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THEADDITIUN
UΓ ANGULAR
MUMΠ NTA

THEADDITIUNUΓ TWUSPINS

suPPUsewehavetwUelectrUns′ whUsesPinsaredescⅡ bedbytheUPeratUrsS1
andS2.EachUfthesesetsUfUPeratUrsSatisnesthestandardangularInUmentum
cUInmutauUnrela位 Uns

:SlvS】 y】 =jKSnz

andsUUn′

【Sㄙ′S〞I=:元St                 (15-l)

andsUUn′ butthetwUsetSUfUPeratUrscUInInutewitheachUther′ sincethede-

greesUffreedUInassUciatedwithdifferentParticlesareindePendent′ that is′

IS1,S」 =U           (15-2)

LetusnUwdennethetUtalsPin sby

S=S】 十 S2           (15-3)

ThecUm工 nutajUnrelatiUnsUbeyedbythecUmPUnentsUfSare

ISx′ SyI=I∫ ,+Sㄙ′Sㄅ +S2y〕
=IS1〃 SㄅI+【S拉′s〞〕             (156)

=j元 (Slz十 S〞)=i元Sz
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andsUUn.WearetherefUre” stinedincallingSthetUtalε 〃 K.WemaynUw

determinetheeigenvaluesandeigenfunctiUnsUfS2andSz.

ThetwU-sPin systeInactuallyhasfUur states.IfWedenUtetheSPinUrUfthenrst

electrUnbyx生 )′ sUthat

andshnilarlyfUrthesPinUrx堡 )UfthesecUndelectrUn′ thenthefUur statesare

S子x堡
)=吉

(吉 +1)充2x埜 )

Slzx笙 )=±告充x里 )

x學
)x錚 )′
x年
)xg4x± )x甲 )′

x坐
)xg)

TheeigenvaluesUfSzfUrthefUur statesare

Szx里
)x堡)=(Slz十 S拉)X笙 )x蟹 )

=(SIzx笙
))x蟹)十

x生
)(S多
X望
〉
)

that is,

Szx仟 )x畢
)=元
x年
)x甲 )

Szx年 )/堡 )二 Szx坦 )x坪)=U

Szx士 )xg)=一九x坐
)xg)

(15-5)

(15-6)

(15-7)

(15-1U)

TherearetwUstateswith〃 -valueU.Une【 n吃htexPectthatUnelinearcUmb二 natiUn
UfthemwillfUrmanS=l state′ tUfUrnlatriPletwiththe〃 =land〃 = 一1
states′ andtheUrthUgUnalcUmbinatiUnwillfUrInasingletS=Ustate.TUcheck

thisexPectatiUn′ letuscUnstructtheIUweringUPeratUr

S一 二 S├ +$一 (15-8)

andaPPlythis tUthe〞 =l state.This shUuldgiveusthe“ =UstatethatbelUngs
tUtheS=1triPlet〞 asidefrUmacUefncient infrUnt.Indeed′ usingthefactthat

SΥxφ =元xㄓ (15-9)

whiε hcanbeestablishedby
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)+元
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S一 x甲
)x甲 )
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ThelinearcUmbinatiUnhasbeennUrmalized′ andthecUmPensatingfactUr infrUnt′

Vt元′a8reeswithWhatUnewUuldexPectfrUma1＿ 3ω andll1-48)with︳ =仞 =
1.IfwenUwaPPlyS一 tUthis linearcUmbinatiUn′ andnUtethat

sgxg=U (15-12)

、
veget

x年
)x堡)+x坦 )x畢 )

THEADDITIUNUΓ ┐ΠγUSPINS

Wehave

FirstUfall′

andsiInilarly

Next′ wecalculate

S一

Ⅵ
=磊唹甲十X町幻

蕩㎡,。一x坐》9

255

(15-14)

(15-15)

(15-16)

(I5-17)

(15-18)

(15-19)

(15-13)

、
/ㄎ元x坐
)xg)

asweshUuld′ fUranangular rnUmen七 uInStateS=1 Theremainingstateˊ cUn-

structedtUbeUrthUgUnaltU(15-1l)andPrUPerlynUnnaIized′ is

andbecausei七 haSnUPartners′ wecUn〕ecturethat it isanS=Ustate InUrdertU

checkthis′ wecUmPuteS2fUrthetwUstates

x± =議 q坪〞±x±99

S2=(S1+S2)2=S:+SΞ 十 2Sl S2

=s予 +sΞ +2S1′ 鈔
+乳 +動 一 十 S﹎ $十

s予x±

= 射 ′ X±

2slzs鈔 x± =2(吉 K× 一 吉K)X士 =

議“。s行φ±尸踧坦b
暑充
2X工

議
侈 Ia鄲 2一尸 +S1一β s2+尸

Sl+x∟ )S2一 x甲
)±
S1一x坐
)S2+x甲))
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碼

由

︴

≡

一
i
一

)
去

︙
:

、
vhich′ withthehelPUf(15￣’)and(15-12)yields

(S】 +S2一 十 S1一 S2+) =±充
2X+         (15之U)

Thus

S2X± =〞 (暑 +暑 一吉± 1) 光
2X+

(15-21)

=九2S(S+1)

Ⅵ八thS=landUcUrresPUndingtUthe± states.
WhatwehaveshUwn is thatthetUtahtyUfthefUur stateSUftWUsPin l/2

ParticlesmayberecUmbinedintUatriPletandintUasin8lettUtalsPin state.ItiS
inPUrtanttUnUtethatthehvUdescriPtiUnsareentirelyequivalent.InUnecasewe
haveasUurcUmPletesetUfcUmmutingUb㏄ rvablesS予↗sΞ′SIvandSvInthe

UthercasewehaveasUurcUmPletesetUfcUmmutingUbServablesS2′ S〞 S:′ sΞ .

BytheexPansiUntheUrem′ anyfunctiUncanbeexPandedin termsUfacUmPlete
setUfeigenstates.h物atωθ九avε tθ紹UK針用拋〞九θ〃 js t乃εθxpaη s工U竹 好 比εθ惁θ竹S幼 tεS

Urt加ε sεεU竹〞 Sθ tUrUtsεrvat!εε
=竹

tε r祝SUrt乃εεU“pt㎡ε sε tUr statεsUrt乃ε戶Kts針 Ur

Utsεrvaㄋ Iθs.This is quiteanalU8UustUtheeXPressiUnUftheeigenstatesUfthehy-

生 器 黜 技 械 晶 鴇 rㄞ 拷 t｝
。
毖 F℉ #描 ︳茻

一

寍 :rL茫

tiUns.It isaSirnPleexercisetUinvert thePrUcessandtUnndthePrUductsUfthe

X(〕
)Xθ)in termSUftriPle亡 andSingletcUmbinatiUns

InPhysicalPrUblems itfrequentlyhaPPens thattUnrstaPPrUx丘 natiUnhvUsetS

UfcUmPletelycUmInutin8Ubservablesareequa1lyusefulin thecUnstructiUnUf
eigenstates.InnextaPPrUx㏑ ⅥuUnˊ whenadditiUnaltermsin theHaIniltUnianare
taken intUaccUun4UnlyUneUfthesesets remainsusefu1.AsirnPleexamPleUccurs

in lU、venergynuclearPhysics.
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8.04 Quantum Physics Lecture XX 

Angular momentum 

The eigenequation associated with angular momentum reads 

L̂2Y (θ, φ) = 2mr 2EL(r)Y (θ, φ) = const · Y (θ, φ) (20-1) 

where 2mr2EL is the eigenvalue, and 

L̂2 = −h̄2 

� 
∂2 

∂θ2 
+ cot θ 

∂ 
∂θ 

+ 
1 

sin θ 
∂2 

∂θ2 

� 

(20-2) 

Similar to the HO problem, we can proceed in two ways. We can either: 

1. solve the differential equation using some Taylor expansion. 

2. we can take a more abstract operator approach. 

Here we will do the latter. (For the direct approach see Gasiorowicz, supplement 7-B, 
or F&T.) We analyze the commutation relations for the angular momentum operator 

L̂ = r̂ × p̂ (20-3) 

Note. that since waves in orthogonal directions are independent, we have no Heisen­
berg uncertainty restriction on, say x and py, and consequently the commutator is 
zero, [x, py] = 0. 

Let us calculate the commutator between different components of L: omit operator 
symbol 

[Lx, Ly] = [ypz − zpy, zpx − xpz] (20-4) 

= y[pz, z]px + x[z, py]py (20-5) 
h̄

= ypx hxpy+ i¯ (20-6) 
i 

= ih̄(xpy − ypx) (20-7) 

= i¯ (20-8) hLz 

[Lx, Ly hLz] = i¯ (20-9) 

[Ly, Lz hLx] = i¯ (20-10) 

[Lz, Lx hLy] = i¯ (20-11) 

The fact that the different components of angular momentum do not commute means 
that it is not possible to find simultaneous eigenstates of, say, Lx and Lz, unless 
Lz = 0 for that state (see previous lecture). 

Massachusetts Institute of Technology XX-1 
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What about L2? 

[Lz, L
2] = [Lz, L

2 ] + [Lz, L
2]	 (20-12) x y

= Lx[Lz, Lx] + [Lz, Lx]Lx + Ly[Lz, Ly] + [Lz, Ly]Ly (20-13) 

= i¯ + i¯ hLy hLx (20-14) hLxLy hLyLx − i¯ Lx − i¯ Ly 

= 0 (20-15) 

This implies that one can find simultaneous eigenstates of L2 and one component 
of L2 and one component of L, e.g., Lz, but not of all components: 

Proof. (Direct proof by contradiction) For a simultaneous eigenstate |n� of Lx and 
Ly with 

Lx|n� = l1|n�, (20-16) 

Ly|n� = l2|n�. (20-17) 

we have 

[Lx, Ly]|n� = 0 = Lz|n� (20-18) 

and 
1 

l2|n� = Ly|n� = 
ih̄

[Lz, Lx]|n� = 0 → l2 = 0 (20-19) 

and similarly l1 = 0. Only for L = 0 can we have simultaneous eigenstates of Lx, Ly, 
Lz. 

In general, we can only have simultaneous eigenstates of L2 and Lz (or Lx or Ly, 
Lz by convention). Let us denote such an eigenstate by |l,m� with 

Lz|l,m� = mh̄|l,m� (20-20) 

L2|l,m� = h̄2l(l + 1)|l,m� (20-21) 

The reason for the strange definition of the quantum number l (or L2 eigenvalue 
h̄2l(l + 1)) will become apparent later. m, l are dimensionless numbers, since L = 
r × p has units of h̄. We assume that the simultaneous eigenstates of L2 and Lz are 
normalized, 

�l�,m�|l,m� = δll� δmm� 

orthonormality for 
→	 angular momentum (20-22) 

eigenstates 

Massachusetts Institute of Technology XX-2 
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Raising and lowering operators for angular momentum 

It is useful to define the following non-Hermitian operators 

(20-23) 

(20-24) 

(20-25) 

L± = Lx ± iLy 

L† = L+ − 

L† = L+− 

L+ and L are Hermitian conjugate of each other (reminiscent of â = 
x
x̂
0 

+ i 
p
p̂

0 
,− 

â† =	 x̂ − i p̂ ). To understand similar significance of these operators, let us analyze 
x0	 p0 

their commutation relations: 
[L2, L±] = 0 (20-26) 

since [L2, Lx] = 0, [L2, Ly] = 0. 

[L+, L−] = [Lx + iLy, Lx − iLy] (20-27) 

= −i[Lx, Ly] + i[Ly, Lx] (20-28) 

= −2i[Lx, Ly] (20-29) 

= −2ii¯ (20-30) hLz 

= 2h̄Lz (20-31) 

[L+, L−] = 2h̄Lz (20-32) 

[L±, Lz] = [Lx ± iLy, Lz] (20-33) 

= [Lx, Lz] ± i[Ly, Lz] (20-34) 

= −i¯ hLx (20-35) hLy ± i(i¯ ) 

= �¯ hLyhLx − i¯ (20-36) 

= �h̄(Lx ± Ly) (20-37) 

hL (20-38) 

[L±, Lz hL±] = �¯ (20-39) 

We also note that 

L+L−	 = (Lx + iLy)(Lx − iLy) (20-40) 

= L2 
x + L2 

y − iLxLy + LyLx (20-41) 

= L2 − L2 
z − i[Lx, Ly] (20-42) 

= L2 − L2 
z + h̄Lz (20-43) 

and similarly L = L2 hLz.−L+ − L2 
z − ¯

Massachusetts Institute of Technology XX-3 
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L+L− 

L−L+ 

= 

= 

L2 − L2 
z + h̄Lz 

L2 − L2 
z − h̄Lz 

As for the HO, we now proceed to analyze the range of allowed values for l, m: Since 
L2 = L2 + L2 + L2 and Lx, Ly, Lz are Hermitian operators, we have x y z 

�l,m|L2 |l,m� = �L† (l,m)|Lx(l,m)� = �Lx(l,m)|Lx(l,m)� ≥ 0, (20-44) x x

similarly for y, z, and consequently �l,m|L2|l,m� ≥ 0 or 

0 ≤ �l,m|L2|l,m� = h̄2l(l + 1)�l,m|l,m� = h̄2l(l + 1). (20-45) 

Consequently, we can choose l ≥ 0. we define l� := −(l + 1), then (If l ≤ −1, 
l(l +1) = −l�(l� + 1) and l� ≥ 0.) To understand the operators L±, let us define a new 
state 

|ψ±� := L±|l,m�, (20-46) 

and act on it with L2 . 

L2|ψ±� = L2L±|l,m� (20-47) 

= L±L2|l,m� (20-48) 

= h̄2l(l + 1)L±|l,m� (20-49) 

= h̄2l(l + 1)|ψ±�, (20-50) 

so |ψ±� is an eigenstate of L2 with the same quantum number l. Also we have 

Lz|ψ±� = LzL±|l,m� (20-51) 

= (L±Lz ± ¯ ±)|l,m� (20-52) hL

= (mh̄± h̄)L±|l,m� (20-53) 

= (m ± 1)h̄L±|l,m� (20-54) 

= (m ± 1)h̄ ψ (20-55) 

This means that L±|l,m� is also an eignenstate of Lz, but with an eigenvalue (m±1)h̄ 
that differs from the original one by one. Since m is the quantum number associated 
with the z component of angular momentum, we call m the azimuthal (or mag­
netic) quantum number, while l is the quantum number associated with 
total angular momentum. L+ (L−) raises (lowers) the magnetic quantum number 
by one, while preserving the total angular momentum l. 

Let us calculate the length of 

|l,m �± 1� := L±|l,m�, (20-56) 

Massachusetts Institute of Technology XX-4 
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8.04 Quantum Physics Lecture XX 

l,m ± 1 l,m ± 1� = �l,m

the unnormalized state vector.


L�L±l,m� (20-57) |
 |

L2 − L2 hLz l,m� (20-58) z � ¯ |

h2 

= �l,m
|

= h̄2l(l + 1) − h̄2 2 2)�l,mm � ¯
 |l,m� (20-59)
m


l(l + 1) − m(m ± 1) (20-60) = h̄2

= h̄2(l � m)(l ± m + 1) (20-61) 

Since the length squared of any vector must be non-negative, it follows that 

l(l + 1) − m(m ± 1) ≥ 0. (20-62) 

Consequently, 

1 1 
m(m ± 1) = m 2 ± m + (20-63) 

4 
− 

4�2
1 1 − (20-64) m ±=

2
 4
�2

1 1 
+ l = l + (20-65) ≤ l2 

2 
− 

4 

or


m ±

1

2

≤
 +


1

2


1

= l + (20-66)


2


since l ≥ 0, 
m ≤ l, for m > 0 (20-67) 

and also 
− m ≤ l, for m ≤ 0. (20-68) 

Therefore, m is bounded both from above and from below: 

−l ≤ m ≤ l , l ≥ 0. (20-69) 

Since |ψ+� = L+|l,m� is also an eigenstate of L2 and Lz, but with new eigenvalue 
m� = m + 1, the bound on m is only consistent with this fact if L+|l,m� = 0 for some 
m. Consequently, with 

L+|l,m� = |
 (20-70)
l,m + 1� 

l,m + 1 l,m + 1� 
(l − m)(l + m + 1). (20-72) 

0 = �
 |
 (20-71)


= h̄2

Massachusetts Institute of Technology XX-5 
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mmax = l (20-73) 

Similarly, for 
ketψ− = L−|l,m� we have 

mmin = −l . (20-74) 

Thus, we have a ladder of eigenvalues spaced by one, and connected by the raising 
and lowering operators L+ and L− 

m = −l, −l + 1, . . . , l − 1, l , l ≥ 0 (20-75) 

This is only possible is l is integer or half integer. It turns out that half-integer 

Figure I: Ladder of eigenvalues for fixed l. 

values of l have no simple spatial representation, and correspond to an internal form 
of angular momentum called spin of the particle. Here we will restrict ourselves to 
orbital angular momentum, which requires l to be an integer. 

Massachusetts Institute of Technology XX-6 
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Summary: angular momentum derivation 

L = r × p (21-1)


Lx = ypz − zpy, etc. (21-2)


[x, py] = 0, etc. (21-3)


Angular momentum commutation relations 

[Lx, Ly hLz] = i¯ (21-4) 

[Li, Lj ] = i¯ (21-5) h�ijkLk 

Levi-Civita symbol: 

+1 for even permutation of xyz 
�ijk = (21-6) 

−1 for odd permutation 

In general, no simultaneous eigenstates of Lx, Ly, Lz, 

L2 = L2 
x + L2 

y + L2 
z, (21-7) 

[L2, Lx] = [L2, Ly] = [L2, Lz] = 0, (21-8) 

simultaneous eigenstates of L2 and one component (Lz). 
Define, without loss of generality, simultaneous eigenstates |l,m� of L2 and Lz 

such that 

Lz l,m� = mh̄ l,m� m magnetic quantum number (21-9) | | → � � 

L2 h2 l ≥ 0 quantum number of |l,m� = ¯ l(l + 1)|l,m� → 
total average momentum 

(21-10) 

�l�,m�|l,m� = δll� δmm� , → orthonormality (21-11) 

Raising and lowering operators 

L = Lx ± iLy = L† (21-12) ± ± 

[L2, L±] = 0 (21-13) 

Note. L± preserves l. 

Massachusetts Institute of Technology XXI-1 
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(21-14)

(21-15)

(21-16)

〈t,仍max+l｜ t,仇m沝 +1〉 =〞 (t一仍max)(t十 mmax+1)=U (21-17)

(21-18)

(21-19)

(21-2U)

(21-21)

“,匆m㏑ 一

SinCe仍max一 仇 ㏕ n=integer● ntegernumberUfappl沁 at㏑nUf乙 +UntU｜ t,仇m㏑〉).We
need仇max一 仇m㏑ =2t=integer.(t integerUfhalHnteger.)

I乙土,乙 z︳ =干九乙土

numberby1.

乙士｜t,m〉 =｜ t,仇土1〉 ,frUm

Λbte.乙土inCreasesaUwersl magnet比 quantum
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Ti︳me一IDependentPerturbatiUnTheUry

為幫器rrt註械輲 窗蜜械 品㎜片劣驟點璻
p肛ed●
。
JfU:        

夕(r)=劦 十〞(′),         (lU.22)

whereJfU,whlchdescr山 esthesystemwhenunperlurbed,isassumedtUhaveexactsUlutiUns

thatarcknUwn SuchsplittingUftheHanIItUnian isencUunteredin thefUl1Uwingtvpical prUb-

㏑m.qUn血 deras於temWhich,whenunperlurbed,沁 described” aⅡme＿indcpendentHamilU-
nianffUwhUsesUlut1UnS theeigenvaluesE〞 andeigenstates,︳ 〞刀〉一areknUwn,

riU〡 v/〞〉=E〞 ｜〃〞〉,

andwhUsemUstgeneral statevectUrsaregivenbystatiUnaFγ states

(lU.23)

｜ Ψ 刀
(U〉
=θ

￣ irfUt,J)｜
〃 ㄔ 〉 =θ

一
jE刀 了〞

｜ 〞 刀 〉
(lU.24)

In山 eⅡmeintervalU≦ J≦ twefu切 ectthe叩stemtUanextemalⅡme-dependent perlurbat㏑n,
◤(′ ),thatis smallcUmparedtUJfU:

/(〃)=
◤(′)  U≦ ′≦t
U   r<U, ′>t.

(1U.25)

DtlringtheImeintervalU≦ t≦ t,theHamiltUnlanUfthesystemk〃 =JfU十 ◤〔),andthe
cUπeSpUndingSchr° dingerequatlUn ls

踢
σ｜Ψ(r))=σ

℅+〞 (′ ))｜ Ψ(′ )) (1U26)

(lU27)

(lU.28)

where◤ (J)charactehzestheinteractiUnUfthesystemwiththeextemalsUurceUfperlurbatiUn.

H㎝vdUes◤ (r)affectthesystem?炳 menthesystem interactsWith◤ σ),hdther㏕沁UrbS
Uremitsene【野 . This pΓUcess inevitablycausesthesystemtUundergUtransitiUns iUmUne

unperturbeddgenstatetUanUtherThemaIntaskUftim年 dependent perlurbaⅡ UntheU,cUn血
乎
s

Ufansweringthis questiUn:Ifthesystem心 initiaⅡ yinan(unperlurbedle㎏ ens伍te〡 〃i〉 UfJ,rU,

what is tlleprUbabili垀 thatthesystemwillbefUundatalater timeinanUtherunpertufbed

eigenstate｜ 〞́〉?
TUpreparethe麥心undfUΓ answeringthis questiUn,weneedtUlUUkfUrthesUlutiUnsUfthe

Schr° dingerequatiUn(lU26)The哎 andardmethUdtUsUlve(】 U.26)iStUexpand〡 Ψ (′))in
terInsUfanexpans㏑ ncUemdentε〞(′ ):

︳ΨU)=Σ幼σr咖 ︳物〉,

andthen insert this intU(lU.26)tUnndε 刀(ˊ )tUvariUusUrders in theapprUxinatiUn.InsteadUf
fUllUwingthis prUcedure,andsincewearedeaIingwithtiIne-dependent pUtentials,it is mUre

cUnVenient tUsUlve(lU.26)in theinteractiUn picture(lU.19):

湳生上考≠一﹂=恦〡昫㏑
where︳ Ψ (′

)〉′ =↙
JiUt/力

｜Ψ (〞 ))and巧 (〞 )=↙ 栭
了/力 9(〞 )θ

一jJfUr/方 ThetimeevUlutiUn
equatiUn｜ Ψ (′ )〉 =σ (′ ,tj)〡 Ψ (幻 )〉 maybewritten in theinteractiUnp比 tureas

〡Ψ (′ )〉 r=↙
ffUt〞
〡Ψσ)〉 =↙

rfUt〞
θ〔,方 )〡 Ψ lrI)〉 =↙

’iUt/方
θ〔,打 )ε

一iJiU句 /方
︳Ψ (r,)｝′,

(lU.29)

Uras

〡Ψ(r)〉 f=VK〃 ,′j)｜ Ψ(rj)〉′, (1U.3U)



wherethetimeevUlutiUnUperatUr isgiven in theinteractiUn pictureby

山σ,打)=↙
IfUr/nθ
σ,什 )ε
┤JfU〞〞

. (lU.31)

Inserting(lU.3U)intU(IU.2助 weendupwith

蹈
響

=佃 山 色 位    卹 勾

ThesUlutbnsUf山 isequat㏑n,withtheinit㏑ lcUⅡ血tiUn乙rJ仍 ,打 )=J,aregⅣenbythe切Jegr.r

εσπa〞′UK

山 色 ω =喘
r礽

山 匕 蒯 . a° 3η

η me-dependent perturba位 Unth反呵 prUⅥ desapp沒”〢〃6〃θsUlujUns tUthk integralequaⅡ Un.

Th6cUnsists inassumingthat乃 〔)︴ ∫〞a〃 物θ刀Pㄌaθ祊珽r’尨昭′′昭〞.Thenrst＿ Urderap-

prUximajUn isUbtainedbyinserting乙 rr(′
′
,〞j)= Iin theintegfals地” Uf(1U.33),leadingtU

淋 :釘 午:霮
j盂
:出 名 孕 謄 錡 r:熙 ∥ l函

“ 用 =卲
)“
ω ㏑ dk〢㎡eg㏕ 血田 ㎡

U尸 )“ ,〞)=l一
÷r巧

的 〃 +←
青)ut巧

仙 )JrlI一 巧 (幼)碗  (lU.3Φ

The山itUrd“ apprU如m皕Un6Ub由ned” SubsImt㏑g“勾(r,方)血U(lU.33),andsUUn.A
repetitiUnUfthis iteraIveprUcessyields

山色ω =吒
r咖

℉
← θ

2r幼
I油
〃
恦 碗

一
+←
θ Υ
“ l砌
〃
恦 劫

I眨
恦 兩 ⋯

′
峏 劦

一

This seHes,knUwnasthe、∫UK∫ε′
。
釕 ,al︳UwsfUr山ecalculatiUnUfthestatevectUru:甘 翠

des聚
驟 :::｛｛II:｝f::llⅡ飩e山eiansitiUn prU●abiliVItm叩 beUbtainedbyt旅ing比

ma㏑xelementsUf(lU.35)be︹ 〃eenthedgenstatesUfJfU.Ime-dependent pemrbatiUntheUη ”
whereUneassumes knUwledgeUfthesUlut㏑ nsUftheunpemrbeddgenvalueprUbleIn(lU.231,

deals inessencewiththecalculatiUnUftheiansiHUn prUbabilitiesbe小 〃eentheunperlurbed

e屯enstates〡 φ切〉Ufthe呼stem.

1U.3.l  TraⅡ siIUnPrUbabⅡ iIy

Thetrans丘㏑n prUbabiliycUiespUndingtUatran血 uUnfrUman initialunpe」山tbedState｜ 吻 ｝

tUanUtherunpeⅡ m【bedstate〡 〃√〉6UbtainedfrUm(lU.35):

竹ω=阞山色ω〣
「
=口〣-青r〃〣

+l-青
)2｜:::;::｜ r尸加‥(町而 咖叫ㄅ蜥‵物陶 〡岰〢,

(lU.3ε〕



wherewehaveusedthefactthat

〈〞/｜ 巧
(r′
)〡 〞j)=〈 〞r｜ ε

jffU′′
/易 〞 (′

′
)θ

一

JfUt′ /方
〡γj)=〈 〃ˊ ｜◤ (ˊ

ˊ
)〡 吻 〉exp〔 ω /jro,

(lU.3η

whereω戶k山etransitiUn全 equencybe∥veentheinitialandnnallevels′ and/

mrl=罕 =青 (〈〃/〡璊〡〃/)-〈竹〡璊〡吻)) (lU.38)

The仕anSitiUn prUbabilky(1U%)canbewr血 en in terInsUftheexpansiUncUemcien“ ε〞(〞 )
intrUducedin(lU27)as

(lU.3ㄌPIrΘ =玾 +ε° U+U° U一 气

where

玾 =吻 〣 =切 ,玾 U=垮 r〣 奶 〡〞
耐 〃⋯ m絅

Thenrst＿UrderiansitiUn prUbabili妙 fUr︳ 〞,〉 →｜〞/〉 with′ ≠/landhence〈 〞/〡 吻〉=
Ul你 UbtainedbytelIllinating(lU.36)atthenrstUrder in珔 (′ ):

(lU.41)

In princ妳 八ewecanuse(1U.%)tUcalculatetheiansit㏑ n prUbabili妙 tUaIlYUrder in巧 〔).
HUwever,terInshigherthanthe丘 心tUrderbecUmerapidlyintractable FUr lnUst prUblemsUf
atUmlcandnuclearphys比 s,thenrstUrder(1U.41)kusual妙  sumdent.InwhatfUl)Uws,weare
gUingtUapply(1U.41)tUcalculatethetrans丘 iUn prUbabili妙 fUr師UcaSes,whichwillhavelater
use血lnesswhenwedealwiththeinteracⅡ UnUfatUmswithradiaHUn: aε U“比羽′pemrbaⅡ Un
anda乃armUη oε pemrbatiUn

lU.3迄  Transi位UⅡ ProbabⅡ ityibraCUⅡ staⅡtPerturbatiUn

Inthecasewhere◤ dUesnUtdependUn位 me,(lU.41)leadstU

which,using｜ θ
jθ

一 l〡 2=4sin2(θ /2),reducestU

Π́ (′)=
4｜ 〈〃/｜ 〞〡〞j〉〡

2血′(罕
)力2ω｝j

AsahnctiUnUfⅡ me,this transitbn prUbabiliㄅ isanUscillating血 nusUldalfunctlUnwitha
peⅡUdUf2π /ω力 Asa允 mct㏑nUfω √i,hUweve几 thetrans北 iUn prUbabili” 4asshUwn inΓig＿
Ⅲe lU.l,hasan interferencepattem: it isappreciableUnlyneaI‘ 妙/j 生 Uanddecaysrapidly
asω /jmUvesawη 全 UmzerUmere,fUranxed′ ,wehaveassumedthatω /JisacUnt㏑ uUus

抑 =手
｜
昕 峏 r〃 ㎡ =嘉 ｜昕 ├〞├Ψω

「

｜午 〡
,←
。
4砂

(lU.43)

σ叮θ〃
(
◤

/〞

r
北t

一

t
η
一=

σㄅ



卜〞°戶〃刎/好 j

一生 一生 一生 U
t   了   了

F㎏ urelU.lPlUtUfIs㏑ 2°ˊj〞 /勾 I/ω｝jversusω戶
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vahable;that is,wehaVecUnsideredacUnInuumUfnnal states;wewⅡldealwΠhthisin mUre

detaⅡs inamUment)ThiSmeans thatthetransⅡ Un prUbabⅡ i,Ufnndingthesystem inastate
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areaunderthecuⅣ eis prUpUrtiUnaltUt;sincemUstUftheareaisunderthecentralpeak,the

tranSitiUn prUbabilityis prUpUrtiUnaltU′ . ThetransΠ iUn prUbabilitytherefUregrUws lineaHy

withⅡme.ThecentralpeakbecUmesnaIUwerandhigheras tiIneincreases;this isexactlythe

prUp“9Ufadelta免 nctiUnThus,in theIimit′ -〉 o° thetransitiUn prUbabili” takestheshape

Ufadelta血nctiUnaswearegUingtUsee
As〞 → oowecanusetheas田叩tUticrelatiUntAppendixA)

燬七π↗′
=δω (lU.44)

(lU.46)

tiIne,is thusgivenby

(1U.47)

in thelim北 〞→ oo,the

HenceacUnstant(● Hle

tUwHtethefU1lU、 vingexpressiUn:

(lU.45)

becauseδ (ω√f/2)=2力 δ(力ω/j).NUwsince力ω√,=Eˊ 一 Ej,henceδ (乃ω′j)=δ (Er一 Ej),

Wecanreduce(lU.43)in山 elim丘 UflUng● mestU

ζㄞㄘ而歹“′(咢)=2加力X乃ωn

PJrU=告爭┤(〞/︳〞〡昕〉｜
2〃
-́局 )

Γjˊ =罕 =等｜〈〞r｜〞｜吻〉｜
2δ
(E′一Ej).

thedeltaterinδ (E√ 一Ej)guaranteesthecUnserVat沁 nUfener,:
transi伍 Unrateis nUnvanishingUnlybe小 〃eenStatesUfequalener,.

The〞〃羽∫〃9Uη 〃πθ,whiChisdennedasatrans比 iUnpfUbabili妙  perunΠ



independen● pemrbatiUnneitherremUvesenergyfiUmthesyStemnUrsupphesener即  tUΠ
.It

simplycausesenergy-cUnse︹ 河ngtranS丘 iUns.

TraΠ§itiUn intUacUn位 nuumUfnnaⅡ st日 teS

LetuSnUwcalculatethetUtalian血 IUnrateassUdatedwithatran血
jUnfrUman i血 Hal state

爁棩 嵎 毛既唧綝 #扭#麟排 鱗 搏E/+ˊ E√ isequaltUp(E/)σE/ ThetUtal
(lU.47):

rlr=戶寧生p(E√ )ˊEˊ =年︳

(1U.49)

This relajUn iscalledtheFcrmjgU:deη 鬥9厖 It impliesthat,in thecaseUfacUnstant pemrba-

tlUn,ifWeW茁 tlUngenUugh,thetUtaliansitiUnratebecUmescUnstant〔 imeindependent)

lU.3.3  TΥ an§ it二UnPrUbabilⅡyfUraHarmUnicPertl1rba1Um

CUnsidernUwaper)urbatiUnw㏑ chdependshamCl血 cal圩 UnⅡme〔 .e.,thejmeb㏄weenthe

mUmen您 Uf仙㏕ ngtheperlurb血 K,nUnandUI)

〞(′)=εε
ja+δ十θ一ia, (lU.5U)

wheteδ isatime＿independentUperatUΥ .SuchaperlurbaⅡ Un isencUuntered,fUr ins伍 nCe,When
chargedparticles(eg.,eIectrUns)interactwithanelectrUmagne“ cneld This permrba“ Un prU＿

vUkes｛IansiⅡUnsUfthesystemfrUmastatiUna呼 statetUanUther

Thetran血 tiUn prUbabiIi,cUIespUndingtUthis perlurbatiUncanbeUbtainedfrUm(IU.4一 ):

P,/U=≠
〢
〈〃 ｜ε｜吻)r↙㏒ +“

′
〃 +〈町 〡δ

十｜吻〉
Xt↙

(町j詡切 ′

｜

2.(lU.sl,

NegIectingthecrU㏄ telilis,fUrtheyarenegligiblecUmparedwiththeUther● vUΦ ecauseth叩

inducenUlasIngtrans比iUns),、 vecanreWntethisexpressiUnas

㎎=嘉｜吻〣㎡｜帶 〡+嘉｜㏕㎡｜帶 〡,
(lU.52)

which,using｜ θ
jθ

一

一

〡
2=4血

n2(θ/2),IeducestU
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㎎=手Ⅱ〢釗㎡
sin2((ω /j+ω )r/2)
(ω′,+ω )2

+╟川㎡︳〣
「

豇′((rprj一 ω)ˊ /勾
(ω/j一 ω)2

(lU53)

AsdisplaYedinF㎏ u㏄ lU.2,theiansit㏑ n prUba㏑ li妙 peakseitheratω j́=一 ω,Where丘 s
maximumvaluekPJ,(r)=(r2/4力 2)｜〈〃/︳ ε｜〃。〉︳

2,Uratω
√j=ω,where丘smaximl1m
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FigurelU.3 StimulatedenIssiUnandabsUrptiUnUfaphUtUnUfenergy乃 ω .

Remark
FUriansⅡUns intUacUntlnuunlUfnnal states,wecanshN、 byanalUgywⅡ hthedehva位UnUf
(1U.4’ ),that(lU.54)leadstUtheabsUrptiUnanderⅢ ssiUniansitiUnrates:

咿=年｜〈〞/〡外｜吻〉Fp印﹂′=局㏕ (lU.5η

(IU599

〞
3〞 =管 〈盯 〡〞 〡吻 )「 p印 ｜E′=易 力ω

.  aa珣

SincethepemrbatiUn(lU5U)isHeIⅡ Iithn,〈 〃/〡 δ〡〃f〉 =〈〞f〡δ
十
｜〞/〉一,wehave

｜〈〃/〡 δ〡〃j〉︳
2=〡
(〞√︳δ
十｜〃j〉｜
2,hence

咿
pσ√)｜ E√=Ej十月ω p(Er)｜ Ey=易一月ω

T㏑srelatiUn is knUwnasthecUn山 jUnUf磁 知方犵ˊ ta加刀d刀g.

ExampIelU.l
Apafticle,w㏑chki㎡ t伍1好 〔 =U)in thegrUⅢ dstateUfan㏕ ㎡te,Une-由 mensiUnalpUtent㏑ l
bUxwithwallsatx=Uandx=a,is su切 ectedfUrU≦ ′≦ (泃 tUapemrbatiUn◤ 〔)=
兌2θ一′/t.CalculatetUnrstUrdertheprUbabi1● yUffiⅡ血ngtheparticlein i你 nrStexc丘 edstate

fUr′ >U

SUⅡⅡ位UΠ

FUrapartic㏑ inabf9xpUtential,MthE〞 =〞 π幼
2/φ
〃′ )and〞〞a)=Vη asinφπx〞 ),

thegrUundstatecUπ espUndstUη =landthenrstexcitedstatetU刀 =2.Wecanuse(1U.41)
tUUbtain

助 =≠
｜戶
叫 ㎞ ㏕ 咖

㎡
=嘉 陋 #句㎡ ｜/∞

尸 ├妨◥〞
f,
(lU.6°)

where

〈岍 句旳)=Xa拖 ω 吻ω 歲 =:Xa′血n(罕
)血
n僗
)赨 一

°
,

(lU.61)

AbsUrptiUnUfa
phUtUnUfenergY力 ω



｜re(lrl咖㎡=｜ l+θ 2̄r/t一 多一t/tcUs(φ I′ )

ωΞ︳+l/t2
, (lU.62)

(lU63)

(IU.64)

which,in thelin】 it′ -→ oU,reducestU

｜X°
°尸”呦〢=u+叩 =I將 +╣∴

助=鰩
)2:驚留等+╣
┤

sinceω21=(E2一 E︳ )/力 =3π 2方 /(2〞 a2) AsubstitutiUnUf(lU61)and(lU.63)illtU(1U.6U)
IeadstU
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