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r A4 !
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 for reasons t/mt will appear m_t_‘éc due course, e shall
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Z /m:gj_e_zaaia._élc__ X =cos® o
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d _ dx d

———
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I d0 dé d4dx Sin@ ax = " Vi)-x* gx
Sinte =/-x*]
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) eyt dO® L d® s, o - _
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/. Three Dimensional [oblem in J/:Aer[ca,[

faora’t‘nafe_

Key Jle/.:

7t in .r/o/:erz.cal COOra’c/?a,t&
Jee A/J/Jeﬂa’éx ] — Jee (8. 22)

Time - z‘na’e/bendent Jcéradﬁer e7ua.z‘w/z
Aenca,é coordinale eyu

N _r/o
P4
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yVir) s a//tmctwno r Mf}'

= Central /orce /brobfé’m.

Ke/»’ er/o
Sep cration y variable method should be
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Angular Momentum in Spherical
Coordinates

In this appendix, we will show how to derive the expressions of the gradient V, the Laplacian
V2, and the components of the orbital angular momentum in spherical coordinates.

B.1 Derivation of Some General Relations

The Cartesian coordinates (x, y, z) of a vector 7 are related to its spherical polar coordinates
(r,0,¢) by
x = rsinf cos g, y =rsinfsing, z=rcosf (B.1)

The orthonormal Cartesian basis (£, J, 2) is related to its spherical counterpart (7, 8, $) by

% = Fsinfcosg +Hcosfcosp — @ sing (B.2)
$ = Fsinfsing + 8 cosfsing + ¢ cos g, (B.3)
2 = Fcosd —siné. (B.4)

Differentiating (B.1), we obtain

dx = sinfcosg dr +rcosf cospdf —rsinfsing dyp (B.5)
dy = sinfsing dr + r cos@sing df 4 r cos ¢ do, (B.6)
dz = cos@dr —rsinf do. B.7)

Solving these equations for dr, df and dg, we obtain

dr = sinf cos ¢ dx + sinf sing dy + cosfdz (B.%)
1 1 1
d§ = —cosfcospdx + —cosfsing dy — —sinf dz, (B.9)
r r r
dp = =229 gy 4 220 4y, (B.10)
¥ sind rsinf

633



634 B. ANGULAR MOMENTUM IN SPHERICAL COORDINATES

We can verify that (B.5) to (B.10) lead to

0 ) 6 1 0 sin
a—: = siné cos ¢, Pl cos ¢ cos 6, a—i = _rsin(pG’ (B.11)
0 , 08 1 . 0 0s
T sind sin g, — = —sing cosé, 2L —c.—q), (B.12)
oy y dy  rsinf
0 00 1. 0
T coséd, — = ——siné, S 0, (B.13)
0z 0z r 0z
which, in turn, yield
o 0 or o 000 0 op
ox  orox = 06 ox O0p 0x
. 0 1 0 sing 0
= sinf — + —cosé — - —, B.14
sin cosgoar + cos cosqoae ing 50 ( )
0 0 or 0 6(9 0 0¢
—_— = —— —— 4 — =
oy ordy 000y 0¢ dy
: . 0 1 0 cosg O
= sinf — 4+ = cosd — —, B.15
sin s1nqoar + cos sm(oae + 7 sind 99 ( )
0 oor 0 80 o op 0 sinf 0
— = —— 4+ —— — — - —. 16
0z or 0z * 00 oz t % o oz - o or or 06 (B.16)

B.2 Gradient and Laplacian in Spherical Coordinates

We can show that a combination of (B.14) to (B.16) allows us to express the operator V in
spherical coordinates:

o
oy

0 | G

5 17
a¢9+¢ (B.17)

A AR LA LA L
= X— Z— =V — = e
ox 7 0z or r rsinf o¢

and also the Laplacian operator V2

> o o 6o ¢ 0 o 66 ¢ 0
V=V V={(f—+Z= =) =+=-= — . B.18
(6 +r6<9+rsin(06(p) (r6r+r80+rsin96qo) ®.18)

Now, using the relations

oF 80 8¢

— = O, — =0, —_— = 0, B.19
or or 0 or ( )
oF 4 00 o¢

= =9, — = —7, — =0, B.20
86 50~ 20 (B-20)
oF .. 0 0 . 5

T ¢ sinf, — = ¢ cosb, S = —rsin@ — G cosb, (B.21)
0 O op

we can show that the Laplacian operator reduces to

1o 8 1 o 8 1 82
V== 2 — 2 (sin6Z )+ ——Z_|. B.22
[6r( 6r)+ ind 26 (sm 89)+sm296¢2] (B.22)
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B.3 Angular Momentum in Spherical Coordinates

The orbital angular momentum operator L canbe expressed in spherical coordinates as:

- . . |.a 6o 5 8
L:RxP:(—ihr)rxV:(—ihr)rxI:r—+___+ ¢

— |, B.23
or rof rsind 6(0] ( )

or as

5 8 6 o
Y AL ) B.24
: (%e sin06¢) (B-24)

Using (B.24) along with (B.2) to (B.4), we express the components I L Vs L, within the con-

text of the spherical coordinates. For instance, the expression for L, can be written as follows

. - . 5 . Lo 6 9
Ly = x.L =~ih (r sind cos ¢ + 6 cosd cos ¢ —(psmq)) ((pﬁ — @%)

0 0
ih (sin(p@ + coté cosqoa——) i (B.25)
¢

Similarly, we can easily obtain

00

d
, = —ih—. (B.27)
op

A 0 0 .
Ly, =ih (—cosqo— + cotd sinqoa—(;) (B.26)

A

From the expressions (B.25) and (B.26) for Lyand L y, we infer that

R A R . O 0
L+ :Lx +lLy = he'? (5§+i00t9‘a—¢), (B28)
bo=i,—il, =he? (2 —icoto 2 (B.29)
_ X P = 50 ) .
The expression for L?is
2 ) Dy < oy 22[g2_ 190 (-0
Le==hr*rxV)- ¢ xV)==07r" |V =5 —r"—}|; (B.30)
r<or or
it can be easily written in terms of the spherical coordinates as
- 1 0 0 1 &
L* = —h? — (sinf= )+ ——-=|; B.31
[sin@ 26 (Sm ae) Ry a¢2} B3

this expression was derived by substituting (B.22) into (B.30).
Note that, using the expression (B.30) for L 2, we can rewrite V2 as

2
v 12 (28)— L o 1o 1 ;2 (B.32)

= —— - —
r2or \ or) m%?2 ror? R
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Fisin
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LHS s ajfuncftOﬂ y[ ,  onl

RHS Is a function y e P
Choose  the Je/bera,z‘zon constant fo be L(O+)

L dK, 2mr 20pr)-£) = L(Ll+) -
R d" ar ﬁz

2 dR) v 2mrPiVir) - EX= £02+1) : R
A1

-ﬁ———(r

= L 2rdk)- 2”” [ vin-£1 =004#).
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ar

%l\
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$ind 26 (Jm@ )t Jm¢ 975 =-f({+)

./
a:;jular e;uaﬁon




23R
%3 7
LB

L a +/
= _d—(—#—d’g—)—m%(ﬁ—ﬁ——j{f—f_ = =
AR _dr ar A3 i

p1 e i ( for bydrogen atom) b aveld confusion
= ;. “

This is Rnown as the radial e?ua.f(a/z

Hemark.s,

e .Lf_d_‘;gcad.r_m Vir)

Mre by Py I
B ——?‘*‘}*:m@”@j—%}” o ?)F@“”;ﬁ“—lz’ﬁu

Y(6,P) is a /_//uncb:an of O,

a ﬁ[m /Qaré o[

the wave

The cwaﬁa/z 2.5 zadebendenf a/ Ver)

_mhdjfo__a_éé_c;mém.évﬁzL_ﬁemé@L__
- The angulor egualion is closely related Zo

*ﬁ:__aya[gf_mmtm_gp_emf or

L(L+I)
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@ aé T 4

| - m_a}/reﬁ‘c
_ guantum number
0~ e
/ @' 2
P ap? -
o This is the __ Quafw/z
dz.f; = = n*P
d?"‘ =

— Phycical requirement .
P (pr ZI_IZ' =§5(¢) = N sl be /‘m‘__e/aer

-
J&ZQ/P valueness 3/ J:Mzej[mzclf

g
<5'=e‘m59 M = o, 21, 42,

—_u_ﬂzeﬁ%zu;aié/_adawcd J_MLOA_EL@_?_"_@Q_«_@QM

Of cource Ae s also a solution of Zhe &
A carn éc, QCZCI‘M;/’QQ Zﬁcaggﬁ L‘ZQMQZ'LIQJELM,

i ~

For central force problem , il is usuad done

Logether with O part of Zhe wave couation.
7 7 7 7

Now we shall J‘zf'uaﬁv the G - e?uaz‘w/z.
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i

3K

) d . o B 2
A‘ﬁﬁ’*@———t‘fmﬁl—@j—rﬂﬂwﬁzﬁ——mﬂ—@*z ©
. 46 "~ dg 7 SRS —

m = o, 2/, 12, '

CAa::/ap variable X = cos@ .

2
——#—H-%J%ﬁ%&fm%@ -0
,/ ~A

dx?

Béy.r (cal re ?m.remeﬂf

@ (x)  ppust be ell- bebaved atlt x =24 [/

=@ Ax) o p(x)
£ /
7
associale Legendre polynomial.
positive (or jero)
A rmust be zbdzc’:erj sy A =B, 1 2
m = e f_l ‘1*{} e _/} 1
o Frow.l 1 /21
R (x) =(-1)" (1-x*)"7% = pP(x)
A dx L A

P.(x) i the Lecendre polynomial of degree A
~ T & A -

Pelx) is a solution of

Y ) Y A
I DR T 1 R VI
x _ dx = [ L9 Yol 4 'e e = -— U7
. -
dendre cgualion
Fi
- o — 1 —
Piix) = 2 G, X with
Pk R=30
e = (R-2)(4=1) ~A(LH) A
A Al ~1) A-2

-
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LB

&amlble =2, m=/
e -

Bzl =L ¢ x" = ¢, s Cox
- R=0 =2

~L O = 2(2#1)
2 (2~1)
= =3C, S
_ Z)
Plx) = ¢, (/1-3X
i) =1 e ,rz)z - e 1—32°%)
< ax ?

= (1) (/- .r)zc;(-— 6x)

—z%
=+¢C (1-x)x

s
@D ( cos®) < (/-x )% x = 5ir8 cosB

>
Y, .} (ﬁ] =L /ri‘nﬁrnrﬂln‘.¢
12 1T V7 ?"’/ (MQ'IUWJU/L
7 g'gf/‘
)E (0, P) = A (sinOcosB) ¢
Narma,[gaﬁan
S (0. $) 5, (6, B)sin6d6 dP =/
— T R TT
= /A1t ) [T a00 dPd sPe cos’@ =/
= P 7
/ .-
- _
IIAjzijz /:;{- = 7‘_ = o
A =, - JI5
1 | j;z
L, (8, P)= ;/j”f 2P 5inl casd.
’ a

Y (6.8) =(-1N" Y (0.8) . m2o

» ol
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Orthonormal [Telation gf ; 4, Les -~
T g - g O . ‘l‘ T - g O . O . v ] + . T '
L =

i b o e
() [ e T T dd = dpptpg R
o j ) I
Lirst m #m the inlegral vanishs
~ 7
when m=m’ Zhe zhffyral = 2.

Gi) [ PTx)P(x) dx =0 of L=r
Ty > 4 4 4

1 IH 2

— d (11__ 2 d m- y "”; —
ax dX /[-Xx?
 Mualtiply [ R (x)
7,
7 m ¢ ml_
[ M, B d #’MM
J, e T ax ax - € e
/ .
- ral by
part
rt o AP ) o (%) - mi
=2 =) ¢-x*) 2 T ax [ trervt) - — ) B (x)P
ey ax adx i AT~
= 0

o Jhtcccﬁaf?c L < r and subtlract

o 1 m
1",{(1’*1)--MrMJJ./{J /-‘:.’ﬁ(x) B (x)dx =o

—— ——

(L=-r)CL+r+l)

If A #r, thea | Bx)B"(x] dx

/ 2 Y ] 3.z P
we) J [(RPT(x)] ax = (L2 2
=3 £ (2=}t 24+

i
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L A

il mmethod giver V7. B)
T f : T rerical / . ;

wrilten down 8-3#/&:::.’ é{y

m g r lo look up

in a lable.

But , al leasl, bow il 25 obtain.

5E : o

specified by L, m.
3 oL i

: . . (

I4tde_e¢éifa‘l_agﬂ£r momentum.
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RM: /3
43
7! 2 2 ) 3 .
Need | [R(x)]" dx = sz oA ZIEE AR
..../..( “ A i
. — .! : .a“(. s -
/J’: (X) = 2qt 3 (x*:0)*
/ o
¢
Hodriguey formula )
=
we shall show this .
formula in  the

Aﬂp endix
P4

7,
L) & Celr)
ax

/ 5 - o L A 4
2 — « 4 q
S Alx)]l"dx = ame [ = (x

‘nteoration by parl
_/ I 4

Hepeally wse
/ 7
{—.,)‘{‘ /1 / 1—2 1\1 dzf f }-z_. I‘( f/?
224 1)z S T g T T
dz_ﬂ =
In the e azd/y_ the /eaa’a‘ff Lerm will
contri bute
f__‘.\/f ' 5 4’
=X 2;4 (‘a!\z // (X "‘/) iﬁ{ (2!-‘1,)(2('2) a0t (2.-("./_74—/))&
("",) 1(21) .’ /! ‘/xa’ {}'( 6’-1-.' —

2Z(i1)z J,
Cﬁaf}e 5/ variable X =2u~1 = Gowt) Ge-y)]
x4
given by cal culus
!l
r(4+1) I7(L+1)
r(zi42)
r(4+1) = L!
Fe24Hrm—2 A1)
P2 A12d)=(2A4++)—————————
2
T 204
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R

i }' /(EE fifi—m)r f:m(ar)} forms an orthormal

. (,[fM/

“set of function ¢n the interval (=1, 1)
S

x = cos@ dx — -~ sinl 48
(=1, 1) — (7 o)

~De fine

—————};—;’—fﬂ—#—)—:#&vl-ﬁ}w)‘ﬁﬁw
o per Zz.g_s: f {Qﬁ: rical harmonics

Ye -m (6, P) =(-1)" Y ¥ 6, $)

fi.- (x) and P. (x) are brobartzanal

since the djé/crenh‘g.ﬁ g?uggik'm d%ggnd on M*
and MLL‘Q@&

Jhe proportional constant s fixed thro %qtﬁ.
7 =
the normaa&:}a.tda&_ formula..

27T S mer * .
/ / ﬂ = 4 .
L= add ) J‘md’ldd? Y e (6. 8) X, (0, P) =30 i
/ :

orthonormal condition.,

)"{fa (6, ) = ‘/211*/ P (cosB)
47T 4

L* Y (8. P) = Z(ﬁf)ﬁ-‘ Y nlC: P/
Ly Y, (8, P) = mh 7,, (6,P)
P paLs A
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Appendix._ 3
/7

e e Bk
._./_,_[93&0/_:&_}:9#@10_/2_4114%lej;;dce_ﬁd%np_mzhl_ R
) S -2V T + uy=o S
(/- ‘)T:g -2x &£ ruy=o0 -
a A
o 7 )
_Z::jap’_ac_ < 7149.&0/_2_ . I

_ Physical cey_air_em__m e When . X = cos8

4/{2:) s .a_*_/b/_f)_f;a}:a.l o

?uaa&f)é,/_l/MLWQu.z . 7u;cc~*,-y(x) Lo bc_j[zmﬁc____m - "’I‘/ o

,______- _ A= 5 LMLL,_MELQ_LL_miffLﬁ._,.“____._

We weanlt 2o show t‘/n.r__eyume;mcnf__can an/)z__ée_zzuft__ ar

_Use a fcuL_e%Qaa;LQa_ . R

g (x) = Z G X

Substs fﬂuaaé_[ato_tﬁé_@md&_cymﬁo/z

B (1- 3;‘) Z G A Ck-1) x B .zxf & 4% V‘Z Ex A=o
_7____-_,__Cam/oﬂcc___cajéﬁ‘cc’enf' o// X < o o
Chra(RF2)(At1) = G k(h=1) ~2C R * 4G =0 -
. R{&H)—p— _ I
= Carz y ARk —
L recursive. formula -
L ____y_(_l) = 5/ (x) t ,l/ljz) .
= e 24 —
- — kg Cz'é_’t f}é‘; Czé,f/__rr — s
R /
/ ) o
- even_lerms odd__Lerms - o
RILEEA DI ) MRER



2 |
ek :

AR g2

=27 —1 /1/
— o E TR Gy | —
Z_L’;@_,)M,H,L@i)_q_,z__ . o
i ~ y . ) 7 e e
--- = {1~ (&—-l)(ff:ibf—[{—(&sd)fk«#)]_cé_-fw-#_ .

/ Pan Vs
= Z— [J - ’;é*f)(?f“Z)] [, (A 4)(,6_4)—] L WrIN L_‘C s =

Ax_____iuﬁmamt_lagc_._zv_ﬁ_#_fmg—_ __;_ -

- & —> a M N o
A
e __ Cons, labf_J__j_‘;_-,- N C,A'z —
Lven lerm 4, ¢ .Z) a:/vn;pfoh‘ca,éév bas_ the //érm o
. o P I— . e
S — x
R e
—= , e N .--__._M_._.___,_._ ———— ,
has_the same  form_as _— 2 L laCirx) * /n (.( J:)J )}f-t.-'
. __Odd _Lerm Y, (x) A.L)gm,olo_t_'iga.ﬁ/__éar_féc%m_”_A S
> M x,zm,tL,,__ N —
N o 2ZMH SN _2mitl SEE—
B o b - N
- AAI_M_C_IGM,C_/?ZM;-_.QJ Gl lnCirx) = Ly (1% ).]:jL(:t)

Nole . l?,.(x),. ;zcgl _bolh are a’l_'l/e-r/ac’nlt al x =4/ I
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‘ [

‘U I

o) L3, xJPP t x/[3, BJP
/" “n
o ‘A

L = 4 (xé;-—g&) ={}§.£;

Use similar method , we can shows

LL,, L,1= ‘/7-1_15
4 /

[Ld, 2 L"EJ = l.'.ﬁ L;;

L

[01 = Z: £ Z’J-f é;

[T, L] = [zf»z:r L*, L]

= [ L7 Jf[zy Jf[A,,ZJ
/

!

[Z,:_,_L,LQ_CA*,Z.I b Ll Fodde

L (=ThL,) ~iALy Lx
Llyoly] = L, [/.,.,LJ* ,_L,J_éf_
zﬁ[;LLx M'L;_’_

=2 [/% L;J:'o
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A.gular Momenfum Ln Jpﬁen'ca.ﬂ Coordc'ﬂafe

Lx= Y4B =3B = BT -dor)

7
=3 .‘2’_”..:;_. o Qai » 9@5_:2.
ay 3?_ 2Fr 3? 20 J—VQ c?;é
: : 2 cosOsind > cosd
= SinGsin - 4
~¢-‘V r 20 rsingd ¢
J 2= Fcos@inOsing —.li—;._gw_‘@:pgﬂfs__é_,__;_m&g@;_
2 24 TJing  of
reos@ B
> o T 20 2 Y7, M .
o7 = o1 57 " 2356 | 33 32
=/ 7=~ 7 7P
et Sy Y%
JinG 2
gj_umﬁﬂﬁ% =LA

—

= rcosOsin® ngé_&,gm_ﬁméﬁ;@_ )

Pul it together
=

L xizj_(&q& + cot- @ cos P ;f‘;_ )

; 2 3
Lu = O -.x “S = "'ZA ( e x Sz
4 25 5 A 2y
PX X 2F ' Jx 26 2x 3P
= nf ok 2, cosgcasP I sind )2
LAY 7 S > 20 xR 4 -
Ed CosPcosP D Jn _9__._- ’)‘ ]
Jox = »cosO (.rm(? Ca-fsé = + ——0——9’;__;.9 = Frine 2P
= r cos@sin® cosP -+ m&_;é,,g___,.mﬁ_c;?_‘
2 = f'f_ 2., 20 2 . 9P
23 23 D, ——a;_“_‘aeﬁ}—,“—— > P
= 2 ney 2
= coslg=+ L Tffy)g@ t O
2 > .fi'i'\e_al
X533 = rsin®cosd (cos@ 5= — 5 55/
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2 2
= rcos@J /Lc?cwcﬁ ..u- - JSien c9ca£§5__r:§
Pul (b logether ‘
=
Z.;_, = (h (~cosP f_fg_ *+ cot 8 sind ;—-)
Lj =xlbs'a-vg/?1€ —'-'-15(1:“ ?!t)
2. . 2r 2 26 2 ,QM
29 C’? 2r q 3@
= Jmﬁ'.n.n;éa,. ca.ro; — 56 rsine op

2 2
X 37 = rsin@ cosd (.rmd’.rmcé 3~ T ~ 28

3
2Y 2
(.a.)gu
z ‘.w—aqu
= psinBeos ) = LATY CoSPD cos OSinP S5 ;f-Cc\.rz =
2 . Ir 9 . 30 2 , 3¢ D

X X 2r X 0 ’ 2x 9P

Put it togelher
=i

= 2
A: = = fﬁ 3-;7;- —
. i
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JnP 56 sinp 5 = sin’d g7

= < ; —a
colt® co.fﬁ _’P (.f;n;é;%) = col B cosP sin EY)

2
* cot O cosp cosd 3G

é{gé —""JQ got (s COJ’é ;_'% & Sa_Ja N -
L = sind cosp cot 8 3 %4.1_56 + sind cosP (- c.rcﬁ)_é%; .
7 ~
cot O cos$p 59 cot 8 cosP 5&

-

-~
e

= 1 . = - F <
col”@ ca.xgﬂ ( .s'mé);;r * cot @ cos ?5,;9-!

N

4
g;, = ih (-ca,;ﬁé 26 rcat@.ﬂ'ﬂéaf_&)
Z.:; = - p* (-cosPp 5= Osind ix) (-cosd o r cot Osin *'"";,_pJ
sl

;&é@iu@j) = cos"gS VX
. a 2 .
col O sin 5;3‘ (~cosp 55) = = o st cos =

- z J
* cot O sind >0

o
( ¢col @ .n,‘njé é'%) = :cg@.u'ﬂ;é cot © ——;;;?&

~ cosp (sind)(-csc’8) 5 -

N

"COJ'é by

@

v

©

sl

cot’G sind cosp

Il

wtﬁiméj(mtﬂjah¢a%)
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7 Cotzd 56”2? 2D
?I

HEIREARDER(FIMEELK



o

#3%,
L' * zgz -4 [ Al
3‘
Coefficient of 383 . sin'd + cos*P =1
o v .
2

Cagé,f}:'c:ggt of 368 colt O cos b sind —cot Bsind cos D
= 0

col B cos®P * cot O sin*d

Coefficient of d%
al - = cotl -
___Cjzcyéfum%(_g;—_' ~ ¢sc*@sin P cos P - cot ‘O cosPuind
I -’ t c5cl@ sind cosP + cot?B sind casd
. , = 0
Cgséﬁ‘gigzt_&(_—‘;d % 0b?6 cos’d + col i@ sin’d
= cot®®

* * csc @ £ = I < 3
'l Se/d O d’?"
2 2 2
ﬁ" ]‘_’ -— = x + éyz 7 a‘-,o)‘
i p f a /rjﬁﬁ o ) 'S / a; 7
-7 Sin® 26 T 20 T sinfd 42 -
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R¥: 2 3
3%,

4&4@5{_&@_@:&; e - et;'aaiz.a/z

Jznc? d(9 (J'ent? i?) * [,{(.(1"1).!';,{?269 mi] @ =0

— = L done dB)  _ m o o i@

Jeng do a0 ) -
P ~ eguation
d‘_Q a3 -
21 = =mP
Yoy =% Qo) ,(p) = Y, =ADP

_ Claim L y,0f= Ae+)B° Y, 0.8)
/D.POOI[:
/ 2 - - ! e
r).‘;mfd?f $) = -5 z"'f—.fbr/&—o?; (senb "",; ) * F=’|“9 ;‘;E
A ®.,,.a9)¢f(¢)
3 r A2 Q‘ P
=A.Q”r¢‘5) :——(.rm@ @ ;'—'Z 1"29 @F '—"'sz fz
= —}'A8 ;ézz ee 55 (5in6 2)@,,, |
- A2 (-m*) AQ (
msu?%"_éa—éé) s 5
= ;)JAZ ;,.i.x.» 3‘6 (J‘Lﬂ@ S 2 @“ te—s ""——"'"_,ﬁ :_9 @ i é- (QZ

- AAC-L(L+1)) B,,, P,
= LLL+)A" Ypp (8. D)

I

)\

(8 's el t '045[ L% with
eigen value L(AL+1)A°
Ly Vo = ~ih 55 ABE F=e"?

= "(ﬂ/“l@__g_{_m)‘—__ﬁ?rl Tem
Y.! (€f¢z {‘[ ‘?%3 é! !!:ﬁ on C ﬁ ) 55 . : | 5
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Thus — Yopm (0, P) is f&'mu(tm&&m;%ﬁ{ﬂﬁﬂm__:

'3[' [‘ B Zj with ef.'/qe/z'va,-(ue;r L+ A, mA

respectively.
/ 7

Jhis is possihle because of [[z, L,]=0
7 7 7

—_ZLL_QI#Q_M_Z‘Z_ o the central force problem
H =~ ,,,, [t g ,": (risz) # ,,4;‘——-9 ——-m ”"”‘9:—9)"’_[—:3 !,“_

>
_ At s 22 ) 3 ) _L_2
— g ( (r ar 7 2,,7,-: %) 7L .rm&.)d'am%t? -

2m
7§ %
Sn'o op* 4
2
22y . L
2mr*

Now (L U5 obvious thal L M, L*]

Lt o,pera.tc.r on O, D not on »r
[2%, L%] =
 Furthermore , (H, L,] =0
p

[.da a[berafor.! on ¢ anZ/v. nolf on r

zzz z;j = Q —

2

7755:-5[;;&: Y L; are conseryed

dc___.za} . d(lj)
33‘ = dtv =

=——<1i> <Ly are independent —of time

= <l%:> , <L,> are independent of Lime
74 7 A

- 2L _ 7
=" WWB—CWWJ'EI‘V Eg.

WKe cor wse 1he Some melthod to shoiv
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e > <Z}, > are also corserved.

/ L]

conservation 8;6 Qggalac momenturn. S
[ However . we cannot find simullancous efgef{mcﬁzmg
07/_17;.4_174%” tc)  because Me/v

do nol commule
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Orbital Ayu/ar Momentum

T 1, Tk, 2,
: Jd “d (L5

L Za'q:zrz+£i*£f
= = 7 7
[/[° L. )=0
7

Ly in spherical. coorddinalt

2 C
Ly = iA (.!:'nég * Cazf&co.fgéag

Fa™ P

L L;, = 7h (-co.r?"‘g" +caéc9.rz>2§é§§.")

=
Fom La, Ly, Ly and L= Lieli+ L}

One can J‘/)ow

Jince ) S - @gﬁ.(ﬂ)f(ﬁ) 2 @(m ,.@;,(¢farf

Solulion of the O~ ana é = Qgg@tm

2 —

N }2'
S ™l o A em'
Ly Yom(O.P) = 1nh 1), (0.2)

{f a state has aggggar wave funcliorn }/? Mgéz

and _we measure  L- . !t will Aave @A‘nﬁt‘p

velue A( /1"/)_732

=3 )2 (6, P) i an gmﬁmcﬁ'an of L= with
m A D 4
ef}:en value L AL+1) A%
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3

);m(a,sﬁ,’ is also an ef‘g@ﬁgcﬁ'ﬂ of Zdz with

= - r = - > 3 T 0

' e:'}en'vd;:(c - M/i '

<
A, m are 'guggfum numbers Thal {ggff‘ik‘c.[ a é;
7 5 ‘ons of
.

You (0

L7, L
d
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%I 28
43
i“mmac’z aé YE | (61 ¢)
- - /7 v =7 L g - - - - ; - | : - - r . : .,

/_/ Il;m.' ¥ m /

Lor A, m  small , e ca/z/ﬁad Ve s through

4,""

the method owutllined aboye

Jee the example and Fable.

7* s (0, D) = L(L+)A° ;, (8, P)

Ly Yopt0.P) = mh
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®®: D q
5

Fx pansion ) -
/ e, P)

Anv fancifm -/((; P) = %(& p)

Y

In usual application , we shall just wse

the oréﬁ%@@ﬁa_@m M&Md_%_ﬂ

Exa@ple f(<9,¢5) =Acos ‘0

Nar;o:,lgaiwn J[ 100, B) 5in0cd6 dP =1

/

7 A2 J/f costQ sin@dd

LAl 27 -—é—- =1
v

JAl = V5
T
£(8, ) = [/ 5  cos?B
- £
—
P 767
4 -
¥ = /5 /i’(_'__rzﬂ_.l)
4,C 1,6” -, < 7
= Y5 . L 2cos® - ,/: £
4r < 4 2
_ _;?_ L0 ¢) - sy L
= 5 JO P doo 2
ZSO.P) =t 2 Y
a pros
fre,$)= 5 Y, ¢35 v

Lf 2he angular part of Ihe wave SJunclion (s
3 4 =4 7/ S P

given by F(6, D)
| 7

e
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4,

Measwure /2, the e%ggfg,ﬁm valueée LS

<15 = )] F70,8) 1" f(5.3) 5in8d6 4B

_ﬁ42v b VS Jyr 2y 2 ¥E )

- 3 72,0 3 ‘loo’ 3 4.0 3 lo,0’
in@ a0 dP

Due to the orthonormeal relation , only the

direct term will contribute

= 2 I v, 24205 Vow 1in0addd

2

&
T A

]
<0 l_[&
[

B
i

By inepection
4 /

 The clake has probability 3 =(3) o0 X,

L Y. ., the L° mea.rwemenéjiye.r 202+ 4°

=, v

i o |
Jhe state Aas /braéaéi(:’éfv f';":( '?"/ LN Loo

I Yo . . the é measurement _gives OC( otl)hl
L = [[(E v, -3 PR,
- j — 7 (3 “);7‘9—5‘4)/, = >

the value to be -A s V5 :‘;
the value Io be © Ls V' 1= =
Lhe value To be A s (V_St"- ,J:: 5,._‘1
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If L% s measured , the probilility of finding
o 7 = T e -

the value to be 224 4 [l

If afler measuring , we £ =-A , then
e S

Lo, ) — Y _,(8,P)

<l,> * /7 )’,'J"_,.fcﬁ, B) Ly Y, .,(8,P)s5in0dOdP

/,/;/Ui 20 )3 g0 (—.f—émhéL—JH e

--—-__,
4 s J

l
—+ cot O co .; :‘;/ 7 hl (5 cw—@—&éﬁ)——

finf 48 dP

/

his mfjra.l can be

Carrifd  owul = (Z’,‘.__, > =0

L
we will Llater use
operalor methoc!
4 to show

LALs win a ,om'c/éer way

BYREARPNER (M MEELE



o4
%K 32
4 5%
/[ladial e?uaz‘c‘a/z
. - - . - 2 - L 2. - . . ) - .
ar dr A* 4rE L
R = R(r) )
Change of variable
Ur) = rRr)
— R
ﬁ()') - I’.
dRE o A {p 22 '
ar 7 gt ¢ ar u)
dept dR) o d (pdd 1) o pdie, du du
ar ar /_ar - a» ar:  dr _ ar
= e
ar
2 F ) 2
el dU ! ) ﬁ I(/*()}. P .
—" izf; T LI i i BB T
g \_____-Z-‘#—-Jl
Vrf
'
= - € 1
Vir) e
2 gw  f. et . A pedad] ok,
> - ar " gmer g
C'Aage 3/ ifarm.é[e //" = Xr
X = -’C"—;-’i’f- ( £<o, Xk i real.)
ucp) = pA*e " v(p)
?/’\/ﬂ} - f a aj
Z = 27
S 2(/‘1" £+t) "jg
with o P — I = &
(7 H)g +20#2) #
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w#: 33

3

_Dyme_a_-fdrm‘ + A+

#Mmm_ S )
e

<0 = 2TERTH
2
=y e /e

/ B 4?)‘6,5 n

/ -
\4 "'"-(ME ”NE

A ~ &mE AN
—zmqé'———m—e“
ﬁ (4#5 ﬁ/aéa“z
: . . m e*
/! 2(4F7€EHR) N2
_£ﬂ - !;3. \
ﬂz
2
pF = Xxr =
~ mﬁ
= i‘c‘i.
fan/ple : NnN=3, U=

J :J""’—J!*Z*I = jmax

uUp) = p7 e’ . ¢

/

constont
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>

7

want Lo delermine Llhe ﬂarmdgdjﬁﬂ_i

Now WE

A

cons fan f.‘

/- //\’,.Lt.{’r)/'E riger =1

@

-0 2 g0 Lo
=z 773Q

dr =1

=2 A7 | rfe
“o

From calculus , we Aave

. nt
ax s
dx = At
[ 4

oy
[ x"e”
)
L n [s a posilive inleger or 3yero,
_/ 7 ___/ P4

a >0

= / lz 6!
=2>—/A ~Z 7
Lja /7

o, ————

and

L
=
H;u
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W 36
o3
£:zmm’pfe n=3 ., L=1
J —Ujmi-/f/ = quex:/
L j =0 . Qs
. 2@ 1)~ E— S
= = = g (/- 22a)
( Able /)o = :/::',L—',; = };)
! uip) = P e’ uip)
a
ucr) = =
- ;"f“‘ Qo oy )
Ja Yt 6 a’
— ');é‘" _L [-—' }
R ()= _Are (1= 2 57
37
A
A s a c_o_n_rfanif lo be g/el.‘ermz'ﬂea’
| 1R r*dr =1
~o v
2a%) /ﬁ(;.. _L_r'__)zp,,‘ ol 4~ e-2"‘/_;’q
7 15 48 S '/o L % a
e 2 )/
7 3 =<3

7 o0 é --3:1{;‘.?
d ot [ F® g drl] =1
Fea o
— 2 5 /- Z 1
»0 = &ar73q @t
.,/o e e = 2,5
(35
44 3% 4324 3% 3" &
= Py = = a
_ =i
4
L s =2rfa
e - -
- 3a ), r € adr
7 5t %4321 ¢ 5
e E T : — - -;L {. "_3 a
Ja e 3 2 ¢
L _ . \Ja . . ) .
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~ 5 26 5
il “ 0 L
[ [ g ET
3é6ar J,
. ! - 6',
3é4a4 27 ¢ /
J‘? a?
= / 3- 5% X% 5 5
A 37 zf -
= 26
= =2 a°
§ dion 3 &
/ 2 ) /___1___:__ / i /5. ) A ,-.5. -
AT o2 g gz /¥ =
i
g ~20r/5 3 &
K4 32 é4
= A Z_"'ﬁ 3% g% =1
/Al = _3,._. a %
a/ Ve
= R (r) = L a"é’-ﬁ'} e="3a
/

2he decired resull.
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4 5%

Jamma/;y

(r. 9, @) = Rl r)y (0.8) is

f'}'i/n -+ (i

the simultaneous eigenfunction of H, L°. L
7 = z

2 é o 2
with 8_25?6/71/61.[&(8 £, = - 1.:7___:_:-.__;/ L AR, mA
respectively. o
/ F
n2 L+l m=-A, -, L
m_,_L._n_agc_"A@aL o
HS, =L D, ( 7he energy depends on /2
XM 7N ="/ g

only . t/u‘.r b5 valid  for Aydrogen alom.
/7 = o R

Lor  other cenlral force problem , » £, = Ly o
= /- ’

ive., energy may also depend on L 1

) L, (r 0, D) with MML%M

THA 777

: = &
will have the same encrgy f/@y are egm:,cg_zﬁe

Number 5/ e'ndc/pendemf state that have the same

energy = dearce of denergency

Wieth n  fixed

! =0, 2, R~

m=ep, == A =2  there are 2L+ a’c'/{/erenz’ Vs
 stales -
Number of slales wilth the same encroy ( fixed n/
A o, it = &
= ) @uarl) =20 4+ = nn-) +n
=g - L=o AL=o

BYRFEARYWER AT MERCE




ki
%3 36?
LW
&qm,pfc 2= 3
/=0 , [, 2
Y 4 &
/ g 5
/+3+5 = 9= 3° )
D vt C 2 6.P) is :_a solution 3/ lhe time
zhde{btna’ ent __Jcﬁ__cczg{:w@ﬂﬁ/&
H ?éu,,'(r.ﬁzél ‘-"f,’ Q)MQ.‘ C93¢)
Pty iy W4
= D) il 0,P) & "R i a solution

Lxample . A /Jydr_ajfn atom is ¢n stale
4 Fd
Blro.pro)=z2k B (FlrF B FtiZB, L
7 vz 20 32
at Llime £
34 - —eb b
> PGrobt)l=K4P e 2t EB (Fle
7 200 ¢ 377
g ""‘.:;f/;i )
e |

¥ fz'mg_;a_’s,gmdmi wave function Since A

.rq.tijfz'e: the time ~ depmdmt Jcéroa’{/:fer coualion.

and the (nitial condilion
D, =L &
27X 777 v X 77¢
)2 ¢ — LA 43 ¢
,u— At n&m
Z s"é = /'77/2(5 B-
3 Trntm “nAm
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— function 55(?)
/I _
z @ LF) * F) - (F) *vio @, ., 1
<H>= [l ¢%r) H $(F) J° -

/YRR Y WY WYY T S M.

2/0

H L4 B0y R0 3 h,,0) = B0 P)wfis By, ] P

Jince ‘é_,p,_ of H, the ca
e = _
M .fz'm;a(e
J
=3 ///(m_ (F) + 3B, (r) -8, (F)tiio &, ]
(_f_f‘_éf,g)+3 W (F) £ B (F)t/io 55 ,,]
risen0do dcé
(AL, m) are dz//ercnf
Lse Muammgngmgzéi_ﬁm
=2 only .. |
7
R i V=
Je 1 36 2
—_ 76 20
il - ok TRl
‘{f .
o o
= S £ = =i/l ay)
4% = alor) 4" + 22 1C1#1) A
36
= 29 24" = 2=
) N /
<l;> = 320k + L p F 5 0/:‘)"
g Je
_ A
L
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e peclall ] L

¢ 95) i nl(l"') Y (0 D)

nem

L

<)‘ > = /// 51. (r. 8, ?) )‘ ,;;‘(,WQ;, Q,Sé)fzdrﬂ'ﬂﬁd&dgé

%Mﬁd#%@;@%}%@—dgﬁi
\ ~ —

R+2

=St Ry gr = r e ' B
_

P ery — L 3%y -ri2a
I\ZI\’I = /2?- [# _&—' - 0'—'450&;'- I"aa’d‘f/_f
2 / -5 2 _=—r/4g
/
TG =24 & 1+ €
4 _5- _.,“/27
< ) = ‘,_—L'4 a 7 y i ar

Key definile integral
P / .

22 X 774
Jé x7 e gx = —F“ .
’: & oy
a
= J .
& =-~1 n=2, L=1
/_L\# / -5 /ad 39-)./0‘.1
N r Vi e 24 (=4 jo I & — [ = g
. 4 =5 3!
. (= )
24 ;“)l--)‘it
—
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for Py (r. 0, B) = Rpelr) Y, (6, @)

:Exlp.eciah'a/z l/a.(uc 3/-[ . .Z.—'-' )'Jm<9 co.fsé ‘

4

o= ] Ry 6. 8) LrsinG cosp ] Ry (1) Y 6. 9)

ridrsinGdlé dP

/ //en,c»)/ Far // 5in0 48 Y_.(&,cé) (@ $)

Sin6 605525 d B B
Look ol the @ _z.ln_tg;aﬁofz_z'axalm_i
AT imich ~imP
// [ c:o.fgﬁ (4 dd
= [ s _ad =

o

= K X)) =

Expectgtigm value o[ Ly = A (Jz‘nsﬁgg' fcaéﬁco.sgﬁ;%)—

-

x> = W&%}{%a oto-cosp ;5] —

(o, bRtr)—
I’em l'//nl 4

> z 2 x ’ . 2 _"_)_
= ,{?/ 1 Rugt—+—<r };m ‘&, %}Aﬁﬁtﬂwﬁﬂ¢;¢$—

\/"\ 2
/

{')10 fA
a3 A4 7’

¢ - dependent  integraltion

/ = ) ¥

ST e g~ e

' i

A i
(1) / é‘m sind et /..ruz¢ 4P =0

<D

27
Z) ~/ c”m? cosd P = 7 ca.r¢ o %
<0 g

o
. <.Z',‘,)::Q
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When we dJdeals with transilion jfram n, L. m’
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.. The Radial Wave Function

Our first task is to tidy up the notation. Let
v—=2mE
- .
(For bound states, £ < 0, so & is real.) Dividing Equation 4.53 by E, we have

1 d%u me* 1 Id+1)
—_—= e u
k2 dr? 2 eph’i (kr) (kr)?

[4.54]

K

This suggests that we let

mez

= kv, nd = — 4.55
p=xra o 27t60h2K [ ]
so that X
d Id+1
L::l:l—@+(t)]u [4.56]
dp* P p

Next we examine the asymptotic form of the solutions. As p — oo, the constant
term in the brackets dominates, so (approximately)

d’u
ap? ="
The general solution is
u(p) = Ae”* 4 Be”, [4.57]

but e” blows up (as p — ©0), so B = 0. Evidently,
u(p) ~ Ae™* [4.58]

for large p. On the other hand, as p — 0 the centrifugal term dominates'?; approxi-
mately, then,

du I+
— = —u.
dp? 02
The general solution (check it!) is
u(p) = Cp'*' + Dp™',
but o~ blows up (as p — 0), so D = 0. Thus

u(p) ~ Cp'*! [4.59]

12This argument does not apply when / = 0 (although the conclusion, Equation 4.59, is in fact
valid for that case t00). But never mind: All I am trying to do is provide some motivation for a change of
variables (Equation 4.60.)
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for small p.
The next step is to peel off the asymptotic behavior, introducing the new function

v(p):
u(p) = p''e Pu(p), [4.60]

in the hope that v(p) will turn out to be simpler than u(p). The first indications are
not auspicious:

du I —p J+1 Y+ dv
— =pe — plv — ||
P P P pdp
and
d’u I+1 dv  d*v
— =ple?|-20-2 204 1—p)—+p—1-
e pe H 20-24p+ }v+(+ p)dp+pdp2]

In terms of v(p), then, the radial equation (Equation 4.56) reads

d*v

d
02l 20 +1- )2 fpe— 20+ DIv =0. [4.61]
dp? dp

Finally, we assume the solution, v(p), can be expressed as a power series in p:
e .
v(p) = Z a;p’. [4.62]
j=0

Our problem is to determine the coefficients (ao, a1, a2, . . .). Differentiating term by
term,

@_i'w j—l_i(~+1)a. J

dp = Far Ja;p = T J j+107
[In the second summation I have renamed the “dummy index™: j — j + 1. If this
troubles you, write out the first few terms explicitly, and check it. You might say that
the sum should now begin at j = —1, but the factor (j + 1) kills that term anyway,
so we might as well start at zero.] Differentiating again,

— =) jj+Dajp’™.
dp? =

Inserting these into Equation 4.61, we have

> JG+ Dagp! +20+ 1D Y G+ Dajpip’

J=0 j=0
[e 8] . o0 )
-2 ja;p’ + (oo — 20 + DY a0’ =0.
j=0 j=0

BT aFBECBYMEBR (AMMAEELE



Equating the coefficients of like powers yields

JU + Dajy +2(0+ DG + Dajz —2ja; 4+ [po — 2 + Dla; =0,

[4.63]

o [ 2 +1+D = py }a,

A F TS TR
This recursion formula determines the coefficients, and hence the function v(p):
We start with @y = A (this becomes an overall constant, to be fixed eventually by
normalization), and Equation 4.63 gives us a;; putting this back in, we obtain a;, and
so on.'

Now let’s see what the coefficients look like for large j (this corresponds to
large p, where the higher powers dominate). In this regime the recursion formula
says
~ 2] 2
= a; = a;,

JjG+D7 T j+r

aj+i
S0

2/
a; = —4. [4.64]
J:

Suppose for a moment that this were the exact result. Then

o~ 2 J 2p
v(p)=AZf,p = Ade”’,
=0/

and hence
I+l

u(p) = 4p (4.65]

which blows up at large o. The positive exponential is precisely the asymptotic behav-
ior we didn’t want in Equation 4.57. (It’s no accident that it reappears here; after all,
it does represent the asymptotic form of some solutions to the radial equation—they
just don’t happen to be the ones we’re interested in, because they aren’t normalizable.)
There is only one way out of this dilemma: The series must terminate. There must
occur some maximal integer, jmax, such that
aj+1=0 [4.66]
(and beyond which all coefficients vanish automatically). Evidently (Equation 4.63)

2o + 1+ 1) — 09 = 0.

3You might wonder why I didn’t use the series method directly on u(p)—why factor out the
asymptotic behavior before applying this procedure? The reason for peeling off o/t is largely aesthetic:
Without this, the sequence would begin with a long string of zeroes (the first nonzero coefficient being
ar+1); by factoring out p't! we obtain a series that starts out with p°. The e~ factor is more critical—if
you don't pull that out, you get a three-term recursion formula involving a;2, a;+1, and a; (try it!), and
that is enormously more difficult to work with




Defining
n= joax +1+1 [4.67)

(the so-called principal quantum number), we have

Po = 2n. [4.68]

But py determines £ (Equations 4.54 and 4.55):

h 2 4
A== ~ = mf 2 2 [4.69]
2m 8m2egh” pg
so the allowed energies are
2 2
1 E
‘ E=—| () |5=22 n=123... [4.70]
2h% \dmeg n? nt

—_—

This is the famous Bohr formula—by any measure the most important result in
all of quantum mechanics. Bohr obtained it in 1913 by a serendipitous mixture
of inapplicable classical physics and premature quantum theory (the Schrodinger
equation did not come until 1924).

Combining Equations 4.55 and 4.68, we find that

2
K=< me 2>1=L, [4.71]
4regh”/ n  an
where B
4 2
= TR 0529 %100 m ‘ [4.72]
me

is the so-called Bohr radius. It follows (again, from Equation 4.55) that

o= [4.73]
an

Evidently the spatial wave functions for hydrogen are labeled by three quantum num-
bers (n, I, and m):

Ynim (1,0, ¢) = R (r) Y] (6. ¢), (4.74]
where (referring back to Equations 4.36 and 4.60)
1
Ru(r) = —p"*'e™"v(p), [4.75]
r
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and v(p) is a polynomial of degree jnx = n — /! — 1| in p, whose coefficients are -
determined (up to an overall normalization factor) by the recursion formula
2(j+14+1=n) -
ajpr = = J - aij. [476]
G+ D{G+2042)

The ground state (that is, the state of lowest energy) is the case n = 1; putting = —
in the accepted values for the physical constants, we get

2 2
E =— [i (e—> } = _13.6eV. [4.77]
2h= \4meg —

Evidently the binding energy of hydrogen (the amount of energy you would have to
impart to the electron in order to ionize the atom) is 13.6 eV. Equation 4.67 forces - ———
[ = 0, whence also m = 0 (see Equation 4.29), so

Vioo(r, 6, ¢) = Rio() Y56, ¢). [4.78] =

The recursion formula truncates after the first term (Equation 4.76 with j = 0 yields — — —
a; = 0), so v(p) is a constant (ag) and

Rio(r) = Xe 7, [4.79] == - -
a
Normalizing it, in accordance with Equation 4.31,

~ 2,2 Ia()lz = —2rfa 2 24 — =
|[Rip|r*dr = — e rodr = |ag|"= =1,
0 a? Jo 4

$0 ag = 2/+/a. Meanwhile, ¥ = 1/+/47, so _— S

1
Vigo(r, 0, ¢) = \/———384/“. [4.80]
na

If n = 2 the energy is

E, = y = —34eV; [4.81}] o N
this is the first excited state—or rather, states, since we can have either / = 0 (in
which case m = Q) or/ = 1 (with m = —1, 0, or +1), so there are actually four
different states that share this energy. If / = 0, the recursion relation (Equation 4.76)
gives
a; = —ag (using j =0), anda, =0 (using j = 1),

——————— —
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so v(p) = ap(l — p), and hence
agp r Py
R =—(1——)e"/*. 4.82
() =52 (1= 5-)e [4.82]

If I = 1 the recursion formula terminates the series after a single term, so v(p) is a
constant, and we find

Roy(r) = :—aoz-re-f/zﬂ. [4.83]

(In each case the constant qg is to be determined by normalization—see Problem
4.11.)

For arbitrary n, the possible values of / (consistent with Equation 4.67) are
1=0,1,2,....,n=1. [4.84]

For each /, there are (2/ + 1) possible values of m (Equation 4.29), so the total
degeneracy of the energy level E,, is

n—1
d(n) = 2(21 +1) =n? [4.85]
=0
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The Isotropic Harmonic Oscillator

The radial Schrodinger equation for a particle of mass M in an isotropic harmonic oscillator

potential 1
V() = - Mo?r?
is obtained from (6.56):
2 g2 10 +1 h2 a
—;A—/f————d Z"’z(r) + [% Matr? + D 2;&)2 ] Uni(r) = EUpityy-
¥

We are going to solve this equation by invoking the behavior of the solutions at very small and
very large values of r. As# — 0 this equation reduces to

W dPU@F) 1+ 1)R?

T2M dr? iz V=0 (S

its solution is of the form U(r) ~ r**1. The asymptotic form of (6.78) for » — oo is

w d*U
a3 M 22U@) = (6.80)

which admits solutions of type U(r) ~ e—erz/Zh. Combining (6.79) and (6.80), we can write
the solutions of (6.78) as
Ur) = f)r'*leMer'/h, (6.81)

where f(r) is a function of ». Substituting this expression into (6.78), we obtain an equation

for f(r):
a* f(r) 4 (l+ 1 %r) dfr) i [ZME

¢

M
2 p — -+ 3)Ta’] fr)=0.  (6.82)

Let us try a power series solution

[o 0]
fO)=>>ar"=aptair +ay’++ar+--. (6.83)
n=0

Substituting this function into (6.82), we obtain

oQ
z {n(n —Da"? + 2 (i - @r) napr™!
r

n=0 h
2ME
[ 5 (21+3)—] an¥ } 0,
(6.84)
which in tum reduces to
[o0)
Z {n(n +2 + Danr"* + [—%{n + 2—;42—E- — QI+ 3)%] anr"] =0. (6.85)
n=0

For this equation to hold, the coefficients of the various powers of » must vanish separately. For
instance, when n = 0 the coefficient of » 2 is indeed zero:

0-(@2/ 4+ Dap=0. (6.86)

Note that ag need not be zero for this equation to hold. The coefficient of »~! corresponds to
n = 1 in (6.85); for this coefficient to vanish, we must have

1-2/+2)a; =0. 6.87)

Since (2/ + 2) cannot be zero, because the quantum number / is a positive integer, a; must
vanish.

(6.77)

(6.78)



The coefficient of r” results from the relation

Z [(n +2)(n + 21+ 3ans2 + [gﬂ Mo

> o T(2n +2/+ 3)] a,,] r" =0, (6.88)

which leads to the recurrence formula

OME M
- } an (6.89)

(n + 2)(1’1 + 2/ + 3)an+2 = [—72— + T(2n + 20+ 3)

This recurrence formula shows that all coefficients a, corresponding to odd values of » are
zero, since a1 = 0 (see (6.87)). The function f(r) must therefore contain only even powers of
r:

> awr”, (6.90)

o)
n'=0,2,4,

)= ar? =
n=0

where all coefficients a,, with n > 1, are proportional to ag.
Now note that when n — +oo the function f(r) diverges, for it behaves asymptotically

like . To obtain a finite solution, we must require the series (6.90) to stop at a maximum
power " *2_ hence it must be polynomial. For this, we require a, 42 to be zero. The recurrence
formula (6.89) therefore yields the quantization condition

M

2h2

M
Ey - T“’(zn’ 12 +3)=0, (6.91)

or

3
En’l = (l’l/ +14+ 5) ha), (692)

where n’ is even (see (6.90)). Denoting n’ by 2N, where N = 0,1, 2,3, ..., we rewrite this
energy expression as

3
E, = (n+5) how n=0,1,2,3,...), (6.93)

wheren =n' +1 =2N +1.

The ground state, whose energy is Eg = %ha), is not degenerate; the first excited state, £ =
%hw, is threefold degenerate; and the second excited state, E2 = %hw, is sixfold degenerate
(Table 6.4). As shown in the following example, the degeneracy relation for the nth level is
given by

E,, = %(n + D(n +2). (6.94)

Finally, we should note that the radial wave function is given by (6.81), where f(r) is a
polynomial in »% of degree (n — /) /2, hence the total wave function for the isotropic harmonic
oscillator is

Unim (7, 0, ) = P F () Vim0, )Mo 122 = Roy(r)Yim ©, 0), (6.95)



Table 6.4 Energy levels E, and degeneracies g, for an isotropic harmonic oscillator.

n E, NI m 2n

0 3ho 00 0 1

i Shw 01 £1,0 3

2 Tho 10 0 6
02 +£2,+1,0

3 Sho 11 £1,0 10
03 +£3,+£2,+1,0

where [ takes only odd or only even values. For instance, the ground state corresponds to
(n,1,m) = (0, 0, 0); its wave function is

2 Mo\’ Mar?/2h
0 —_ R Y - | — - r .
wooo(r, 0, @) 00(r) Yoo(0, 9) \/ﬁ( p ) e Y00(8, 0), (6.96)

As for the configurations of the first, second and third excited states, they correspond to:
(n,1,m) = (1,1, m), (2,0,0), and (3, 1, m), respectively; their wave functions are given by

8 (Mo _yrn
Vin(r,0,0) = RiO)Yin(,0) = [ —J) re” M Y1 0, ), (6.97)

\n‘ 3 \E h

8 (Mo (3 Mo 5\ iy
wa00(r, 0, 9) = Roo(r)Yoold, ¢) = N (T) (5 = i )e Yoo(8, 0),
(6.98)

Wiim(r, 0, 0) = R31(r)Y1m (0, @) ! M) " 2p=Mar®/2hy, (6, p) (6.99)
31m\V, U, = i3] mWU,p)= —/——\| —— ¥ 1m (@, ¢). .

JI5/z \ A

Example 6.2 (Degeneracy relation for an isotropic oscillator)
Prove the degeneracy relation (6.94) for an isotropic harmonic oscillator.

Solution

Since n = 2N + [ the quantum numbers » and / must have the same parity. Also, since
the isotropic harmonic oscillator is spherically symmetric, its states have definite parity’. In
addition, since the parity of the states corresponding to a central potential is given by (— 1), the
quantum number / ( hence ») can take only even or only odd values. Let us consider separately
the cases when » is even or odd.

2Recall from Chapter 4 that if the potential of a system is symmetric, ¥ (x) = V' (—x), the states of the system must
be either odd or even.



First, when # is even the degeneracy g, of the nth excited state is given by
< < “ 1 nn+2) 1
&n —l=o;(? +1) 7:022‘31.._ + 13@1..— 51 +2) + == = 21+ D +2). (6.100)

A more explicit way of obtaining this series consists of writing it in the following two equivalent
forms:

g =14+5+9+13+4+--+Qn—=T)+Q@n~3)+Q2n+1), (6.101)
gn = Cn+1)+Qn=3)+Q@n-T+@n—11)+---+13+9+5+1. (6.102)

We then add them, term by term, to get
28, = 2n+2)+Cn+2)+Qn+2)+Qn+2)+ -+ (2n+2) = 2n+2) (g + 1) . (6.103)

This relation yields g, = %(n + 1)(n + 2), which proves (6.94) when 7 is even.
Second, when # is odd, a similar treatment leads to

n n n 1 1 2 1
gn =I=1325:7(?1+1) ;;;121325:7& 5O+ D+ 5@+ = 5+ D(n+2), (6104)

which proves (6.94) when 7 is odd. Note that this degeneracy relation is, as expected, identical
with the degeneracy expression (6.36) obtained for a harmonic oscillator in Cartesian coordi-
nates.
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