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[t is very important that this problem should receive further experimental and
theoretical attention. When an accuracy ol comparison of 0.1 megacycle per second
has been reached, it will mean that the energy separations of the 2s and 2p states of
hydrogen agree with theory to a precision of a few parts in 10” of their binding energy

or that the exponent in Coulomb’s Taw of force is 2 with comparable accuracy.

Willis E. Lamb, Jr.
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Hydrogen Fine Structure

When the spectral lines of the hydrogen spectrum are examined
at very high resolution, they are found to be closely-spaced
doublets. This splitting is called fine structure and was one of the

first experimental evidences for electron spin.

656.2
A(nm)

656.1 656.3

The small
splitting of the
OPz5 spectral line is
B B 1L Ts attributed to an
2P K : :
-------------------------- interaction
2P1sz B B LS between th.e
102 8y electron spin S
121.6 nm A A Splitting and the orbital
T Tasxi05ey angular
momentum L.
15 LA It is called the
spin-orbit
interaction.
The familiar red H-alpha line
of hydrogen is a single line
according to the Bohr theory.
The straight application of the
Schrodinger equation to the
2 hydrogen atom gives the same
result. If you calculate the
wavelength of this line using
the energy expression from the
jﬁf; 2p Bohr theory, you get 6.56. 11
nm for hydrogen, treating the
Deuterium Hydrogen  nucleus as a fixed center. If

you use the reduced mass, you
get 656.47 nm for hydrogen
and 656.29 nm for deuterium.
The difference between the
hydrogen and deuterium lines
is about 0.2 nm and the
splitting of each of them is
about 0.016 nm,
corresponding to an energy
difference of about 0.000045
eV. This corresponds to an
internal magnetic field on the
electron of about 0.4 Tesla.
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HExamination of fine structure by saturation sp_ectroscop_y”
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Spin-Orbit Interaction
The energy levels of atomic electrons are affected by the
interaction between the electron spin magnetic moment and the
orbital angular momentum of the electron. It can be visualized as
a magnetic field caused by the electron's orbital motion interacting
with the spin magnetic moment. This effective magnetic field can
be expressed in terms of the electron orbital angular momentum.
The interaction energy is that of a magnetic dipole in a magnetic
field and takes the form
5 Index
L —
Ll i) §+L .
% i Schrodinger
Spin | Orbital equation
, . angular angular
?;r;? :E;Efrgﬁt.rllm energy mamentum momentum ml)t—s
E=n-B Atomic
like a magnet in an structure
applied magréetur: field. — o concepts
L= IA electron orbital
S . spin mation
When atomic spectral lines are split by the application of an
external magnetic field, it is called the Zeeman effect. The spin-
orbit interaction is also a magnetic interaction, but with the
magnetic field generated by the orbital motion of an electron
within the atom itself. It has been described as an "internal
Zeeman effect".
Spin-orbit splitting in sodium
HyperPhysics***** Quantum Physics R||Go Back
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Nave H

Effective Magnetic Field of
Orbit

The magnetic field in the electron frame of reference arising from
the orbital motion is

B = HoZev
4mre

Assuming a circular orbit, the angular momentum is mrv, so this

Index

Schrodinger

field can be expressed in terms of the orbital angular momentum equation
L: concepts
B = poZe
4 rer?
For a hydrogen electron in a 2p state at a radius of 4x the Bohr
radius, this translates to a magnetic field of about 0.3 Tesla. This
1s fairly consistent with the splitting of levels observed in the
hydrogen fine structure.
HyperPhysics***** Quantum Physics R||Go Back
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Magnetic Field in Electron
Frame
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B
<a /—]—\ Index
o
E Riding with ©— .

Inthe lab frame, the electron the electraon o Schrodinger

zees an electric field from 1

the nucleus, but if you ride cquation

with the electron, you ses COIlCG[ztS

a magnetic field caused by

thf’]"fﬂﬂt“’e motion of the The effective current from the motion of a

UETEUs. nucleus in a circular orbit is

‘:-__B;* > The [ =20 _ Zev

I magnetic At 2ur

field at the center of The effective magnetic field at the electron

a circular current loop is then

is B:]!DI B=EUZEV

2 4nrs
Magnetic field of current ||[Express in terms of angular
loop momentum
: . R||Go Back
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The Lamb Shift

According to the hydrogen Shrodinger equation solution, the
energy levels of the hydrogen electron should depend only on the
principal quantum number n. In 1951, Willis Lamb discovered
that this was not so - that the 2p(1/2) state is slightly lower than
the 2s(1/2) state resulting in a slight shift of the corresponding
spectral line (the Lamb shift).

It might seem that such a tiny effect i 2312 (=0
would be deemed nsignificant, but in this 4 470 4 10 % ey
case that shift probed the depths of our '

understanding of electromagnetic theory.

2py (1=1)
z

At the heart of the process is the
exchange force by which charges
interact by the exchange of photons
(the exchange force model of the
electromagnetic force). There can
be a self interaction of the electron
by exchange of a photon as
- sketched in the Feynman diagram at
left. This "smears out" the electron
position over a range of about 0.1 Index
fermi (Bohr radius = 52,900

fermis). This causes the electron Schrodinger
spin g-factor to be slightly different equation

from 2. There is also a slight concepts
weakening of the force on the

electron when it is very close to the || Hydrogen
nucleus, causing the 2s electron concepts
(which has penetration all the way
to the nucleus) to be slightly higher || Reference
in energy than the 2p(1/2) electron. Rohlf

Sec 8-9.

When we say the that the penetration of the 2s electron closer to
the nucleus leads to an energy higher than that of the 2p, this
sounds directly contradictory to the situation with multi-electron
atoms. There the penetration of the 2s closer to the nucleus
means that it has penetrated mnside the 1s electrons and therefore
feels a stronger attraction to the positive nucleus, leading to a
lower energy level (it takes more energy to remove the 2s from
the atom than the 2p). But in the case of the hydrogen atom,
there is only one electron, so there is none of the shielding from
mner electrons when it is in the 2s or 2p excited states. The effect
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on the energy levels has an entirely different origin, modeled by
quantum electrodynamics. In the absence of this effect, the 2s
and 2p would have identical energies since there is no shielding
by the presence of other electrons. The "self-interaction" of the
electron when it is near the proton causes the effective
"smearing" of the electron charge so that its attraction to the
proton is slightly weaker than it otherwise would have been. This
means it has encountered an interaction which makes it slightly
less tightly bound than a 2p electron, hence higher in energy.

Microwave measurement of the Significance of the Lamb
Lamb shift. shift

Saturation spectroscopy measurement of the Lamb shift.

R ||Go Back
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Measurement of the Lamb
Shift

While the Lamb shift is extremely small and difficult to measure
as a splitting in the optical or uv spectral lines, it is possible to
make use of transitions directly between the sublevels by going to
other regions of the electromagnetic spectrum. Willis Lamb made
his measurements of the shift in the microwave region. He
formed a beam of hydrogen atoms in the 2s(1/2) state. These
atoms could not directly take the transition to the 1s(1/2) state
because of the selection rule which requires the orbital angular
momentum to change by 1 unit in a transition. Putting the atoms
in a magnetic field to split the levels by the Zeeman effect, he
exposed the atoms to microwave radiation at 2395 MHz (not too
far from the ordinary microwave oven frequency of 2560 MHz).

Then he varied

the magnetic field | 1RdeX

until that Schrodi
frequency SCITOCINECT
produced Lt
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transitions from

the 2p(1/2) to

2p(3/2) levels. He
3 could then
measure the
allowed transition
from the 2p(3/2)
to the 1s(1/2)
state. He used the
results to
determine that the
zero-magnetic
field splitting of
these levels
correspond to
1057 MHz. By
the Planck
relationship, this
told him that the
energy separation
was 4.372 E-6
eV.

[ 2Pa
! 2 Split by Zeeman

Hy%rfine spliting "7 .’

45x10%eV . : W :

!i::;;ii‘; = comae v

' Microwave transifion

£ , 12395 MHz
& -—— k

T\ 2py 2 3

Lambshin 2 2

4.372 % 1[}'5 eV Thea Larnk shift is about

one lenth as large as
or 1057 MHz the Fypetine splitting.

Saturation spectroscopy measurement of the Lamb shift.

concepts

Reference
Rohlf
Sec 8-9.
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Significance of the Lamb Shift

When the Lamb shift was experimentally determined, it provided
a high precision verification of theoretical calculations made with
the quantum theory of electrodynamics. These calculations
predicted that electrons continually exchanged photons, this being
the mechanism by which the electromagnetic force acted. The
effect of the continuous emission and absorption of photons on
the electron g-factor could be calculated with great precision.

The tiny Lamb shift, measured with great precision, agreed to
many decimal places with the calculated result from quantum
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electrodynamics. The measured precision gives us the electron et al.,
spin g-factor as Sec 18.4.

g=2.002319304386

R ||Go Back

Nave

HyperPhysics***** Quantum Physics

J[RGRJ[UKEU RI[ CUVI IUW GFW JDCUG SWCPWO XO D JNO N


http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/zeeman.html#c5
http://hyperphysics.phy-astr.gsu.edu/hbase/quaref.html
http://hyperphysics.phy-astr.gsu.edu/hbase/hph.html
http://hyperphysics.phy-astr.gsu.edu/hbase/quacon.html#quacon
javascript:history.go(-1)

Z.eeman effect

From Wikipedia, the free encyclopedia

The Zeeman effect (w) /'zeImon/; IPA: ['zetman]), named after the Dutch physicist Pieter
Zeeman, is the effect of splitting a spectral line into several components in the presence of a static
magnetic field. It is analogous to the Stark effect, the splitting of a spectral line into several
components in the presence of an electric field. Also similarly to the Stark effect, transitions between
different components have, in general, different intensities, with some being entirely forbidden (in the

dipole approximation), as governed by the selection rules.

Since the distance between the Zeeman sub-levels is a function of the magnetic field, this effect can
be used to measure the magnetic field, e.g. that of the Sun and other stars or in laboratory plasmas.
The Zeeman effect is very important in applications such as nuclear magnetic resonance spectroscopy,
electron spin resonance spectroscopy, magnetic resonance imaging (MRI) and Mdssbauer
spectroscopy. It may also be utilized to improve accuracy in atomic absorption spectroscopy. A theory
about the magnetic sense of birds assumes that a protein in the retina is changed due to the Zeeman

effect.[1]

When the spectral lines are absorption lines, the effect is called inverse Zeeman effect.
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Nomenclature

Historically, one distinguishes between the "normal" and an anomalous Zeeman effect that appears
on transitions where the net spin of the electrons is not 0, the number of Zeeman sub-levels being
even instead of odd if there's an uneven number of electrons nvolved. It was called "anomalous"
because the electron spin had not yet been discovered, and so there was no good explanation for it at
the time that Zeeman observed the effect.
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At higher magnetic fields the effect ceases to be linear. At even higher field strength, when the
strength of the external field is comparable to the strength of the atom's internal field, electron
coupling is disturbed and the spectral lines rearrange. This is called the Paschen-Back effect.

In the modern scientific literature, these terms are rarely used, with a tendency to use just the
"Zeeman effect".

Theoretical presentation

The total Hamiltonian of an atom in a magnetic field is
H = Hy+ Vi,

where [, is the unperturbed Hamiltonian of the atom, and V/; is perturbation due to the magnetic
field:

—

Vi = —ji- B,

where i is the magnetic moment of the atom. The magnetic moment consists of the electronic and
nuclear parts, however, the latter is many orders of magnitude smaller and will be neglected here.
Therefore,

}'-_’!" = _“ngfﬁ'!

where ftg is the Bohr magneton, j is the total electronic angular momentum, and ¢ is the Land¢ g-
factor. The operator of the magnetic moment of an electron is a sum of the contributions of the orbital
angular momentum [ and the spin angular momentum &, with each multiplied by the appropriate
gyromagnetic ratio:

H= —#B(fo; + ng}fﬁ:

where g; = 1 and g, ~ 2.0023192 (the latter is called the anomalous gyromagnetic ratio; the
deviation of the value from 2 is due to Quantum Electrodynamics effects). In the case of the LS
coupling, one can sum over all electrons in the atom:

1

gJ = <z(gfz;f +gss:-)> = ((aL +9.9)),

where  and G are the total orbital momentum and spin of the atom, and averaging is done over a
state with a given value of the total angular momentum.

If the interaction term V/;; is small (less than the fine structure), it can be treated as a perturbation; this
is the Zeeman effect proper. In the Paschen-Back effect, described below, 1/}, exceeds the LS
coupling significantly (but is still small compared to Hj;). In ultrastrong magnetic fields, the magnetic-
field interaction may exceed Hj,, in which case the atom can no longer exist in its normal meaning,
and one talks about Landau levels instead. There are, of course, intermediate cases which are more
complex than these limit cases.

Weak field (Zeeman effect)
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If the spin-orbit interaction dominates over the effect of the external magnetic field, 7 and g are not
separately conserved, only the total angular momentum j_j. g is. The spin and orbital angular
momentum vectors can be thought of as precessing about the (fixed) total angular momentum vector
7. The (time-)"averaged" spin vector is then the projection of the spin onto the direction of j:

avg J2

. S.J) -
(5-J)

and for the (time-)"averaged" orbital vector:

. (L-J) -
Lowg = =557
Thus,
pg - L-J S.J -
{Lﬂu}zf (91 77 951 ) B.

Using ;—j_g and squaring both sides, we get

2

§.J= (P12 = TLG 1) 4+ 1)+ (s 1)

B | =

and: using 5_ j_ i and squaring both sides, we get

2

L-J= %(JE—SE+LE)= %[j(:ﬁ+1)+z(z+1)—s(s+1)1.

Combining everything and taking J-=fm;, we obtain the magnetic potential energy of the atom in the
applied external magnetic field,

o [ AGAD D =5+ 1) ) =+ 1) +s(5+1)
Var = bl o 27+ 1 . 2+ 1
o JG+ 1) =10+ 1)+ s + 1)
= pugBm; |1+ (g5 — 1) 250G +1) :

= upBm;g;

where the quantity in square brackets is the Landé g-factor gy of the atom (g, = 1 and gg = 2) and
M; is the z-component of the total angular momentum. For a single electron above filled shells
s = 1/2and j =1 £ s, the Land¢ g-factor can be simplified into:

gs —1
20 +1

Example: Lyman alpha transition in hydrogen

The Lyman alpha transition in hydrogen in the presence of the spin-orbit interaction involves the
transitions

QPUE — ]'S]-H'IE and 2P3I_.-'g — ]‘SUE'
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In the presence of an external magnetic field, the weak-field Zeeman effect splits the 1S/, and 2P,
states into 2 levels each (m; = 1/2, —1/2) and the 2P3, state into 4 levels (
m; =3/2,1/2,-1/2,—-3/2). The Landé¢ g-factors for the three levels are:

g5 = 2 for ].SUQ 021/2, l:O)
g5 = 2,"’3 for QP]_H"Q 0:1/27 1:1)
gy = 4/3 for 2Py5 (j=3/2, =1).

Note in particular that the size of the energy splitting is different for the different orbitals, because the
gy values are different. On the left, fine structure splitting is depicted. This splitting occurs even in the
absence of a magnetic field, as it is due to spin-orbit coupling. Depicted on the right is the additional
Zeeman splitting, which occurs in the presence of magnetic fields.

13/2
/2
3/2 - 1/2
-3/2

+1/2
P. -1/2

+1/2

1!2 h Y v

-1/2

Strong field (Paschen-Back effect)

The Paschen-Back effect is the splitting of atomic energy levels in the presence of a strong magnetic
field. This occurs when an external magnetic field is sufficiently large to disrupt the coupling between
orbital () and spin (') angular momenta. This effect is the strong-field limit of the Zeeman effect.
When 5 = (), the two effects are equivalent. The effect was named after the German physicists
Friedrich Paschen and Ernst E. A. Back.

When the magnetic-field perturbation significantly exceeds the spin-orbit interaction, one can safely
assume [ Hy, S| = 0. This allows the expectation values of L and S to be easily evaluated for a
state |1/). The energies are simply:

B.
E. = (¥ (Hﬂ + R gssz)) (0) = o + Bapn(my + gsms).

The above may be read as implying that the LS-coupling is completely broken by the external field.
However 11y and 1 are still "good" quantum numbers. Together with the selection rules for an
electric dipole transition, i.e., As = 0, Am; =0, Al = +1, Am; = 0, 1 this allows to ignore the
spin degree of freedom altogether. As a result, only three spectral lines will be visible, corresponding
to the Am; = 0, &1 selection rule. The splitting AE' = BugAm, is independent of the
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unperturbed energies and electronic configurations of the levels being considered. It should be noted
that in general (if s # (), these three components are actually groups of several transitions each, due
to the residual spin-orbit coupling.

In general, one must now add spin-orbit coupling and relativistic corrections (which are of the same
order, known as 'fine structure') as a perturbation to these 'unperturbed' levels. First order
perturbation theory with these fine-structure corrections yields the following formula for the Hydrogen
atom in the Paschen-Back limit:[]

Bropmb 5[ (Wt

Intermediate field for j =1/2

In the magnetic dipole approximation, the Hamiltonian which includes both the hyperfine and Zeeman
interactions is

H=hAI-J—p-B
H=hAI-J — pplgsd +g:1)- B

To arrive at the Breit-Rabi formula we will include the hyperfine structure (interaction between the
electron's spin and the magnetic moment of the nucleus), which is governed by the quantum number
F=| 13"| = | J + I], where [ is the spin angular momentum operator of the nucleus. Alternatively,
the derivation could be done with ,J only. The constant 4 is known as the zero field hyperfine
constant and is given in units of Hertz. [t is the Bohr magneton. # j and # J are the electron and
nuclear angular momentum operators. ¢y and §F can be found via a classical vector coupling model or

a more detailed quantum mechanical calculation to be:

JJ+1)+ L(L+1)—-8(5+1) J(J+1)—LIL+1)+ S5(5S+1)

97 = 9 2J(J + 1) T9s 2J(J +1)
FIF+1)+J(J+1)-I(I+1) F(F+1)—-J(J+1)+1I(I+1)
9F = 4 +41
OF(F +1) 2F(F +1)

As discussed, in the case of weak magnetic fields, the Zeeman interaction can be treated as a
perturbation to the | F\ m f} basis. In the high field regime, the magnetic field becomes so large that the

Zeeman effect will dominate, and we must use a more complete basis of | I, J, my, m ;) or just
|m I, m _;} since [ and ,J will be constant within a given level.

To get the complete picture, including intermediate field strengths, we must consider eigenstates which
are superpositions of the | F m ) and |m;, m s} basis states. For J = 1/2, the Hamiltonian can be
solved analytically, resulting in the Breit-Rabi formula. Notably, the electric quadrapole interaction is
zero for [, = (0 (J = 1/2), so this formula is fairly accurate.

To solve this system, we note that at all times, the total angular momentum projection
mg = mj + m;y will be conserved. Furthermore, since .J = 1 /2 between states 177 will change

between only 41 /2. Therefore, we can define a good basis as:


http://en.wikipedia.org/w/index.php?title=Zeeman_effect&printable=yes#cite_note-2
http://en.wikipedia.org/wiki/Hyperfine_structure
http://en.wikipedia.org/wiki/Bohr_magneton

We now utilize quantum mechanical ladder operators, which are defined for a general angular
momentum operator [, as

Ly =L, +iL,

These ladder operators have the property

Li|Lmyg) = \/(L:FmL}(Lj: my +1)|L,mg £ 1)

as long as My, lies in the range — L, . . . ..., L (otherwise, they return zero). Using ladder operators .J .
and [, We can rewrite the Hamiltonian as

hA
H="hALJ, + 7(J+I— + J_I) — pupB(gsJ). + g1 z)

Now we can determine the matrix elements of the Hamiltonian:

1 1
(£|H|£) = —~A — upBgrmp £ 5(1'144—-??11? — upBlgs — g1))

4
(= H|F)

1
§m\/(f +1/2)2 —m

Solving for the eigenvalues of this matrix, (as can be done by hand, or more easily, with a computer
algebra system) we arrive at the energy shifts:

hAW hAW 2mpx
AFp_ = —_——— B+ — |14+ —— 2
F=I+1/2 221+ 1) + KHBgrmr 5 \/ + T+1/2 +x
_ psBlgs—g1) —_— ( 1)
T = EATT AW =A(T+ 5

where ATY7 is the splitting (in units of Hz) between two hyperfine sublevels in the absence of
magnetic field 3,

x is referred to as the 'field strength parameter' (Note: for . = —(I + 1/2) the square root is an
exact square, and should be interpreted as (1 — z)). This equation is known as the Breit-Rabi
formula and is useful for systems with one valence electron in an s (J = 1/2) level. B4

Note that index F'in AEr_j1q /2 should be considered not as total angular momentum of the atom
but as asymptotic total angular momentum. It is equal to total angular momentum only if B = ()
otherwise eigenvectors corresponding different eigenvalues of the Hamiltonian are the superpositions
of states with different F" but equal M (the only exceptions are |[F' = [ +1/2, mg = £ F)).

Applications

Astrophysics

George Ellery Hale was the first to notice the Zeeman effect in the solar spectra, indicating the
existence of strong magnetic fields in sunspots. Such fields can be quite high, on the order of .1 Tesla
or higher. Today, the Zeeman effect is used to produce magnetograms showing the variation of
magnetic field on the sun.
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