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8.04 Quantum Physics Lecture XX

Angular momentum
The eigenequation associated with angular momentum reads
L2Y (0, ¢) = 2mr?EL(r)Y (6, ¢) = const - Y (6, ¢) (20-1)

where 2mr?E; is the eigenvalue, and

. 2 1 2
L2 =—p (a— +eot92 4 0 ) (20-2)

00° 90 " sinf 06?
Similar to the HO problem, we can proceed in two ways. We can either:
1. solve the differential equation using some Taylor expansion.
2. we can take a more abstract operator approach.

Here we will do the latter. (For the direct approach see Gasiorowicz, supplement 7-B,
or F&T.) We analyze the commutation relations for the angular momentum operator

A

L=fxp (20-3)

Note. that since waves in orthogonal directions are independent, we have no Heisen-
berg uncertainty restriction on, say z and p,, and consequently the commutator is
zero, [x,p,] = 0.

Let us calculate the commutator between different components of L: omit operator
symbol

(L, Ly) = [yp> — 2py, 2ps — -] (20-4)
= y[ 29 Z]pﬂc + x[z’py]py (20'5)
n
= GYpx ihxp, (20-6)
= ih(zpy — ypo) (20-7)
— ihL, (20-8)
[La, Ly] = ihL, (20-9)
[Ly, L:] = ihL, (20-10)
(L, L] = ihLy (20-11)

The fact that the different components of angular momentum do not commute means
that it is not possible to find simultaneous eigenstates of, say, L, and L., unless
L, = 0 for that state (see previous lecture).
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8.04 Quantum Physics Lecture XX

What about L2?

(Lo, L%) = [L., 12] + L., L] (20-12)
— Ly[L., Ly + [L., L)Ly + Ly[L., L] + [L., L,] L, (20-13)
— ihLy Ly + ihLyLy — ihL,L, — ihL,L, (20-14)
=0 (20-15)

This implies that one can find simultaneous eigenstates of L? and one component
of L? and one component of L, e.g., L., but not of all components:

Proof. (Direct proof by contradiction) For a simultaneous eigenstate |n) of L, and
L, with
v

Lyn) = li|n), (20-16)
Ly,n) = ls|n). (20-17)
we have
(L, Ly]|n) = 0= L,|n) (20-18)
and
1
laIn) = Ly|n) = E[LZ’ Ln)=0 — 1,=0 (20-19)

and similarly {; = 0. Only for L = 0 can we have simultaneous eigenstates of L, L,,
L,. O

In general, we can only have simultaneous eigenstates of L? and L, (or L, or L,
L, by convention). Let us denote such an eigenstate by |l,m) with

L.|l,m) = mhl|l,m) (20-20)
L2, m) = h*1(1 4 1)|I,m) (20-21)

The reason for the strange definition of the quantum number [ (or L? eigenvalue
h*1(1 4 1)) will become apparent later. m, [ are dimensionless numbers, since L =
r X p has units of i. We assume that the simultaneous eigenstates of L? and L, are
normalized,

orthonormality for
(', m/|l,m) = owbpm | — angular momentum (20-22)
eigenstates
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8.04 Quantum Physics Lecture XX

Raising and lowering operators for angular momentum

It is useful to define the following non-Hermitian operators

L,=L,+iL, (20-23)

L =1L_ (20-24)

L' =1L, (20-25)

L, and L_ are Hermitian conjugate of each other (reminiscent of a = xﬁo + z'p%,

al = f—o — z'p%). To understand similar significance of these operators, let us analyze

their commutation relations:

L2, L. =0 (20-26)

since [L? L,] =0, [L?, L,] = 0.

(L4, L] = [Ly +iLy, Ly — iLy] (20-27)
= —i[Ly, L) +i[L,, L,] (20-28)
= —2i[L,, L,] (20-29)
= —2iihL, (20-30)
= 2hL, (20-31)
[Ly,L_]=2hL, (20-32)
[Li,L.] =[L,+iL,, L.] (20-33)
= [Lq, L.) £ i[L,, L.] (20-34)
= —ihL, +i(ihL,) (20-35)
= FhL, —ihL, (20-36)
= Fh(L, + L,) (20-37)
= Fhl. (20-38)
[L+,L.] = FhLs (20-39)

We also note that
LyL_ = (Ly+iL,) (L, —iL,) (20-40)
=L+ L} —iL,L,+ L,L, (20-41)
=L*—L?—i[L,, L, (20-42)
=L>—- L2 +hL, (20-43)

and similarly L_L, = L? —L? — hL,.
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8.04 Quantum Physics Lecture XX

L.L. = L2-L%+hL.
L L, = L2-L?—nL,

As for the HO, we now proceed to analyze the range of allowed values for [, m: Since
L? = L2+ L} + L? and L,, L,, L. are Hermitian operators, we have

similarly for y, z, and consequently (I, m|L?|l,m) > 0 or
0 < (I, m|L2|l,m) = R*I(1 + 1){I,m|l,m) = R*I(l + 1). (20-45)

Consequently, we can choose | > 0. (If I < —1, we define I" := —(l + 1), then
I(I+1)==U(I"+1) and I’ > 0.) To understand the operators L., let us define a new
state

) = Ly|l,m), (20-46)

and act on it with L.
L?|¢ps) = L?Li|l, m) ( )
= L.12|I,m) (20-48)
= R2(L+ 1)L |l,m) (20-49)
= B2+ 1) |¢p), ( )

S0 |14+) is an eigenstate of L? with the same quantum number [. Also we have

L.|¢s) = L.Ly|l,m) (20-51)
— (LyL. + hLL)|l, m) (20-52)
= (mh + h)L|l,m) (20-53)
= (m £ D)iL.|l,m) (20-54)
= (m+1)hlyy). (20-55)

This means that L |l,m) is also an eignenstate of L,, but with an eigenvalue (m=+1)h
that differs from the original one by one. Since m is the quantum number associated
with the z component of angular momentum, we call m the azimuthal (or mag-
netic) quantum number, while [ is the quantum number associated with
total angular momentum. L, (L_) raises (lowers) the magnetic quantum number
by one, while preserving the total angular momentum /.

Let us calculate the length of

1,m £ 1) := Ly|l, m), (20-56)
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8.04 Quantum Physics Lecture XX

the unnormalized state vector.

(I,m=£1|l,m=+1) = (I, m|L+Lyl,m) (20-57)
= (I, m|L* — L F hL.|l,m) (20-58)
=R+ 1) — 2*m? F B*m?) (I, m|l, m) (20-59)
=n*(I(L+1) —m(m £ 1)) (20-60)
=n*(lFm)l£m+1) (20-61)
Since the length squared of any vector must be non-negative, it follows that
[(I+1)—m(m+£1)>0. (20-62)
Consequently,
1
m(mil):mQj:m—i-A—l—Z (20-63)
1\ 1
= e 20-64
(m 2> 1 (20-64)
<P+1l= z+l 2—1 (20-65)
- B 2 4
o 1 1 1
Lo <|+=l=1+= 20-
‘m 2‘ ‘—1—2’ l—l—2 (20-66)
since [ > 0,
m <1, form >0 (20-67)
and also
—m <1, for m <0. (20-68)

Therefore, m is bounded both from above and from below:

EETTINE (2060)

Since |1,) = Ly |l,m) is also an eigenstate of L? and L., but with new eigenvalue
m’ = m+1, the bound on m is only consistent with this fact if L, |l, m) = 0 for some
m. Consequently, with

L.|l,m) = |l,m+1) (20-70)
0= (,m+1|l,m+1) (20-71)
=n*(l—m)(l+m+1). (20-72)
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o~

(20-73)

mmax

Similarly, for
ketiyp_ = L_|l,m) we have

= 1) 20

Thus, we have a ladder of eigenvalues spaced by one, and connected by the raising
and lowering operators L, and L_

m=—l,—l+1,...,0—1,1, >0 (20-75)

This is only possible is [ is integer or half integer. It turns out that half-integer

e~ =

LF,J_{IL’

e = F‘1

— -—( 41
-_— .t - -e.
Figure I: Ladder of eigenvalues for fixed (.
values of [ have no simple spatial representation, and correspond to an internal form

of angular momentum called spin of the particle. Here we will restrict ourselves to
orbital angular momentum, which requires [ to be an integer.
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Summary: angular momentum derivation

L=rxp
L, = Yp= — ZPy, etc.
[z,py] =0, ete.

Angular momentum commutation relations

Ly, Ly,] =ihL,
[Li, LJ] = lhEZ]kLk

Levi-Civita symbol:

{+1 for even permutation of xryz
€ijk =

—1 for odd permutation

In general, no simultaneous eigenstates of L,, L,, L.,

L= L3+ L+ L,
L%, L,) = [L% L, = [L? L. =0,

simultaneous eigenstates of L? and one component (L,).

(21-1)
(21-2)
(21-3)

(21-6)

Define, without loss of generality, simultaneous eigenstates |I,m) of L? and L,

such that
L.|l,;m) =mh|l,m) — m magnetic quantum number (21-9)
>
L2, m) = hQW F)Lm)  — ( [ > 0 quantum number of ) (21-10)
total average momentum
(I',m'|lm) = Owdmm, —  orthonormality (21-11)
Raising and lowering operators
Li=1L,+ilL, =L\ (21-12)
[L? Li] =0 (21-13)
Note. L.y preserves [.
Massachusetts Institute of Technology XXI-1
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Li|l,m) =|l,m+1), from [Ly,L.] = FhL, (21-14)

Note. L. increases (lowers) magnetic quantum number by 1.

(,mE1lL,mx1) = (Lol,m|Lol,m) =PI Fm)(l£m+1) (21-15)

Im| <1 (21-16)

Since Ly increases m by 1 we need L, |l, Mpax) = 0 for some myay or

(1, Mamae + L1 Munax + 1) = B2(1 = M) (L + Mg + 1) = 0 (21-17)
L_|l, muyin) = 0, for some My,
<l7 m;n\n-:_ ]_|l, m;n\n-l/_ ]—> == hg(l + mmin)(l — Mmin + ]-) — O

since Mupax — Mmin = integer (integer number of application of L onto |I, muyin)). We
need Myax — Mmin = 20 = integer. (I integer of half-integer.)
State vector notation and wavefunctions

In the decomposition of an arbitrary state |1), in terms of energy eigenstates |n),

) = caln) (21-22)

¢ = (nl) (21-23)

Similarly, we can calculate the projection of the state |¢)) onto the state where the
particle is found with certainty at « and nowhere else, i.e., onto the eigenstate |zg) of
the position operator with eigenvalue z,

T|zo) = wo|x0) (21-24)

(In position space, these states are d-functions.) We can expand the wavefunction in
terms of the continuum of eigenstates,

) = / dze(z)|z) (21-25)
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Figure I: Decomposition of a state vector into basis vectors.

where |x) is the position operator eigenstate with eigenvalue z, Z|x) = x|z), and the
expansion coefficients are given by,

() = {al). (21-26)

Since ¢(z)dz is the probability to find the particle within the interval [z, z + dx], we
identify the expansion coefficients with the spatial wavefunction and write

%) =/m o) ) (21-27)
—— N A

arbitrary state scalar coefficient x eigenstate

Y(z) = (z|lv) — ( (21-28)

projection of 1)) vector onto
position eigenstate |x) '

The wavefunction in position space ¥(z) is the set of expansion coefficients of the
state |1} in terms of position eigenstates, it is the projection of the state [¢)) onto the
position eigenstate where the particle is localized at x. Similarly, we can expand in
terms of momentum eigenstates,

) = [ dkdi)lk), (21-20)
D(k) = (kl). (21-30)
The wavefunction in momentum space is the set of expansion coefficients in terms

of momentum eigenstates. Similarly, we have for eigenstates of angle |6, ¢) in po-
lar coordinates (i.e., states where the particle is found with certainty in a direction
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specified by 6, ¢, and nowhere else):

) = [ d20,0)16.0) (21-31)
— /0 de; /0 Wsin@d@c(@, 0|0, o) (21-32)
:/Oﬁdgb/: d(cos0)c(, 9)|0, P) (21-33)

with the angular wavefunction

Y(ea ¢) = 6(97 ¢) = <97 ¢‘¢>7 (21'34)

expansion coefficients in terms of angular eigenstates.

Figure II: Angles 0, ¢ in spherical coordinates.

Wavefunction of angular momentum eigenstate |[, m)
in “angle representation”

The wavefunction corresponding to state |, m) is
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without proof: by expressing L, = xp,+yp, etc. in polar coordinates and substituting

p; = %% we obtain the following operator expressions:

h 0
L, =——. 21-
i O (21-36)
Ly = he* <i% + i cot 98%). (21-37)
The eigenequation for L, becomes
= imYim(6,0) (21-39)
h 0
0,0|L.|l =—-——{0,9|l -
h 0
= — V.0, 21-41
i (6,) (21-41)
This differential has the solution
Yim (0, ¢) = Py (0)e™? (21-43)
The stretched state m = [ is characterized by L. |l,m =1) =0 or
he'? 9 + i cot (9i Yu(0,6) =0 (21-44)
00 (0] ’ ’
e’ 9 + i cot 9& Py(0)e® = (21-45)
00 (0] ’
<% —lcot 9) Py(6)etD? =, (21-46)
2—l t6 ) Py(0) =0 (21-47)
90 CO i — Y -
the solution of which is P;(#) = (sin#)'. Consequently,
Yu(0, ¢) = Cy(sin §)'e® |, (21-48)
As for the HO, the eigenstates for m < [ can be found by applying L_ to Y};:
Yu(0,¢) = c(L_)' " (sin0)'e"?|, (21-49)
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where the operator L_is given on p. XXI-5. These are the spherical harmonics,

given by
A1 —m)E .
Yim(0,0) = (—1) [ I (g m) P (cosf)e™? | for m >0 (21-50)
Y —m(0,0) =Y, |, form >0 (21-51)
where the Py, (cosf) are the associated Legendre polynomials
_m l-m
m o l+m(l+m)|(1_n2) 2 i 231
P"(u) = (-1) = m)] 5171 T (l—u)’, form>0  (21-52)
-m . m (l B m)' m
B () = (1) e ) (21:5)
The first spherical harmonics are:
1
Yoo = —
© Vin =0 (21-54)
)
3
Yii = —/ —e®sinf
8T
Yo = 5 0
0=\ gy ©° I=1 (21-55)
3 )
Y] 1 =—+1/—e “sind
’ 8T
Vs
15 5 )
Yoy = 1/ —e?®sin% 6
32m
15
Yo, = —1/ —e sinf cos @
8T
5
Yo = {/ ——(3cos? 6 — 1) l=2 (21-56)
167
15 .
Yo_1=— — e “sinfcosh
8T
_ 15 i o
Yo 9= ﬁe sin“ 0 )
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y ’
| I: _ 5 S
| Yool 1, [ (r [*
(a) [Yoo|? (b) Y[ (c) [Y10l?

Figure III: Distance of displayed curve from origin in given direction indicates value
of |Yi|?.

Geometric interpretation of quantum mechanical fea-
ture of angular momentum

(Classically, we can prepare an object to have its angular momentu completely aligned
along an axis, say, the z axis. Then we have classically (L?)q = (L?)q, and L, = L, =
0. In QM, L, and L, do not commute, which implies a Heisenberg uncertainty be-
tween them. Quantum mechanically, the largest z component of angular momentum
in that we can produce for a given total angular momentum [ is m = [, but

(I,m =1L}, m =1) = R*1(1 + 1) (21-57)
> (I,m = 1|L2),m =1 (21-58)
= K2 (21-59)

Consequently, some angular momentum must be pointing in some other direction:

L2+ L=L"—-L2 (21-60)
=Rl +1) - B (21-61)
= In? (21-62)
#0 (21-63)

So there is angular momentum v/IA pointing elsewhere.
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Let us analyze L,, L, in the stretched state m = [:

(La)m=t = (I, m|Lq|l, m) (21-64)
= (5 (L + L)L m) (21.65)
= %((z,mu,nﬁ 1)+ (I, m|l,m — 1)) (21-66)
=0 (21-67)

since states with different quantum numbers are orthogonal. So we have (L,) =
(L,) = 0. (Similarly for L,.) Where, then, is the missing angular momentum?

(I = 0L ml(Ly 4+ LY m) (21-65)
= i(z, m|Li + LyL_+L_Ly+ L*)l,m (21-69)
_ i(l,m\LJrL + L L) m (21-70)
_ i(l,m|L2 L4 AL +12— I —hL)m (21-71)
= %(l,m =I|L* — L2|l,m) (21-72)
_ %1(1 LR — 2R (21-73)
- érﬁ (21-74)

and similarly for (L?): l

(12) = (13) = 50 (21-75)
Even though (L,) = (L,) = 0, some angular momentum is contained in the z- and y-
components as uncertainty. Since [ is constant, we can draw the following geometrical
picture for angular momentum:

Note. There is nothing special about the z-direction, we could prepare, e.g., a max-
imally oriented state m = [ along = (or, in fact, any other direction) by a linear
combination of |/, m) states,

l
Lom =1y =Y cull,m). (21-76)

m=—1
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Lyl b bl alry ke

(t

Figure IV: For given state |, m), the angular momentum points somewhere along the
circle that corresponds to the given m-value, but we cannot predict the direction, i.e.,
the L, and L, components.
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8.04 Quantum Physics Lecture XXII

Radial equation for spherically symmetric potential

The SE in 3D in spherical coordinates is

B 2h_m (% * %%)w(r) + 2;r2¢(r) + V(r)y(r) = Ey(r) (22-1)

using the ansatz ¢ (r) = R(r)Y (6, ¢), and inserting for the angular function an eigen-
function

we have, using L2Y;,,,(0, ¢) = h*1(1 + 1)Y}n(0, ¢) after dividing by Y, for the radial
equation,

o 20 RUl+1)
[_% (ﬁ + ;E) T 22 +V(r)| Ru(r) = EqRu(r) | (22-3)

Here, we have added two subscripts n, [ to the radial wavefunction R(r) and the
eigenenergy F because the SE for the radial part of the wavefunction depends on the
total angular momentum ! of the 3D wavefunction ¥(r).

Note. The z-component of angular momentum L., and the corresponding magnetic
quantum number m, do not appear in the radial equation.

We can define an [-dependent effective potential,
P14 1)
o
where the additional term is the centrifugal barrier for a particle with angular mo-
mentum

Ve = V(r) + , (22-4)

(L% = r%1(1 + 1). (22-5)

The radial equation can be brought into a more familiar-looking form by introducing
a new function:

u(r) =rR(r)

R = u_7,) (22-6)
Then, '
R u’rrz— u i’ B % (22-7)
/

220 o)
R — u”rﬂ— u u”r’i; ur _ u7” B 2T_120’ N i_?; (22-9)
(88—; + %%) R(r)=R"+ %R’ = “7 (22-10)
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8.04 Quantum Physics Lecture XXII

and the radial equation is

2m r Or?

2 2 2
h? 10%u [h (1 +1) wr) _ gu\r) (22-11)

2mr?

or

[_h_za_z R+ V(T)} Wilr) _ g () (22-12)

2m Or? 2mr? r

This equation for u(r) = rR(r) has the same form as the 1D SE in the effective
potential

R+ 1)

VeﬁrJ(T) = V(T) + W

but with slightly different boundary conditions. Therefore, u(r) looks like an anti-

, (22-13)

LA
A Wlo)=o0
.\—_h_hh‘_-;-_
) .

v

Figure I: u(r) = rR(r) has the same form as the 1D SE in the effective potential
Vesri (), but with slightly different boundary conditions.

symmetric solution in all space. Consequences are, e.g., that since an antisymmetric

Figure II: u(r) looks like an antisymmetric solution in all space.

bound state does not always exist in 1D, that a bound state does not always exist
in 3D (in contrast to 1D, where a symmetric bound state always exist in a potential
well). 3D wavefunctions u(r) are like antisymmetric 1D wavefunctions in the effective
potential

R+ 1)

Vi) = Vi) +

(22-14)
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8.04 Quantum Physics Lecture XXII

Hydrogen atom

A 2
V(r)=— ‘ —  (and the radial equation is) (22-15)
dmer

(—@8—2 _Ze  mUAD E) u(r) =0 (22-16)

2m Or?  Admer 2mr?

8m|E|
h2

Ze*  [8m | W’ Ze* |8 5
e _”21 o _se  jem (22-17)
rléme|E|V h* \ 8n  16mwehr\ |E|\ 8m|E|
Ze? [m 1
- L 92-18
dreh \| 2|E] p ( )

We introduce a dimensionless position coordinate p by p? = r?, and define for

E <0

A
= — (22-19)
P
The equation can be written as
0? A1 I+ 1)
2_-_ =0 22-20
02" * (p 4 p? )u ( )

. . 8m|E| _ Ze? m_ mc? _ et 1 i i
with p = /=21, A = {5 E = Za ST where a = 2 ~ 3= is the dimen-
sionless fine structure constant. To solve this equation, we proceed as for the HO: We

write a Taylor-expansion solution after having factored out the correct asymptotic
behavior.
For very large p we have

d? 1
u(p) o< e 2P (22-22)
For very small p,
d? I(1+1)
u(p) oc ptt (22-24)
Consequently, we try a solution of the form
_1
u(p) = s(p)p'tte 2’ (22-25)

Massachusetts Institute of Technology XXII-3



8.04 Quantum Physics Lecture XXII

1 )
w(p) = (s (p)p" + s(p) (L + 1)p' = Ssp!*)e>" (22-26)
u(p) = ["p 200+ 1)s'p + s(L+ 1)1p" ! (22-27)
1
— 5(s’pl“ + (1 +1)sp") (22-28)
1 1
- é(s/le + (I +1)sp" — 2$pl+1)]e 2 (22-29)
. ©(l+ 1) I+1 1
=pl“e‘z[s”+2(l+1)s—+ ( +2 LV s s+—s]
p p p 4
(22-30)
A1 (41 (N1 l(l+1
(———— ( —Z ))UZ,OZHB_?(———— ( —Z ))s (22-31)
p 4 p p 4 p

Inserting this into (?77?) leads to

S,,+(2(l+1) _1)S,+ ((l+1)l_l+1+1+5_1_l(l+1))520 (22.32)

p p p 4 p 4 p
s" + {M - 1} U S (22-33)
p p
To solve this differential equation, we write a Taylor expansion about p = 0:
s(p) = arp* (22-34)
k=0
s = Z ark(k —1)p"2 (22-35)
k=0
= apa(k+2)(k +1)p" (22-36)
k=0
20 + 2 20+ 2
(L - 1) s = (L - 1) > apkpt! (22-37)
p
(2042)>  apa(k+2)p" = apa(k+1)p" (22-38)
k=0
A—1—-1
—s=A—-1-1) Z A1 Pt (22-39)

p

which substituted into (??) results in

Zpk{(kﬁ—l—Q)(k:—i-1)ak+2+2(l—0—1)(/€+2)ak+2+()\—l—1—/{;— 1)ak+1} =0 (22-40)
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This must vanish term by term, so we obtain a recursion relation

(k+2)(k+20+3)ari2 = (k+14+2— Nag (22-41)
or
recursion
Uht1 _ E+l+1-—A . relation. for (22-42)
ay (k: + 1) (k: +2(1+ 1)) expansion
coefficients

If the series does not break off somewhere, we will have for large k, a, %ak_l or

aj, X %, which gives a growth s(p) oc e™”, which is not acceptable for u(p) = s(p)e_g.

Consequently, we require the series to terminate, which implies A = k4141 for some
L. Let us call n, = k the integer with that property. It is cutomary to define the

principal quantum number as

n=n,+1+1|, (22-43)

where n, > 0, son > 0, son > [+ 1, n integer, and

Ze? m

n = 22-44
dmeh '\ 2|E,| ( )
Zay | (22-45)
= o _— -
2| Ey|
Consequently, the eigenenergies of the hydrogen atom are
1 L (Za)y eigenenergies of

En = oM e - hydrogenlike atoms (22-47)

This is the same energy eigenspectrum as obtained from the Bohr formula.

Note. There are important differences:

e The principal quantum number n = n, +{ + 1 is really the sum of the radial
quantum number n, and the total angular momentum quantum number /.

e We have obtained the full radial and angular distribution of the electron, which
generalizes the classical concept of an orbit.
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First few radial functions

2 _ 8m|E,|

7“2

_8ml 2 (Za)? 4
h? 2 n?
(2mcZa)?

- hn? "

(22)221
= _— T —
ao n?
24r
nagp

with the Bohr radius

h2

mco

ap =

1 _Zr
Consequently, e"2” = ¢ nao

1.n.=0l=0,n=m=Xa,=0

u(r) = C’pe_%p =(C] <ﬁ> 67%

Qo
u(r) _zr

R(T) = T = 026 @0

(22-48)
(22-49)
(22-50)
(22-51)

(22-52)

(22-53)

(22-54)

(22-55)

Note. The probability to find the electron between r and r 4 dr is given by

r?|R(r)|2dr = |u(r)|?dr.

2. (a)n,=11=0,n=2=2X

aq 1 1
gd__ - __Z 22-56
Qo 1-2 2 ( )

1 Zr Zr\ _zr
= Cpe?(1—2p)=C'"—=(1-=)e 22-57
un(r) = Cpe (1= ) =2 (1= TN E (2
1" Zr —Zr

RQQ(T) =C"[1——|e 20 (22—58)

20/0
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(b) n, =0,l=1,n=2= X\

M0 5 a=0
Qo
: Zr\* _z
Uy (r) = CpPe 2’ = C’(a—r) e %
0
Z _Z2r
RQl(T) = C/,(CL—T)e QZ‘ID
0

(22-59)
(22-60)

(22-61)

Royy = Ry—2)—0 and Ry = R, —2,—; are different states that have the same
eigenenergy. The occurrence of different eigenstates with the same energy,

(or in general quantum number) is called degeneracy.
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Last time

e Radial equation for given angular momentum eigenstate Y;,,(6, ¢) with quantum num-
ber /

2 2 2
[ f ( 0 %ﬁ) + rii+1) + V() |Ru(r) = EuR(r) (23-1)

2m\or2 ' ror

can be written in form of 1D SE with effective potential

2mr?

R+ 1
Vea(r) = V() + "t 1) 23-2)
2mr?
by defining u(r) = rR(r),
h2 2
- %% + Veg(Pu(r) = Eu(r). (23-3)
e Specialization to hydrogen atom:
7 2
V() = - (23-4)
dreor

e Define dimensionless variables:

8m|E)| Ze? m
= JomEL m 23-5
p o Aregh \ 2IE] (23-5)

A 1 ll+1
W (p) + (— BEN G ))u(p) ~0 (23-6)
p 4 p
e Asymptotic solutions:
u(p) = s(p)p™*'e™%, forp — 0, p — 0 (23-7)
and Taylor expansion
s(p) = ) aupt (23-8)
k=0
leads to recursion relation
k+1+1-2
Bl _ . (23-9)
ar  (k+1)(k+2(1+1))
e Boundary conditions for p — oo require series to terminate at some
k=n, (23-10)
n-+l+1=4, — (n,radial quantum number) (23-11)
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e Define
A=n=n,+1+1, — (principal quantum number) (23-12)
1 Za)?
E, = —imc%%) (23-13)
2 n?

not relativistic formula, only written in simple form using

62

= —  (fine structure constant) (23-14)
dneghic

e In general, the (unnormalized) polynomial s(p) is the associated Laguerre polyno-

mial,
s0) = L2 o), (23-15)
defined as
Lip) =Y (” " “)(_p) : (23-16)
—\n—m| m!
The 3D wavefunction is given by:
wnlm(ra 6’ ¢) = Rnl(r) Ylm(ea ¢) (23' 17)
= Dy 6.9) (23-18)
,
with 1
u(p) = s(p)p'e 2’ (23-19)

normalized such that
1= f Al (0))* = f dQ|Y.(6, )I* f r2driR(r)I* (23-20)
0

The probability to find particle within shell [r, r + dr] is given by

f dQIY, PP IR(r)Pdr = |u(r)P f dQ|Y,| (23-21)

Degeneracy of the hydrogen spectrum

For given [; all magnetic quantum numbers m have the same energy, so each /is (21 + 1)

degenerate. Also, for each n = n,+[+1, the radial quantum number 7, can take on the values

n,=0,1,...,n—1, and the / quantum number the corresponding values / =0, 1,...,n— 1.
So for given n, the total number of degenerate states is

1 + 3 +--42m—-D+1=@m+1)7 (23-22)
— N—— N — —
(I=0) (=1 (I=n-1)

Actually, there are twice as many states because each electron has two spin states.
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Figure I: Energy level structure of hydrogen atom.

Normalized time-independent eigenstates of hydrogen

Y00 = We"/“o Yo0(6. ) ls (23-23)
0
2 r —r/za

Y00 = W(l - 2—%)e 1200y 00(6, §) 2s (23-24)

Yo Y116, ¢)

w = ;Le—rﬂao Y (9 ¢)
201 \B(2ag)¥? ao 1037 2p (23-25)

Yai-1 Y1106, ¢)
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Spectroscopic Notation

=0 is called S
=1 is called
=2 is called

3

= o o

is called

Some useful expectation values for the hydrogen atom

Given the wavefunctions R(r), we can calculate expectation values

(kY = f ) drr*™* R, (r)]? (23-26)
0

(ry = ;’—;[3;12 — I+ )] (23-27)
2 a(2)”2 2

()= 555" + 1= 301 + 1] (23-28)
1 Z

(;)- 2o (23-29)
1 72

<ﬁ> - (23-30)

a§n3(l + %)

Lifting of degeneracy in hydrogen atom

Further interactions, that we have neglected so far, lift the degeneracy between s,p,d levels.
For instance, from the electron’s point of view, the moving proton corresponds to a current.
The associated magnetic field couples to the magnetic moment associated with the spin of
the electron: spin-orbit interaction. Furthermore, relativistic effects lead to energy shifts
that depend on the total angular momentum J = L + S of the electron (8.05: addition of
angular momenta). Also, the proton has spin that has a small magnetic moment associated
with it. The interaction between the proton’s and the electron’s magnetic moments is called
the hyperfine interaction, and leads to shifts that depend on the total angular momentum F =
J+1I =L+S+I of the atom, where I is the spin of the proton (nucleus). While the intrinsic
angular momentum (spin) of fundamental particles is always 7/2, composite particles, such
as nuclei, can have integer spin if the number of constituents is even. Therefore, when
viewed as single particles, atoms can be bosons (integer spin) or fermions (half-integer
spin), with dramatic consequences for quantum statistics and low-temperature behavior.
Two identical fermions must be described by a wavefunction that is antisymmetric with

Massachusetts Institute of Technology XXIII-4



8.04 Quantum Physics Lecture XXIII
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Figure II: A few radial wavefunction. Displayed on the left is the wavefunction R,;, on

the right the probability density |u,|> = r*|R,|*. n, is the number of nodes in the radial
wavefunction.

respect to particle exchange,
Ye(r,12) = =i, (1r2, 11) (23-31)
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— wavefunction vanishes for r; = r, — fermions avoid each other.
Bosons are described by symmetric wavefunction with repect to particle exchange

Yp(ri, 1) = +p(rs, r)) (23-32)

= Bosons are more likely to be found at same position — lasers, Bose-Einstein conden-
sation, superconductivity, classical notion of fields where amplitudes can be added.

Polarization of light

A classical light field traveling along z can be linearly polarized along x,

8(z,1) = go@. e, (23-33)
linearly polarized along y,
£(z,1) = goe e, (23-34)
linearly polarized along a direction & = cos 6é, + sin #e,, in the xy plane,
e(z,1) = goee" ", (23-35)
circularly polarized
ér = L(éx +iey) (23-36)
V2
e = L(éx —iey) (23-37)
2
eLr(z, 1) = t‘;)/é_L,ReikZ_iwt (23-38)
or, in general, elliptically polarized
& = cos e, + e sin 62,e(z, 1) = gpee™ ! (23-39)

Any two orthogonal polarization (e.g., (&, &), (‘/%(éx + &), %(éx - &), (L, ér), -..)
form a basis. An arbitrary polarization can be expressed as a superposition of the two basis
polarizations.

A linear polarizer has one strongly absorbing direction of polarization (ideally € - & = 0
along that direction of polarization after the polarizer), and one weakly absorbing direction
(ideally: no absorption). If we call the latter the axis of the polarizer, the light behind the
polarizer is linearly polarized along that axis. No light is transmitted through two crossed
polarizers unless a third polarizer is inserted between them at an intermediate angle In this
case the transmitted field is

1 1 1
g (8r- —=@+8))—=@+28) ¢ = %0 (23-40)

V2 V2
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1. e

.,Ii *I ‘]

Figure III: The polarization of the transmitted light is €, = (ginc - &,)&,e* !

;

F.l {.% f@ﬂh*ér)
f: = Ec Ex ' "}

7 1) 21| 7%
ol

Figure IV: Light can pass two crossed polarizers if a third polarizer is inserted between
them that is oriented at an angle.

and the transmitted intensity is proportional to [%30]2. The variation of transmitted electric
field with polarizer angle, & = cosfé, + sinée, for incident field along X, & = &g, is
é.e = cos 0, so the transmitted intensity varies as cos2 6

Quantum mechanical description

A light beam consists of photons, if we attenuate the beam to the level where only on
photon passes though the polarizer at any given time, then because photons appear only
as units, the photon is either absorbed or it is not: The probability for the photon passing
the polarizer is now cos? 6 (the probabililty amplitude is #). The polarizer “measures” the
polarization state of the photon: if the photon is polarized along the polarizer axis, it is
transmitted, if polarized perpindicular to the polarizer axis, the photon is absorbed.
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