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Derivation of Some General Relations

The Cartesian coordinates (x, y, z) of a vector 7 are related to its spherical polar coordinates

(. 6, 9) by
x =rsmfcosgp, y =rsinfsing, z=rcosf (B.1)

The orthonormal Cartesian basis (%, J, 2) is related to its spherical counterpart (7, 8, ¢) by

X = Fsinfcosp 4+ coshcosp — ¢ sing (B.2)
7 = Fsinfsing + 0 cosfsing + ¢ cos g, (B.3)
2 = Fcosf —sinb. (B.4)

Differentiating (B.1), we obtain

dx = sinfcospdr +rcosf cospdd —r sinfsing dp (B.5)
dy = sin@sinpdr +r cosfsing df + rcose dp, (B.6)
dz = cos@dr —rsinf do. (B.7)

Solving these equations for dr, d6 and dg, we obtain

dr = sinfcos¢p dx +sinfsing dy + cosfdz (B.8)
1 1 1
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634 B. ANGULAR MOMENTUM IN SPHERICAL COORDINATES

We can verify that (B.5) to (B.10) lead to
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B.2 Gradient and Laplacian in Spherical Coordinates

We can show that a combination of (B.14) to (B.16) allows us to express the operator V in

spherical coordinates:

0 p 1 0o
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oF ) 5 )

Z = ¢ sinf, % = ¢ cosb, % = —7sin@ — 0 cosH, (B.21)
op op @

we can show that the Laplacian operator reduces to

13 d 1 9 0 1 82
Ve o | = (= )+ ——(sin0— )+ —— —|. B.22
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Angular Momentum

5.1 Introduction

Angular momentum plays an important role in classical mechanics. The study of the dynamics
of those systems that possess certain symmetries, such as rotational invariance in space, is made
simple by the use of the angular momentum concept; for instance, the angular momentum of
an isolated system is conserved.

Angular momentum is just as important in quantum mechanics as it is in classical mechan-
ics. It is very useful for studying the dynamics of systems that move under the influence of
spherically symmetric, or central, potentials, V (¥) = V (r), for, as in classical mechanics, the
orbital angular momenta of these systems are conserved. Angular momentum plays a critical
role in the description of, for instance, molecular rotations, the motion of electrons in atoms
and the motion of nucleons in nuclei. The quantum theory of angular momentum is thus a
prerequisite for studying molecular, atomic and nuclear systems.

In this chapter we are going to consider the general formalism of angular momentum. We
will examine the various properties of the angular momentum operator, and then focus on de-
termining its eigenvalues and eigenstates. Finally, we will apply this formalism to the determi-
nation of the eigenvalues and eigenvectors of the orbital and spin angular momenta.

5.2 Orbital Angular Momentum

In classical physics the angular momentum of a particle with momentum p and position 7 is
defined by

L=Fx p=0p: —Zpy); + (zpx —sz)]' + Gepy —yPX)];' (5.1)

The orbital angular momentum operator L can be obtained at once by replacing 7 and p by the

corresponding operators in the position representation, Rand P = —ihV:
L=RxP=—ihRxV. (5.2)

269
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The Cartesian components of L are

A A oA A A ~ 0 A 0

Ly=VP —2P, =—in(V=-2=), (5.3)
oz ay

P,=2B —ib =—in(22 - %2 (5.4)

= —_ L, = —1 _— —1, .

4 * - ox oz

s e o 0B 40

Lszy—YPx—_——zh(X——Y—). (5.5)
oy Ox

Note that angular momentum does not exist in a one-dimensional space.

Commutation relations
Since X, Y and Z mutually commute and so do Py, P, and P, and since [X, P;] = ih,

(7, 13),] = ih, [Z, P.] = ih, we have

[YP. - ZP,, ZP, — XP.]

[YB, ZP]— [V P., XP.)~[ZP,, ZP. )+ [ZB,, X P,]

Y[P., Z1B; + X[Z, P,]P, = ih(XP, — Y )

= ihL,. (5.6)

[f'x’ f'y]

A similar calculation yields the other two commutation relations; but it is much simpler to infer
them from (5.6) by means of a cyclic permutation of the xyz components, x = y — z — x:

[ix,iy]:lhl’\z?, [f/y,fzz]zlhix, [iz, [Azx]:lhl,:y. (57)

As mentioned in Chapter 3, since ix, L y and L. do not commute, we cannot measure them
simultaneously to arbitrary accuracy.

Note that the commutation relations (5.7) were derived by expressing the orbital angular
momentum in the position representation. But since these are operator relations, they must
be valid in any representation. In the following section we are going to consider the general
formalism of angular momentum; a formalism that is restricted to no particular representation.

Example 5.1
(a) Calculate the commutators [X Lt] [X L y] and [X L. 2l

(b) Calculate the commutators: [Px, Ly}, [Px, ] and [Px, z]
(c) Use the results of (a) and (b) to calculate [X L2] and [Px, 2

Solution
(a) The only nonzero commutator which involves X and the various components of Ly, Ly,

L.is [X’ , P, «] = iA. Having stated this result, we can easily evaluate the needed commutators.
First, since L 53 = =Y PZ A P involves no Py, the operator X commutes separately with Y PZ,
Z and 13_V, hence

(X, Ly]=[X, YP. - ZP,]=0. (5.8)
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The evaluation of the other two commutators is straightforward:

(X, L,] = [X, 2B, ~ XP.)=[X, ZP] = Z[X, P.)=ihZ, (5.9)
(X, L,] = [X, XP, - VB ]=—[X, YB]=-Y[X, P, )=—ik?.  (5.10)

(b) The only commutator between ﬁx and the components of I 2 L Vs L , that survive is
again [P, X’] = —ih. We may thus infer

[P, Ly] = [Py, YB.—ZP,] = (5.11)
[P, L] = [Py, ZP, ~ XPZ] = —[Px, XB=~[P, X1, =inP,, (5.12)
[P, L) = [P, XP, = VB ] =[P, XP,)=[P,, X]1P, = —ihP,. (5.13)

(c) Using the commutators derived in (a) and (b), we infer

[k, L% = (X, £+, 21+ (&, L2
= 0+ L,[X, L) +[X, L)L, + L[X, L)+ (X, L)L,
= ih(L,Z+ 2L, - L, 7 —YL,), (5.14)
[P, L2+ [P, L2]+ [Py, L2
= 0+ Ly[P, Lyl + [P, L)Ly + Le[ Py, LD+[Pr, LoDL,
= ih(LyP, + P.L, — L.P, — P,L,), (5.15)

~
h
I

5.3 General Formalism of Angular Momentum

An angular momentum operator J is defined by its three components jx, jy, and jz, which
satisfy the commutation relations:

[y, Jy] = ik, [y, J] = ihdy, [, Jx] = ik, (5.16)

or equivalently by
JxJ=ihJ. (5.17)

Since Jx, jy, and J. do not mutually commute, they cannot be simultaneously diagonalized,;
that is, they do not possess common eigenstates. The square of the angular momentum

J2=J2+ 02+ J2, (5.18)

is a scalar, hence it commutes with Jy, J,,, and J;:

[72, Ji] =0, (5.19)
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where & stands for x, y, and z. For instance, in the the case k = x we have

(2, 0] = 2, L)+ Ly, Kl + [y, Sy + LI, ] + [, i1
= Jy(=ibd) + (=ikJ)J, + J(ihJ,) + (ihJ,)J;
= 0, (5.20)

because [J2, J.] =0, [J,, S ] = —ihJ; and [J;, Jy] = ikJ,.
Eigenstates and eigenvalues of the angular momentum operator
Since J2 commutes with Je, .fy and J;, each component of J can be separately diagonalized

(hence it has simultaneous eigenfunctions) with J2. But since the components fx, jy, and jz
do not mutually commute, we can choose only one of them to be simultaneously diagonalized

with J2. By convention we choose J,. There is nothing special about the z-direction, we can
just as well take J? and fx or J? and .fy.
Let us now look for the joint eigenstates of J? and J, and their corresponding eigenvalues.

Denoting the joint eigenstates by | @, £) and the eigenvalues of J? and J; by #%a and Ap,
respectively, we have

P la, B) = Hala, B), (5.21)
JLla, By = nBla, B). (5.22)
The factor 4 is introduced so that a and f are dimensionless, since the angular momentum has
the dimensions of #: energy xtime. For simplicity, we will assume that these eigenstates are

orthonormal
(@, B la, B)= Oa'adp'p.- (5.23)

Now we need to introduce raising and lowering operators j+ and J_, just as we did when
we studied the harmonic oscillator in Chapter 4:

Jo=Jp £iJ,. (5.24)
This leads to 1 i
T = 5(j+ +J), J, = Z(j+ - Jo), (5.25)
hence
o 1 - a a A o ~ A 1 - A a a o o
J? = Z(Ji v+ I A+ Y, J= —Z(Ji —Jpdo = Je +J%).  (5.26)

Using (5.16) we can easily obtain the following commutation relations:
/2, Jel=0, [, Jol=2nt, [, Jil=+h). (5.27)
In addition, j.,. and J_ satisfy

Jido= 4 24 h) =T =2+ hl, (5.28)
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Jody =2+ J2—nJ =2 - J2—nl.. (5.29)
These relations lead to
= Jude+ R0, (5.30)
which in turn yield
7= %(L.f_ 4 I o)+ 2 (531)

Let us see how .fi operate on | a, f). First, since ji do not commute with jz, the kets
| &, B) are not eigenstates of J1. Using the relations (5.27) we have

J(Je Lo, pY) = (Jud: + hix) | a, f) =h(B£D)Us | a, B)), (5.32)

hence the ket (Jt | a, B))is an eigenstate of J, with cigenvalues a(p £ 1). Now since J, and

J 2 commute, (J1 | a, f)) must also be an eigenstate of J-. 2 The eigenvalue of J 2 when acting
on Ji | a, B) can be determined by making use of the commutator [J2, Ji] = (. The state
(Jx | a, £)) is also an eigenstate of j 2 with eigenvalue 4°a:

P a, B) = J2J? |a, B) = H2a(Js | a, B). (5.33)

From (5.32) and (5.33) we infer that when J4 acts on | a, B), it does not affect the first quantum
number a, but it raises or lowers the second quantum number £ by one unit. Thatis, J1 | a, f)
is proportional to | a, S £ 1)

Jila, B)=Cyyla, B£1), (5.34)

we will determine later on the constant C iﬂ

Note that, for a given eigenvalue a of J 2 , there exists an upper lzmlt for the quantum number

B. This is due to the fact that the operator J j2 _ J; 2 is positive, since J 2 _ J; 2 = =J B J5 2 > 0,
we can therefore write

0 B1T =T a, By =hAa—f2) 20, = azf (5.35)

Since £ has an upper limit fax, there must exist a state | @, Smax) Which cannot be raised
further: R
J+ I (l, ﬂma_x) - O. (5.36)

Using this relation along with J_ j+ =J2— J;z — hJ,, we see that J_ j+ | &, Bmax) =0or

(J2=J2 =0 | a, Buax) = B2 = B2y — Bmax) | @, Pmax), (5.37)

hence
A = Bmax Pmax +1). (5.38)

After n successive applications of J_on | @, Bmax), we must be able to reach a state | a, Buin)
which cannot be lowered further:

J_ | a, Bmin) =0. (5.39)
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Using j.,_j_ = jz —J2 + hjz, and by analogy with (5.37) and (5.38), we infer that
z
a = ﬁmin(ﬂmin - 1) (5.40)

Comparing (5.38) and (5.40) we obtain

ﬂmax = —,Bmin- (541)
Since Bin was reached by » applications of J_on | @, Bmax), it follows that
ﬂmax = ﬂmin + n; (5.42)
and since fmin = —Pmax We conclude that
n
,Bmax = 5 (5.43)

Hence fmax can be integer or half-odd-integer, depending on » being even or odd.
It is now appropriate to introduce the notation j and m to denote fmax and S, respectively:

J = Bmax = g m=p, (5.44)

hence the eigenvalue of J2is given by

a=j({+1). (5.45)
Now since fmin = —Pmax, and with n positive, we infer that the allowed values of m lie
between —j and +:

—j<m<j. (5.46)

The results obtained thus far can be summarized as follows: the eigenvalues of J? and Jz
corresponding to the joint eigenvectors | j, m) are given, respectively, by A2 (j + 1) and Am

Jj, my=04 G+ 1) j, m) and J|j, m)=hm|j, m), (5.47)

where j = 0,1/2,1,3/2,...andm = —j, —(j — 1), ..., j — 1, j. So for each j there are
2j + 1 values of m. For example, if j = 1 then m takes the three values —1, 0, 1; if j = 5/2
then m takes the six values —5/2, —3/2, —1/2, 0, 1/2, 3/2, 5/2. The values of j are either

integer of half-integer. We see that the spectra of the angular momentum operators J? and J;
are discrete. Since the eigenstates corresponding to different angular momenta are orthogonal,
and since the angular momentum spectra are discrete, the orthonormality condition is

J',m|j, m)= 5j’j5m’m- (5.48)

Let us now look for the eigenvalues of ji within the {| j, m)} basis; | j, m) is not an
eigenstate of Ji.. We can rewrite the eigenvalue equation (5.34) as

Jelj, m)=Ch | j, mE1). (5.49)
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We are going to derive C;’m and then infer Cj_m. Since | j, m) is normalized, we can use (5.49)
to obtain the following two expressions

Grl o ) Gl jom) = IC5 PG m+1 ], m+ 1) =ICE P, (550)
2 A @
| = G mIde 1, m. (5.51)

But since j_f+ is equal to (j 2 - J;z - hJ;), and assuming the arbitrary phase of Cfm to be
zero, we conclude that

Ct o=, mlE = 22— b | j, my = FGF D —mmn+D. (552

. + . . . - .
By apalogy with C | m We can easily infer the expression for C im

Cim =MJjG +1) —m(m —1). (5.53)

Thus, the eigenvalue equations for j+ and J_ are given by

Jeljom)=h/jG+1)—mm=E1) | j, m£]1), (5.54)
or
Jelj,my=bJGFmGEm+1) | j, m*1), (5.55)

which in turn leads to the two relations:

50 |
Sl jymy = s(Uet )1, m)

h
= S [VT=mG+m+D 1, m+ )+ VG HmG —m+1) | m—1],
(5.56)

- Lo
Jleam>:Z(J+_J°)|Jam>

h .
= = [VG=mG+m+D) 1 m+ 1) =/GFmG=m+1) 1j m=1)].
(5.57)

The expectation values of jx and jy are therefore zero:
o m | Je | jom)y=(j, m|Jy|j, m=0 (5.58)

We will show later in (5.204) that the expectation values (j, m | JE | j, m)and (j, m | j)% |
J, m) are equal and given by

1 3 a h?
B =G =5 [ m P m = Gom | 1 m)] =S [5G+ D e
(5.59)
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57.2 Eigenfunctions of L2

Let us now focus on determining the eigenfunctions @, (6) of L?. We are going to follow
two methods. The first method involves differential equations and gives @y, (9) in terms of the
well-known associated Legendre functions. The second method is algebraic; it deals with the
operators f,i and enables an explicit construction of ¥, (6, ¢), the spherical harmonics.

5.7.2.1 First Method for Determining the Eigenfunctions of L?

We begin by applying L? of (5.130) to the eigenfunctions

1 .
Yim(0, 9) = EGIm @)e'™?. (5.144)
This gives
3 -1 @ 0 1 82 ,
LzYm 0, = _ n@— - ®m f img
im©, ) N2 Llnﬁ 00 (sm 60) * sin® 0 aqﬂ} m(@)e
R+ 1
- —%@)lm(e)e”"“’, (5.145)
w

which, after eliminating the ¢-dependence, reduces to

L d (. ,d@10)
sind do do

m2
) + [1(1 +1) - SmZH} Om(6) = 0. (5.146)

This equation is known as the Legendre differential equation. Its solutions can be expressed in
terms of the associated Legendre functions P (cos6)):

Oim(0) = Cim P/" (cos ), (5.147)
which are defined by
Prx)=(1- x2)|m|/2_dﬂp(
) e x). (5.148)
This shows that
P (x) = B" (x), (5.149)

where P;(x) is the /th Legendre polynomial which is defined by the Rodrigues formula

1 d
Pi(x) = ?ﬁﬁ(xz —1). (5.150)

We can obtain at once the first few Legendre polynomials:

1d(x? -1
Py =1, P=id9 =D _ (5.151)
2 dx
1422 -D 1, 1 PE2-13 1 _,
Px)= - ) —(3x? - =L T (53
20) = 8 an2 R =D B =T x %% =30,

(5.152)
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Table 5.1 First few Legendre polynomials and associated Legendre functions.

Legendre Polynomials Associated Legendre Functions
Po(cosd) =1 Pl1 (cosf) = siné

Pi(cos@) = cosb Pl (cos@) = 3 cosfsind

Py(cos ) = (3cos? 6 — 1)/2 P3(cosf) = 3sin® 4

P3(cosf) = (5cos> 6 — 3 cosh)/2 Py (cos#) = 3sinf(Scos’ § — 1)/2
Pi(cosB) = (35cos* 8 — 30cos? 6 +3)/8 Pf (cos) = 15sin” # cos #

Ps(cos8) = (63 cos>§ — T0cos® @ + 15cos)/8  Pj(cosd) = 15sin* 4

1 1
Pi(x) = §(35x4 —30x? +3), Ps(x) = g(63x5 — 70x> + 15x). (5.153)

The Legendre polynomials satisfy the following closure or completeness relation:
1 o0
=D @+ DPE)P(x) =6(x —x') (5.154)
i,

and
Pi(=x) = (=1 Pi(x). (5.155)

A similar calculation leads to the first few associated Legendre functions:
Pl(x) =v1—x2, (5.156)
Pl(x) = 3xv1 - x2, P2(x) =3(1 — x?), (5.157)

Pl(x) = %(sz —DV1—x2, Pix)=15x(1 —x?), P}(x)=15(1—x%)*% (5.158)

where P,0 (x) = Pi(x), with/ = 0,1,2,3,.... The first few expressions for the associated
Legendre functions and the Legendre polynomials are listed in Table 5.1.
The constant Cj,, of (5.147) can be determined from the orthonormalization condition

2r T
I, m|l, m) =/ d(p/ dl sin@{(I'm’' |0 ¢) B¢ | I, m) = Opidm'm, (5.159)
0 0

which can be written as

2 T
/ do / do sin 0 Y7\, (6, 0)Yim (6, @) = 6r16mm. (5.160)
0 0

This relation is known as the normalization condition of spherical harmonics. Using the form
(5.144) for 1},,(0, ¢), we obtain

2x T |Clm|2 2 T ) 5
/ dq)/ do sinf | Ym0, )1> = ——/ d(p/ df sinf| P (cos )| = 1. (5.161)
0 0 2r  Jo 0
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From the theory of associated Legendre functions, we have

2 (+m)

m(l_m)!élll, (5162)

/ do sinf P/" (cos 0) Py (cos 0) =
0

which is known as the normalization condition of associated Legendre functions. A combina-
tion of the previous two relations leads to an expression for the coeflicient Cj,y,:

(m > 0). (5.163)

L2041\ (= m)!
Cim = (=1) \j( 2 )(l—l-m)!

Inserting this equation into (5.147), we obtain the eigenfunctions of L2

[(21 +1\ (I = m)!
O (0) = (=1)" ,*'( > )Lﬂi)! P/"(cos6). (5.164)

Finally, the joint eigenfunctions, ¥, (6, ¢), of 22 and fz can be obtained by substituting (5.139)
and (5.164) into (5.135) are given by

2041\ (I —m)! N
4"|" ) ( "”‘] P‘,”?{C-Osg}eimm (m > 0). (5.165)
s

(1 +m)!

||'
Fim(@, ) = (—1)’"\;..*'(

These are called the normalized spherical harmonics.

5.7.2.2 Second Method for Determining the Eigenfunctions of L2

The second method deals with a direct construction of ¥;», (8, ¢); it starts with the case m =7
(this is the maximum value of m). By analogy with the general angular momentum algebra
developed in the previous section, the action of L4 on Yy gives zero

Oolly |1, 1)=LiYu®,0)=0, (5.166)

since Yy cannot be raised further as Yy = Yip,,,, -
Using the expression (5.131) for ﬁ+ in the spherical coordinates, we can rewrite (5.166) as
follows:

he'? T 6 bl .
— 4icotd— | ®y(0)e'’? =0, 5.167
m[ag+zco 5(0} 1(@)e ( )
which leads to
o0u @) _

[ cotd. (5.168)

The solution to this differential equation is of the form
@;(9) = C;sin' 4, (5.169)

where C; is a constant to be determined from the normalization condition (5.160) of Y;(0, ¢):

C . .
Yu(0, ) = J_zl—;ew sin’ 6. (5.170)
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We can ascertain that C; is given by

1! [@/+ D
Cr =5 J — (5.171)

The action of L_ on Y;(0, ¢) is given on the one hand by
L_Yu(6. ) = V21Y1,-1(6, 9), (5.172)

and, on the other hand, by

> Y @AD! i it 4 s o]
L_Y;10,9) = ST yrmt ? (sin®) d(TSH)[(smﬁ) 1, (5.173)

where we have used the spherical coordinate form (5.131).
Similarly, we can show that the action of L'~ on Y1(8, p) is given, on the one hand, by

@D\ + m)!

{—m I—m
LZ" Y0, ) =h \/ I=m) Yim(0, 0), (5.174)

and, on the other hand, by

=D [eDir+ ! , 1 gl .
r ” 0 5.175
2 v 47 e Sin™ 0 d(cos 6) (sin@)”, ( )

where m > 0. Equating the previous two relations, we obtain the expression of the spherical
harmonic Y;,, (8, ¢) form > 0

(—1)1 [ 2041\ ( +m)! ; ] d=m - 5
Y (O, = . T ime 92 5176
m0:) 20! VI( 4r ) (/= fn)!e sin” @ d(cosf)/—m Ein ¢) ( )

LY@, 0) = K"

5.7.3 Properties of the Spherical Harmonics

Since the spherical harmonics Y;,, (6, @) are joint eigenfunctions of L[2and L - and are orthonor-
mal (5.160), they constitute an orthonormal basis in the Hilbert space of square-integrable func-
tions of 8 and ¢. The completeness relation is given by

/

DL myd, mi=1, (5.177)

m=—I

or
DO |1 myl, m |09 > = D V(0 0")Yin(8, p) = 6(cos 6 — cos8)o(p — ¢)
56 —0 ,
= (—.—)5(¢ —¢). (5.178)
siné

Let us mention some essential properties of the spherical harmonics. First, the spherical har-
monics are complex functions; their complex conjugate is given by

[Yim(8, 0)]" = (=1)"Y1,—m (6, 0). (5.179)
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Table 5.2 Spherical harmonics and their expressions in Cartesian coordinates.

Yim (6, @) Yim(x,y,2)

Yoo(0, ¢) = «/47 Yoo(x,y,z) = ﬁ

Y100, 9) = |/ 2 cos 0 Yio(x,y,2) = /& £
Y1,i1(9,¢)=¢\/%ei"‘” sin Nailx,y,2) =F §3,;x—jr:lz
Y20(6, 9) = |/ 72 (Beos?6 — 1) Yaolx, y,2) = 1o E7E
Y2410,0)=F 5 et? sin 0 cos 9 Y241(x,y,2) = 5 Q_%ﬂ_z
V24200, 9) = \/— =210 sin” Y 12(x,y,2) = ﬁ/E Lzﬁ'xz

We can verify that ¥, (8, @) is an eigenstate of the parity operator P with an eigenvalue (—1)':
PYim(0. ) = Yim(x — 6,0 + ) = (=) Vin (0. 9). (5.180)

since a spatial reflection about the origin, 7’ = —7, corresponds to ¥’ = r, 0 = & — 6 and
¢’ = m + ¢, which leads to P/"(cos8’) = P"(—cosf) = (—1)1+’"P,’”(cosé)) and €'M? =
elmrreiqu — (_l)meimqp_

We can establish a connection between the spherical harmonics and the Legendre polyno-
mials by simply taking m = 0. Then equation (5.176) yields

-1 fi+1 - 21 +1
Y10(0, ¢) = )? = Py(cos8 5.181
10( a¢) 211' ar d(CO 9)] ((Sln ) ) . ](COS ): ( )
with
Pi(cosf) = : d (cos’ 8 — 1) (5.182)
1COSY) = 2 d(cos B) ' ‘

From the expression of ¥},,, we can verify that
2141
4

The expressions for the spherical harmonics corresponding to/ = 0, / = 1, and / = 2 are listed
in Table 5.2.

Omo- (5.183)

Ylm (Oa (0) =

Spherical harmonics in Cartesian coordinates
Note that ¥;,,(6, ¢) can also be expressed in terms of the Cartesian coordinates. For this, we
need only to substitute

Sil’lGCOS(p=£, sianin(p=—Ji, cosh = = (5.184)
e 14 r

in the expression for Y, (@, ¢).
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. . The Radial Wave Function

Our first task is to tidy up the notation. Let

v=2mE
(= Y2mE [4.54]
h
(For bound states, £ < 0, so « is real.) Dividing Equation 4.53 by £, we have
1 d%u me? 1 I+ 1)}
== u
k2 dr? 2mweoh?ic (kr) (xr)?
This suggests that we let
d s [4.55]
=kr, an =—, .
p=rr po 2meoh’i
so that 5
Il+1
du _ 1—@+(+) u [4.56]
dp? J p?

Next we examine the asymptotic form of the solutions. As p — oo, the constant
term in the brackets dominates, so (approximately)

d’u -
dp?
The general solution is
u(p) = Ae * + Be”, [4.57]

but e” blows up (as p — 00), so B = 0. Evidently,
u(p) ~ Ae™® [4.58]

for large p. On the other hand, as p — 0 the centrifugal term dominates'?; approxi-
mately, then,
d>u I(+ DN
dp? B p? ’
The general solution (check it!) is
u(p) = Cp'*' + Dp™,
but o~/ blows up (as p — 0), so D = 0. Thus

u(p) ~ Cp'*! [4.59]

1> This argument does not apply when ! = 0 (although the conclusion, Equation 4.59, is in fact
valid for that case too). But never mind: All I am trying to do is provide some motivation for a change of
variables (Equation 4.60.)
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for small p.
The next step is to peel off the asymptotic behavior, introducing the new function

v(p):
u(p) = p'*'e " v(p), [4.60]

in the hope that v{p) will turn out to be simpler than u(p). The first indications are
not auspicious:

du I —p dv
%=pe (1+1—p)v+pd—;,
and -
d*u | I+1) dv dv
—=ple?{|-21-2 20+ 1—p)— —t. =
0 pe [[ +po+ ]v+ ¢+ p)dp+pdp2]

In terms of v(p), then, the radial equation (Equation 4.56) reads B

d*y

d
pEl r20+1-pZ o —20+ Dv=0. (4.61]
dp? dp

Finally, we assume the solution, v(p), can be expressed as a power series in p:
0 .
v(p) = Z a;p’. [4.62]
=0

Our problem is to determine the coefficients (ay, a1, a2, . . .). Differentiating term by
term,

dv N, i, : -
7 > Jaip!T =) "+ Dajpip’
= i=0

[In the second summation I have renamed the “dummy index”: j — j + 1. If this .

troubles you, write out the first few terms explicitly, and check it. You might say that
the sum should now begin at j = —1, but the factor (j + 1) kills that term anyway,
so we might as well start at zero.] Differentiating again, e

v & -
20 Zj(j + Dajip’/™.
A=

Inserting these into Equation 4.61, we have

3" JG+ Dagrp? 20+ DY G+ Dajsp’

j=0 Jj=0 — S

o0 o0
=2 jap? +lpo— 20+ D1)_a;p’ =0.

Jf=0 j=0
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Equating the coefficients of like powers yields
JU + Dajp + 20+ D) + Daje1 — 2ja; + [po — 2 + Dla; =0,

or

o J2G+I+D—p0 |
S {(j+ 1)(j+21+2)}af' [4.63]

This recursion formula determines the coefficients, and hence the function v(p):
We start with ag = A (this becomes an overall constant, to be fixed eventually by
normalization), and Equation 4.63 gives us a;; putting this back in, we obtain a,, and
so on."?

Now let’s see what the coefficients look like for large j (this corresponds to
large p, where the higher powers dominate). In this regime the recursion formula
says

- 2j 2
ajy = a; = a;,
TR S A T
S0
2]
a = =4 [4.64]
J!

Suppose for a moment that this were the exact result. Then

o~ 2 J 2p
vip) =4y —pl =4,
=0 /*

and hence
u(p) = Ap''e?, [4.65]

which blows up at large p. The positive exponential is precisely the asymptotic behav-
ior we didn’t want in Equation 4.57. (It's no accident that it reappears here; after all,
it does represent the asymptotic form of some solutions to the radial equation—they
just don’t happen to be the ones we’re interested in, because they aren’t normalizable.)
There is only one way out of this dilemma: The series must terminate. There must
occur some maximal integer, jmax, such that

aj.+1=0 [4.66]
(and beyond which all coefficients vanish automatically). Evidently (Equation 4.63)

2(max + 1+ 1) —po=0.

1*You might wonder why 1 didn't use the series method directly on u(p)—why factor out the
asymptotic behavior before applying this procedure? The reason for peeling off p'*! is largely aesthetic:
Without this, the sequence would begin with a long string of zeroes (the first nonzero coefficient being
aj+1); by factoring out ,nf +! we obtain a series that starts out with p'. The e™# factor is more entical—if
you don't pull that out, you get a three-term recursion formula involving aj+1, @j+1, and a; (¢ry it!), and
that is enormously more difficult to work with.
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Defining
n= jmax +I1+1

(the so-called principal quantum number), we have

so the allowed energies are

[4.67) e —

[4.68]

[4.69]

m (& \'|1 E
E,=—| — | — —=—, n=1,23....
! ]:?_Ir <4rr€o> n*  n?

[4.70]

This is the famous Bohr formula—by any measure the most important result in
all of quantum mechanics. Bohr obtained it in 1913 by a serendipitous mixture
of inapplicable classical physics and premature quantum theory (the Schrodinger
equation did not come until 1924).

Combining Equations 4.55 and 4.68, we find that

2
K=< me >1=i, [4.71)

n an

4 egh’®
where | |
| 4reoh? |
=——=0529%x10"m (4.72]
me

is the so-called Bohr radius. It follows (again, from Equation 4.55) that

o= [4.73)

an

Evidently the spatial wave functions for hydrogen are labeled by three quantum num-
bers (n, [, and m):
Ynim (1, 6, ¢) = Ru(r) 170, ¢), [4.74]

where (referring back to Equations 4.36 and 4.60)

1
Ru(r) = ;p’“e-f’vw), [4.75]

B AEABMER (BRI = 4348



and v(p) is a polynomial of degree jn.x = # —/ — 1 in p, whose coefficients are
determined (up to an overall normalization factor) by the recursion formula

2+1+1—n)

] = . 4.76
G EGrDG A+ Y L4.76]

The ground state (that is, the state of lowest energy) is the case n = 1; putting
in the accepted values for the physical constants, we get

m e \?
EFi=—-|— =—13.6¢V. 4.77
: I:th (47TEO> © $oL

Evidently the binding energy of hydrogen (the amount of energy you would have to
impart to the electron in order to ionize the atom) is 13.6 eV. Equation 4.67 forces
! = 0, whence also m = 0 (see Equation 4.29), so

Yi00(r, 0, ¢) = Rio(r) Yy (6, ¢). [4.78]

The recursion formula truncates after the first term (Equation 4.76 with j = 0 yields
a; = 0), so v(p) is a constant (ap) and

Rio(r) = ?e—’/". [4.79]

Normalizing it, in accordance with Equation 4.31,

= 2.2 lag|> [ ~2rja 2 IS
Ryol'redr = — e redr =lagl* = =1,
2
0 a 0 4

s0 ap = 2/+/a. Meanwhile, Y = 1/4/4r, so

1

Yol 0,6) = e, | [4.801
na? |
|
If n = 2 the energy is
_13.6eV
Ey= 3766 = _34eV; [4.81]

this is the first excited state—or rather, states, since we can have either / = 0 (in
which case m = 0) or/ = 1 (withm = —1, 0, or +1), so there are actually four
different states that share this energy. If / = 0, the recursion relation (Equation 4.76)
gives

a; = —ap (using j =0), anda, =0 (using j = 1),




o H

“Hh: f~ 6

.79

so v(p) = ap(l — p), and hence

_ a_o o L —r/2a
Ra(r) = 5 (1 2a>e . [4.82]

If I = 1 the recursion formula terminates the series after a single term, so v(p) is a

constant, and we find

Ry (r) = %re"”". (4.83]

(In each case the constant ap is to be determined by normalization—see Problem

4.11)

For arbitrary n, the possible values of / (consistent with Equation 4.67) are

1=0,1,2,...,n— 1. [4.84]

For each /, there are (2/ + 1) possible values of m (Equation 4.29), so the total
degeneracy of the energy level £, is

n—1
d(n) = Z(zl +1) =n> [4.85]
1=0
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