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2=〞 cUsθ ＿θs㏑θ.

Diferentiat血gβ .l),weUbtain
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的↗=sinθ ㎡nφ σr+rcUsθ 血nφ σθ十rcUsφ φ́,
〞z二=bUsθ ŕ一 r sinθ日θ.
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▽2=●序=〔磊+爭昜+丌里石磊〕
.〔磊十三磊+万墨π磊〕

. (B.18)
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翠
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藥
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翠
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哥
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I磊
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ΛⅡguΠarMUmeⅡtum

5.1  IⅡtrUductiUΠ

Anb.ul缸 mUmentl1m playsall illlpUrtant rUleinc㏑ ssicalmechaIlics.Thestud,,Ufthedynamics

UfthUsesystemsthatpUssesscertainSymme臼 ΠeS,SuchasrUtatiUnal invariancein space,isInade

shηplebytheuseUftheangularmUmentuⅡ lcUncept;fUr instance,theangularmUmentumUf
an isUlatedsystem iscUnseⅣ ed.

山 ㎎ ularmUmentumiSjust小 ilnpUrtantin qualltummechanicsas丘 is inclassicalmechan-

ics. It isve,usefulfUr studyingthedynanjcsUfSystemsthatInUVeundcrthejnfluenceUf

坪功 a9εa了〞 玾 羽羽θ〞
。
ε,UrεεK′ra′ ,pUtentials,◤ σ )=◤ ← ),fU∴ as㏑ classicalmechanics,the

UrbitalangularmUmentaUfthesesyStemsareε UK∫θJl’θ́ . AngularmUmentum playsacritical

rUlein thedescrΦ jUnU元 fUr㏑ stance,mUlecularrUtajUns,tllemUtiUnUfelectrUns inatUms

andthcmUIUnUfnucleUns in nucIei. ThequantuIntheU呼 UfangularmUmentuIniSthuSa

prerequisitefUr studyingIllUlecular.atUnicandⅡ uclearsystems.

InthischapterwearegUin..tUcUnsiderthegeneralfUIⅡ lalisⅡ 1UfangularIllUmentum. 氓 免

ㄐ河llexaminethevariUus prUpertiesUftheangularmUmentumUperatUr,andthenfUcusUnde＿

teIuIningjtseigenvaluesandeigenstateS.Fina1l兄 wcwillapplythisfUmalisln tUthedetelI㏕ -

najUnUftheeigenvaluesandeigenvectUrsUftheUrbitalandspinangularmUmenta.

5之  UrbitalΛⅡguIarMUmeⅡtum

InclassicalphysicstheangularmUmentumUfaparticlewitll mUmentum多 alldpUsitiUnㄕ is

dennedby

Z=9× ′ =U仍 一
η ㄅ ㄏ
+ㄉ x一 η z汀 +a約 一 〃 x厊 .

TheUrbitaIangularmUmentumUperatUrLcanbeUbtainedatUncebyreplacingㄕ and′ bythe

cUrreSpUndingUperatUrSin thepUsijUnrepresentatiUn,RandP=一 9力 V:

(5.l)

t=R× P=一 ′力R× ▽ .

269

(5.2)
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TheCartesiancUmpUΠ entsUfLare

J.4Λ石Gσ動4R翃 方EΛ叮乙吼r

(5.3)

(5.4)

(5.5)

↘
.
口

/

o
一

”
《
Z一

o
一

釳

〈
y
ˊ
I
ˋ
力

一=
〈馬
人
Z一

〈馬〈y=x
〈
t

与 =2∴ 一 夕 ∴ =一
j力
(2嘉 一 夕

磊 ),

Ez=9島 一 9鳥 =一 j力 (父
昜

-,嘉
).

NUtethatangularΥ nUmentumdUesnUtexiSt inaUne-dInensiUnal space.

CUm【nutaIUnreIatiUns

SinceX,yandZmumaIlycUmmu● eandsUdU几 ,巧 and馬 ,ands㏑ceIX,馬〕=j力 ,

◤,尸月=j力 ,IZ,馬I=油 ,wehave

ux,t刀 = ◤馬 -ZP,,Z几 一X乃〕
= Ⅳ 馬 ,Z民 〕 一 ◤ P一 ,X馬 〕 一 lZ巳 ,zPx〕 十 lZ巧 ,X馬 〕

= 判馬,Z╯%+XlZ,馬 Vㄋ =j力 (X巧 一y民 )
= j力乙z.                            (5.6)

AsⅡ nilarcalculajUnyieldstheUther︹ 〃UcUIImutaIUnrelajUns;but it is rnuchsiInplertUinfer

themfrUm° 6)bymeansUfaφ ε′′εPθ翻 ”勿 ′
jUη UftheXvzcUmpUnents,x→ ˊ → Z→ X:

ILx,tvl=9力 工z, Itv,Lz〕 =j力 Lx, ILz,t」 =j力 Lˊ . (5.7)

AsΥnenjUnedinChapter軋 sinceLx,Lˊ andtxdUnUtcUIImute,WecannUtIneasl1rethem

sⅡnultaneUuslytUarbitra,accuracy

NUtethatthecUIImutat㏑ nrelat㏑ns(5.7)wereder∥ edbyexpressingtheUrbitalangular

mUmentunl in thePU∫ ′〃Uη 沒各方η咖 ′′UK. ButSincetheseareUperatUrrelatiUns,theymust

bevalidinanyrepresentatiUn. InthefU11Uwingsec伍 UnwearegUingtUcUnsiderthegeneral

fUIl1lalisn1UfangularInUmentum;afUIⅡ lalism thatis resiictedtUnUp刉ΠiCularrepresentajUn.

EXampIe5.l
(a9CalculatethecUmmutatUrsIX,乙 x〕,IX,L刀 andIx,L2〕 .

(b)CalculatethecUIImutatUrs:IfI, Lx〕 ,I民 , 乙 〕́andIfj, Lzl

(Φ Usetheresul“ Uf〔Dand(b9tUcalcuIatel夕 ,E匆 andI∴ ,Z2〕 .

SU︳utiUn

(之DTheUnlynUIlzerUcUrImutatUrwhichiΠ vUlves╯randthevariUuscUmpUnentsUfLx,乙 ˊ,

LzisIX,尸

一

=〞 .尸av一段 statedthkresu㏑ ,wecaneasil\” ㏕uatetheneededcUmmu甲
叮
s.

First,sincetx=y馬 一 Z巧 invUlvesnU民 ,theUperatUrXcUrImutesseparate9withy,Pz,

2and′ ↘,hence

〔X,tx〕 =IX,y馬 一 Z巳 〕 =U. (5.8)
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TheevaluajUnUftheUther小 〃UCUmmutatUrs k sialghtfUmard:

:X,Lˊ〕=【X,Z几 一 X馬〕=IX,ZPx〕 =Z〔X,几 〕=油 Z,     (5.99

〔X,Lz〕 =IX,X巧 一
y几
〕 =一 IX,yPx〕 =一 判 X,Px〕 =一 廂

y. o.1U)

U)TheUnlycUmmutatUrbetween几 andthecUmpUnentsUftx,乙 v,Lzthatsurv∥eis

againI几 ,用 =一油.Wem的〢hus infer

IPx,乙 x〕 =I馬 ,y馬 一Z尸月=U,                  σ.11)

IPx,t月 =【已,ZPx一 X馬〕=一 I馬 ,XPz〕 =一 I民 ,刈馬 =踢Pz,  °.12)

I民 ,Lz〕 =I民 ,XP,一
y馬
〕=I几 ,XP,〕 =IPx,用 P,,=一 踢 P,,. ° .139

(c)Us㏑gthecUmmutatUrsdenvedin(a)and°),weinfer

I夕,E匆 =I9,E匆 十I’,E卸 +I’,E夠

=U十 L㎡X,乙爿 +IX,L刀 t,十 tzIX,Lz〕 十〔X,工 zuz

=9力 (LvZ十 ZLv一 Lzy一
ytˊ
),                   (5.14)

I鳥 ,Z句 =I烏 ,研〕十I∴ ,E匆 +【鳥,E夠

=U+L少 I馬 ,二月十I馬 ,tˊⅣj十 LzI民 ,tz〕 +I民 ,tzuz

=油 σj馬 +馬 Lv一 tzP,,一 PI,t夕 ),            φ .15)

5.3  GeneraIFUrmaIisIIlUfAngularMUmeⅡ tum

AnangularmUmentumUperatUrJkdennedbyits threecUmpUnen心 方 ,乃 ,andt,which
satisㄅ thecUmmutatiUnrelajUns:

I方 ,乃〕=踢易,  I巧 ,易〕=柺方,  It,方〕=踢 J,b (5.1Θ

UrequivalentIyby

J× J=廂 J. (5.17)

&nce品 ,J,),andtdUnf,tIllumallycUⅢ nu●e,theycamabe血 mul㏑neUu㎡y山agUnalize山
that is,theydUnUtpUssesscUllmUneigenstateS.ThesquareUftheangular rnUmentum

271

′=考十彩+考 ,

kascalar,hence北 cUmmutesW山 方 ,J,.,andJz:

(5.18)

I。
2,翔 =U, (5.19)
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where乃 standsfUΥ x,v,andz.FUr instance,in thethecase后 =xwehave

lJ2,斑〕 = I考 ,斑〕十乃:乃 ,久〕+I乃 ,斑〕巧+洗 :洗 ,久〕+I鬼 ,斑〕鬼

= 巧×一j力馬)十 (一踢力)巧 十乃〔力巧)十 〔力乃)易
= U,                                 (5.2U)

because:考 ,珀 =U,:巧 ,期 =一 j力鬼andI鬼 ,珀 =油巧.

EigenstatesaΠ deigeΠValuesUftheaΠ guⅡarmUmentuInUPerat。 r

s㏑ce′ cU＿ uteSW山 斑 ,易 and扇 ,eachcUmpUne斑 Uf。 Canbe㏄ p缸舡dy山 agUn㏕玩 d

(hence丘 has siInul姐 eUuS盹 en血ncjUns)㏕ 血 ′ .B江 S㏑CethecUmpUneⅢ s斑 ,易,and洗
dUnU;rnutuallycUIlllnute,WecanchUUseUnlyUneUftheIntUbcsimultaneUuslydiagUnalized

㏕ th′ .BycUnventiUnwechUUse鬼 .ThereknUthingsped㏕ abUutthe6directiUn,wecan

ju就 aSWell take′ and斑 Ur′ and易 .

LetusnUwlUUkfUrthejUinteigenstatesUf。 2and扇 andtheircUⅡespUndingeigenvalues.

DenUtingthejUintdgenstatesbY〡 a,β〉andthedgenvaIuesUf′ and鬼 by〞 aand力 β,
respective” ”wehave

人′

洗

Λ再

l
一

2=
《乃

=考 +考

｜a,β〉=〞 a︳ a,β ),
︳a,β )=力β〡a,β〉.

(5.21)

(5.22)

(5.24)

(5.25)

The伍ctUr乃 你 intrUducedsUthataandβ are山 mensbnless,sincetheangularmUmentumhas
the山mensbnsUf乃 :ene理V× ume.FUrs㏑叩lidㄅtwewillassumethattheseeigeⅡstatesare
UrthUnUl1llal

〈a′ ,β
′
｜a,β〉=易ㄅ如′β. (5.23)

NUwweneedtUiniUduce砌心oKgand伈 wεrj刀gUperatUrsJ+and五 ,Justaswe山 dwhen
WeStudiedtheharlnUnicUscillatUr inChapter4:

This leadstU

+J＿ ), 〈巧 =士

一

再一i),
hence

考=:●碎十再i+i再十’b,

I。
2,J±
l=U,

Inadd丘㏑n,J+andJ＿ satisㄅ

彩 =-:G璋 一再
。
＿—:一S一 +9匆 . (5.26)

Using° .1Θ wecanea㎡ 圩 Ubtain thefUllUwingcUIIllnutatiUnrelatiUns:

:J+,J＿ 〕=姊 t,  眊 ,J±〕=土力J± . (5.27)

人巧土人方
=
《玒

J+五 +力斑=′ 一考+力扇, (∫ .28)
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土 J+

TheserelatiUnsIeadtU

whichin tumyield

′=吉°玤i+i五U十考. (5.31)

LetusseehUwJ± Upera煦 Un｜ a, β). Flst,“ nceJ± dUnUtcU-utewithJz,thekets

｜a,β〉arenUte㎏ enstatesUfJ± .UsingtherelatiUnsσ .299wehave

巧 (J± ︳a,β〉)=(J± Jz土 力J± )〡 a,β〉=力φ 土 1)tJ± 〡a,β〉),  ° .32)

hencetheket(J± ︳a,β〉)isaneigenstateUf乃 ㏕ theigenvaIues力 “ 土 l).NUwsinceJzand

′ cUmmute,(在 〡a,β〉)mustalsUbeane㎏ enstateUf。 2.ThedgenvalueUf。 2whenacting

Unλ 〡矹 β〉Canbede怕 rInined” makinguseUf山 ecUiYlInutatUr“
p,玒

〕 =U.Thestate

(玒 〡a,β〉)必 ㏕sUandgenstateUf′ w山 dgenvalue〞 a:

。

2°╘〡a,β〉)=玒
。

2〡 a,β〉=力
2afJ±
〡a,β )). (5.33)

FrUmΦ .3砂 and(5.33)weinferthatwhenJ± actsUn〡 a,β ),丘 dUesnUtafectthefirst quantum
numbera,but加 raiSesUrlUwers山 esecUndqllanmm numberβ byUnel1n丘.η㏑t is,J± 〡a,β〉
〝 prUpUiiUnaltU｜ a,β 土 1〉

玒〡a,用 =q加 ｜a,β土l),

=考 十
考
一 力 扇 =′ 一

考
一 力 洗 .
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(5.29)

(5.3U)

(5.34)

wewⅢ deteminelaterf9nthecUnstant q菞 .

NU臼eth飩,fUra舒vendgenvalueaUf。
2,thereexistsan矺ppθr了切 〃 fUrthequantum nllmber

β.This心 duetUthefactthattheUper飩Ur′ 一 考  kpUsitive,since′ -考 =考 +考 ≧ 仇
WecantherefUrewrite

〈a,β ︳′一名﹁a,β〉=〞 (a一〞)≧ U, =→  a≧ 〞.  (5.35)

Sinceβ hasanupper limlβ〞abtheremu就 e虹stastate〡 a,β〞a〉 w㏑chcallIlUtber血 sed
mrther:

J+︳ a,動 ax〉 =U.          σ.%)

Us㏒ 山 krel飩iUn㏕ Ungw丘 hi再 =′ 一 考 一 力洗 ,weseeth放 i再 ｜a,觔 ax〉 =UUr

●〃 一 考 一 力功 〡a,動 ax〉 =〞 o一 嫋 ax一 動 ax)〡 a,動 π 〉,   ° .3η

hence

a=β〞〃“協ax十 I).                 (5.38)

Afterη succes“veappIcatiUnsUf五 Un︳ a,動 粥 〉,wemustbeabletUreachastate〡 a,屆 咖 η〉
whichcannUtbeIUwered山 吼her:

′=J± JT+考 干力洗,

土 〡a,動加〉=U. (5.39)
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鬼,andbyanalUgyㄐλthβ .37)and° .38),weinferthatUs㏒ 再i=′ 一考十

.〞〔βmi〞 一l).a=

CUmparing° .38)and°.4U9weUbtain

〃=-屆咖〞.

UfJ Un︳ a,β〞ax),比 fUllUwsthatSinceβ〞。〞
wasreachedby刀 appl沁atiUns

x=β㏕〞+K,β竹a

=一β〞〃wecUncludethatandsinceβ田j

(5.4U)

(5.41)

(5.42)

(5.43)

He,ceβ〞acanbeintegerUrhalf＿ Udd-integer,depend㏑ gUn〃 bdngevenUrUdd.
Itis nUwapprUphatetUintrUducethenUtatbn′ and羽 tUdenUteβ 〞π andβ ,respect∥ely:

β田aX=告 .

o=動π=參 ,  〞=β ,

hencethedgenvalueUf。2k酊venby

σ.聑 )

a=ˊσ十l).           ╭.45)

NUws㏑ ceβ 咖 〞 =一 β〞a,andwithη pUsit∥e,weinferthattheallUwedvaluesUf〞 l怡

baween一oand+ˊ :

-ˊ ≦ 〞 ≦
。

.                            (5.46)

Theresul怕 Ub㏕nedthus伍 rcanbesuIIm㏕ zedasfUllUws:山 edgenvaluesUf。 2andt

cUrrespUn山ngtU山 ejdntdgenvectUrs︳ ,́〞 )aregⅣen,respect∥ el】 by力
2ˊ
σ +1)and力 〞

。

2｜

。
,羽〉=力

2oσ 十l)︳ ╯,〞〉 and 鬼〡́,〞〉=力〞｜o,羽〉, (5.47)

where′ =U,1/2,l,3/2,‥ .and〃 =一 ′,一σ -1),‥ .,′ 一 l,ˊ .SUfUreachothereare

2。 十 lvaluesUf羽 .FUrexample,fˊ =1then羽 takeSthethreevalues-l,U,l;f╯ =5/2
then羽 takeS山e血xvalues-5/2,-3/2,一 l/2,U,l/2,3/2,5/2.ThevaluesUfˊ areeither

integerUfhalⅡ nteg㏄ WeseethatthespeciaUftheangularmUmentumUper出 UrS。2and潝

arediscrete.SincetheeigenstatescUrreSpUndingtUdiferentangularmUmentaareUrthUgUnal,

andsincetheangularmUmen仙 mSpeciaare山 screte,theUrthUnU一 11lali,cUnditiUn is

u气 〞﹁ ,́〃〉=如′易′〞. (5.48)

LetusnUwlUUkfUrtheeigenvalueSUfJ± within the｛｜ˊ,羽 〉｝baSis;︳ ˊ,羽 〉iSnUtan

eigenstateUfJ± .WecanrewntetheeigenvalueequauUno.34)as

玒︳′,〞〉=q九 ｜�,〃土l〉 . (5.49)
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Weareg山 ㎎ ●°d田加eq為 andthen㏑ fer「

「

〞.s血 e︳ ╯,羽 )knUrIn㏕悅 d,we㎝ nu㏄ φ .4ㄌ

tUUbtain thefU11UⅥλngh〃 UexprcssiUns

(。t一 ︳′,羽〉)｜ (j之

一

︳′,〃 ))

｜嗚
「B斑 S㏑Cei再 kequ㏕ 臼

。

σ
2一
考 一 乃斑 ),and祁 Sum㏒ thearbiia呼 phaseUfq九

一一 
 
=

｜嗚′4,〞 十1︳ ′,〞 +l)=︳噅 ㄕ,

u,〞｜土J+︳ ′,羽〉.

zcrU,wecUncludethat

哦 =而 ,羽︳
。

2一
考 一力扇 ｜o,羽 〉=瞄 σ +D-羽 m+D.“ 勾

Byana㏑田withF九 wecaneasilyinfertheexpressif9nfUrF元

一

9rhichin tumleadstUthe︻ 〃Urela● Uns:

加列=:仇十勾阠叫
=吾
肝
一 切 σ 十 羽 十 D‥ 十 妙 +

方阹叫=扣一加 叫
=磊

陌

一 切 σ 十 羽 +D咖 +● 一

,
 
6

I
5l

 
 
5

一 
 
 
 
 ′′′

.

.

.
、

、

〞

TheexpectatiUnvaluesUf石 and乃 aretherefUrezerU:

u,羽 ︳琇〡′,羽〉=仔 ,〞 ︳乃 〡́,

Wewill sh㎝ later in° .2U4)that tlleexpectatiUnvalues〈 ′,
╯,羽〉areequaIandgivenby

Thus,thedgenvaIueequauUnsfUrJ+andJ are虫 venby

J± ︳′,〞〉=力 ′σ+1)一 羽(羽 土1)〡 ′,羽 土l〉 ,

J± 〡́,羽〉=力 ︳�,羽 土 l〉 ,σ干〞)σ 土〞+1)

臼 =⊕ =:卜 神 匕〢 ∴叫加 州 =譬口σ十D-叫 .

羽〉=U         (5.58)

羽〡′ㄗ｜́,羽〉andU,羽 ︳′子〡
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(5.5U)

(5.51)

tUbe

(5.53)

(5.54)

(5.55)

阠〞一〢.
(5.57)

q元 =力Voσ +l)一 羽(羽 一l).

σ十羽)σ 一羽十

(5.59)
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5.7.2 EigenfunctiUⅡ§UfE2

LetuSnUWfUcusUndeteIl1Iiningthedgen血 nctiUnsΘ 加 θ )UfZ2.wearegdngtUfUllUw

師 UmethUds.Thenrst methUdⅢ 心lVeSdfferentialequatiUnsand」 vesΘ 切 φ )㏑ telII〝 Ufthe

well-knUwllassUciatedLegendre血 nctiUns. ThcsecUndlnethUdisalgebraic;itdealswiththe

UperatU“ E土 andenablesanexplicicUnstruaiUnUf巧 羽 (θ 9φ ),tllesphehcalharlnU血 cs.

5.7.2.1 FIstMethUdfUrDeterminingtheⅢ geⅡfunctionsUfZ2

肌 挽山”η9y㏑g′ ㎡°.13U,.° the眈en㎞cjUns
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猻 仇ω =丐
告╤
助永⊕↙
唧

.

Thisgives

′巧Ⅸ仇ω=弓考÷隔磊“θ磊)+為藚乒︳助㎡⊕↙卲

=互≒≒嘉

一

生助永Θ↙唧,

(5.144)

(5.145)

(5.147)

(5148)

(5.149)

(5.15U)

(5.151)

which,aftereliΠ inajngtheφ -dependence,reducestU

為磊(血θ犓勾+︳σ十●一扁h永Θ=a °哅
Thisequatbn k knUwnastheL受羿η〞昭熾 色KK〞加′θσvarㄌη.Its sUlutbⅡ scanbeexpressed㏑

托mS㎡ the倗 UC比〞έ 乙習 K加 力 ηa〃Uη∫玾 (cUsθ ):

whicharedefinedby

This shUwsthat

Θ́〞(θ)=a沕馬
〞
(cUsθ ),

Vω =a一倆p濷乃〔°.

P/a)=〞ω ,

where乃 a)is山 e′thL嗧 θKσKpU〞 KU羽
ja′ WhichisdennedbytheRU氻 咦u“ 力 rη2vㄉ

乃ω=先乒́ ┤y.
WecanUbtainatUncethenrstfewLegendrepUlYllUinials:

炯 =∴ 炯 =吉宰 =x

戶b(x)==言望┴考

一

手⊥二=:(3x2找 炯 =嘉φ =夕一切,
(5.152)



LegendrePUlynUⅡ Ials                         AssUciatedLegendreFunctiUns

PU(cUsθ)=l         Pi(cUsΘ =sinθ
Pl(cUsθ )=cUsθ
馬●Usθ)=θ cU↙θ＿l)p
乃●Usθ)=° cUs3θ -3cUsθ)/2
乃(cUsθ)=● 5cU↙ θ-3UcUs2θ 十紛/8
兄“UsΘ =“3cUs5θ -7UcUs3θ +15cUs

fㄐ(x)=言 (35x4-3Ux2-+3),    f七 (x)==言 (‘3x∫ -7Ux3-+l助°.       (5.153)
TheLegendrepUl｝ mUm㏑ ls satkㄅ thefUllUwingclUsllreUrcUmpleteness rclatbn:

:虐二
(2ˊ +l)P/a↗)Pzo)=δ a一 )́

Pl(-x)=(-1)↙ Pz什 ).

and

J.XΛ石σVL4R翃 北伍力T乙π

TabⅡe5.l FirstfewLegendrepUbmUⅡlialsandassUciatedLegendre血 nctiUns.

(5.154)

(5.155)

AsinilarcalcuIajUnleadstUthe且rstfew.assUciatedLegendre血 nctiUns:

〢°)=︶
′
1一 ′

,
(5 156)

弓a)=銋

P:a)=:● x2——l) , 堵(x)=

where〃什)=乃 °),㏕th了 =U,l,2,3,.⋯ Ⅲ e竹 st 免wexpressiUnsfUrtheassUciated
Legendre血 nctiUnsandtheLegendrepUlYnUInialsarelistedinTable5.1.

ThecUnstanta〞 Uf(5.147)canbedeteIⅡ InedfiUmtheUihUnUⅡ llalizajUncUnd北 iUn

此 〞 比 〣 =尸 泓ηI:夃
血 咧 栩 例 元列 =協 幼  “ ㄌ

whichcanbewrIttenas

, 拷°)=3(l一 xb,     σ.15D

15x(1一 x幻, ㄔ°)=15(1一′)3/2,φ .15D

】

一

π

仰
9一
刀 s㏑ θ騙 ′φ,ω巧〞φ,ω =切易牞. (5.16U)

This relajUn is knUwnasthenUIⅡ lalizajUncUnditiUnUfspheHcalha1lI1Unics. UsingthefUIⅡ 1

φ.144)fUr巧〞φ,φ),weUbta㏑

尸
仰
Xπ
祒 血釗媩 州

2=甲
X幼
仰
Xπ
夃血劍侞 缾 =吥 剛

-X2
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FrUmthetheU〃 UfassUciatedLegendre丘 mcjUns,wehave

｝

一

ˊθ sinθ 月
印(cUsθ)P于 (cUsθ )二=2了

-├ 1(J一 羽 )!δ
〃.’

whichis knUwnasthenUrInalizatiUncUnditiUnUfassUciatedLegendre元 mctiUns.

tiUnUfthepreviUus︵ 〃UrelajUnsleadstUanexpressiUnfUrthecUemcientc′ 〞 :
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a沕 =(￣ 1)翃 (〞 ≧U). (5.163)

In㏄式iⅡgthisequauUn intUo.1499,weUbta㏑ thee㎏en血ncjUnSUfZ2:

Θ切(θ)=(-l)〞 (5.164)

Finall】 thejdntdgen血 nctiUns,巧〞φ ,φ),UfL2alldJzcanbeUbtainedbysubsjtuting(5.13ㄌ
and● .16Θ intU侈 .135)areovenby

巧砌φ9φ)=(一 l)〞 (5.165)

Thesearecalledtheη U刀ηa厖θσΨ乃θ刀εaJ力 arη2UK9ε∫.

5.7.2.2 SecUndMethUdfUrDeterm二 ningtheE㎏ eΠfunctiUΠ sUf′

ThesecUndmethUddealswithadirectcUnstructiUnUf巧〞(θ ,φ );丘 staltSWiththecase羽 =′

〔h抬 6thema虹mumvalueUf〞 ).ByanalUgywiththegeneralangularmUmentumalgebra
develUpedin thepreviUussectiUn,theactiUnUft+Un19↙ giveszerU

〈θφu+〡 J,′)=t十巧′(θ ,φ)=U, (5.166)

sinceyㄉ camUtberaiSedmrtherasrJ/=巧 〞〞ax.
Us㏑gtheexpressiUn(5.131)fUrL+in thespher此 alcUUr山nates,Wecanre9㎡ te(5.16Θ as

fUllcl97s:

(三
一
:一

二)棩

子萼÷陽十比㏄θ制助㏕
仰=a

(5.162)

AcUmbina＿

(5.15D

(5.158)

(5.159)

// whichleadstU
aΘ〃(θ)=ˊ

cUtθ .

Uθ

ThesUlujUntUthisdiferenjalequajUn isUfthefUIllI

Θ〃(θ)=Cˊ 血n′θ,

WhereC了 iSaCUnstant tUbedeteIⅡ Iinedf1.UmthenUIⅡ lal此atjUncUn&tiUn(5.16U)Uf巧 (́θ ,φ ):

巧K乳ω=一甹≒↙仰㎏㎡V. (5.17U)



l均K仇 ω=畀 尸 羿 胛 紁血⊕
r┤

万而舍茪ㄎ
㏎ 酌 ,o啊

岫
舖忍石咒浮髭∵主汁驟 驟Υ多茻甲鍔沽,ω㏒Ⅳ㎝川heUnehand砌
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Wecanascer位㎡nthatC′ isgiveⅡ by

a=寧v厘羿
TheacjUnUfL＿ Un巧 了(θ ,φ )isgivenUntheUnehandby

E一 yㄉ (θ ,φ)=ˇㄞ巧,ˊ一l(θ ,φ ),

and,UⅡ theUtherhand,by

J.4K珝 R�4U北伍小〃I刀π

(5.171)

(5.172)

巧沕φ,φ ), (5.174)

(5.176)

t〧羽巧′φ,φ)=力
├沕

and,UntheUtherhand,by

(-1)ˊ γ(2J9!(2′ +1)! l     ′́-沕
L〧〞珔“乳ω=p畀 伊

生↗φ
論 淼 抑

m吧究 阿 9
sin〞 θ́ (cUsθ )

Where羽  ≧ U. EquajngthepreviUus︹ 〃UrelatiUns,weUbtain theexpressiUnUfthesphehcaI

harlnUnic巧沕(θ ,φ)fUr羽 ≧U

巧※仇ω=寧

(5.177)

5.7.3  PrUpertiesUftheSphericalHarmUⅡics

Sincethesphehc㏕ ㎞ Unics巧〞θ ,φ )arejUintdgen血nctiUnsUfE2andEzandareUihUnUl

m㏕ ° .16U9,theycUnsjtLlteanUrthUnUI1一 lalbas必 in theHilbert spaceUfSquare-integrableimc-
jUnsUfθ andφ .ThecUmpletenesSrelatiUn isgivenby

Σ｜元〞〉σ,羽 ｜=1,
〞=一↙

δ(θ 一θ′)
=  sinθ  

δ(φ 一φ
′).              °.178)

LetusInenuUnsUmeessenjal prUperHeSUfthesphericalharInUnics. First,theSphericalhar-

mU㎡csarecUmplex血 nctbns;theicUmplexcU珀 ugateisgⅣ enby

Σ 仰φ｜几
羽)σ ,羽 ｜御 ︷ =Σ 騙 a,的 巧〞φ,ω =δ●Usθ 一 cUsa)δφ ＿φ4

I巧〞(θ ,φ )〕
*=(-1)〞

巧,一沕(θ ,φ ).

(2′)!σ +〞 )!

σ一羽)!

(5.179)
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Table5n Sphericalhal1l1UnicsandtheirexpressiUns inCartesiancUUrdinates.

乃〞φ,φ ) 巧〞°,ˊ ,z)

聏φ,ω =殤

洐U(θ ,φ)=V軍 cUsθ

均
一
iθ灱=干停θ」φ血nθ

馬U(θ ,ω =V再 (3cUs2θ一l)

乃〞仞=干停′仰血nθ cUsθ

吃出【乳ω=瘍↙抑血勿

IbU° ,少,z)  l一 Vt

獅幻月=停子
圴」°,羽 =干馮中
蹋色光勾=孺午
抇仇羽 =干馮曾
毦﹍口°4乃 勾 =干傷

約 牲妨 少
t      ′2

Wecanveriㄅ th放 巧〞(θ ,φ)kandgenstateUfthep㏕ 妙 UperatUr分 withandgeⅢ alue← l)ˊ :

°
均沕φ,φ)=巧〞(π 一θ,φ 十π)=(一 l)↙巧〞φ,φ ), (5.18Φ

sinceaspatialreΠ ecjUnabUuttheUHgin,ㄕ ′ = 一元 cUrrespUndstUr′  ==r,θ
↗ == π -θ and

φ
′
=π +φ ,w㏑ chIeadstU馬

羽
● Usθ

′
)=馬

田
(一 cUsθ )=(-1)/+〞 馬

〞
● Usθ )and↙

〞〞 =

↙
〞π
↙
〞φ =(一 l)〞 ↙

〞φ
.

WecanestablishacUnnectiUnbe︹ 〃eenthesphericalharInUnicsandtheLegendrepUlynU-

mh㏑ by血mp9taking羽 =U.ThenequatiUn(5.176)yields

圴㎡θ┤”=畀作 為 ㏕ =傑卹 ,剛
with

Pz(cUsθ)=豆÷π́(cUsθ
)′

(cUs2θ——1)↙ .
FrUmtheexpressiUnUf巧〞,wecanVerⅡ Vthat

臨㎡伐 p)=耳 δ田U.

sinθ cUsφ =王 ,  sinθ sinφ =∠ ,  cUsθ =至
r                  r              r

㏑theexpressiUnfUr趵〞(θ ,φ ).

(5.183)

TheexpressiUnsfUrthesphericalhaⅡ ⅡUnicscUrrespUndingtU′ =二 U,′ ==I,and′ =二 2arelisted

inTabIe5.2.

Spherica︳ harmUnicsiΠ CartesiaΠ cUUrdinates

NUtethat巧 〞 (θ ,φ)canalsUbeexpressedin te工 I1lSUftheCarte血 ancUUrdinates.FUrthjs,we

needUnlytUsubstitute

(5.182)

(5.184)
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.t已〞t山兌之tθ竹ㄉ〞t

β●′刀́ 】
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′°〧tθ〞.

′→ a.

′● U

〞6ˊ’ =ˊ
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分類 :

編號:r-ˊ
總號 :

. TheRa山aIWaVeΓunctiUⅡ

Uur nrst task is tUtidyupthenUtatiUn.Let

K≡
罕     叫

(FUrbUuΠdstates,E<U,sUKis real)DividingEquaⅡ Un4.53byE,wehave

占努=︳一歹手蜑:t耑 +咢爿比
This suggests thatwelet

sUthat

羽θ2

and pU≡
2π (U乃

2K’
p三 Kr,

牛=｝一些+埁�比p

I4.55〕

I4.56〕

Asp-〉 oo,thecUnstant

I4.57〕

I4.58〕

NextweexanunetheasymptUⅡ cfUrInUfthesUlutiUns.
terIn in thebracketsdU㏕ nates,sU(apprUximately)

〞2“

石
=ˊ .

ThegeneralsUlutiUn is

“(p)=4θ p+βθp,

butε
pblUwsup(asp一 >a● ,sUB=U.Evidently,

x(p)∼ ⊿ε一
p

fUrlargep. UntheUtherhand,asp-〉 UthecentHfugalterIndUΠinatesI2;apprUxi-
mately,then,

〞2“  J(′ +1)

印
2干 一〞

一口.

Ⅲ egeneralsUluIUn(check it!)is

(́p)=Cp!+I十
。
p￣
了
,

butp一′b1Uwsup(asp-→ U),sUD=U.Thus

a(p)∼ Cp了十l :4.59〕

ⅡTh必 argumentdoesΠotaPPIywhen′ =U(alth。ughtheconclu㎡on,Equation459,is jnfact
va︳ idfUrthatcaSetoo) Butnever mind:AllIam● ”ngtUd。 ls pΓovidesome〞 Urrva′ iUπ fUΓ achangeof
vanableS(Equatlon46U.)

一
 
一
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fUrsmaⅡ p.

Thenext step istUPeeIUfftheasymptUticbehaviU巴 intrUducingthenewfunctiUn

Γ￣﹁Γ￣﹁￣￣￣￣  v(p):
“(p)=p了 +︳θ一pv(p),            ∥.‘ UI

in thehUPethatv(p)will tumUuttUbesiInplerthan tt(p). Thenrst indicaIUnsare

nUtauspIclUuS:

券=山中P┤一ωv十 p制 ,

and

券=〞θ
p｛

I一

z-2+p十≒片Iv十 2σ +1一ω努+p多誥｝.
InterlnsUfv(p),亡hen,theradialequatiUn(Equa﹂ Un4.56)reads

p牛 十 2σ 十 1一 ω
努
十 陑 -2σ 十 1刀 v=a

Fina1ly,weassumethesUluⅡ Un,v(p),canbeexpressedasapUwerse㎡ esin p:

I4.61〕

I4.62〕

Uur prUbIem istUdeteIlIlinethecUefnc笓 ntS(aU,aI,θ 2,.‥ ).Df先 rentiat㏑ gtemby

tem,

多:=居三′ㄌp°一
I=居

三(。十l)幻 +lp′
IInthesecUndsumma● UnIhaverenamedthe‘

‘dummyindex” : o. ′̄十1. Ifthis
trUublesyUu,whteUutthenrstfewtemsexplicitl坊 andε乃a火 it. YUumightsaythat

thesumshUuldnUwbe」nat′ =-1,but山cfactUr(o+1)hlls thattemanywa坊
sUWe“ jghtaswell startatZerU.〕 Differenjatingagain,

巾)=Σφ′
9=U

多努=晷。σ+1,,J┤ p。
┤

InsertingtheseintUEquaⅡ Un4石 l,wehave

Σ乃+l)nJ+Ip。 +2σ +l)Σσ+l)aJ+lp°
。
=U                       

。
=U

眨Σ角p。 +lpU-2σ十1刃Σφ°=U
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分類 :

編號 : ㄏ -
總號 :

EquatingthecUefncientsUflikepUwersyieIds

�lJ+l)幻 十︳+2(′ 十 1)σ +l)ㄌ +l-2。 幻 +㏑ U￣ 2(′ 十 l)㏑�=U,

I4.63〕

This recurs㏑ nfUrmuladeterIn㏑ esthecUemdents,andhencethefuncⅡ Unv(p):

WestartwithaU = 4(thisbecUmeSanUVera11cUnstant,tUbenxedeventuaⅡ yby

nUmaliZatiUn),andEquatiUn4K3givesusal;putⅡ ngthisback in,weUbtaina2,and

sUUn.13

NUwlet’sseeWhatthecUemc始nts lUUk likefUrlarge′ (thiscUrrespUndstU

largep,wherethehigherpUwersdU㏕ nate).Inthis regimetherecursiUnfUmula

says

牣�  ｝牡

牣↘╯十妙幻=舟4

幻≡
:一

.

v(p)=4居二午p’ =4ε
2p,

“(p)=4p︳十Iε
p,

that lseΠ onnouslymoredimcult tUworkwi山

I4.64〕

SuppUsefUramUment thatthiSwere山 eaaε〞resuIt.Then

andhence
:4.65〕

w㏑chblUwsupatIargep.ThepUsitiveexpUnentialis preciselytheasymptUticbehav-

iUrwe找′刀
’
rWant inEquatiUn4.57.σ t’snUaccident thatireappearshere;afteraIl,

l多毛怎揣罡:║::fξ:::::::嚮i:;i:糽#黖呈打:lξ｜::::::諯
ThereisUnIyUnewayUutUfthisdilemma: Γhθ xriε∫9竹〞∫rrε刀竹9ηa6ε . Ⅲ eremust

UccursUmcmaximal intege民 ╯max,suchthat

幻㎜又+I=U I4.66〕

(andbeyUndwhichaⅡ cUemcientsvaniShautUmaⅡ cally).Evidently(EquaⅡ Un4沰 3)

2σmax+了 十1)一 pU=U.
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分
一編
一總

類
一號
一號

Denning

刀≡ 拓 aK十 ′+1

(thesU-calledpⅡ ncipa︳ quaΠ 6umnumbeΓ),wehave

pU=2刀 .

ButpUdeterIninesE(EquatiUns464and4.55):

E=一 生生 =
2用

乃ηε
4

8π眨
3乃 4:’

I469〕

I4.68〕

【4.69〕

I47U〕

mUst impUrtant result in

aserendipitUusΠ 】iXture

theU, (the Schrodinger

I4.71〕

I4.72〕

sUthea11UWedenergiesare

This is thefamUusBUhrfUrmuⅡ a＿＿by anymeasurethe
allUfquantuΠ 1mechanics. BUhrUbtainedit in 1913 by

Ufinapplicableclassicalphysics andprematurequantum

equatiUndidnUtcUmeuntil1924).

CUmbiningEquaIUns465and4巧 8,wenndthat

K=

where

=

1
一

〞

┐

—

—

—

」

\
、

,
/′
一峏

ˊ

＿

I
\

1
一

羽
=

1
〦

一
η

\
、

—

′

/〞一㏕
ˊ

‘

I
\

a≡
4π甸乃
2 =U.529×

lU一
1UIn

is thesU＿calledBUhrradius.ItfUllUws(again,fromEquatiUn4.55)that

〞
p=一 .

a〞
:4.73〕

EvidentlythespajalwavefuncuUnsfUrhydrUgenarelabeledbythreequantumnum-

bers“ ,′ ,and〃 ):

ψ〞了〞(′,θ ,ψ)=Rπ r(r)γ〃(θ ,ψ ),

where(refernngbacktUEquatiUns436and4KU)

【4.74〕

R〞t(r)=土 p了
十lθ -pv(p),
r

I4.75〕
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分類 :

編號 : ㄏ
一

總號 :

andv(p)isapUlynUmialUfdegreeJmax=〞 一 ˊ 一 lin p,whUsecUefncientsare

determined(uptUanUveraIInUrmahzatiUn伍ctUrlbytherecursiUnfUrmula

2(o+ˊ +l一 刀)
【476〕幻+l=

(╯ +l)(9十 Z+2)

ThegΓUundstateahat is,thestateUflUwestenergy)is thecase刀 =1;putⅡn8
in theacceptedvaluesfUrthephysicalcUnstan亡 S,Weget

E】 = 一13.6eV. I4.97〕

EvidentlythebindingenergyUfhydrUgen(theamUuntUfenergyyUuwUuldhavetU
imp刉㏄ tUtheelecLUn inUrdertUiUnizetheatUm)is l3.6e、 6Equa位Un4.67fUrces
′=U,whence㏕ sU羽 =U(SeeEquatiUn4.29),sU

咖∞(r,θ ,ω =RlU(r)玿仰,Φ . I4.78〕

TherecursiUnfUl1Ⅱulatruncatesafter山enrst terIn(EquaⅡ Un4.76w丘 h╯ =Uyields
al ==U),sUv(p)isacUnstant(aU)and

竹 .

=

┐

—

—

—

」

\
l
J
/′
一峏

/
r
l
\

些
′

「

＿

＿

＿

└

一

RlU(r9=塑 εr/a.
a

NUmalizingit,inaccUrdancewithEquatiUn4.31,

f困㏕42〞r=寧 f尸a′ ŕ=㏑㏕2全 =〦
SU匆 =2/Vt.MeanwⅡ le,熠 =1︵〃

°
,sU

ψmⅨ已乳Φ=濤′

If刀 =2theenergyis

E2=￣
13.6eV=＿

3.4eV;

I479〕

I48U〕

I4.81〕

this is thenrstexdtedstate Urra山 er,∫翃紹∫,血ncewecanhavedther了 =Uan
whichcase沕 =U)Urt=1(with〞 =-l,U,Ur+l),sUthereareactuallyfUur
山fferent statesthatsharethisenergy.I′ =U,ther㏄ ursiUnrelatiUn(EquatiUn4.76)
glves

al=一aUlusing╯ =Ul, and仇 =U(uSing╯ =l),

一
 
一

一 
一
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分 類

編號:′ -6
總號 :

sUv(p)=91,(l一 p),andhence

R2U(r)=舞 (l一磊)ε
′/24.

If′ 二= I therecursiUnfUrmulaterminatestheSeriesafterasin.cleterm,sUl9(p)isa
cUnstant,and、 vennd

和ω=男≒ㄏθ
〃%.     郋到

(Ineachcase 亡heCUnstantaU iStUbedeterlninedbynUrmaliZatiUn— —seePrUblem

4.11.)

FUrafbitra● /刀 ,thepUssibleVaIueSUf′ (cUnsistentwithEquaⅡ Un4治7)are

′=U,1,2,‥ .,K-1         I484〕

ΓUreach了 ,thereare(2t+l)pUssiblevaluesUf〃 (EquatiUn429),sUthetUtal

de..eneracyUftheenergylevelE刀 is

仰)=Σσ+l)=K2.     H8到
了=U

I4.82〕

一
 
一
 
一
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斟抖垂銩Ⅲ｜蛔﹉送薍睇晶¥菙皇二囤

枝升仙′ Λ仙〞n七
一
日.

中 搧

中竹t中
⋯ 〃

r.〞︻政山 ′

′工尸K尸
t.

〃  t勿 九〞J╯↙r己

〃比〃〞工易烤物
t‘ 吃′〞工′6′ ,r9ㄏ 形伍.一 θ

=J吃′〞= 
〞方吆〞〞  →′
〞′́ -r  〞工＿t.′ .r肋羽乙4●允勿

〃 a〞ˊ翫 /́扇ˊ
.′
4山山川p′勿′=ˊ

′
K,′
/′4 ///｝●〞́

工
&污θ́θ /́=ˊ

Ξ′

→ 臨 z勿 r元 θ′〃  山 〞〞 存〞
ˊ 俠 存形〞切aˊ

rK6V工 r稅 4J=U rt:zJ╯工U

′秘山〞‘粥 9抑
n唧雄 冉 /〃 .

工∠4動 吆〞1〞

/↙′4θ =4a′曰′吻勿θ
╯ε磁

/:n㏑  ́= 戶′θt磁汐〞ˊ′〣竹
J.‘翃核劫〞/”〞t幼c 劦tθ′刀
→  乃打 Ja加e′ 形θ

9己 戶
〞t&〞

｜9.′9dt:一′︴｝ .
ˊ

〞形 〞 atθ〞
〞助

尸〞加〞〞F夕扔→》〞Zta〃
〞

. 磁 〞t /

ˊ
’6′4U9
ˊ
乃‘〞



t.η,矻

戶(乃θ′′’ =′ u〞θθ′tX么ˊ́
〞ˊ
Ξ
十ttˊ包ˊ

ㄑr> = 〞́́
=〔
一

t́ˊ
=尾

<∠
′> = θ́́iU‘U一 )́玄 ;: /●′

′
.ˊ .ζˊ
一
)́另
己

ㄑ .】 >  = /t′
: 
方

ㄑ ′t′  -￣/// ′‘3θ′ψ9: ′
′
 〞r巧θ′′’′

.′′J亡刀θ́θ</
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