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ǵˊ
6多

〞̄t

———
—
6

╯ 望 三 a＿ ＿

咖

∠ 一

手

一 琬

夕

垚 ㏑ ＿＿＿ U刀 冱 五 〞 一 一 一

土 並 且

一

磁 力 趐 π

一

」 ∟ 2三 五
一

二 9′ ＿ 三 t

羽 └ �
午 吽
4一 一 舀 生 虫 圠

先 /垃
蟲 夕私 一 並 pi一五 一力 ╯ 〞山 他 巧

6吐 一4三 旦 一一

—棧韱卜戶
一茂芻iㄏ=一加ω一一———

— —— ———————
立 左一二班  =￣ ∠上4

→
一

一
一

各

一 全

— —

十

一
5上.一一一z〞＿t工t＿＿＿＿＿————
≠     方t

—— — — — — — → 一 θ
伊
拉 一刁 ╯ ﹎

磊

一

切 好 掰 飪 磁 拹

國立清華大學物理系 ｛所 )研究室紀錄



′9:;i:

編號: θ-′
總號 :

豆:二:I工r°Ξ

°

干五╮I石互:筠刃三9
二 二 二 二 二 三

1〞

多

〞

一

十

﹍

一

一

匆

二

一
老

一 一 一

i一 .—
—

—

—

二 L一 生 二 ′

一

房 三 一 二 ＿ ＿:一 =

＿   」Dvt名 4巨  J′ 協 ∴i翃 尾 5′刀′i㎡.

ˊ� X9=ˊ r59, t仍 己  pU血 力 t屁a tlJˊ 〞〞 己t′′tt〞 Δ甘 〩 ┴ -亥 .

一  ′〞  ＿Γ〞⊿工仞

— — — — — — — —— π r￣
￣
′
一°
┬
￣￣ ￣

ㄏ ︿ 5x,  .一 ㄏ 可
一
┬

＿ ＿ 且 刀
工 ε
一
r.︽

一
′
└ 上 上 一 工

一

竺 五 孩 上 山 鈕 甿 一 ╘ ＿山

二
一      └ 左     乙甡 ＿ ＿   ＿ ＿

＿ ＿ 旦 生 └ 一 一 竺     生 至 ┘
γ
拹 ㄩ 比 L趐 伍 鈕

﹏
銘 6＿)一一一 一

國立清華大學物理系 (所 )研 究室紀錄



分 類

編號:〞 一Z
總 號 :

±窒五彎2=〧笁土立曶生生穿Ξ6
— — — — — — — — — — — — — — —

—
— — —

—
—
—
—
—
— — — — — — —

— —
—
—
.一 〞

〞6a)

︸ 并
工
早
工 山 翅 物 6′ 一並 己 一洗 翃 幽 r/〞 刀拔 4tt冱 一a6一 k.三 一 之 ＿

一 一      匯 ⊿矼互C座 ● a∠ t

面 區 一≡ 旁

一

二 I二 乙 勿 幽 已 甲 碰 V在 ＿

ˊ
∠
Z〞 /∠F/
方一
一

一九  
°? θ′〞θή久4〞C ˊ
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Supplement4一 C

PeriUdicPUten位als

ⅣIetals..enerallyhaveac,staIlinestructure;that is,theiUnsare叮 aΠgedinaway 亡hat

exhibitsaspatialperiUdicity InUurUne-diInensiUnaldiscusSiUnUfthis亡 Upic,we、 vil】 see

thatt㏑ speriUdicityhastwUeffectsUnthemUtiUnUfthefreeelcctrUns in themetal Uneis

thatfUraperfect幼 riεε一 that is,fUriUns spacedequally一 theε 了ε ε rrU刀 prUpagatε ∫ Ⅵ
j́r九 -

U切〞潔′θε〞
。
UK;theUther is thattherearereStric亡 iUnSUntheenergiesallUwedfUrtheelec-

iUns;thatk,仍θrε arε 胡JU〃ε〞aKdˊb油 j翻ε刀ε刀t玿V%aKd∫
”

WebeginwithadiscussiUnUfthecUnsequencesUfperfectperiUdicity

TheperiUdicitywillbebuilt intUthepUtential,fUrwhichwerequirethat

thedisplacementyieIdS

V(‘ 十ω =V(X) (4C一 l)

SinccthekinetlcenergyteⅢ 一 (元
2尼
用 )(〞
2/乙
′ )isunaIteredbythechangex一 )x+a,the

whUleHa用 j〞U刀 9a刀 j∫ 加 varja刀 r毋〃加 ㄏ氻 ,ptaε θ用 εηrJtva FUrthecaSeUfZerUpUtentiaI,

whenthesUIutiUncUπ espUndingtUagivenenergyE=元
2乃2/2uis

ψa)=ε
i絃

ψ(x+a)=θ
ltl工十ω=θ

i幼

ψ←)

that is,theoriginalsUlutiUnmultipliedbyaphasefactUr,sUthat

ψ(x十 的｜
2=｜ψ°)｜ 2

TheUbservableswill therefUrebethesameatxaSatx+a;that is,wecannUttell、 vhether

weareatxUratx十 aInUurexampleweshaIlalsUinsist thatψ (x)andψ (x+a)differ

UnlybyaphasefactUr,、 vhlchneednUt,hU、vever,beUfthefUrInε
i焰

WedigressbHenytUdiscuss this requirement mUrefUmalIy 
「
ΓheinvarianceUfthe

HamiltUnianunderadispIacementx一 )x+acanbetreatedfUma1lyaSfUllUws LetDa

beanUperatUrwhUseruIeUfUperatiUniSthat

(4C一 5)

(4C-‘
)

(4C-7)

(4C-8)

WV-19

(4C-2)

(4C-3)

(4C-4)

Da只x)=」×+a)

Theinvarianceimpliesthat

I〃,Da〕 =U

Vˊecan nndtheeigenvaluesUfthisUperatUrbynUtlngthat

U〞ψ什)=λ aψ(x)

D一pa只° =Dp山 (。 =只°

tUgether、vith
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impIiesthatλ 口λ一a= l This thenimpIieSthatλamustbeUfthefUrrnε
叩.Hereσ mustbe

rea】 ,becauseifσ hadan imagina,part,asUcceSsiUnUfdisplacementsbya、 vUuIdmake

the、vavefunctiUnlargeraΠ dlargerwitheachdispIacement inUneUΓ theUtherdirectiUn.

CUnsidernUwasimultaneUuseigeΠ functiUnUf′ΥaΠdDa,anddenne

“(x)=ε 1φψ(x)

Then,uSingthefactthatλ a=ε叩,weget

Dav(x)=ε 竹̄“
+a)Daψ

仕)=ε
一竹什+a)θ竹‘

ψu)=ε  iφψ(x)=跖 (X)

This means that〞 (x)isaPehUdicmnc.UnUbeying毋 (X+a)=切 (X) TheupshUtis thata
functiUnwhichisasimultaneUuseigenfunctiUnUf〃 andDamustbeUfthefUm

ψ(x)=ε
I幣
v(x)

with“◆°pehUdicThis reSult is knUwΠ asBㄉε乃62乃θU〞仇.
FUrafΓeepaIticlea=色 thewavenumbercUrrespUndstUtheeΠ ergyE.MUregener-

ally,therelauUnbetweenη and5is mUrecUmplicated.Inanycase,it iScIearthat(4C-4)

hUIds,sUthatthenetΠ uxisunchangedaswegUfrUΠ 1xtUX十 a,andbyexteΠ SiUntUx+
刀a.This rneans thatanelectrUn prUpagateswithUutachangein nux.

LetuscUnSideraseriesUfiUns in aline, withtheircentersIUcatedatx = Ka TU

avUidhav㏑ gtUdealwithε 刀′缸〞εrJ,weassumcthatthereareⅣ iUns placedUnave,
largeHng,sUthat刀 =landK=Ⅳ +larethcsameSite.WewiIlassumethatthcmUst

IUUseIy bUund eIectrUns——the Unes that are viewed as 
“
free”——aΓe Still sufnciently

strUnglybUundtUtheiUns亡 hattheirwavefunctiUnsdUnUtUverlapmUrethanUneUrtwU
nearest nei8hbUrs WemaynUwask:What isIheeffectUf血 sUverlapUntheene吧 iesUf

theelectUnS?

TUanswerthis questiUn,wecUnSider nrstacIasSicalana】 Ugy Werepresent theeIec-

trUnsatthedifferent sitesbysiInpleharmUnicUsciIIatUrs,allUsci】 Iatingwiththesamean-

gularfrequencyω . In theabsenceUfanycUuplingbetweenthe UscillatUrs, wehave the

equatlUnUfrnUtIUn

(4C-9)

(4C-1U)

(4C-11)

(4C-12)

(4C-13)

(4C-14)

(4C-15)

午一矺 “=叭 2‥●
IftheharmUnic Usci】 latUrs arecUupledtU their nearest neighbUrs, then the equatiUn is

changedtU

午
一
蔬
一 用 伝 Π一 易 印 +aπ 一 如 H刃

TUsUIvethiswewhtedUwnatha)sUlutiUn

x刀 =A刀 cUsΩ r

WheΠ this is substitutedintU(4C一 13),weget

(ω

2一

Ω

2》

刀
=一 Kφ ㏑

用

一 A刀

一 1一

AΠ

十 l)

This is knUwnaSa〞 t〞′εKεεεσ〞a′jU刀 .WeSUlveitbyatnalsUlut1Un.LetusaSsumethat

AΠ =乙刀                   (4C＿ 16)

TheidentincatiUnUfthesitesatη =landⅣ +liΓnpIiesAl=AⅣ+IsUthat乙
Ⅳ=1.This

means that

乙 =ε
2π j用V (4C一 17)
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TheequatiUnfUrthefrequencyftnUwyields

Theresult

σ =ωz+ (4C-18)

:子:π “ :::甘:r:℉早r脬 .告:r翠t:l:一::拶 :::昇叮::早;｛I有

「

°

:::出:蠶 落翠
theycanbesaidtUfUrInata刀′ IfWethinkUfelectrUnsasunder..UingharmUnicUScil-
latiUnsabUuttheircen trallUcatiUns,wecan translatetheabUveintUastatement thatiΠ

theabsenceUfneighbUrs,aIIelectrUnenergiesaredegenerate,andtheinteractiUnwith

neighbU了ingatUmsSpreads theencrgy valueS. Wecan, UfcUurse,haveseveral funda-

mentaI frequencies ωI, ω2,.. , and different cUuplings tU their neighbUrs, with
stΓengthsKI,Kv‥ ,whichwiIlthengiverisetUseveralbaΠ dsthatmayUrmaynUt
UverIap.

ThespreadingUfthefrequencies is thesaIneeffectasthespreadingUftheenergylev-

eIsUfthemUst lUUselybUundelectrUns FUratUmsfarap刉改,WithspacingIar..eΓ thanthe
expUnentialfal1-UffUfthewavefunctiUns,aIItheenergiesarcthesamesUthatwehavean

〝.fUlddegenerate singleeΠ ergy Becausethe atUms are nUtsU farap㏕ , thcre is sUme
cUuplingbetweennearest neighbUrs,andtheenergyleve】 s spread TheclaSSicaIanalUgy

is suggestive, butnUtexact,SincefUrthequantumcaSeleVelsarepushedupasweII as

dUwn,whereasaIlthefrequenciesabUve,lieabUveω  LaterwesUlvetheKiUΠ i..-Penney
mUdel in、vhichthepUtentialtakesthefUm

6u)=

ThesUlutiUncanbeshUwntUleadtUacUnditiUnUnσ ,whichreads

cUs ηa=cUs 又a

AscanbeSeenfrUmFigure(4C＿ 1),thisc!earlyshowstheenergybandstructure.

THEKRUNIG＿PENNEY∼IUDEL

TUsimpliㄅ thealgebra,wewiI】 takeaseHesUfrepulsivedelta＿ functlUnpUtentiaIs,

(4C-21)

AwayfrUmthepUin亡 SX=刀 atheSUlu● UnwⅡ IbethatUfthefree-particIeequatiUn— —that
is,sUmeIinearcUmbInatbnUfsin紅 andcUs紅 (wedealwithrealmΠ ctIUnsfUr simplIc-
ity)Letusassumethatin theΓ egiUΠ Rπ dennedby(η 一 l)a≦ x≦ ηa,wehave

〞 一 σ -2K｛ l一 cUs等
｝
=一係 血n2翠

啊 =鑫 告
〞壘∞
跆 一刀的

aη一什
δ∞Σ

一∞

入

t
〞
葝

併㎡n2翠

岫

一
幼

λ

l
一

2
+

ψ
(x)=札 sin泛 (x一 刀a)+既 cUs泛 (x一 刀a)

andiΠ theregiUnRΠ十IdennedbyFia≦ x≦ (9I+1)awehave

(4C-19)

(4C-2U)

(4C-22)

l)a〕   (4C-23)ψ(x)=A用 十l sin比 Ix一 (乃 +l)a〕 +Bπ +IcUs走 Ix一 (刀 十
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二
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λ S︳nx

F地ure4c-l Pl。 tUfcosx+(入 /2)(sin感〝 asafuncIon ofxThehoHzontal linesrePresent the

bounds± 1 TheregionsUfxfUrwhichthecurvelinesoutSidethestHParefUrbidden

CUntinuityUfthewavefunctiUnimpIiesthat(x=刀 a)

一Aπ十l sin比a+BΠ +lcUs比a=BΠ

andthediscUntinuitycUnditiUn(4-68)herereadS

(4C-24)

(4C-25)屯4π +｜ cUs走θ十 比Bπ十l sin北a-

AlittlemanipulatiUnyields

AΠ +l=Aπ cUs㎞ 十 (gcUs幼 一 sin〞a)BΠ
Bπ +I=(gsiΠ 幼 +cUsπ a)B用 +Aπ sin幼

whereg=λ /走a
TherequirementfrUmBlUch’ stheUremthat

妞Π=告 BΠ

(4C一 26)

ψ(x+a)=ε竹
(x+“〕毋(X+a)=↙ g(x十 a)a(X)=ε j〞aψ(x) (4C-27)
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impliesthatthewavefunctiUns in theadJacent regiUnsR〞 andRπ +了 arereIated,sincethe

wavefunctiUn in(4C-22)maybewhttenas

ψ(x)=AΠ sinu((x+a)一 (η +l)a〕 +BㄇcUs又 I走 ((x十 a)一 (刀 +l)a〕

whichis identicaltUthat in(4C-23),prUvided

AⅡ +l=εη
aAΠ

BΠ +l=θ叩 BΠ
(4C-28)

Whenthis is inseItedintUthe(4C-26),that is,intUthecUnditiUns that亡 heWaVeequatiUn
UbeystheSchr° din..erequatiUnwiththedeltafuΠ ctiUnpU亡 entlal,weget

AΠ (εη
‘
一 cUs如° =Bπ (gcUs幼 一 sin女a)

BΠ (ε呷口一 (ε sin幼 +cUs北a))=AΠ sin幼
(4C一29)

ThisIeadstUthecUnditiUn

(ε
ηa一 cUs茲°(ε

ηa一 (ε sin幼

This mayberewHtten in thefUrrn

ε2i〞
.￣
2(CUs北 a

This quadratic equatiUn can be sUIved,

cUnditiUn

+cUs泛a))=sinπa(gcUs幼 一sin走a)(4C-3U)

+署屾ω′a+l=U

and bUth real and imaginary

cUs θa=cUstη 十
告
」
甹音
旦

(4C-31)

parts lead tU the

(4C-32)

This isave,interestingΓ esult,becausetheleft sideisaIwaysbUundedby1;that is,there

arercstrictiUnSUnthepUssibleΓ angesUftheenergyE=元 2是2/2〞 thatdependUnthepara＿
meterSUfUur‘

‘
c,Sta1.” Figure4C＿ 1shUwSaplUtUfthcfuncuUncUsx+入 sinx/2xasa

functlUnUfx=女 a.ThehUhzUntalIinerepresents thebUundsUncUsσ a,aΠdtheregiUnsUf
x,fUrwhichthecurveIiesUutsidethestrip,arefUrbiddenregiUns.ThusthereareatJUv〞

ε刀ε.田 taKt∫ separatedbyregiUns thatarefUrbidden.NUtethattheUnsctUfafUrbidden
bandcUrrespUndstUthecUnditiUn

σa=刀π K=± l,± 2,± 3,‥ (4C-33)

This,hUweveΓ ,is juStthecUnditiUnfUrBraggrenectiUnwithnUrrnaIincidenceTheeXis-
tenceUfener..ygapscanbeundeΓ stUUdquaIita● veIy In nrstaPpΓ UxiInatiUntheeIectrUns
arefree,except thattherewi】 IbeBraggrenectiUnwhenthewavesrenectedf【 Umsucces-
siveatUmsdifferin phasebyan integralnumberUf2π -┤hat is,when(4C-33)is satisned

Ⅲ eserenectiUnsgive㎡ setUstandingwaves,wiulevenandUddwavesUfthefUrrncUsπ xla
andsinπx/a,respectiveIy TheenergyleveIscUrrespUndingtUthesestandingwavesare

degenerate. Unce the attactive interactiUn between tho eIectrUnS and the pUsitivcIy

chargediUnsatx= 〃a(〃 integer)is taken intUaccUunt,thceven states,peakedinbe-
tween,wiIlmUveup inenergy.Thustheenergydegeneracyis splitatη =刀T/a,andthis
IeadstUenergy..aps,asshUwn inFig.4C-1.

TheKIUnig-PenneymUdelhassUmere!evancetUthetheU,Ufrnetals,insulatUrs,and
serrucUnductUrs ifwc take intU accUunt the fact(tU be studied later) thatener..y Ievels
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UccupiedbyelectrUnscannUtaccept mUreelectrUns Thusametalmay haveanenergy
bandpartially nⅡ ed IfaΠ externaI neldis appIied, theelectrUns are acceleΓ ated, andif

there aremUmentumStates available 亡Uthem, theelectrUns wiIlUccupy the mUmentum

StateSuΠdertheinnueΠ ceUftheelectricneld.InsuIatUrshavecUmpIe亡 elynlledbands,and

anelectrjcneldcannUtacce】 crateelectrUns,sincetherearenUneighbUringemptyStates

Itheelecthcneldis strUngenUugh,theeIectrUnScan‘ jump” acΓUSSafUrbiddenenergy

gapandgUintUanemptyaⅡ Uwedener..yband ThiScUπ espUndStUthebreakdUwnUfan
insulatUr The serrlicUnductUr is an insulatU了 With avery narrUw fUrbidden gap There,

smalIchangesUfcUndiIUns,suchasaHsein temperature,can prUducethe‘ jump” andthe

insulatUrbecUmesacUnductUr.

ThebandStructureiSUfgreatrelevancein sU】 idstatephysics Fig 4C＿ 2shUwsthree

situatiUns thatcan anse whenenergy levelS are nlled withelectrUns. We shall learn iΠ

Chapterl3thatUnlytwUelectrUΠ sarcallUwedperenergylevel Incase(a)theelectrUns
nllall theenergylevelsbelU、 vtheedgeUftheenergygap TheapplicatiUnUfaweakeIec一

㏑cneldwillhavenUeffectUnthemateha】 .TheelectrUns nearthetUpUfthenlledband

cannUtbeaccelerated TherearenUlevelswithhighereΠ er..yavailabletUthem MatehaIs

inwhichthisUccursare加 ∫“幼6U溶 ;that is,theydUnUtcaΠ ,cuΠentswhenelecthcnelds
areapplied.Incase(t)theenergyIevelsareUnlypartlyfilled In亡 hiSCasetheapplicatiUn

UfanelectncneldacceleratestheelectrUnsatthetUpUftheStackUflevels.ThcseelectrUns

haveemptyenergylevels tUmUveintU,aΠ dthey、vUuldaccelerateindennitelyinaperfect

lattice,as statediΠ thepreviUussec└ Un ⅣVhatkeeps themfrUmdUingthat is〞 心∫ψa〞oUK
Ⅲ elatticeis nUtperfectfUΓ 小〃UreasUns:Uneis thepresenceUfimpUhties,whichdestrUys
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One-dimensional potentials: potential step


Figure I: Potential step of height V0. The particle is incident from the left with energy 
E. 

We analyze a time independent situation where a current of particles with a well-
defined energy is incident on the barrier. The time-independent SE is 

Ĥu(x) = Eu(x) (15-1) 

h̄2 d2u −
2m dx2 

(x) + V (x)u(x) = Eu(x) (15-2) 

d2u 2m 
dx2 

= − 
h̄2 [E − V (x)]u(x) (15-3) 

Qualitative features of solutions for regions of constant V1: 
If E − V1 > 0, the solutions are of the form e±ik1x with h̄2k2 

= E − V1, k1 real.
2m 

¯Interpretation. h2k2 
is the KE of the particle with total energy E in a region of 

2m 
potential V1, the e±ikx wavefunctions correspond to particles traveling left / right. 

Figure II: In a region where the particle energy is greater than the (constant) potential, 
the solutions of the SE are plane waves e±ikx, where E − V1 = h̄2k2/2m is the kinetic 
energy of the particle in that region. 

If E − V1 < 0, the solutions are of the form e±κ1x with h̄2

2
κ
m 
1
2 

= V1 − E, κ1 

real. These are damped exponentials with a decay length constant κ1 (decay length 
κ1
−1), where h̄2κ1

2 
= V1 − E represents the “missing” kinetic energy of the particle 

2m 
As E V , the decay length κ1

−1 becomes longer and longer. → 
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Figure III: In a region where the particle energy is less than the (constant) potential, 
the solutions of the SE are exponentially growing or decaying functions, e±κx, where 
V1 − E = h̄2κ2/2m is the ”missing kinetic energy” of the particle in that region. 

Figure IV: When a light wave experiences total internal reflection on a glass-vacuum 
interface, an evanescent (non-traveling, exponentially decaying wave) builds up inside 
the vacuum. The closer we are to the critical angle for total internal reflection, the 
longer the decay length of the evanescent wave. This phenomenon is analogous to a 
particle entering a classically forbidden region with V1 > E. The less forbidden the 
region, the longer the decay length. 

Note. There is a non-zero probability to find the particle with energy E in a “clas­
sically forbidden region” with E < V1. The less the region is forbidden (the smaller 
V1 − E), the further the particle penetrates into the forbidden region (the longer the 
decay length κ1

−1). The phenomenon is similar to total internal reflection inside glass 
at a glass-vacuum interface. 

The light field has non-zero amplitude in the “forbidden region”. How do we 
know? Approach with a second prism. The evanescent (decaying) field existing in 
the vacuum is converted back into a traveling wave in the second prism. 

Similarly, a particle can tunnel through a potential barrier even if its energy 
is insufficient to surpass it. 

Back to potential step Assume E > V0: define 
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Figure V: The light field ”tunneling” through the forbidden region can be detected 
as it emerges on the other side in a second prism. 

Figure VI: As a particle tunnels through a barrier and emerges from the other side, 
the energy E and the Broglie wavelength 2π/k remain the same. The amplitude of 
the emerging wave is smaller than that of the incident wave. 

Figure VII: Potential step 

h̄2k2 

2m 
h̄2 q2 

2m 

= E 

= E − V0 

(KE in region x < 0) 

(KE in region x > 0) 

(15-4) 

(15-5) 
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The most general solution is 

Aeikx + Be−ikx in the region x < 0 (15-6)


Ceiqx + De−iqx in the region x > 0 (15-7)


If we choose as the initial condition a particle incident from the left (A = 0), then 
the particle can be transmitted to the RHS (C = 0), or, as we shall see, partially 
reflected by the barrier in spite of E > V0 (B = 0). However, if no particle is incident 
from the right then D = 0. 

Calculate the particle current (or flux) 

In region x < 0: 

h̄ du du∗ 
j< =

2im 
u∗ 
dx 
− 

dx 
u (15-8) 

h̄ �� � � � � 
=

2im 
A∗e−ikx + B∗e ikx ikAeikx − ikBe−ikx − c.c. (15-9) 

=
2

hk

m 
|A|2 + AB∗e 2ikx − A∗Be−2ikx − |B|2 − c.c. (15-10) 

hk¯ � 
2 2 

� 
= 
m 
|A| − |B| → net current for x < 0 (15-11) 

We define the reflection amplitude r = B , and the reflection coefficient as R = r 2 = � � A | |�B �2 
.

A 
For x > 0: 

h̄q
j> = 

m 
|C|2 (15-12) 

Continuity of wavefunction at x = 0: 

ψ(x 0) = A + B = ψ(x 0) = C (15-13) → ← 

In spite of the potential step, the derivative of the wavefunction must also be contin­
uous: � 

du 
� � 

du 
� � � d 

� 
du 
� 

dx x=� 

− 
dx x=−� 

= 
−� 
dx 
dx 

2m 
� � 

dx 
(15-14) 

= − 
h̄2 

−� 
dx[E − V (x)]u(x) = 0 (15-15) 

For future applications, we note that if the potential contains a delta function term 
λδ(x − a), with some magnitude of the delta function λ, then the same calculation 
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gives
 � � � � � a+�du du 2m 
dx x=a+� 

− 
dx x==a−� 

= 
h̄2 

a−� 
dxλδ(x − a)u(λ) (15-16) 

2m 
= 

h2 λu(a) (15-17) 
¯

To summarize, we have the following rules: 

Rule 1. The wavefunction u(x) is always continuous 

duRule 2. The first spatial derivative of the wavefunction 
dx is continuous if the po­

tential does not contain δ-function like terms. (It may contain potential steps). 

Rule 2.1. if the potential contains a term λδ(x − a), the the first derivative du is
dx 

discontinuous at x = a amnd satisfies the relation 

du du 2m 
dx x=a+� 

− 
dx x=a−� 

= 
h̄2 λu(a) (15-18) 

Figure VIII: A discontinuity in the slope of the wavefunction occurs at a delta function 
potential. The difference in wavefunction slopes is proportional to the strength of the 
δ potential, and to the value of the wavefunction at the cusp. 

Continuity of ψ: A + B = C (15-19)


Continuity of ψ�: ik(A − B) = iqC (15-20)
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Solve for B, C in terms of A 

k 
C = A + B = (15-21) 

q

k	 k 

A 1 − 
q 

= −B 1 + 
q 

(15-22) 

A
q − k 

= −Bq + k 
(15-23) 

q q 

B = A (15-24) 
k + q 

2 

� 

k − q

k − q
C A B A A A (15-25) + += = = 

k + q k + q 

Reflection amplitude r = 
B 

= 
k − q 

(15-26) 
A k + q 
C 2k 

Transmission amplitude	 t = = (15-27) 
A k + q�22

B
 k − q

Reflection coefficient	 r 2 (15-28)
|
 |
 =
 =


A
 k + q

2 

4k2C

A


Transmission coefficient	 t 2 (15-29)
|
 |
 =
 =

(k + q)2 �2

hk 
Reflection current j = 

hk¯
B 2 =

¯ k − q
A 2 (15-30) ←	

m 
| |

m k + q 
| |

¯ 2 ¯ 4kq 2
2hq hk 

Transmission current j→,x>0 = 
m 
|C| = 

m (k + q)2 
|A| (15-31) 

hk hk 
Net current for x < 0 j< =

¯

m 
(|A|2 − |B|2) = 

¯

m 
|A|2 

(k 
4

+ 
kq 
q)2 

(15-32) 

hq hk 
Net current for x > 0 j> =

¯

m 
|C|2 =

¯

m (k 
4

+ 
kq 
q)2 
|A|2 (15-33) 

The current obeys the continuity equation (see problem set) 

∂j	 ∂ 
∂x 

+ 
∂t
|ψ|2 = 0	 (15-34) 

Here we are considering stationary states, ∂ ψ 2 = 0 (no change of probability density 
∂t | |

in time), = j = const, current is continuous across the potential step, ⇒ 

j< = j>,	 (15-35) 
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or 

h̄k 2jinc = j→,x<0 = 
m 
|A| = jrefl + jtrans (15-36) 

= j ,x<0 + j ,x>0 (15-37) ← →

hk¯ 2 ¯ 2hq 
= 
m 
|B| + 

m 
|C| . (15-38) 

Note. |r|2 + |t|2 = 1 because the particle velocity is different for � x > 0 from that for 
x < 0. 

Discussion of results 

In contrast to classical mechanics, there is some reflection at the potential step even 
though the energy of the particle is sufficient to surpass it. This is familiar from 
optics, where a step-like change in the index of refraction (e.g., air-glass interface) 
leads to partial reflection. The particle reflection is a consequence of the matching of 
the wavefunction and its derivative at the boundary. Again, this is similar to optics 
where the matching of th electromagnetic fields at the boundary results in a reflected 
field. 

Note. For a very smooth change of potential (or refractive index in optics) there is 
not reflection. What is smooth? A change over many wavelengths. Changes of the 
potential over a distance l short compared to a wavelength λ = 2

k
π result in reflection. 

Slow changes of potential over many λ do not result in reflection if particle energy 
exceeds barrier height. 

Figure IX: A potential that varies smoothly over many de Broglie wavelengths does 
not produce partial reflection if the particle energy is sufficient to surpass it. 

Intermediate region l λ: we expect resonance phenomena (non-monotonic ∼
changes of reflection probability with particle energy). For the potential step, the 
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reflection probability 

|r|
2

2 → 0 for k → q (E � V1), and (15-39) 

|r| → 1 for q → 0 (E � V1), as expected. (15-40) 

(15-41) 

Interestingly, the reflection probability can be written as 

|r|
2 =


√
E −

√
E − V1 

�2 

√
E + 
√
E − V1 

(15-42)


i.e. it does not depend explicitly on h̄. However, the reflection is still inherenetly non­
classical in that the potential needs to change abruptly compared to the particle’s de 
Broglie wavelength, that depends on h̄. 

Solution for E < V0: We define 

h̄2k2 

= E (KE for x < 0) (15-43) 
2m 

h2κ2¯
= V0 − E (“missing KE to surpass barrier”) (15-44) 

2m 

Most general solution 

Aeikx + Be−ikx for x < 0 (15-45) 

Ce−κx + Deκx for x > 0 (15-46) 

The e+κx term is not normalizable, D = 0 
We can go through the same procedure as before using the continuity of ψ1ψ

� 

at x = 0, or use the previous calculation if we set q iκ (Ceiqx Ce−κx then).→ →
Consequently, 

2 2 
k2 + κ2B


A

k − iκ
2 = 1 (15-47)
|r|
 =
 =
 =


k2 + κ2k + iq

2 2 

4k2 + κ2C

A


2k

k + iκ


2 = 0 (15-48) |t|
 =
 =
 =

k2 + κ2 

(15-49) 

A part of the wave penetrates the barrier, which is why the ’transmission’ amplitude 
does not vanish. Note, however, that there is no associated particle current: Since 
Ce−kx does not have a spatially varying phase, the particle current 

j = 
h̄ 

2im 
ψ∗ 
∂ψ 
∂x 
− c.c. (15-50) 
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vanishes for x > 0, 

h̄k 2j< = 
m 

(|A| − |B|2) = 0 (15-51) 

j> = 0 (15-52) 

The net current is zer0 in steady-state because all particles are reflected. 

Note. The reflected wave has an energy-dependent phase shift 

r = 
B 

= 
k − iκ 

(15-53) 
A k + iκ 

(k − iκ)2 

= (15-54) 
k2 + κ2 

k2 − κ2 − 2ikκ 
= (15-55) 

k2 + κ2 

= e iφ (15-56) 

2kκ with tan φ = − −κ2k2

The phase shift of the wave is important in 3D scattering problems. 

Can we localize the particle in the forbidden region? 

Figure X: The wavefunction for E < V0 protrudes into the forbidden region x > 0. 
Can the particle be observed there? 

To be sure that we have measured the particle inside the barrier, and not outside, 
we must measure its position at least with accuracy Δx ≈ κ−1 . Then according to 

¯Heisenberg uncertainty, a momentum kick exceeding Δp ≥ h hκ will be trans­
Δx ∼ ¯

ferred onto the particle. 
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How much energy do we transfer? 

ΔE = E(p + Δp) − E(p) (15-57) 

(p + Δp)2 p2 

= (15-58) 
2m 

− 
2m 

pΔp (Δp)2 

= + (15-59) 
m 2m 

p = h̄k (15-60) 

pΔp can be positive or negative, (Δp)2 is always positive. the transferred energy is 
on average 

(Δp)2 h̄2 h̄2κ2 

�ΔE� =
2m 

=
2m(Δx)2 

=
2m 

= V0 − E (15-61) 

According to Heisenberg uncertainty, the measurement that localizes the particle 
inside the barrier transfers enough energy to allow the particle to be legitimately 
there. 

Rule. A positive KE E − V1 > 0 corresponds to a spatially oscillating wavefunction 
e±ikx with rate constant k (oscillation period λ = 2

k
π ). A negative (“missing”) KE 

E − V1 < 0 corresponds to a spatially decaying or growing wavefunction e±κx with 
decay rate constant κ (decay length κ−1). 

The “missing” KE is associated with the size of the region (κ−1) that the particle 
occupies in the classically forbidden space. 
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The potential barrier: tunneling


Figure I: Tunneling through a potential barrier. 

Assume E < V0 (classically particle is reflected). Outside barrier solutions to the 
SE are 

u(x) = Aeikx + Be−ikx for x < −a, (16-1)


u(x) = Ceikx for x > a, (16-2)


(16-3)


where we have omitted the term De−ikx that corresponds to an incident waveform 
the right. Inside the barrier the SE is 

d2u 2m 
(x) = + (V0 − E)u(x) = κ2 u(x) (16-4) 

dx2 h̄

2mwith κ2 = 
h2 (Vo − E). As before, κ is the decay constant in the classically forbidden 
¯

region (κ−1 is the decay length) that is associated with the “missing” KE necessary 
¯to surpass the barrier classically, h2κ2 

= V0 − E. Consequently inside the barrier 
2m 

u(x) = Ee−κx + Feκx , for |x| ≤ a (16-5) 

As before, we need to match the solution u(x) and its derivative u�(x) at the bound­
aries. 

• At x = −a: 

Ae−ika + Beika = Ee+κa + Fe−κa for u (16-6) 

+ikAe−ika − ikBeika = +κEe+κa + κFe−κa for u� (16-7) 

At x = a:• 

Ceika = Ee−κa + Feκa for u (16-8) 

ikAeika = −κEe−κa + κFeκa for u� (16-9) 
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B (or the reflection probability
We are interested in the reflection amplitude r = 
A 

2��
C 

A 
2 

B C) and the transmission amplitude t
 =
 (or transmission probability
|r|
2 

=

A 

) from the barrier. Remember that A 2 determines the incident current, |t|
and is a free parameter. It is useful to divide the equation for u� by the equation for 

|
 |
=

A 

1 du d u (or alternatively, match 
u(x) dx = 

dx (ln u(x)) directly. Then we write 

• At x = −a: 

+ikAe−ika − ikBe+ika 

= 
−κEeκa + κFe−κa 

(16-10) 
Ae−ika + Beika Eeκa + Fe−κa 

At x = a:• 

+ikCeika −κEe−κa + κFeκa 

ik = 
Ceika 

= 
Ee−κa + Feκa 

(16-11) 

(matching of d (ln u(x)) = 1 du at boundaries). 
dx u(x) dx 

Now we proceed to eliminate E, F (Eq. 16-11): 

ikEe−κa + ikFeκa = −κEe−κa + κFeκa (16-12) 

(κ + ik)Ee−κa = (κ − ik)Feκa (16-13) 

E = 
κ − ik

Fe2κa (16-14) 
κ + ik 

Substitute into Eq. 16-10: 

κ+ikRHS = 
−κκ−ik Fe3κa + κFe−κa 

(16-15) 
κ−ik Fe3κa + Fe−κa 
κ+ik 

−κ(κ − ik)e+2κa + κ(κ + ik)e−2κa 

= (16-16) 
(κ − ik)e2κa + (κ + ik)e−2κa 

−κ2(e2κa − e−2κa) + ikκ(e2κa + e−2κa) 
= (16-17) 

κ(e2κa + e−2κa) − ik(e2κa − e−2κa) 
κ2 sinh(2πa) + ikκ cosh(2κa) 

= − 
κ cosh(2κa) − ik sinh(2κa) 

(16-18) 
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Consequently, Eq. 16-10


+ikAe−ika − ikBeika [κ cosh(2κa) − ik sinh(2κa)] 
(16-19) � � � � 

= Ae−ika + Beika −κ2 sinh(2κa) + ikκ cosh(2κa) 
(16-20) 

= Ae−ika(+ikκ cosh(2κa) + k2 sinh(2κa) + κ2 sinh(2κa) − ikκ cosh(2κa)) 
(16-21) 

= Beika(+ikκ cosh(2κa) + k2 sinh(2κa) − κ2 sinh(2κa) + ikκ cosh(2κa)) 
(16-22) 

Ae−ika (k2 + κ2) sinh(2κa) = Beika 2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 
(16-23) 

B 
r = (16-24) 

A 
(k2 + κ2) sinh(2κa) 

= e−2ika (16-25) 
2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

reflection amplitude from barrier. 

To calculate the transmission amplitude C , we use the continuity of u at x = a:
A 

Ceika = Ee−κa + Fe+κa (16-26) 

= 
κ − ik

Feκa + Feκa (16-27) 
κ + ik 

2κ 
= Feκa (16-28) 

κ + ik 
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We find F from the continuity of u at x = −a: 

RHS = Eeκa + Fe−κa (16-29) 

= 
κ − ik

Fe3κa + Fe−κa (16-30) 
κ + ik 

= Feκa κ − ik
e 2κa + 

κ + ik
e−2κa (16-31) 

κ + ik κ + ik 

= Feκa 2κ cosh(2κa) − 2ik sinh(2κa) 
(16-32) 

κ + ik 
RHS = Ae−ika + Beika (16-33) 

= Ae−ika + Ae−ika (k2 + κ2) sinh(2κa) 
(16-34) 

2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

= Ae−ika 1 + 
(k2 + κ2) sinh(2κa) 

(16-35) 
2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

2ikκ cosh(2κa) + 2k2 sinh(2κa) 
= Ae−ika 

2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 
. (16-36) 

Then, 

C 2κ F 
= e κa−ika (16-37) 

A A κ + ik

2κ Ae−2ika (2ikκ cosh(2κa) + 2k2 sinh(2κa)


= (16-38) 
A 2κ cosh(2κa) − 2ik sinh(2κa) 2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa) 

1 
= 2κe−2ikaik (16-39) 

2ikκ cosh(2κa) + (k2 − κ2) sinh(2κa)

C


= (16-40) 
A 

2kκ 
= e−2ika (16-41) 

2kκ cosh(2κa) − i(k2 − κ2) sinh(2κa) 

Figure II: Tunneling through the potential barrier. 

Consequently, we have the results for the barrier 

Massachusetts Institute of Technology XVI-4 
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h2k2¯ = E•	
2m


¯
h2κ2 •	
2m = V0 − E


B = e−2ika −i(k2+κ2) sinh(2κa)
r = •	
A 2kκ cosh(2κa)−i(k2−κ2) sinh(2κa)


t = C = e−2ika 2kκ
•	
A 2kκ cosh(2κa)−i(k2−κ2) sinh(2κa) 

Since the energy and particle velocity are the same on both sides of the barrier, here 
we have |r|2 + |t|2 = 1. 

Figure III: The sinh function. 

Let us look at |t|2 

|t|2 =	
(2kκ)2 + (k2 

(2

+ 

kκ

κ

)
2

2 

)2 sinh2(2κa) 
(16-42) 

where we have used cosh2(x) = 1+sinh2(x). Since, sinh is a monotonically increasing 
2mfunction, and κ = 
h2 

√
V0 − E, the transmission is monotonically decreasing with 

¯
barrier height V0. 

In the limit of small transmission, κa � 1 (barrier width large compared to decay � �2 � �2 
length κ−1), we have sinh(2κa) ≈ 1 e2κa = 1 e4κa and |t|2 → 4kκ e−4κa . In this 

2 4	 k2+κ2 

limit the tunneling probability falls off exponentially with barrier thickness (in units 
of decay length κ−1). 
→ This exponential dependence explains the extremely wide variation in, e.g., 

lifetimes of unstable nuclei (µs to 109 years, corresponding to a variation by a factor 
of 1022). 
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Figure IV: The transmission through the barrier as a function of decay wavevector κ.


Figure V: In the limit of large barrier height or width, the transmission falls off 
exponentially because the wavefunction inside the barrier is dominated by the expo­
nentially decaying term. 

Potential well: resonance phenomena 

We first consider scattering (E > 0) 

x ≤ −a : Aeikx + B−ikx (16-43) 

−a ≤ x ≤ a : Ee+iqx + Fe−iqx (16-44) 

x ≥ a : Ceikx (16-45) 

Figure VI: The potential well.
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h2k2¯ = E•	
2m


h2 2
¯ q = V0 + E•	
2m 

Instead of going through the calculation again, we note that these equations are 
equivalent to those of the potential barrier (for E < V0) if we replace κ → −iq. 
Consequently, we obtain 

r = ie−2ika (q2 − k2) sin(2qa) 
2kq cos(2qa) − i(q2 + k2) sin(2qa) 

(16-46) 

t = e−2ika	 2kq 
2kq cos(2qa) − i(q2 + k2) sin(2qa) 

(16-47) 

For the potential well, in contrast to tunneling through the barrier, the reflection and 
transmission oscillate as a function of parameter 2qa, i.e. as a function of number of 
de Broglie wavelengths 2

q
π inside the well of size a. In particular, for values 

2qna = nπ n integer	 (16-48) →
nπ 

qn =	 (16-49) 
2a 
2π 4a 

λn = =	 (16-50) 
q n 

the reflection goes to zero because of destructive interference between the waves re­
flected at −a and +a. This corresponds to the resonance condition for a Fabry-Perot 
resonator in optics. the phenomenon persists in 3D, and for electrons scattering off no­
ble gas atoms is called a Ramsaner-Townsend resonance. A very similar phenomenon 
has been observed in collision of ultracold atoms, where the effective depth of the 
interatomic potential V0 can be tuned with a magnetic field, there (and in nuclear 
collisions) it is called a Feshbach resonance). 

Bound states in attractive δ-potential 

What happens for negative energies −V0 < E < 0 in the potential well? 
We expect discrete bound states, at least if potential is sufficiently deep. Particu­

larly simple mathematically is a limiting case where we shrink the size of the potential, 
simultaneously making it deeper, such that the product of depth and width is con­
stant. 

Let V0 ã 0 such that ã V0 = const = λ > 0. We then obtain the → ∞, →	 · 
attractive delta potential V (x) = −λδ(x). We are interested in bound states: E < 0 

Define•	
h2κ2¯

2m 
= 0 − E = −E = |E|, κ > 0	 (16-51) 
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Figure VII: If the potential well is sufficiently deep or wide, it can support bound 
states with discrete energies −V0 < E < 0. 

Figure VIII: Attactive delta potential.


Solutions for x < 0:
• 
B−κxAeκx + ���	 (16-52) 

diverges for x → −∞ 

Solutions for x > 0:• 
+ D−κx�Ce�κx�	 (16-53) 

•	 Continuity of wavefunction at x = 0: 

A = D (16-54) 

•	 Derivative obeys (Lecture XV) 

2m 
u�(�) − u�(−�) = − 

h2 λu(0)	 (16-55) 
¯

2m 
κD − κA = − 

h2 λA	 (16-56) 
¯
2m −2κ = − 
h2 λ	 (16-57) 
¯
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m 
κ1 = λ (16-58) 

h̄2 

h̄2κ2 h̄2 m2 m 
E1 = − = − 

h4 λ
2 = − 

h2 λ
2 (16-59) 

2m 2m¯ 2¯

→ Binding energy for attractive δ-function. The δ potential supports 

Figure IX: Comparison of bound states as the potential evolves from a very deep 
to a very shallow potential. In the very deep potential, like in the infinite well, the 
wave function oscillates sinusoidally inside the well, and decays exponentially in the 
forbidden region. In the very shallow potential, the wavefunction is is mostly located 
in the ”forbidden” region outside the well. 

exactly one bound state of energy E mλ2 
. For a finite-size well, this result = −

2h̄2 

corresponds to the limiting case of a weak potential that supports only one 
2h̄2 mãbound state (V0 � 
mã

) with energy E = −
2h̄2

2 
V 2 

2 0 . 
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Figure X: Solutions in different regions. 

Two attractive δ-potentials 

We could proceed as before, or simplify slightly by making use of the fact that the 
potential is symmetric x → −x, and therefore we expect solutions of definite parity. 
The even solution in the middle region is 2B cosh(κx), and A = D, which eliminates 
two parameters. 

•	 Continuity of u: 
2B cosh(κa) = Ae−κa (16-60) 

Derivative: • 
2m −κAe−κa − κ2B sinh(κa) = − 
h2 λAe−κa (16-61) 
¯

2m 

h2 λ − κ Ae−κa = 2κB sinh(κa) (16-62) 
¯

2m 

h2 λ − κ 2B cosh(κa) = 2κB sinh(κa) (16-63) 
¯

2ma 

h̄2κa
λ − 1 = tanh(κa)	 (16-64) 

There is always exactly one solution of the eigenvalue equation (16-64) for even 
parity. From the figure we see that for the bound state κa < 2maλ , which is where 

h2 

2maλ 1 
¯

the function 
κa − 1 intersects zero. On the other hand, since tanh(x) ≤ 1, we 

h2


1 m

¯

need 2maλ 
κa − 1 < 1, or κ > 

h2 λ. Larger κ means larger magnitude of binding energy 
h2


h̄2κ2 m 2m

¯	 ¯

E = − 
2m . We have 

h̄2 
m 
λ < κ < 

h̄2 λ If we compare this to the binding-energy in 
single δ-potential, κ1 = 

h2 λ we see that the particle is more strongly bound in the 
¯

double-well potential. 
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Figure XI: Graphic solution of the eigenvalue equation 16-64. 

Reason. Given the discontinuity in slope due to the potential, it is possible to choose 
a steeper wavefunction (larger κ larger binding energy) when the two δ-functions →
are close. Variation of binding energy with well separation a: As we decrease a, the 

Figure XII: Comparison of the wavefunction for two different well spacings. If the wells 
are close, for the same wavefunction discontinuity at each δ function the wavefunction 
outside the two wells can decay faster (larger κ), resulting in larger binding energy 
|E| = h̄2κ2/2m. 

Figure XIII: Graphic comparison of the binding energies for large and small separation 
2a between the binding sites. 

mλbinding energy increases from the value given by κ = 
h2 (binding energy of a single 
¯

well attained at a → ∞) towards the value κ = 2
¯
mλ , attained as a → 0. Thus 
h2 

the binding energy quadruples. the possibility of the wavefunction in a double-well 
system to change so as to decrease the kinetic (and possibly potential) energy is at 
the origin of chemical bonds in molecules. 
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For the single δ-potential we have exactly one bound state (symmetric state), for 
the double δ-potential we always have one symmetric bound state, and we may have 
(depending on the potential strength) also an antisymmetric bound state. For the 
finite-size potential well we may have several (but always a finite number) of bound 
states. 

Bound states in potential well 

Figure I: Solutions in different regions for bound states in a potential well. 

˜ ˜Here, instead of writing the solutions as exponentials, Beiqx + Ce−iqx, we have 
already written them in a form that reflects the symmetry of the potential. We 
match 1 du at x = a: 

u dx 

For even solutions: C = 0 • 

−q sin(qa)
= 
−κe−κa 

(17-1) 
cos(qa) e−κa 

κ = q tan(qa) (17-2) 

For odd solutions: D = 0 • 

q cos(qa) 
sin(qa)

= −κ (17-3) 

κ = −q cot(qa) (17-4) 
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Even solutions 

Let us introduce y = qa, λ = 2m 
h̄2 V0a

2 

κa = 

� 
2ma2 

h̄2 |E| 

= 

� 
2ma2 

h̄2 V0 − 
2ma2 

h̄2 (V0 − |E|) 

= 
� 

λ − q2a2 

= 
� 

λ − y2 

(17-5) 

(17-6) 

(17-7) 

(17-8) 

Figure II: Graphic solution of the eigenvalue equation (17-2) for symmetric bound 
states. 

2mThere is always at least one solution, more if λ = 
h2 V0a

2 is larger (potential deeper 
¯

and/or wider). For λ � 1, the lowest energy solutions are approximately located at � � 
h2 2 � �2 

y = qa = n + 1 π, or V0 − |En| = ¯ qn = h̄2π2 
n + 1 , similar to infinite well. 

2 2m 2ma2 2 
The existence of at least one bound state is typical of 1D problems, but not of 3D 

problems that behave more like odd solutions. 

Odd solutions 

π
√

λ − y 
= − cot(y) = tan + y (17-9) 

y 2 

The looks similar to the previous plot, but with shifted RHS. For large λ, the solutions 
2 

are qna = nσ. For small λ, a solution exists only if 
� 

π 
�2 ≥ 0 or 2mV0a π2 

.λ − 
2 h̄2 ≥ 

4 
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Figure III: Graphic solution of the eigenvalue equation (17-4) for antisymmetric bound 
states. 

Figure IV: Graphic construction of an odd-state solution, or of a solution in 3D, where 
the wavefunction must vanish at the origin. 

Condition for the existence of odd solutions. In 3D, we will require that a 
(modified) wavefunction vanishes at the origin, therefore the solutions will look like 
odd-parity solutions. (It is as if the wavefunction were continued at −r.) 

Odd solutions do not always exist because the wavefunction needs to bend around 
sufficiently to match a decaying exponential, this requires high KE. 

Figure V: If the well is not deep enough, the odd solution cannot bend down suffi­
ciently to match (with continuous slope) a decaying exponential at the edge of the 
well. 

Massachusetts Institute of Technology XVII-3 
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Three一DimeⅡsiUⅡ aΠ PrUbΠems

6.1  IΠtrUductiUΠ

InthischapterweexaminehUwtUsUlvetheSchr° dingerequatiUnfUr spinleSsparticlesInUving

in three-d虹 nensiUnalpUtenjals. WecaΠ 5◤ UutthiSStudyin小 〃UdiΠ℃rentcUUrdinatesystems:

theCartesiansysten〕 andthesphericalsystem.

FirstwUrkngwithin thecUnteXtUfCarteslⅡ 1cUUrdinates,westudythernUjUnUfapaΠ 此le

in 血fferent pUtenjals:the丘 eeparticle,apartkieina〔 hree＿dimensiUnal)rectangularpUtential,

andaparjcleinaharmUn北 UscⅡlatUrpUtenth1.T㏑ s study你 gdngtUbea血mplegeneral扢 a-
jUnUftheUne-diInensiUnaIprUbIems presentedinChapter4.UnliketheUne-diInensiUnalcase,

three＿ diInensiUnal prUbleInsUftenexhibitdegeneraclwhichUccurswheneverthepUtentiaIdis-

playssyⅡ Ine、 、
SecUnd,usingsphehcalcUUrdinates,wedesc㎡ bethemUtiUnUfaparticlein sphehca1ly

s-e㏑ cpUtenjals. After presenjngageneral treatment,WecUnsiderseveralapplicajUns
rangingfrUm山 efreeparticleandtheisUtrUpicha1ll1UniCUScillatUrtUthehydrUgenatUm. We

cUncludethechapterbycalculajngtheene【 野 levelsUfahydrUgenatUmwhen placedina
cUnstantInagneticfield;thisgiveshsetUtheZeemane丘 ect.

6之  3DPrUbleIIls inCartesiaⅡ CUUrdinates

WeexamineherehUwtUextendSchr° 山Ⅱger6山eU,UfUne-山 mensiUnal prUblems(Chapter
4)tUthreed丘nensiUns.

6.2.1  GeneraITreatIIleΠ t:Separa● oⅡ UfVariabIes

Thetine-dependentSchI° dingerequatiUnfUraspinless particleUfInassη 2InUvingunderthe

influenceUfathree-diⅡ ensiUnalpUtential is

一
音孓
.ㄅ

。

,v,z,U+〞 a,ˊ ,孔 UΨ a,ˊ ,勾 =油 ,   (6.1)
UlIr° ,V,z,r)

where予 2必 山eLaplacian,。2=〞 /a′ 十 Uㄅ鈔 2+ˊ /a′.Assecn inChapter4,thewave
㎞ c●UnUfaparticlemUvinginatIne-independent pUtentialcanbewrittenasaprUductUf
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spatialandtInecUmpUnents:

民 +易 十Ez=E.

t.咖 E-D刀拓EiⅥ泓UΛ4tPR㎝ 工E砌6

(6.2)

(t.3)

(t.4)

(5.9)

(6.1U)

whichkUfthefU一 111〃〃 =E〃 .

Thkpa血
與山fferentialequatiUn必

generally山 丘cult tUsUlve.But,fUrthUsecaseswhere
thepUtential◤ a,ˊ ,z9separates intUtheSl1mUfthreeindependent,UⅡ e《Imcns㏑ naltel1一

一

s

(w㏑chshUuldnUtbecUn血 sedwithavectUr9

◤a,ˊ,z,=Ka)十 4°)十 Kφ ),

Ψ°,少 ,z,t)=γ a,ˊ ,勾θ
一

Er/方
,

whereγ a,ˊ ,勾 “sUlujUntUthejme＿ indepeⅡdentSchr°dngerequaⅡ U㏄

一
音孓
予2γ a,ˊ ,勾 +〞什,ˊ ,勾〞a,ˊ,z)=E〃什,ˊ ,勾 ,

斑=一音孓嘉十Kω ;

I一
壬;去告:十

Vla)I火
「
什)=Ex】

「
°).

SiⅡIlarequajonshUIdfUrtheˊ andzcUUrdinates,with

wecansUke(ε .3)” meansUfthetechniqueUf∫φ a〃πoUη ↙ 昭 刀礽 妳 .This techniquecUnsists
Ufseparatingthethree-山 mensbnalSchr°山ngerequatbn(5.3)intUthreeindependentUne-
山men血UnalSc㏑心dingerequatbns.LetusexaminehUwtUach此 vcthk.NUtethat(6.3),in
cU句unctbnwith(6.4),canbewrittenas

P鈺
十鳥 +戶刁γa,ˊ ,勾 =E〃°,v,勾 ,

(t.5)

wheref已 kg∥enby

(6.5)

theexpressiUnsfUrJf,and馬 areanalUgUlls.

As◤°,ˊ ,zlseparates intUthree㏑ dependent tel11一 s,WeCanalsUw㎡ teγ a,ˊ,z9asa
prUductUfthree血nctiUnsUfasinglevariableeach:

〃a,ˊ ,z9=x什 )yσ)z伭).

Substimting“ .DintU“ .5)andd∥ⅡingbyXa)yU)zφ ),weUbtain

(6.7)

I一
音;妄K兵告

+巧Kx)I + I一 吉午手告午;十
99σ)I

+ I-音
;告髣
+巧伭)I=E.  “.8)

SinceeachexpressiUn in thesquarebracketsdependsUnUnlyUneUfthevarlables jr,ˊ ,z,and
sincethesumUfthesethreeexpressiUns isequaItUacUnstan﹂ 五∴ eachseParateexpressiUn

must thenbeequaltUacUnstant suchthatthesumUfthesethreecUnstants isequaltUE. FUr

instaⅡce,thex-dependentexpressiUn isgivenby

I物ε∫電pa石ar′U刀 q√ var9at了ε∫竹ε乃刀η θ́εU刀∫赤於 切 “∫θKεθ q√ Ⅱθ́ 切ε〃ηg功θ廂Kθ-ti〞θ用∫′UKa′
&乃rδd:ηger“ua〞怕刀� 9加 ㄌ 妨Kθ ∫φ aK彪 銘 θ-祊〞θπ剪羽 〞 η 翃 加 俗 “ .’ 9.
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6.2.2 TheFreePar位 cIe

InthesimplecaseUfafreep缸 uCle,thescllrδ dingerequatiUn(6.3)reducesto threeequatiUns

血milartU“.ㄌ wi山 K=U,圴 =Uand巧 =U.Thex弋 quatiUncanbeUbtainedfiUm“ .ㄌ :
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幾年畀 =一好
xa),

Whe犯 好 =2〞 易 〞
2,andhence易

=力
2好 p〞 .AsshUwn㏑ Chapter4,山 enUrIn㏕㏑ d

sUlutiUns tU“ .11)areplanewaves

x◆ω=砉↙妳I
Thus,thesUlutiUntUthethree《ImensbⅡalSchr°山ngerequaIUn“ .3)必 g∥enby

哖°,ˊ,z9=φπ)￣
3/2θ j衧 xθ j4ˊθ

j朽z=φπ)￣ 3/2θ =π
.’

,

whereπ andㄕ arethewaveandpUsⅡ UnvectUrsUftheparticle,reSpectively.AsfUrthetUtal

ener,正 9, it iscqualtUthesumUftheeigenvaluesUfthethreeUne-dInensiUnalequajUns

(6.11):

E=易 十 Eˊ +易 =音
孓
(好 十 K+矺 9=磊

-2.

N牲ethat,s㏑ cetheener,(ε .14)dependsUnlyUnthema田itlldeUf竹,all山fferentUr怡 ntatbns
Uf后 (Ubta㏑ edbyvaη︻ngh,后 v,衫 )su切 ecttUthecUn山tbn

雨 =V媛 +好 十 竹 =奶 奶
,

(t.15)

generatedifferentg㎏ en血nctbns(6.13)withUutachangein theenergyAsthetUtalnumber
UfUhentajUnsUf好 whichpreseⅣ eits magn丘udeis innnite,theenergyUfaieeparticleis
′妒η。
比〞t智銘θK尨 .

NUtethatthesUlutiUns tUthejme-dependentSchr° 山ngerequajUn(6.1)areUb位 Ⅱnedby
substituting“ .13)intU“ 2):

Ψ元(’,r)=uσ )θ
一rω′=φπ)＿

3/2θ i(t’一ωt), (6.lΘ

whereω =E/力 ;t㏑srepresentsaprUpagatingwavewithwavevectUr后 .TheUrthUnUIⅢ lali妙

cUnd丘iUnUfthiswave血 ncⅡUn isexpressedby

/吽
σ,U馬 σ ,′ )ˊr=/吟 U哖 (ㄕ)′r=φ π)-3/↙仁 h9ˊ

3r=δ
佞 一礿 ,“ .17)

whichcanbewrltten ln〕Dirac’ snUtatlUnas

〈Ψv(′ )︳Ψπ(′ )〉 =〈γπ′〡〃元〉=δσ一〞). (6.18)

(6.11)

(6.12)

(6.13)

(5.14)

Thefreepa此沁lecanberepresented,asseen inChapter3,byawavepacket° superpUsitiUnUf
wavc血 nctiUnscUrreSpUn山 ngtUthevariUuswavevectUrs):

呃 U=φωΨ /孫,嘿磁V竹 =m〃 /孫,V‘
′1n札 ㎎
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where4竹 ,Uk山 eFUⅢ 伯 r tl-ansfU一 八11UfΨ σ ,U

(t.2U)

Asseen inChapters l and4,thePUsitiUnUftheparHclecanberepresentedclassicallybythe

centerUfthewavepacket.

6.2.3 TheBUxPUteⅡ IaI

Weareg㎡ngtUbeonwiththerectangularbUxpUten血 l,w㏑chhasnUs＿e咄 andthen
cUnsⅡer山 ecu㏑ cpUtenthl,w㏑ ch山 splaysagreatdealUfsY一 e帊 sincethe月 姼 aXeSare
equivalent.

696.l TheRectaⅡ gⅡIarBUxPUteⅡ 位a1

CUnsiderfirst thecaSeUfaspinless particleUfrnassJ勿 CUnnnedina〞 ε比〞珽口πarbUxUfsides
tx,t少 ,乙 z:

砣U=mu/呃 Uε┤σ糊拉

◤(x,ˊ ,z)==｛
 :°  &蕬。I:x’

U<ˊ <Lˊ , U<z<乙 z

whichcanbewnttenas/° ,ˊ,z9=珞 什)+4σ)十 Kφ),with

K。)=｛﹄ &五《紅三ξ

E〞x=2〞
L2刀
=.

(6.22)

thepUtentialsㄋ σ)and形伭)have血 milarfUl111s.
Thewavef㏑㏄tiUn〃←,ˊ,z9mustvanishatthewallsUfthebUx.Wehaveseen inChapter
4thatthesUlujUnsfbrthis pUtentialareUfthefUIl11

Xω = ηx==l,2,3,..., (6.23)

andthecUrrespUndingene〔野 eigeΠvaluesare

(6.21)

(5.24)

(6.25)

FrUmtheseexpressiUnswecanwntethenU1l1lalizedthree-d㏑ ℃nsiUnaleigen㎞ctiUnsandtheir
cUrrespUndingenergies:

物xㄅ几a,ˊ,z,= “n(勞θ蕊n(勞砂血n(考哥三z),

E刀
x〞↗z=馬≠

一

(舞十謠 (6.26)
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TabIe6.lEne理VlevelsandtheirdegeneraciesfUrthecubicpUtentialEl=π
2力 2/(2〞乙2).

E〞
x,,,〞z/E1 (ηx, ή, ηz)

321

勸

3

5

9

ll

12

14

(lll)

(211),(121),(l12)

(221),(212),(122)

(311),(131),(l13)

(222)

(321),(312),(231),(213),(132),(123)

1

3

3

3

l

6

5.2.3之  TheCubicPUteⅡ lal

FUrtheSimplercaseUfaε“tocbUxUfsideL,theenergYexpressiUncanbcinferrediUm(6.26)

bysubstituting動 =与 =乾 =乙 :

E竹
9● 〞́z 工=寡 (ηΞ十-η;+刀Ξ), 刀x, η少, 刀z=工 l,2,3,....

ThegrUundstatecUrrespUndstUKx==K少 ==η z==l;itsenergyisgivenby

獅=筭 =助 ,

(6.27)

(6.28)

陶 °t乃 勾 =存 血n(警x)血n侍9)㎡n侍θ ;

theexprcssbnsfUrγ 1刉

。

,ˊ,z)and〃 lI2° ,ˊ,z9canbeinferredfrUmγ 2︳ l什 ,v,勾 .

thata11threestateshavethesameenergy:

π2力
2

E211=El21=El12=62〞
′
=6E1.

where,asshUwn inChapter4,El=π 2力 2/φ
羽 L2)iSthezerU-pdntene理 〃 Ufapart此 le㏑ a

Une-diInensiUnalbUx. Thus,thezerU-pUiⅡ tene【田 fUraparticleinathree-diIⅡ ensiUnalbUxis

threetInesthat inaUne-dinensiUnalbUx. ThefactUr3canbeviewedasUriginatingfrUmthe

factthatwearecUnnningtheparticleSyIIme㎡ caⅡyinall threedInensiUns.

ThefirstexcitedstatehasthreepUs蕊 blesctsUfquanmm numbers° x,η” ηz)=φ ,1,1),
(l,2,l),(1,1,2)cUrrespUn山 ngtUthree山 fferent stateS〃 2】 l° ,ˊ ,z),γ12la,ˊ ,zl,γl12° ,夕 ,zl,

where

(6.29)

NUtice

(6.3Φ

Thenrstexc丘 edstateis thusthreefUld磁習θηθK比 .

DegeneracyUccllrSUnly╮ 〃henthereisasyIIme位yin theprUblem.FUrthepresentcaseUfa

par巨cleinacub比 bUx,thereisagreatdealUfsy阻 me帊 血nceall three山men血Unsareequiv-
alent.NUtethatfbrtherectangularbUx,thereis nUdegeneracysincethethreedinensiUnsare

nUtequivalent.Ⅳ㏑reUver,degcneracydidnUtexistwhenwetreatedUne-d丘 nensiUⅡ al prUblems

inChapter4,fbrtheygivehsetUUnlyUnequantuln numben
ThesecUndexcitedstatealsUhasthfeedifrerent states,henceit is threefUlddegenerate;its

ener助㎡sequaltU9EI:E221=E2I2=El22=9E1.
Theenergyspec句λⅡniSshUwn inTable6.1,whereeve,η thlevel ischaractehzedbyits

energ,its quantumnumbers,anditsdegeneracyg〞 .
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6°.4  TheIIarmUnicUscillatUr

WearegUingtUbeginw北 htheanisUtrUpicUscillatUr,whichdisplaysnUsyIIme、 、
thencUⅡ -

sidertheisUtrUpicUscillatUr、vherethexˊzaxesareallequivalent.

6.2.4.l  TheAnisUtrUpicU§ ci1latUr

CUnsiderapaiicleUfrnass刀 ηInUVinginathree-dⅡ nensiUnalanisUtrUpicUscⅡ
latUrpUtential

〞σ,,,9)==吉羽ωΞ五′┤├:羽ω多’
2┤├吉羽ω;22.

ItsSchr° dingerequajUnseparates intUthreeequajUns 血milartU“θ):

力2ˊ扎Υ(x) ├
:羽
ωxX●Υ(x)==ExXa),

2〞  x́2

withsimilarequatbnsfUryU砂 andZ(z).Thedgenenerg怡 scUrrespUn&ngtU

“.31)canbeexpressedas

(6.31)

(6.32)

thepUtential

(6.35)

(6.36)

wlhηx,η ,́Kz==U’ 1,2,3,‥ ‥ThecUrrespUndingstajUna,Statesare

γ〞x幻形°,ˊ ,勾 =jKηx°)瑪,U)Z〞 z(z),
(6.34)

:︴芒:層鰓隘扭盟音盟曶記t::穩茫韞 〔:告 l;::::I::;l::士 :︴;︴i∴:;:1:::#:l:｝

69.4迄   TheIsUtrUPicHarⅢ UⅡicUsciⅡ latUr

CUnsidernU、van6UrΓtㄗ jε haI1l一UnicUScillatUrpUtenja1.Itsenergyeigenvaluescanbeinferred

frUm“ .33)bysubstittlting既 =ㄌ =ωz=ω ,

Eηx,,↗工==(Kx+Kˊ -+耽 ω
力

\
、

—
╯

/

3
一

2
+

SincetheencrgydependsUnthesumUfKx,η y,Kz,anySetUfquantuInnumbershavingthe

SameSumV河 11represent statesUfequalenergy.

ThegrUllndst飩e,WhUseenergyisEUUU=3力 a,,/2,is nUtdegenerate.Thefirstexcitedstate

is threefUlddegenerate,sincetherearetlTeediffereIltStatcs,〃 lUU,γUlU,uUUl,thatcUfrespUnd

tUthesameenergy5力 ω/2.ThesecUndexcitedstateis sixfUlddegenerate;竹
senergyis7力ω/2.

Ingeneral,wecanShU甲 √thatthedegeneracyg乃 UftheKthexcitedstate,WhichisequaltU

thenumberUfwaysthenUnnegativeintegefsKx,刀 ˊ,ηzmaybechUsentUtUtaltUK,isgivenby

gn=:φ┤-l)。 +2),

whcreη = 刀x 十 η夕+￣ ηz; Table. 6n displaysthefirstfewenergylevelsalUngⅥ
紅ththeiI

degeneracles.

銠
力

\
I
—

J
/

1
一

2
十K

ŕ
＿

、

\

十ㄌ
力

\
t
—

Γ

/

1
一

2
+/K

ˊ
r
＿

I
\
+魴

力

\
、

—
′

/

l
一

2
十K

ˊ

＿

I
ˋ=E乃xㄌ〞z=E刀x+E刀 +́E〞′
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Table6.2 Enef野 levelsandtheirdegencraciesfUran isUiUpicharmUnicUscilIatU一

2E乃 /(力ω) (η xη,ηz) &

U

l

2

3

5

7

(UUU)

(lUU),(UlU),(UU1)

(2UU),(U2U),(UU2)

(llU),(lU1),(U1l)

(3UU),(U3U),(UU3)

(21U),(2U1),(U21)

(12U),(lU2),(U12)

(lll)

1

3

6

ExamPIe6.1(DegeΠ eracyUfaharmUΠ icUsciⅡ atUr)
ShUwhUwtUUbtain thedegeneracyrelatbn“ .3Θ fUrahamf9㎡ cUscillatUi

SU】ⅢtiUn

FUranxedvalueUfη ,thedegeneracyg〞 isgivenbythenumberUfwaysUfchUUsingη x,η v
andηzsUthatη ==Kx-+η v—

—

刀z.

FUranxedvalueUfKx,thenumberUfwaysUfchUUsingη
夕andηzsUthatη ˊ

-+η
z二=η ——ηx

必 gⅣenby(η -ηx十 l);t㏑ scanbeshUwnasfUllUws.FUrag∥ en,,alueUf刀 x,山 evarbus

pel11lissibleⅦ IuesUf(η
〕
,,刀
=)areg∥

enby。
),,ηz)=° ,K一 η x),(l,刀 一 η x-l),φ ,刀 一 刀 x-2),

6,η 一 路
￣ 3),‥ .,(刀 一 所

￣ 3,3),(η 一
竹
￣ 2,2),(η 一 絎

￣ 1,l)and(η 一 刀和 U).InalI,

thereare。 一 刀x+1)SetsUf。 〕,,刀z)SUtllatη v+η z=η -刀 x.NU既 S㏑cethevaluesUfη x
canva,frUmUtUK,thedegeneracyis thengivenby

〞                            〞        〞

&=Σ
。
一ηx十 l)=仍十1)Σ l-Σ所=。十1↗

99x==U 〞x==U     〞x二=U
(6.37)

AmUrephrnⅡvewayUfcalculajngthis sehes is tUuseGauss’ s rnethUd:siImpㄅ writethesehes

Σ豸x=U(η 一刀x+1)in thefUllUwingtwUeq㎡ valentfUms:

勸 =“ 十I)十 K+。 -l)+“ -2)十 ‥.+4+3+2+l, (6.38)

勸 =1十 2十 3+4十 ‥.十 (η -2)十 °-1)+η +。 十l).   (6.39)

SincebUthUfthesetwUseriescUn位 虹n (η 斗- l) terlnseach, atc1Ⅱ1bytelIΠ add北iUnUfthese

relajUnsyields

2g〞  = 
。

+砂 十“+勾 +° 十2)+‥ .+。 +2)十 仍+2)+° +幻
= 
。

+1)。 十2),                     (6.4U)
hence勸 =吉φ十l)° 十2).

lU

-:仰十D=:“ +唧十分



夕
i9.CalculatethepUssibleenergyvaIuesofapartidein thepUtentiaIgiven” ◤(x)=∞

r林 aandK.=罕刈x>a
2U.AsystemdescribedbytheHaΠliItUnian

H=一
荔
φ +告“呼x2+ω劈v2+ω各z2)       l2U的

iscaⅡedan‘‘anisUtropicharmUnicUsciIIatUr”
.

DeteIminethepUssibIeenergiesUfthis system,and,fUrtheisUtrUpiccase(ω l=助 =
ω3=ω),calculatethedegeneracyUfthelevelE『



6

19.SincethePar」 cIecannUtpenetrateintUtherangex<U,the苗 gen士㏑nctiUnsUfthe

cUrrespUndingSchr。 dingp了 equatiUnhavetovanishfUrx=U.Untheotherhamd,in the
rangex>U,theseeigenmnctiUnsaretlIesaⅢ eaSthoSeUftheharⅢ Un㏑ USdⅡatUΓ.Hence

the Udd wavefunctiUns Ufthe USciIIatUr, mth ′9= 2〔 +I. 〝｛ich、,anishatx=U,arethc

sUlu6UnsUfthk prUbIemTherefUre

El=力tU(2k+告). 走=U.I.2.‥

2U.Since◤ (x,夕 ,z)=ˊ l(x)+◤2(9,)+/a(z),this prUblemreducestUthepFUblemUfthree
IΠ dependenthaΓmUnicUsciIIatUrsUffrequencieSω l,‘θ2,rt9θ ,alUngtheaxe§ I,,,,zrespectiveIy

fseeProbIem ︳) TherefUΓe

E勿
1● ,9Ia=乃ωl(刀 1十 告)十乃ω2(仇 +告 )十 乃ω3(Ⅱ3+告 ),

9m1.,.u羽 =｛響 ｝
Ⅵ
｛棩 ｝
φ×

緎 作D瑪作ω碄 的唧 I一鰅
+叫 ,

(2U.l)

釭=｛望
咢
生

｝

v℉
,易 =｛旦

勞
生

｝

v4,品
=｛上
等
生

｝

vㄅ

aIld′,1,刀 2,刀日=U, l,2, ... .

IfthcΓ atiUsoΓ theeigenfFequenciesareiΓ ratiUna】 ,theenergyIeveIsare;┐ Un-degenerate,
UtheΓwisetheymaybedegenerate.ThegrUundstate已

、
°°isa】 ways non-degenera怡 .

FUΓ tbeisUtropicharmUnicosciIIatU了

(m.勾

E一 =乃ω(刀 +音 ), where 〞=n+地 十化 . (2U.3)

InthiscaseaⅡ theenergyIeveIs、vithtl,eexceptiUn UfEtaredegenerate.TUcaIcuIatethe
d㎎eneracyUfthe㏑ ,,eIUfenergy孔 ,cUn由 deΓ fUrthemUm㏄ taparticulaΓ va㏑eUfthe
quantum Πumber刀 1. 〞2Can then havθ aEyUfthevaluesU, I, .‥ , 〞.＿乃1, andthesum
η =η 1+刀2+〞3fUrgivenη andη 】canbeUbtaiIledin刀 一 η】+1ways.Since刀 l=U,l,2,‥  ,〞 ,
thedegeneracyUf王琺wiⅡ be

口Σ

「

(〞一刀1十 1)=舌 (刀 +】 )●〞+2). (2U.4)
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