial wavefunction R(r) and the 
eigenenergy E because the SE for the radial part of the wavefunction depends on the 
total angular momentum l of the 3D wavefunction ψ(r). 

Note. The z-component of angular momentum Lz, and the corresponding magnetic 
quantum number m, do not appear in the radial equation. 

We can define an l-dependent effective potential, 

h̄2l(l + 1) 
Veff,l = V (r) + 

2 
, (22-4) 

2mr
where the additional term is the centrifugal barrier for a particle with angular mo
mentum 

�L2� = h̄2l(l + 1). (22-5) 

The radial equation can be brought into a more familiar-looking form by introducing 
a new function: 

u(r) = rR(r) 

u(r) (22-6) 
R(r) = 

r 
Then, 

u�r − u u� u 
R� = = (22-7) 

2r2 r 
− 
r

2 2u� 2u 
r
R� = 

r
− 
r

(22-8) 
2 3 

R�� = 
u��r − u� u�r2 − u2r 

= 
u�� 2u� 

+
2u 

(22-9) 
2 4 2 3r

− 
r r 

− 
r r

∂2 2 ∂ 2 u�� 
+ R(r) = R�� + R� = (22-10) 

∂r2 r ∂r r r 
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and the radial equation is 

h̄2 1 ∂2u h̄2l(l + 1) u(r) u(r)− 
2m r ∂r2 

+
2mr2 

+ V (r) 
r 

= E
r 

(22-11) 

or 
h̄2 ∂2 h̄2l(l + 1) unl(r)−
2m ∂r2 

+
2mr2 

+ V (r) 
r 

= Enlunl(r) (22-12) 

This equation for u(r) = rR(r) has the same form as the 1D SE in the effective 
potential 

h̄2l(l + 1) 
Veff,l(r) = V (r) + , (22-13) 

2mr2 

but with slightly different boundary conditions. Therefore, u(r) looks like an anti-

Figure I: u(r) = rR(r) has the same form as the 1D SE in the effective potential 
Veff,l(r), but with slightly different boundary conditions. 

symmetric solution in all space. Consequences are, e.g., that since an antisymmetric 

Figure II: u(r) looks like an antisymmetric solution in all space. 

bound state does not always exist in 1D, that a bound state does not always exist 
in 3D (in contrast to 1D, where a symmetric bound state always exist in a potential 
well). 3D wavefunctions u(r) are like antisymmetric 1D wavefunctions in the effective 
potential 

h̄2l(l + 1) 
Vl(r) = V (r) + . (22-14) 

2mr2 
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Hydrogen atom 

Ze2 

V (r) = − (and the radial equation is) (22-15) 
4π�r 

→ 

h̄62 ∂2 Ze2 h̄2l(l + 1) − 
2m ∂r2 

− 
4π�r 

+
2mr2 

− E u(r) = 0 (22-16) 

We introduce a dimensionless position coordinate ρ by ρ2 = 8m

h̄

|
2 
E| r2, and define for 

E < 0 

Ze2 8m h̄2 Ze2 8m h̄2 

= (22-17) 
r16π� E h2 8m hr E 8m E| | ¯ 16π�¯� 

| | | | 
Ze2 m 1 

= (22-18) 
4π�h̄ 2|E| ρ 
λ 

=: (22-19) 
ρ 

The equation can be written as 

∂2 λ 1 l(l + 1) 
∂ρ2 

u + 
ρ 
− 

4 
− 

ρ2 
u = 0 (22-20) 

Ze2 m mc2 e2 1with ρ = 8m

¯

|E| r, λ = 
4π�¯ 2|E| = Zα 

2|E| , where α = 
4π�¯

≈ 
137.0... is the dimen

h2 h hc 

sionless fine structure constant. To solve this equation, we proceed as for the HO: We 
write a Taylor-expansion solution after having factored out the correct asymptotic 
behavior. 

For very large ρ we have 

d2 1 
u = u (22-21) 

dp2 4 
1 
2u(ρ) ∝ e− ρ (22-22) 

For very small ρ, 

d2 l(l + 1) 
u = u (22-23) 

dp2 ρ2 

u(ρ) ∝ ρl+1 (22-24) 

Consequently, we try a solution of the form 

ρ
2u(ρ) = s(ρ)ρl+1 e− 1 

(22-25) 

Massachusetts Institute of Technology XXII-3 
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� 1 � 
s�(ρ)ρl+1 + s(ρ)(l + 1)ρl − sρl+1 e−

1 
2
ρ (22-26)
u�(ρ) = 

2

u��(ρ) = s��ρl+1 + 2(l + 1)s�ρl + s(l + 1)lρl−1 (22-27) 

1� � 
− 

2 
s�ρl+1 + (l + 1)sρl (22-28) 

1� 1 �� 
s�ρl+1 + (l + 1)sρl − sρl+1 e−

1 
2 (22-29)
−


2
 2

s� (l + 1)l l + 1 1ρ 

= ρl+1 e− s�� + 2(l + 1) s − s� −+
 s + s
2 

ρ ρ2 ρ 4 
(22-30) 

ρλ 1 l(l + 1) λ 1 l(l + 1) 
u = ρl+1 e− (22-31)


ρ 
− 

4 
−
 2 

ρ 
− 

4 
−
 s


ρ2 ρ2 

Inserting this into (??) leads to 

2(l + 1) (l + 1)l l + 1 1 λ 1 l(l + 1) 
s�� + 

ρ 
− 1 s� + 

ρ2 
− 

ρ 
+

4
+ 
ρ 
− 

4 
− 

ρ2 
s = 0 (22-32) 

s�� +
2l + 2 − 1 s� + 

λ − l − 1 
s = 0 (22-33) 

ρ ρ 

To solve this differential equation, we write a Taylor expansion about ρ = 0: 

∞

s(ρ) = akρ
k (22-34) 

k=0 
∞

s�� = akk(k − 1)ρk−2 (22-35) 
k=0 
∞

= ak+2(k + 2)(k + 1)ρk (22-36) 
k=0 

2l + 2 2l + 2 � 
− 1 s� = − 1 akkρ

k−1 (22-37) 
ρ ρ 

∞

= (2l + 2) ak+2(k + 2)ρk − ak+1(k + 1)ρk (22-38) 
k=0 

λ − l − 1 
s = (λ − l − 1) 

∞

ak+1ρ
k (22-39) 

ρ 
k=0 

which substituted into (??) results in 

ρk (k +2)(k +1)ak+2 +2(l +1)(k +2)ak+2 +(λ − l − 1 − k − 1)ak+1 = 0 (22-40) 
k 
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This must vanish term by term, so we obtain a recursion relation 

(k + 2)(k + 2l + 3)ak+2 = (k + l + 2 − λ)ak+1 (22-41) 

or 
recursion 

ak+1 k + l + 1 − λ relation for 
(22-42) 

ak k + 1 k + 2(l + 1) 
→ 

expansion 
coefficients 

If the series does not break off somewhere, we will have for large k, ak k 
1 ak−1 or∝ 

ρ 
2 . 

Consequently, we require the series to terminate, which implies λ = k + l + 1 for some 
ak ∝ 

k
1
! , which gives a growth s(ρ) ∝ e+ρ, which is not acceptable for u(ρ) = s(ρ)e− 

L. Let us call nr = k the integer with that property. It is cutomary to define the 
principal quantum number as 

n = nr + l + 1 ,	 (22-43) 

where nr ≥ 0, so n ≥ 0, so n ≥ l + 1, n integer, and 

Ze2 m 
λn =	 (22-44) 

4π�h̄ 2|En| 
2mc

= Zα	 (22-45) 
2|En| 

= n (22-46) 

Consequently, the eigenenergies of the hydrogen atom are 

1 2 (Zα)2 eigenenergies of 
mc (22-47) → 

hydrogenlike atoms 
En = −

2 n2 

This is the same energy eigenspectrum as obtained from the Bohr formula. 

Note. There are important differences: 

•	 The principal quantum number n = nr + l + 1 is really the sum of the radial 
quantum number nr and the total angular momentum quantum number l. 

We have obtained the full radial and angular distribution of the electron, which • 
generalizes the classical concept of an orbit. 
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First few radial functions 

ρ2 2 =
8m|En|

r (22-48) n 
h̄2 

=
8m 1 

mc 2 (Zα)2 

r 2 (22-49) 
h̄2 2 n2 

(2mcZα)2
2 =

¯
r (22-50) 

hn2 � �2
2Z 2 1 

= r (22-51) 
2a0 n

2Zr 
= (22-52) 
na0 

with the Bohr radius 

h̄2 

a0 = (22-53) 
mcα 

ρ
2 na0Consequently, e− 1 

= e− Zr 

1. nr = l = 0, n = m = λ, a1 = 0 

2 a0u(r) = Cρe− 1 ρ = C1 
Zr 

e
− Zα 

(22-54) 
a0 

Zr 
a0R(r) = 

u(r)
= C2e

− 

r 

Note. The probability to find the electron between r 
r2|R(r)|2dr = |u(r)|2dr. 

2. (a) nr = 1, l = 0, n = 2 = λ 

a1 1 1 
a0 

= −
1 2

= −
2· � 

(22-55) 

and r + dr is given by 

(22-56) 

2 2a0u20(r) = Cρe− 1 ρ(1 − 
1 
ρ) = C � Zr 1 − 

Zr 
e
− Zr 

(22-57) 
2 a0 2a0 

Zr Zr 
2a0R20(r) = C �� 1 − 

2a0 
e
− 

(22-58) 
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(b) nr = 0, l = 1, n = 2 = λ 

a1 

a0 
= 0 → a1 = 0 (22-59) � �2 

1 Zr 
2u21(r) = Cρ2 e− ρ = C �	 Zr 

e
− 

2a0 (22-60) 
a0 

Zr 
2a0R21(r) = C ��	 Zr 

e
− 

(22-61) 
a0 

R20 = Rn=2,l=0 and R21 = Rn=2,l=1 are different states that have the same 
eigenenergy. The occurrence of different eigenstates with the same energy, 
(or in general quantum number) is called degeneracy. 
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Last time 

• Radial equation for given angular momentum eigenstate Ylm(θ, φ) with quantum num
ber l � 

�2 � ∂2 

+ 
2 ∂ � 

+ 
�2l(l + 1) 

+ V(r) 
� 
Rnl(r) = EnlR(r) (23-1)−

2m ∂r2 r ∂r 2mr2


can be written in form of 1D SE with effective potential


�2l(l + 1)
Veff(r) = V(r) + (23-2)

2mr2


by defining u(r) = rR(r),


�2 ∂2u

− 

2m ∂r2 + Veff(r)u(r) = Eu(r). (23-3) 

• Specialization to hydrogen atom: 

Ze2 

V(r) = −
4πε0r 

(23-4) 

Define dimensionless variables: • 

ρ = 
8m|E|

r, λ = 
Ze2 m 

(23-5)
�2 4πε0� 2|E| 

u��(ρ) + 
�
λ

ρ 
− 

1
4 
− 

l(l 
ρ

+ 
2

1)� 
u(ρ) = 0 (23-6) 

• Asymptotic solutions: 

u(ρ) = s(ρ)ρl+1e− ρ 
2 , for ρ → ∞, ρ → 0 (23-7) 

and Taylor expansion 
∞

s(ρ) = akρ
k (23-8) 

k=0 

leads to recursion relation 

a
a
k+

k 

1 
= �

k + 
k 
1
+ ��l

k 
+

+ 
1
2(
−

l + 
λ 

1)
� . (23-9) 

• Boundary conditions for ρ → ∞ require series to terminate at some 

k = nr (23-10) 
nr + l + 1 = λ, (nr radial quantum number) (23-11) → 

Massachusetts Institute of Technology XXIII-1 
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Define• 

λ = n = nr + l + 1, (principal quantum number) (23-12)→ 

En = −
2
1 

mc2 (Z
n
α
2

)2 

(23-13) 

not relativistic formula, only written in simple form using 
2e

4πε0�c 
→ (fine structure constant) (23-14)α = 

In general, the (unnormalized) polynomial ( ) is the associated Laguerre polyno-ρs•

∞
3 2 2 2 21 d ( ) d Y ( ) dr R ( ) (23-20)ψ θ, φΩ| | | | | |r r r r= =nlm nl nl

0 

���

mial, 
= L(2l+1)s(ρ) n−l−1(ρ) , (23-15) 

defined as 
n

Lα 
n (ρ) = 

� n + α (−ρ)m 

. (23-16)
n − m m! 

m=0 

The 3D wavefunction is given by: 

ψnlm(r, θ, φ) = Rnl(r)Ylm(θ, φ) (23-17) 
unl(r) 

= Ylm(θ, φ) (23-18)
r 

with 
2ρu(ρ) = s(ρ)ρl+1e− 1 
, (23-19) 

normalized such that 

The probability to find particle within shell [r, r + dr] is given by 

dΩ|Ynl|
2r2|R(r)|2dr = |u(r)|2 dΩ|Ynl| (23-21) 

Degeneracy of the hydrogen spectrum 

For given l1 all magnetic quantum numbers m have the same energy, so each l is (2l + 1) 
degenerate. Also, for each n = nr +l+1, the radial quantum number nr can take on the values 
nr = 0, 1, . . . , n − 1, and the l quantum number the corresponding values l = 0, 1, . . . , n − 1. 

So for given n, the total number of degenerate states is 

1 + 3 + + 2(n − 1) + 1 = (n + 1)2 (23-22)���� ���� · · · ����
(l=0) (l=1) (l=n−1) 

Actually, there are twice as many states because each electron has two spin states. 

Massachusetts Institute of Technology XXIII-2 
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Figure I: Energy level structure of hydrogen atom. 

Normalized time-independent eigenstates of hydrogen 

2 
ψ100 = e−r/a0Y00(θ, φ) 1s (23-23)

(a0)3/2

2

1 − 

2
r
a0 

e−r/2a0Y00(θ, φ) 2s (23-24)ψ200 = 
(2a0)3/2 

⎫⎪
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎛⎜
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎞⎟
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
ψ211 Y11(θ, φ) 

1 r 
ψ210 = √

3(2a0)3/2 
e−r/2a0 Y10(θ, φ) ⎬⎪
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

2p (23-25)
a0⎝
 ⎠
 ⎝
 ⎠

ψ21−1 Y1−1(θ, φ) 

⎭
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Spectroscopic Notation


l = 0 is called s 

l = 1 is called p 

l = 2 is called d 

l = 3 is called f 

Some useful expectation values for the hydrogen atom 

Given the wavefunctions R(r), we can calculate expectation values 

�rk� = 
0 

∞ 

drr2+k|Rnl(r)|2 (23-26) 

�r� = 
a0 [3n2 − l(l + 1)] (23-27)
2Z

a0

2n2

2 2
�r � = 

2Z2 [5n + 1 − 3l(l + 1)] (23-28) �1� Z 
= (23-29)

r a0n2 � 1 � Z2 

= � � (23-30)
r2 

a2
0n3 l + 1

2 

Lifting of degeneracy in hydrogen atom 

Further interactions, that we have neglected so far, lift the degeneracy between s,p,d levels. 
For instance, from the electron’s point of view, the moving proton corresponds to a current. 
The associated magnetic field couples to the magnetic moment associated with the spin of 
the electron: spin-orbit interaction. Furthermore, relativistic effects lead to energy shifts 
that depend on the total angular momentum J = L + S of the electron (8.05: addition of 
angular momenta). Also, the proton has spin that has a small magnetic moment associated 
with it. The interaction between the proton’s and the electron’s magnetic moments is called 
the hyperfine interaction, and leads to shifts that depend on the total angular momentum F = 
J + I = L + S + I of the atom, where I is the spin of the proton (nucleus). While the intrinsic 
angular momentum (spin) of fundamental particles is always �/2, composite particles, such 
as nuclei, can have integer spin if the number of constituents is even. Therefore, when 
viewed as single particles, atoms can be bosons (integer spin) or fermions (half-integer 
spin), with dramatic consequences for quantum statistics and low-temperature behavior. 

Two identical fermions must be described by a wavefunction that is antisymmetric with 

Massachusetts Institute of Technology XXIII-4 
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(a) nr = 0, l = 0, n = 1 (b) nr = 0, l = 0, n = 1


(c) nr = 1, l = 0, n = 2 (d) nr = 1, l = 0, n = 2


(e) nr = 0, l = 1, n = 2 (f) nr = 0, l = 1, n = 2


(g) nr = 2, l = 0, n = 3 (h) nr = 2, l = 0, n = 3


Figure II: A few radial wavefunction. Displayed on the left is the wavefunction Rnl, on 
the right the probability density |unl|

2 = r2|Rnl|
2. nr is the number of nodes in the radial 

wavefunction. 

respect to particle exchange, 
ψτ(r1, r2) = −ψq(r2, r1) (23-31) 
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= wavefunction vanishes for r1 fermions avoid each other. ⇒ = r2 →

Bosons are described by symmetric wavefunction with repect to particle exchange 

ψB(r1, r2) = +ψB(r2, r1) (23-32) 

= Bosons are more likely to be found at same position lasers, Bose-Einstein conden⇒ →

sation, superconductivity, classical notion of fields where amplitudes can be added. 

Polarization of light 
A classical light field traveling along z can be linearly polarized along x, 

ε(z, t) = ε0êxeikz−iωt , (23-33) 

linearly polarized along y, 
ε(z, t) = ε0êyeikz−iωt , (23-34) 

linearly polarized along a direction ê = cos θêx + sin θêy, in the xy plane, 

ε(z, t) = ε0 ˆ ikz−iωt ,ee (23-35) 

circularly polarized 

1 
êR = (êx + iêy) (23-36) √

2
1 

êL = √
2

(êx − iêy) (23-37) 

εL,R(z, t) = ε0êL,Reikz−iωt (23-38) 

or, in general, elliptically polarized 

ε̂ = cos θêx + eiφ sin θêyε(z, t) = ε0 ˆ ikz−iωt (23-39)ee

Any two orthogonal polarization (e.g., (êx, êy), 
� 
√
1
2
(êx + êy), √12

(êx − êy)
�
, (êL, êR), . . . ) 

form a basis. An arbitrary polarization can be expressed as a superposition of the two basis 
polarizations. 

A linear polarizer has one strongly absorbing direction of polarization (ideally ε ê = 0· 
along that direction of polarization after the polarizer), and one weakly absorbing direction 
(ideally: no absorption). If we call the latter the axis of the polarizer, the light behind the 
polarizer is linearly polarized along that axis. No light is transmitted through two crossed 
polarizers unless a third polarizer is inserted between them at an intermediate angle In this 
case the transmitted field is � 1 � 1 1 

ε0 · êx · √
2

(êx + êy) √
2

(êx + êy) · êy = 
2
ε0 (23-40) 
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Figure III: The polarization of the transmitted light is εtr = (εinc · êx)êxeikz−iωt 

Figure IV: Light can pass two crossed polarizers if a third polarizer is inserted between 
them that is oriented at an angle. 

and the transmitted intensity is proportional to 
�

2
1εo 

�2. The variation of transmitted electric 
field with polarizer angle, ê = cos θêx + sin θêy for incident field along x̂, ε = ε0êx is 
êxê = cos θ, so the transmitted intensity varies as cos2 θ 

Quantum mechanical description 

A light beam consists of photons, if we attenuate the beam to the level where only on 
photon passes though the polarizer at any given time, then because photons appear only 
as units, the photon is either absorbed or it is not: The probability for the photon passing 
the polarizer is now cos2 θ (the probabililty amplitude is θ). The polarizer “measures” the 
polarization state of the photon: if the photon is polarized along the polarizer axis, it is 
transmitted, if polarized perpindicular to the polarizer axis, the photon is absorbed. 
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