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ΛⅡguⅡarMUmentum二nSphericaΠ

CUUrdinates

InthisappendiX,wewill shUwhUwtUderivetheexpressiUnsUfthegradient▽ ,theLaplacian

▽
2,andthecUmpUnentsUftheUrb丘 alangularInUmcntum in sphericalcUUrdinates.

B.1  〕DerivatiUⅡ UfSUmeGeⅡ eralRelatiUⅡ S

TheCartesiancUUr山 nates° ,ˊ ,z)UfavectUr9arerelatedtUls sphehcalpUlarcUUr血 nates

(r,θ ,φ)by
x=r sinθ cUsφ ,   ˊ=r sinθ Sinφ ,   z=rcUsθ

TheUrthUnUIlⅡ alCartcsianbasis(父 ,9,9)is relatedtUis sphehcalcUunterpart(〞 ,θ ,ψ )by

父=〞 血nθ oUsφ +θ cUsθ cUsφ 一ψ血nφ

ˊ=〞 血nθ sinφ +θ cUsθ smφ 十ψcUsφ ,

少=〞 cUsθ 一θ血nθ .

DI跆renthting(B.1),weUbtain

x́ =sinθ cUsφ ŕ十 rcUsθ cUsφ θ́一r sinθ sinφ 〞φ

〞 =血 nθ sinφ 祊 十 rcUsθ sinφ σθ+rcUsφ 仰 ,

〞z =cUsθ σr一 r slnθ 〞θ.

SUlvingtheseequatiUnsfbrˊ r,σθandˊφ,weUbtain

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.lU)

加 =血nθ cUsφ 歲 +s㏑ θsinφ 鈔 +cUsθ 茲

σθ = ÷cUsθ cUsφσx十

一

cUsθ sinφ iy——÷sinθσz,
仰 =一

咢 馬
歲 +選

為
鈔 .

633
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634 B.Z即θ乙VRVa祏 田〃uˊⅣ &羽巴Va化 CUURDJNZΓES

WecanVeH9that(B.5)tU(B.lU)leadtU

多=血θcUsφ, 翣=÷ cUsφ cUsθ, 翠=一戶嚚半乒  °.1l)

影
=血 鈊㏑外

嗧
=÷ 卹 ㏄色

哿
=瑞 ,叫

多=cUsθ,   翣=一÷血θ,  告=U,  β.13)

which,㏑ mm,yield

a     U Ur   U θθ   a Uφ

皕 =歹砳
+皕

前
+砳

ㄞ

= sinθ cUsφ
5歹

+̄÷ cUsθ cUsφ
5歹

￣̄
r sinθ 5歹

’           (B.14)
U     a Ur   U Uθ    U Uφ

ㄞ
=歹

ㄞ
+皕

ㄞ
+砳

ㄞ

=血 鈊 ㏑ φ
磊

十

一

∞ 出 血 φ
磊

十
器 暑   

睏

磊=多多+磊多+昜各=cUs孔异一毛半磊.   β.16)

B迄  GradieⅡ taⅡdLapIaciaⅡ inSphericaICUUrdiⅡ ates

WecanShUwthatacU㏑ unat㏑nUf(B.lΘ tU(B.1Θ allUwsustUexpress theUperatUr▽ in

spheHcalcUUrdinates:

予=分
妾

十9品 +2:鑫 =〞
暑

+θ
÷磊

+ψ
π素百貨

一

    β .17)

andalsUtheLaplac㏑mUperatUr▽ 2

▽
2=●

.予 =(〞
磊

+爭
磊

+丌
里石 磊;).(〞磊

+爭
磊

+磊
昜 ). (B.18)

NUw,usingtherelatiUns

多=U,  要=U,  翠=U,     。
.19)

囍=θ,  嗧=一, 嗧=U,      (B.2U)

昜=ψ sinθ ,   吾吾==ψ cUsθ ,  :吾 =一〞sinθ一θcUsθ ,     (B.21)

WecanshUwthattheLaplacianUperatUrreducestU

▽2=嘉
I習

;(′
2暑

)+ξ÷t言吉(sinθ
:吉 )十為藚乒︳.     (B.22)
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B.3  ΛⅡgularMUmeⅡtum inSphericalCUUrdiⅡ ates

TheUibitalangular rnUmentuΠ1UperatUr工 canbeexpressedin sphericalcUUrdinatesas:

E=良 xβ ==(一油rV× ●=(一 ,乃rV×

 I〞
吉｝

-+=磊 十一
歹忑告丁歹品 I,     (B.23)

Uras

E=一 j乃

(ψ :吉
一
面早百苦;).              (B.24)

Using(B.2H.9alUngwith(B.勾 tU(B.Θ,weexpress thecUmpUnents工 扔 LV9乙zwithin thecUn-

textUfthesphehcalcUUrdinateS.Γ Ur instance,theexpressiUnfUr工 xcanbewrittenasfUllUws

Ex =父 E=一 屁
〔

sinθ cUsφ 十θcUsθ cUsφ 一ψsinφ
).(ψ :告

——
面爭百吉吉)

=j乃 (sihφ 言吉
十 cUtθ cUsφ

言註).                         
σB迄,

SilnilarlY,wecaneasilyUbtain

Eˊ =油 (一 cUsφ
吉吉

十 cUtθ Sinφ
吉｝)             (B.2Θ

 
′

Ez=一 j力貨

一

             (B.27)
FrUmtheexpres血 Uns(B.25)and(B.2ε )fUr乙 xandLv,we㏑ ferthat

E+==Ex+〃 b=力 ↙φ
(貨;十 。

cUtθ
吉吉),          (B.28)

E一 ==Ex＿ 9Eˊ =力θ
一仰

(磊 一 jcUtθ
吉吉).          (B.2,)

TheexpressiUnfUrE2k

E2=一 力
2r2φ

×予).σ ×●)==＿
＿力

2r2I▽ 2一

一

,吉｝(r2吉｝)I;      (B.3U)

丘canbeeas且ywHIeⅡ in tel1IlsUfthesphehcalcUUrdinatesas

Z2==-力 2I面士t言告(sinθ言告)+為嘉I;          (B.31)

岫驟誼t盟::1∴貨:選j主翠片穿f卲技喡豔丘e▽ 2小

▽2=舟磊(r2言｝)一 ;孑÷tE2=÷普話r一嘉z2.         (B.32)
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分 類 :

編號:/tˊ
總號 :

: .TheRa山aIWaveΓ uⅡctiUn

Uur nrst task is tUtidyupthenUtatiUn.Let

Ⅳ/-2〞 E
K≡

 乃  .

(FUrbUundstates,E<U,sUKis real)DividingEquatiUn4.53byE,wehave

去努=｝ 一石爭蜑:t耑 +!器爿比
This suggests thatwelet

I4.54I

sUthat

刀ηθ2

p≡ Kr,  and  pU≡
2π甸乃

2K

牛=︳ 一帶+埁井
I比

I4.55】

I4.56〕

Asp一〉 oo,thecUnstant

I4.57〕

I4.58〕

NextweexaΠline亡heaSymptUticfUmUfthesUlutiUns.

terIn in thebracketsdUIllnates,sU(apprU如 matel”

ˊ
2〞

〞
=“ .

ThegeneralsUIutiUn is

(́p)=4θ一p+Bθ p,

bu亡 ε
pblUwsup(asp一 >∞ ),sUB=U.Evidentl坊

“(p)∼ 4ε
p̄

fUrlargep. Un山eUtherhand,asp-〉 UthecentnfugalterIndUΠinatesl2;apprUxi-

mately,then,

〞2v ′(′ 十1)

如2千 一
〞
一〞.

ThegeneralsUlutiUn(check it!)is

v(p)=Cp′十I+Dp￣′
, ,

butp一了bIUwsup(asp→ U),sUD=U.Thus

〞(p)∼ Cp了
十I

I4.59〕

12ThIsargumentdoes notapplywhen′
=U(alth°ughtheconcIu血on,Equation459,ls infact

validfUr山 atcasetoo) Butnever mind: AIlIaIntyingtodo isProvidesome〞 Utjva′ jU〞 fUrachangeof
vanableS(EqlIatIon46U)
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fUrsmaⅡ p

Thenext stepiStUpee︳ UfftheasymptUticbehaviU● in亡rUduCingthene、 vfunc亡 iUn

I,(p):

tt(p)=p了 +Iε一pv(p), 〔46U〕

in thehUpethatv(p)wilIturnUuttUbeSimpIerthan tt(p) Thenrst indicatIUnSare

nUtauSplcIUus:

and

加

一印
=加中k┤一ωv十 p制

,

牛=〞εp｛

I一

z-2+p+≒拌I砂
+2σ +├ω努十p告誥｝

InterInsUfv(p),then,theradialequatiUn(EquatiUn4.56)reads

p券 +2σ +lω努十㏑-2σ +帥 =a

Fina1ly,weassumethesUlutlUn,v(p),canbeexpressedaSapUwersehesin p:

vω =Σ幻p’

9=U

Uur prUblemiStUdeteI1llinethecUefncients(aU,al,a2,‥ .).DifferentiatingterInby

teΓⅡ〦

努=居二。竹p’ 】=居二(。 +l)幻 +lp′

IInthesecUndsummaⅡ Un工 haverenamedthe‘
‘dunlmyindex” : ╯-〉 

。

十 1 Ifthis

trUublesyUu,wHteUutthenrstfewterInsexplicitlyandε 乃a北 it.YUunIghtsaythat

theSumshUuldnUwbe舒nato=￣ 1,butthefactUr(9十 1)kills thattcΠnanyway,

sUwe血 ghtaswellStartatZerU.〕 DifferenⅡ atingag缸 n,

牛=居二。σ+㏒┤p一∴
InsertingtheseintUEqua位 Un4.61,wehave

Σ乃+l》�+l〞 +2σ +l)Σσ+1)ㄌ刊p╯

9=U                       ’=U

眨Σ角p’ +lpU-2σ +1刃 Σφ′=U.
,=U                     9=U

〔4.61〕

I462〕

一
 
一
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編號 : ㄏ -
總號 :

EquatingthecUefncients。 fIikepUwersyields

。
σ十l)%+｜ +2(r+l)σ +l)ㄌ +︳ -2。竹+㏑U￣ 2(6+l)V╯ =U,

I4.63〕

This recursiUnfUrmuIadeterrninesthecUefncients,andhencethefunctiUnv(p):

WestartwithaU=4(thiSbecUmesanUVeralIcUnstant,tUbenxedeventuallyby

nUmalizatiUn),andEquatiUn4.63givesusa︳ ;put﹂ ngthisback in,weUbtainθ 2,and

sUUn.｜
3

NUwlet’sseewhat
largep, wherethehigher

says

SU

〔4.64I

ㄌ+l=｛ㄜ≒÷÷÷;千Hf:雙芳｝ㄌ

thecUefncients lUUk likefUrlarge,(thiscUrrespUndstU

pUwersdUrrunate).Inthis re」 metherecursbnfUrmula

牣≡
:π。+.竹

=舟4

幻Ξ≡
:;:4.

SuppUsefUramUment thatthisweretheaθ ε′resuIt.Then

t,(p)=4ΣE::p’ =4′
p,

(́p)=⊿ p了
十】εp,

andhcnce

【4.65〕

w㏑chblUwsupatlargep.�epUsitiveexpUnentiaIis preciselytheasymptUticbehav-

iUrwe〞比阞9want inEqua● Un4.57.(It’ snUaccident thatit reappearsheie;afterall,

itdUε∫represent theaSymptUticfUImUf∫ U〃θ sUlutiUns tUtheradiaIequatiUn一 they

justdUn’thappentUbetheUneswe’ reinterestedin,becausetheyaren’ tnUrInal克 able.)

ThereisUΠ lyUnewayUutUfthisdilemma: Ehε ∫εrjθ∫沕〞∫t比r稱加θ比. Theremust

UccursUmema如 maIintege民 ╯㏑ax,suchthat

%嘛x+l=U 〔4.66〕

(andbeyUndwhichallcUefncientsvaniShautUma└ ca1ly). Evidently(EquatiUn4.63)

2(,max+J+1)一 pU=U.

小ymuj阻 ::︳哥::瑟出甜片吉∴:｜ :’ ::::t縣

°

報呈::::l:〧#機t洋℉冗｜l︴:I:現攏#
:::::由

t電

:i::::眾早:片︳翠比評:::造s:i::昱 :::現 :絲::i隴男器眾篇礐寫:投毒
首;l絲::::留:II揣:脟::f眾fcursi°

n 伯mnuIaiⅡvoIvingㄅ +2,ㄅ +I,andㄌ (′〞it!),and
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總號 :

Denning

K≡
。

max十 ′十 l

(thesU-calledp㎡nc:pa:quantumnumber),wehave

pU二=2刀 .

ButpUdeterminesE(Equa亡 iUnS454and4.55):

I4.67I

I468〕

I4ε 9〕

I4.71〕

I4.72〕

I4.73〕

I474I

sUtheallUwedene【giesare

I4.7U〕

This is thefamUus BUhΓ fUrmuⅡ a——byanymeasure themUst impUrtant result in

allUfquantuⅡ 1mechanics. BUhrUbtainedit in l913 byaserendipitUusπiXture

Ufinapplicableclassicalphysics andprematurequantumtheUE◤  (theSchrodinger
equatiUndidnUtcUmeuntil1924)

CUmbiningEquaIUns465and4石 8,weflndthat

E一牢一礒鎘,

K=(名鷥語)÷
=音〞

a≡
4π εU乃

2=U.529×
1U一

lUm

where

EvidentlythespatialwavefunctiUnsfUrhydrUgenarelabeledbythreequantuΠ 】num-
berS(刀 ,了 ,and用 ):

is thesU-ca1ledBUhrrad二 us.ItfU11ows(again,frUmEquaIUn455)that

r
p=一 .

aη

ψ〞′田(r,θ ,ψ)=R,,J(r)γ尸(θ ,ψ ),

where(refeΠHngbacktUEquaⅡUns4.36and4弓 U)

R刀′←)=上 p了
+lε-pv(p),            lz1.7到

r

凸
一

,
〞=

l
一

〞

┐

—

—

—

」

\
、

—

/
′
一峏

ˊ
(

些
′

「

＿

＿

＿

L

一Eㄔ = 刀=123
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一

:;「片:t:

andv(p)isapUIynUmialUfdegreeˊ max=η 一 ′ 一 Iin p,whUsecoefncientsarc

determined(uptUanUverall nUrm㏕ izatiUnfactUr)bytherecursionfUrmuIa

2(o+了 +l一 刀)

〔476〕ㄌ+I= (o+l)(9+Z+2) 竹 .

ThegΓ UuΠdstate(that is,thestateUfIUwestenergy)is thecase99=l;putting

in theacceptedvaluesfUrthephysicaIcUnstantS,、 veget

EI= =一 13.6eV. I4.77〕

Evidentlythebind二 ngenergyUfhydrUgen(theamUuntUfenergyyUu、 vUuldhaVetU

imp田㏄ tUthcelectrUn inUrdertUiUΠ izetheatUm)is l3.6e、●Equation467fUrces

了=U,whencealsU〞 =U(seeEquatiUn4.29),sU

ψl0U(r,θ ,ψ)=RlU(r)嶍仰,ψ ). I4.78〕

TherecursiUnfUmulatruncatesafter山 efirst terIn(EquatiUn476with′ =Uy怡 lds

a1 =U),sUv(p)isacUnstant(aU)and

┐

—

〡

—

—

」

\
l
—

/
↙
一峏

ˊ
(

些
′

「

＿

＿

＿

L

一

RIU(rl=塑 ε′/a.
a

NUmalizingit,inaccUrdancewithEquaⅡ Un4.31,

fRlU42〞
r=寧 f↗

a′〞r=陋引2暑

SU匆 =2/Vt.Meanwhile,昭 =l/vZπ ,sU

咖UⅨ已乳ω=為′

=1.

I479I

I48UI

〔4.81I

If刀 =2theenergyis

E2=￣
13.‘ eV=＿

34eV;

this is thefirstexcitedstate— —or rathe∴ ∫翃彪∫, Sincewecanhaveeither′  = U(in
whichcase〃 =U9Ur′ =1(with〞 =一 l,U,Ur+1),sUthereareactuallyfUur
different stateSthatsharethisenergy.If′ ==U,therecursiUnrela位 Un(EquatiUn4.76)

glves

al=一aUmSing,=Φ , and” =U(using� =1),
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分 類 :

編號 : r.
總號 :

sUv(p)=.ll(l一 p),andhence

Rm(r)=舞 (I一 身)ε

一r/2a.
I4.82〕

If′ =1therecursiUnfUrmuIatermin.ntestheseHesafterasingleterm,sUv(p)isa
cUnStant,andwennd

R,1ω =珜≒rθ
＿〃%.     邱到

(IneachcasethecUnstantaU is tUbedeterIninedbynUrInalizatiUn— —seePrUbIem

4.l1.)

FUrarbitra〃 刀,thepUSSiblevaluesUf了 (cUnsistentWithEquatiUn4.67)are

【4.84〕

FUreachJ,thereare(2′ ┤├l)pUssiblevaluesUf〞 (EquauUn4.29),sUthetUtaI
degeneracyUftheenergylevelE〞 is

仰)=Σφ′十
一
)=K2.

t=U

I4.85〕
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TheIsUtroPieIIarⅢ oⅡicU§ eⅢatUr

Therad㏕ Sc㏑㎡ i㎎erequ血 UnfUraparticleUfmassM㏑ ankUiUp㏑ hamUn沁 UscillatUf

pUtenti㏕

            土跖ω2r2          “.7砂/←)=豆

isUbtained全 Um“ .56》

一穿 寒
﹂+t褚′+型告吉房乎

三
I動

ω=E嚇) .“ 助

WcaregUingtUsUlvethisequa伍 UnbyinvUkngthebehaviUrUfthesUlu伍 UnsatveΓySInilland

V呵 largevaluesUf′ Asr-→ Uthisequa伍 UnreducestU

一嘉響 +┘ㄘ青青乎二m=此    “虳
比ssUlutiUnkUfthefU1一

一

Ⅱσ (r)∼ rJ十
1.TheasYmptUticfUrInUf“

.7助 fUrr.一 》 UUis

一嘉牛+:㏕′2σω=仇 (6.8U)

W㏑ch斑㏑ ls sUlutiUnsUfUpeσ ← )∼ θ一
蹈餅 2/幼

.cUmb㏑ ㏑g“ .7ㄌ and“ .8Φ ,wecanwrIte
thesUlutiUnsUf“ .7助 as

σ←)=r〔 9r′
十lε一M㏕2/幼

, ′ (6.81)

where√←)isahnctiUnUfr.Subs位 tuting山虫 expressiUn intU(6.78),weUbtainanequ放 iUn

fUr/← ):

望
著夸

生十2(上
÷
⊥一

響
r)響 十

:1孥
旦一σ 十η考爭:rω

=a。 吻

LetuS位yapUweiSeriessUlu位 Un

rlr)=Σφ〞=的
〞       +al〞

+a2r2
U                     ...+a〞

r’
’
十 ‥

.

Subsjmtingthk nmct㏑n intU“ .8勾 ,weUbt缸n

Σu├陑〃 +2(寧一罕
〞=U                               )刀

θ〞′
’’一l

十
:詳孥三＿g+η制〢=a

w㏑chin tum reducestU

Σ 扣。

十Z十 昵 〃
+響

〞十
營

g十匆響》↗｝=a

(6.83)

(6.84)

(6.85)

ΓUrthisequatiUntUhUld,thecUemcientsUfthevanUuspUwersUfrmustvamshSeparateVFUr
instance,when〞 =二 UthecUemcientUfr￣ 2is indeedzerU:

U.(Z+l)aU=U. (ε .86)

NUtethataUneednUtbezerUfUr任 ⅡsequatiUntUhUld. ThecUemcientUfr一 lcUrrespUndstU

刀=l in“ .85);fUrthkcUemdent tUvanish,wemusthave

1.(2′ +2)θl=U.                (‘ .87)

Since(2′ —

—

2)cannUtbezerU,becausethequanm number了 isapUsi∥emteger,al muSt

vaIush.



ThecUefΠcientUfr〞 resultSiUmtherelatiUn

霍二 ｛
° +勾

。

+Z+聏 φ +I罕 1一
學

φ刀+Z十
呵

幼
〡

↗ =U,

lvhichleadstUtherecuiencefUmula

“+勾“+Z十 3》〞+2=I二
幫要

三+響 勿 十刀+呵 θ〞 (6.89)

This recuⅡencefUmulashf,wsthatallcUemcientsa〞  cUrrespUndingtUUddvaluesUfη are

zerU,SinceaI=U(see(6.8η ).Thenmct㏑ n/← )must therefUrecUnt茁 nUnlyevenpUwersUf

r:
∞
Σ

o
,
2
,
4

=

whereallcUe丘 cientsa2〞 ,Ⅵλth刀 ≧ l,areprUpUr“UnaltUaU.

NUwnUtethatwhen〞 → 十°
。
the血nctiUn/(r)山verges,fUr itbehavesasYmptUtically

l伙eθ
↗ TUUbta㏑ an㎡ tesUlutbn,wemust req㎡ retheseHeS“ .9Φ tUstUpatamaximum

pUwerr’ ’’十2,henceit mustbePU〞 刀U〞油′.FUr山is,wereq山rea,,.十2tUbezerU.Therecurrence
fUrInula“ .8ㄌ therefUrey怡 ldstheη“aηr圪列 jUη εU刀祊 ′怕〞

助=←�十分砲   醐
whereη

′iseven(see“ .9U9).DenUtingη
′by2Ⅳ ,whereⅣ =U,l,2,3,‥ .,wereWntethis

energyexpresslUnas

(6.91)

(6.93)

whereη =/+′ =2Ⅳ +′ .

ThegrUundstate,whUseene珽 ⅣkEU=如 ω,‘ nUtdegener㎡ athenr乩 eXCited就 a●e,E︳ =

音力ω,ls threefUlddegenerate;andthesecUndeXcltedstate,E2=吾 力ω,ls由xfUlddegenerate

(Table6.Θ .AsshK,wn in thefUllUwingexample,thedegeneracYrelat㏑ nfUrthe刀山 level〝

givenby

量
環
群
:
雲

t
琤

一2
→

辛

√←)=)Ea2〞〞2ㄔ =
〞=U          〞

a,,′ r〞

′

,

(6.88)

(69U)

(6.94)

哆E叫 一響〃+z十的=a

&=:° +唧十分
Finalj,weshUuldnUtethatthera山 alwave血nct㏑n isg∼enby(6.81),where/σ )沁 a

pUlvmUm伍 l㏑ rzUfdegree° -U/2,hence山 etUtalwavemnct㏑ nfUr山eisUtrUpichamU㎡ c

Usci1latUr is

ω
力

、
.
—

↗

3
一

2+刀

ˊ
J
I
ˋEη = °=U,I,2,3,‥ .),

〞〞切 ← ,θ ,φ )=r了
+l′

← )乃羽 φ ,φ )θ
一跋蚪

2/2方

=R,.J← )乃羽 φ 9φ )9 (6.95)



Table6.4 EnergylevelsE〞 anddegeneraciesg〞 fUran isUiUpichamUnicUscillatUr.

E刀 Ⅳ了 勸

U

l

2

where′ takesUnlyUddUrUnlyevenvalues. ΓUr instance,thegrUundstatecUπ espUndStU

“ ,了 ,〞 )=(U,U,Φ ;i倦 WaVemnctiUn芯

〞UUU←,仇 ω =RUUω 獅 φ ,ω =丙
雱

(營
)v4�

祄 p力
拘 Uφ ,ω ,“ θ°

AS fUrthe cU㏕ guratiUns Ufthenrst, secUnd and士irdexcited states, theycUrreSpUndtU:

“ ,ˊ ,〞 )=(l,1,〞 ),φ ,U,Φ ,and(3,l,〞 ),respect∥el男 theirwave血 nct㏑nsareglvenby

〃ll〞 ←,θ ,φ)=RlI← )h〞 φ,φ)= (6.97)

音力ω

言易ω

壬力ω

各力ω

UU

U1

lU

U2

11

U3

U

土 1,U

U

士 2,士 1,U

土 l,U

土 3,士 2,土 l,U

l

3

6

lU

叱抻Ⅸ已乳ω =㎜ 獅 岰 =V需
撈 )印

(:一 帶 )璱
旳幼yjb阠

〞Ⅱ〞←,θ ,φ)=RⅡ (● 圴 羽φ ,φ)=ˊ
15v万

(響
)7ur2ε

一腕 ′p力
灼 勿(θ 9φ)

(698)

(6.99)

EXaΠnple6.2σDegeneracyreⅡ aiUnfUrani§ UtrUpicUscⅡⅡatUr)

PrUvethedegeneracyrelatiUn(6.94)fUran isUtrUp㏑ harInUn比 Usci1latUr

SU1Ⅱ tiUΠ

Sinceㄔ =2Ⅳ +Jthequanmm numbersKandJmuSthavetheSamepari妙  AlsU,since

盟常盬t翠茻I妝垚j::鼓舞鎧現I造l::于蛋i::∥:t::I:｛ ;::〧緊皮
quantumnumberˊ (hence刀)Can位火eUnlyevenUrUnlyUddvalues LetuscUnsk始 rseparately

thecaseswhenη isevenUrUdd.

2Recall iomChapter4thatfthepotentialofasystem必 s,-o㎡ c,/°)=K一 x),thestatesofthesystemmust

beeltheroddoreveⅡ



&馽 〣

註 ●三;‥
十

計
如

+叩 =卸 〣 紗 剛

AmUreexpHc丘 waYUfUb伍 iㄖ㏒ 山山 s㏕escf9IlsktSUf㏕㏒ l㏑ thefUlIf9w㏒ twUeq㎡v田ent

fUms:

劭 =l+5+9+I3+‥ .+φ 刀一 ’9+φ 〞一 紛 +φ π十 l),     “ .lUl)

g.=φ 〞+I)+φ 〞-39+φ 〞一 砂 +φ 刀一 lI)+‥ .+13十 9+∫ +1.“ .K泛 )

Wethenaddthem,temby“ 江Π

、

t。 get

2g.工=(2刀 -├ 2)十 (2刀
—

—

2)+(2〞 -├ 2)+φ〞-├ 2)+.‥ 十 (2〞 -├ 2)=工 φ〞+2)(告 +1). “ .lU紗

﹁缸srel放㏑Il”elds&=士 (〞 十 ●° +砂 ,wh㏑hprUves(6.與 )when刀 keVen.
Sec㎝哦 when刀 kUdd,as.m.larieament leadstU

&11玄音︴γ+l)良 1管音︴∴」9音,:╤ :“
十°+:。十192=言。

+.φ +2),“ .lU● )

w㏑chprUves“ .9Φ wheⅡ 〞kUdd.NUte山 at山山dcgeneracvre㏑ jUn〝
,asexpected,id“ 血cal

w山 uledegenemcvexpres§ ㏑n“.3Φ UⅡ加nedfUrahamU㎡ cUscⅢatUr inCaiesiancⅨ汰i
nates.
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