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Helium atom WIkIDEdIa 1

Helium atom

Helium atom

Identifiers
1
CAS number 7440-59-7 11 ,
PubChem 23987 (2]
i 3

ChemSpider 204723 B3 ,
EC number 231-168-5 4
UN number 1046
KEGG p04420 !
MeSH Helium (6]
ChEBI CHEBI:33681 /1 ,
RTECS number MH6520000
ATC code V03 ANO3 [8]
Gmelin Reference 16294
Jmol-3D images Tmage 1 9]

Properties
Molecular formula He
Molar mass 4g mol~!
Appearance Colourless gas
Boiling point -269 °C, 4 K, -452 °F

Thermochemistry
Standard molar 126.151-126.155 T K mol”!
entropy 59298
Hazards

S-phrases S9

X (verify) % (whatis: v /x )
Except where noted otherwise, data are given for materials in their standard state (at 25 °C, 100 kPa)

Infobox references

This article is about the physics of atomic helium. For other properties of helium, see helium.

A helium atom is an atom of the chemical element helium. Helium is composed of two electrons bound by the
Coulomb force to a nucleus containing two protons along with either one or two neutrons, depending on the isotope,
held together by the strong force. Unlike for hydrogen, a closed-form solution to the Schrodinger equation for the
helium atom has not been found. However, various approximations, such as the Hartree-Fock method, can be used to

estimate the ground state energy and wavefunction of the atom.



http://en.wikipedia.org/w/index.php?title=CAS_registry_number
http://www.commonchemistry.org/ChemicalDetail.aspx?ref=7440-59-7
http://en.wikipedia.org/w/index.php?title=File:Yes_check.svg
http://en.wikipedia.org/w/index.php?title=PubChem
http://pubchem.ncbi.nlm.nih.gov/summary/summary.cgi?cid=23987
http://en.wikipedia.org/w/index.php?title=ChemSpider
http://www.chemspider.com/22423
http://en.wikipedia.org/w/index.php?title=File:Yes_check.svg
http://en.wikipedia.org/w/index.php?title=EC_number_%28chemistry%29
http://esis.jrc.ec.europa.eu/lib/einecs_IS_reponse.php?genre=ECNO&entree=231-168-5
http://en.wikipedia.org/w/index.php?title=UN_number
http://en.wikipedia.org/w/index.php?title=KEGG
http://www.kegg.jp/entry/D04420
http://en.wikipedia.org/w/index.php?title=File:X_mark.svg
http://en.wikipedia.org/w/index.php?title=Medical_Subject_Headings
http://www.nlm.nih.gov/cgi/mesh/2007/MB_cgi?mode=&term=Helium
http://en.wikipedia.org/w/index.php?title=ChEBI
https://www.ebi.ac.uk/chebi/searchId.do?chebiId=33681
http://en.wikipedia.org/w/index.php?title=File:Yes_check.svg
http://en.wikipedia.org/w/index.php?title=RTECS
http://en.wikipedia.org/w/index.php?title=ATC_code
http://en.wikipedia.org/w/index.php?title=ATC_code_V03
http://www.whocc.no/atc_ddd_index/?code=V03AN03
http://en.wikipedia.org/w/index.php?title=Gmelin_database
http://en.wikipedia.org/w/index.php?title=Jmol
http://chemapps.stolaf.edu/jmol/jmol.php?model=%5BHe%5D
http://en.wikipedia.org/w/index.php?title=Molecular_formula
http://en.wikipedia.org/w/index.php?title=Molar_mass
http://en.wikipedia.org/w/index.php?title=Boiling_point
http://en.wikipedia.org/w/index.php?title=Standard_molar_entropy
http://en.wikipedia.org/w/index.php?title=Standard_molar_entropy
http://en.wikipedia.org/w/index.php?title=List_of_S-phrases
http://en.wikipedia.org/w/index.php?title=S9:_Keep_container_in_a_well-ventilated_place
http://en.wikipedia.org/w/index.php?title=File:X_mark.svg
http://en.wikipedia.org/wiki/Special%3Acomparepages?rev1=458622974&page2=%3AHelium+atom
http://en.wikipedia.org/wiki/WikiProject_Chemicals/Chembox_validation
http://en.wikipedia.org/w/index.php?title=File:Yes_check.svg
http://en.wikipedia.org/w/index.php?title=File:X_mark.svg
http://en.wikipedia.org/w/index.php?title=Standard_state
http://en.wikipedia.org/wiki/Chemical_infobox#References
http://en.wikipedia.org/w/index.php?title=Helium
http://en.wikipedia.org/w/index.php?title=Atom
http://en.wikipedia.org/w/index.php?title=Helium
http://en.wikipedia.org/w/index.php?title=Coulomb_force
http://en.wikipedia.org/w/index.php?title=Isotopes_of_helium
http://en.wikipedia.org/w/index.php?title=Strong_force
http://en.wikipedia.org/w/index.php?title=Hydrogen
http://en.wikipedia.org/w/index.php?title=Schr%C3%B6dinger_equation
http://en.wikipedia.org/w/index.php?title=Hartree-Fock_method
http://en.wikipedia.org/w/index.php?title=Ground_state
http://en.wikipedia.org/w/index.php?title=Wavefunction
user
打字機文字

user
打字機文字
Wikipedia

user
打字機文字

user
打字機文字

user
打字機文字

user
打字機文字

user
打字機文字


Helium atom

Introduction

The Hamiltonian of helium, considered as a three-body system of two electrons and a nucleus and after separating

out the centre-of-mass motion, can be written as

h? Z 2 h2 2
Hy(#, 7) = [Z (— —V2 —) Vi Vg + —— | 9(71, 7)

T 2u 4menr; M 4regrin
m : . — —
where j; = ————is the reduced mass of an electron with respect to the nucleus, rjand raare the
m+ M
electron-nucleus distance vectors and 19 = |r] — r3| . Consider M = oo so that ## = M and the mass
2
polarization term —_V7_ . §7__disappear. The Hamiltonian in atomic units (a.u.) for simplicity is given by
M " i
1 1 4 Z 1
— — 2 ] — —
Hap(r, m) = | — 5V, — oV, — — — — + — (71, 72).
2 2 T T9 T12

The presence of the electron-electron interaction term 1/r , makes this equation non separable. This means that

12
W (’-’_"1; 'F’Q)can't be written as a single product of one-electron wave functions. This means that the wave function

is entangled. Measurements cannot be made on on one particle without affecting the other. This is dealt with in the
Hartree-Fock and Thomas-Fermi approximations.

Hartree-Fock Method

The Hartree-Fock method is used for a variety of atomic systems. However it is just an approximation, and there are
more accurate and efficient methods used today to solve atomic systems. The "many-body problem" for helium and
other few electron systems can be solved quite accurately. For example the ground state of helium is known to
fifteen digits. In Hartree-Fock theory, the electrons are assumed to move in a potential created by the nucleus and the
other electrons. The Hamiltonian for helium with 2 electrons can be written as a sum of the Hamiltonians for each

electron:

2
H=Y h@@)=Hy+H
=1

where the zero-order unperturbed Hamiltonian is

1 1 4 Z
Hy=—-Vi Vi -2_2
0 2 " 2 " T1 T9
while the perturbation term:
J—)
T12
is the electron-electron interaction. H0 is just the sum of the two hydrogenic Hamiltonians:
H[] = hl + hg
where
- 1 Z .
h; = —gvf,; - —i=12
1

Enl, the energy eigenvalues and 1,bn717m ('F;), the corresponding eigenfunctions of the hydrogenic Hamiltonian will

denote the normalized energy eigenvalues and the normalized eigenfunctions. So:

}\Liwn,l,m (f';) = Enl "pbn,l,m (ﬁ)

where

122
E, =——— nau

2 n2

[
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Helium atom

Neglecting the electron-electron repulsion term, the Schrodinger equation for the spatial part of the two-electron

wave function will reduce to the 'zero-order' equation

HoyO(, 72) = EOvO (7, )
This equation is separable and the eigenfunctions can be written in the form of single products of hydrogenic wave

functions:

¢(0) (r"_"li FQ) = ¢n1,11,m1 ('F'l),lpbﬂz,lz,mz (FZ)

The corresponding energies are (in a.u.):

Z2[1 1
0 _ —
Egu),nz = Em + En2 = —7 [n—% =+ n—%}

Note that the wave function

w(O) (F% Fl) = wnz,lz,mz (F1)¢ﬂ1,11=M1 (FQ)

An exchange of electron labels corresponds to the same energy ESRM. This particular case of degeneracy with
respect to exchange of electron labels is called exchange degeneracy. The exact spatial wave functions of
two-electron atoms must either be symmetric or antisymmetric with respect to the interchange of the coordinates 7
and 7hof the two electrons. The proper wave function then must be composed of the symmetric (+) and

antisymmetric(-) linear combinations:
1
Ny = — — — —
w:(I: ) (Tla TQ) = 75 [%1,11 1 (Tl)"vbnz A2,ma (TQ) + ¢n2,lz,mz (7”1)%1,11 1 (TQ)]

This comes from Slater determinants.

The factor ——=normalizes d,i)). In order to get this wave function into a single product of one-particle wave

V2

functions, we use the fact that this is in the ground state. So 1 =ng =1, 11 =ls =0, m; = mg = 0. So

the ¢g))will vanish, in agreement with the original formulation of the Pauli exclusion principle, in which two

electrons cannot be in the same state. Therefore the wave function for helium can be written as
3
(0) = — -y Z —Z(r1+r
o (T1,72) = P1(r1)1(rz) = ?e (rita)

Where )7 and g use the wave functions for the hydrogen Hamiltonian. For helium, Z = 2 from

Eéo) — g ~Z? am

n1=1,'n2=1 =
where E ((]0) — _Aa.u. which is approximately -108.8 eV, which corresponds to an ionization potential V 59) =9
au. ( ~ 54.4eV). The experimental values are E 5 = —2.90au. ( ~ —79.0eV) and V p = 90a.u. (
~ 24.6eV).

The energy that we obtained is too low because the repulsion term between the electrons was ignored, whose effect
is to raise the energy levels. As Z gets bigger, our approach should yield better results, since the electron-electron

repulsion term will get smaller.

So far a very crude independent-particle approximation has been used, in which the electron-electron repulsion term

is completely omitted. Splitting the Hamiltonian showed below will improve the results:

H=Hy,+ H

where

_ 1 1
HO = —§V21 + V('rl) - EV?.Z + V(TQ)

and
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Helium atom

E’ZL—E—V(TI)—E—V(TQ)

T12 1 T2
V(r) is a central potential which is chosen so that the effect of the perturbation fjris small. The net effect of each

electron on the motion of the other one is to screen somewhat the charge of the nucleus, so a simple guess for V(r) is

Z-S5 Z.
=—"g =

where S is a screening constant and the quantity Z . is the effective charge. The potential is a Coulomb interaction,

so the corresponding individual electron energies are given (in a.u.) by

Fy=—(Z-8)?=-2¢

and the corresponding wave function is given by

Z3
Yo(ryry) = =2 Felritre)
™

If Ze was 1.70, that would make the expression above for the ground state energy agree with the experimental value
EO =-2.903 a.u. of the ground state energy of helium. Since Z = 2 in this case, the screening constant is S = .30. For
the ground state of helium, for the average shielding approximation, the screening effect of each electron on the

o 1 ,
other one is equivalent to about —of the electronic charge.[1 1

Thomas—Fermi method

Not long after Schrodinger developed the wave equation, the Thomas—Fermi model was developed. Density

functional theory is used to describe the particle density p(T‘_), r e R3, and the ground state energy E(N), where N

is the number of electrons in the atom. If there are a large number of electrons, the Schrédinger equation runs into
problems, because it gets very very difficult to solve, even in the atoms ground states. This is where density
functional theory comes in. Thomas-Fermi theory gives very good intuition of what is happening in the ground states
of atoms and molecules with N electrons.

The energy functional for an atom with N electrons is given by:

3 2 - .
e=2y [ #rowr s [ viouewer+ S [ 20X prpp
5" Jps R3 2 Ja |7 -1
Where
212/3 B’
— (3 =
7= @)

The electron density needs to be greater than or equal to 0, f p =N ,and p — £ is convex.
R3
In the energy functional, each term holds a certain meaning. The first term describes the minimum

quantum-mechanical kinetic energy required to create the electron density p(:z_:’) for an N number of electrons. The

next term is the attractive interaction of the electrons with the nuclei through the Coulomb potential V('F') The

final term is the electron-electron repulsion potential energy.[m

So the Hamiltonian for a system of many electrons can be written:

N 2 2 77
Z e*p(r’)
H= — V21 V(R)| + | =5 d
Y|~ gavrve) + [ 225
For helium, N = 2, so the Hamiltonian is given by:
K2 e2p(r
H= -2 (Vv v, )+ [ A g
2m |7 — |
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Where
h 2 1 2 12 2
ep(r') CAT) B — and V(ri, r3) S R
|7 — 7—’| " dwe |7 — 7’ dmeg |71 1o
yielding
R? e [2 2 1
H= ——(V’2 + V3 + =

47 TEQ T9 |F 1 — T 2|
From the Hartree-Fock method, it is known that ignoring the electron-electron repulsion term, the energy is 8E1 =
-109 eV.

The variational method

To obtain a more accurate energy the variational principle can be applied to the electron-electron potential Vee using

the wave function

- = 8 —2(r14r3)/a.
(71, T2) = Ee ( e
o2 8 2 e—4(r1—|—r2)/a
H) = 8E, + (V,,) = 8E / &7, d°7;
=B 1*(47reﬂ)(m3) R .
After integrating this, the result is:
5 ( e 5
(H) = 8F; + — =8E, — -E, = —109 + 34 = —75¢V
da \ d7weg 2

This is closer to the theoretical value, but if a better trial wave function is used, an even more accurate answer could
be obtained. An ideal wave function would be one that doesn't ignore the influence of the other electron. In other
words, each electron represents a cloud of negative charge which somewhat shields the nucleus so that the other
electron actually sees an effective nuclear charge Z that is less than 2. A wave function of this type is given by:

Y7y, Ty) = e Hntralle

Treating Z as a varlatlonal parameter to minimize H. The Hamiltonian using the wave function above is given by:

(H) = 228, + 2(Z — 2)( N )<E)+<VEG>

dmeg ) 'r

1
After calculating the expectation value of —and Vee the expectation value of the Hamiltonian becomes:

(Hy=[-22*+ %

The minimum value of Z needs to be calculated, so taking a derivative with respect to Z and setting the equation to 0

Z)E

will give the minimum value of Z:
d 27
2Z° + —Z)E1 | =0
dz ([ b 1)
Z =1.69

This shows that the other electron somewhat shields the nucleus reducing the effective charge from 2 to 1.69. So we

obtain the most accurate result yet:

1/3\°

Where again, E | epresents the ionization energy of hydrogen.
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Helium atom

By using more complicated/accurate wave functions, the ground state energy of helium has been calculated closer
and closer to the experimental value -78.95 V.3 The variational approach has been refined to very high accuracy
for a comprehensive regime of quantum states by G.W.F. Drake and co-workers! 41310161
Jonathan Baker and Robert Hilll! /1181191

that one needs to include relativistic and quantum electrodynamic corrections to get full agreement with experiment
[201121]

as well as J.D. Morgan III,
using Hylleraas or Frankowski-Pekeris basis functions. It should be noted

to spectroscopic accuracy.
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(2.5)(2p) )D; 2an cff(:c‘r/u inta He + €
/
J £
aultaienalration
>,
+ r
i Z, r o) ; = Z
2, / He - ;bf'a/é occurs  in crans seelron
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The z‘_/rdc/:zend_eat_ - ,A_mctf.fcle %o,pro,nm_a,ﬂ_ozz_ (IPA)

Lisential _fc..a_,fur'e ; R . . -
_éach electron can be considered to move (ndep e/?a’fy?_f;y mo

the average J/:‘c(d 3/ the olther ZF-1 é.Z.cc;?mm plus the
nucleus. B S _ |

In most atoms , it is a _good afg/grazz‘m;:iz_b/z to c_:.r..ramc Surther
the distribution of lhe” Z - I" other electrons is spherically
.{ymmeﬁric around the nucleus.

central - )/_;_ic_dd_ajpﬂm&{maf cort. ) -
/

) é’/ﬂciﬁ‘.&i&_ po tential E

— s of lhe form
7

= = — B —— (_/{: _,.7} = == -
. Y Mﬁ,},_m&mé S
g,

B

Owtermost electron

- i Innermost Clesiron I ) -

Figure 7.12 How the atom looks to
_ the innermost and outermost elec- - -
trons. in the Hartree model. —

Potential energy —»

The IPA potential energy U(r) of
an atomic electron in the field of
— = the nucleus plus the average - —
distribution of the other Z — 1
= electrons. As r — 0, — — —
U approaches —ke’/r; as r =0,
U approaches —Zke*/r as in
Eq. (10.5).
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Vst ionigalion energy is the energy needed to remove
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First ionization energy (eV}

determined by the valence elect

Li
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Na
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2 (15)% (25) (2p)° (3 )
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Solve Schradinger
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Do they
YES agree with
previous
generation?

Done

N o |

|

Calculate U(r)
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With the Lf(r)  we shall solve Zhe

oﬂz/v 502’,\/ central

—Lfeclive paleatial

jéacce /me/le/_?z_ numerically .

Figure 7.9 The energy ordering ol ——
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. 3. 3p ad N 4d Schematic energy-level diagrams for
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— 1s 2 multielectron atoms states with
Y «—E=-Eg e -
25 lower [ are more tightly bound
because they penetrate closer to

1s P E= —ZZER

the nucleus. In many atoms this
offect results in the 4s level being
lower than the 3d, as shown here.
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= EY] - 7=/ 75 7 zj '3 /
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= the above e?ueimp L5 f/z///-'rm'z‘ to  solve o oy
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= ; /\/,.ﬁ.__~ J‘for all /)dej[b[f 27 1}

4L

electron  roafiguralion
7T

/?u.zef J/or a’e['erm/ﬂinj /"/IE e/chraﬂir Jfr/u-t"/:'re oJf manys = e[ecf/:azz__& oms. .
() A syslem oJ/ /barl‘[cl es is _stable ( in il Jomanz{ state ) W/JE{]__L‘Z'J_tOfﬂ,Z__._______

energy LS minimun

(i)  Only one clectron can exist _in any /Dariiru/ar /aum;}um clete (e V4 My, /775)

/\/afa‘il.oﬂ_f .
Electrons with the Same »n are __Said te  Ael ong . te the . _Same__shell
n=_| 2 3 4 5§ 6 A R
. ) X . T R R B0 1. N ——

with the JSame N and A are suid Lo bel 214 ta Fhe came subshell

Zleclrons

£ o dor L < 35 can be read off from  Froure 10 5 of  [Beiser -
A1 J7 J 7
'E,., P = - electran /)/ﬂdinj CHErey _
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f[.(*/)ﬂn Lorm—iop—it ot re— s lf’icuf e g I
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2 22il+1) = 2nt
=0 ;
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o said te be  closed. . o
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(2i) Na Z= ]/ SO
(18 2
(28)° 2 L
. (2p)°
(0 o i
!
(3.5) / S
2 I3 ¢ ;
(15)(28) (2p)° (35) & glectron c‘aeﬁ}umﬁm ]
Piriadic _ Lable . Mendel eev
Zhe _clemenls of . cach ol tunn (gzou p ) have ground - ctale can; £ igura Fions __wilh
the _Same  number 3/ clectrons  in._ their _outermost __subshells. _all Phese
. P
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= timilarities _of _ ipectroscopic _ane  hemical  _praperdies. . .
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o Inet zas. . closed . shell. e
H
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3. Quantum mechanics in postulational form

We are now prepared to present the basic postulates of quantum mechanics.

Complementarity postulates

Postulate I. The state of a physical system is represented by a vector (ket) in
a linear vector space of infinitely many dimensions.
We shall make the following explanatory remarks:

(1) Inview of the uncertainty relation, it is not possible to define, as in classical
dynamics, the state of a system by specifying the coordinates and momenta
of the particles at any given instant of time.

(2) A vector (ket) is to represent a state to allow the superposition of states.
By hypothesis only the direction (not the sense such as the “arrow™), but not
its length, defines a state. Thus multiplying a ket by any constant does not
lead to a different state.

(3) The vector space of infinitely many dimensions is an abstract space, and
not the configuration space nor the momentum space of the particles of a
system.

(4) The changes of the state of a system are represented by changes in the ket.
The Newtonian equations of motion are replaced by an equation for the
change of the ket of a system.

Postulate I1.  All physical quantities (“observables”) are represented by
linear hermitian operators, which, acting on the state vector (ket), change
the state of a system.

(1) Linearity is assumed for a linear theory in the state vectors to allow for
superposition of state vectors.

(2) Hermitian operators are employed because hermitian operators have real
eigenvalues. Real eigenvalues are needed on account of another basic postu-
late which connects the mathematical formalism (this and the preceding



postulate) with physics—the result of physical observations (see Probability
Postulate in the following).

(3) The choice of the eigenvectors of an observable as the basis set of vectors
immediately leads to the concepts of representations and transformation of
representations. The requirement of invariance of the hermitian charactor of
operators leads to unitary transformations.

(4) The transformation theory and the Probability Postulate (see IV below)
build up Quantum Mechanics into a coherent system.

Postulate I11. The hermitian operators for the coordinate q and the conju-
gate momentum (in the sense of classical dynamics) obey the commutation
relation

h
pg—aqp =71 (V-99)
(1) This relation, containing the Planck constant h, causes the system of
quantum mechanics to have a fundamental break with classical physics.

(2) Together with the Probability Postulate (that connects the above mathe-
matical formalism with physics), it leads to the uncertainty relation.

(3) In this sense, it may be regarded as the mathematical expression of the
Einstein-de Broglie relations.

(4) It is a mathematical expression of the concept of complementarity.

(5) The commutation relation (V-99) may be taken to be a basic principle in
quantum mechanics. The postulates I and II have been made for the construc-
tion of a mathematical system to cope with the non-classical commutation
relation.

The above three postulates are essentially of a mathematical nature and
have no real contact with the results of physical measurements. This contact
is provided by the Probability Postulate.

Postulate IV. When a measurement is made of a physical quantity (repre-
sented by the hermitian operator Q) on a system in a state represented by a
vector |a), the expectation value is given by

(@) = <alQla), (V-100)

(1) This postulate contains the main physical contents of the theory; for it
makes theoretical statements of the result of experimental measurements.

(2) If |a) is an eigenstate of Q, say |a)> = |q,>, then the expectation value of
the measurement is



Q> = <axlQld? = il >
= 4y, (V-101)

ie., in this case, the measurement will definitely yield, with certainty, the
eigenvalue g, of Q.

(3) If |a) in (V-100) is an arbitrary state, it can be expanded in the complete
set of eigenkets of Q,

lay = ;JVIO {qila) (V-102)

and

Ca| = ;J(a x> <4l

and
Q> = ;fl(alqk>lzqk- (V-103)

This states that the result of measurement is not a definite one of the eigen-
values, not an in-between value of the g,’s, but one of all the g,’s each of which
may come out with a probability |<a|q,>]*. The probabilities themselves are
definite enough, as they are given by (V-103) but the theory does not tell which
one of the g,’s will actually come out from the measurement.

(4) Ttis most important to note that the nature of this probability distribution
[<a|gy|?, for various k,

is basically different from that in classical statistical physics. In the latter,
probability is introduced, when dealing with an extremely large number of
molecules, as a substitute for the exact knowledge which exits in principle. In
quantum mechanics, even for one atom, a precise knowledge does not exist
and probability is of an intrinsic nature.

For this reason, quantum mechanics differs from classical physics in a basic
way.

(5) Then one may ask why such a probability concept is necessary. For one
thing, since two non-commuting operators do not have simultaneous eigen-
kets, this probability postulate (employed in the derivation of the uncertainty
relation) forms at least a consistent theory from the point of view of the
anschaulich thought-experiments in Heisenberg’s demonstration of the uncer-
tainty relation on the Einstein-de Broglie relations.




(6) A much deeper and more difficult question is whether it is possible to
assume the existence of “hidden variables” and the probability concept arises
as the result of a sort of averaging over those hidden variables.™ If this is the
case, the probability will not be “intrinsic” but has the same classical meaning.

From the experimental point of view, when measurements are made, not
on one atom, but on a large number of atoms, it is not possible to distinguish
between the two kinds of probabilities. The question is a philosophical one—
one concerning the nature of quantum mechanics. The concept of an intrinsic
probability is repugnant to some philosophers of science; the most prominent
ones have been Einstein, Planck and de Broglie. The question has been studied
by von Neumann and the answer seems to be that an interpretation of
probability in terms of hidden variables is inconsistent in the present system
of quantum mechanics. We shall not go into this deep question, but refer to
a review of critical studies by Belinfante.

The four postulates above have not included considerations regarding of
the change of a system in time. For this, a separate postulate is furnished by
the Schrodinger equation:

Postulate V. The change of the state of a physical system in time is governed
by the equation

ho

—Z 2 |a,t> = Hla, 1),

iatla > la, £
or

ho
(; 5 T Hap, t)) ¥(g,1) =0, (V-104)

where W(q, t) is the representative {q,t|a,t) of |a,t> in the g-representation.

(1) This equation is an independent postulate, unlike the Schrodinger equa-
tion for momentum, (V-64)

h o

( == p) ¥,(q) =0,

idq

which can be derived from the commutation relation pg — gp = h/i on the
transformation theory.

™ In the classical kinetic theory of gases, the “hidden variables” are the coordinates and momenta
of the individual molecules. With these variables, the dynamical theory is a deterministic one;
but on averaging over, and therefore suppressing, these variables, the theory works with probable
values.
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(2) In classical dynamics, the time variable ¢ and the energy (Hamiltonian) H
formally behave as a pair of canonical conjugate variables (¢, — H). It might
then be thought that, analogously to (g, p), a commutation relation

h
Hi—tH = —-1 (V-105)

exists, .and if so, then one may have a time representation in which the
hermitian operators are:

ho
; H=—-— -
e (V-1006)
and an energy representation in which the hermitian operators are
h d
H, t=-—. -
- 3E (V-107)

But if two hermitian operators H and ¢ exist that satisfy the commutation
relation (V-105), it can be proved that, if E,, ¢, are the eigenvalue and
eigenvector of H

H'l’a = Eﬂl//a?
then
H(e™My,) = (E, — e)(e“"y,), (V-108)
ie., E, — ¢ is the eigenvalue of H, for arbitrary, real value of & with the
eigenvector e/"y,." As ¢ is real and arbitrary, it follows that H has a con-
tinuous spectrum of eigenvalues extending from — oo to + co. But this is not

true of systems in general; in fact negative infinite total energy is unphysical.
Also systems exist whose energy spectrum is not continuous.

Thus no hermitian operator t exists which satisfies a commutation relation
like (V-105).° For this reason, it is not possible to derive the relations (V-106),
(V-107) from a relation like (V-105).

The Schrodinger equation (V-104) must then be based on a different line of
arguments.

In Sec. 2, (V-98), it is seen that

, d -
lhﬁ = a hermitian operator.

n See Prob. 7 at the end of Chap. 2, Sec. 2. Also (V-91a).
 This was pointed out by W. Pauli in his article in Handbuch der Physik, Bd. 24, 2nd ed.

(Springer-Verlag, Heidelberg, 1933).
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Hence it is reasonable to postulate (V-106)°

h o
H=—~ (V-109)

and hence the Schrédinger equation (V-104).
(3) The Schrodinger equation (V-104)
ho
~=+H|¥(@q1)=0
(i ot i ) @0
is a first-order differential equation in t, but second-order with respect to x,
¥, z. Thus its form is not Lorentz covariant. Attempts to have a relativistic

wave equation have been made.? These are the Klein-Gordan equation and
the Dirac equation.

(4) Anargument for an equation which is of the first order in 0/0t is as follows.
From the normalization

J‘P*(q, n¥(g,ndg =1,

one has

oY ap*
S =0 V-110
J( =t ‘I’>dq 0 (V-110)

To solve an initial value problem of an equation of first order in 0/0t, one has
to specify W at t = t,. For a second order in 8/dt, it is necessary to specify ¥
and 0%/0t at t = t,, but (V-110) does not allow arbitrary ¥ and oW/at.

(5) The Schrodinger equation (V-104) determines W(gq, t) in the course of time
completely deterministically, and hence the probability |'\¥(g, £)|2, but only the
probability distribution, and not the actual outcome of an experiment! One
may say that quantum mechanics is a “causal theory of probabilities”.

(6) There are “constants of motion” of the Schrodinger equation. For ex-
ample, take a system with central symmetry, i.e., the Hamiltonian H is invari-
ant under parity operation (inversion with respect to a center, see Chap. 3,
Sec. 4, (3), (ITI-115)—(II1-120)) If at an instant ¢, the parity of the state of the
system is even, the parity will remain even in time, if the system is not perturbed
by external fields, such as electromognetic fields.

P This is the view of Dirac in The Principles of Quantum Mechanics, Sec. 27, 4th Ed. (Clarendon
Press, Oxford, 1958).

9 See references to Schrodinger, Klein, Gordon, de Broglie and Fock at the end of Sec. 3 of
Chap. 3.
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As another example, take an atom with two electrons, such as helium, whose
Hamiltonian is symmetric with respect to the interchange of the two electrons.
The space part (i.e., without the spins) of the wave function of the two electrons
may be symmetric or antisymmetric with respect to this interchange, (although
the total wave function including both the space and the spin parts must be
antisymmetric, according to Pauli’s principle, which constitutes another inde-
pendent postulate). If at one instant the state is symmetric, this symmetry will
remain unchanged in time when the state changes in accordance with the
Schrédinger equation, provided the system is not perturbed by external fields
affecting the electron spins.

Such “constants of motions” are essentially the consequence of the symme-
try properties of the system.

(7) For systems whose Hamiltonian H is not explicitly a function of time, then
the assumption of the form

iE
W(q,1) = Yn(g)exp < —%) (V-111)

leads to the time-independent Schrodinger equation

(H(g,p) — E)¥n(q) = 0. (V-112)
We have seen a few examples of this equation in Chap. 3.

In subsection (6) above, we mentioned that for a system containing identical
particles, there is the question of the symmetry of the state vector, or its
representative ¥(q,,4,,4s,...) in coordinate representation. This question
arises as follows: Take a system containing two identical particles (for example,
electrons), and let us denote them simply by the indices 1 and 2. The Schrédin-
ger equation is

(H(1,2) — Eyw(1,2) = 0.

Let P be the operator interchanging the two identical particles. Hence in
general

PYY(1,2) = y¥(1,2),

so that the eigenvalue of P2 is 1, and those of P are + 1, and corresponding
to them, the function (1, 2) is either symmetric with respect to P, i.e.,

Py(1,2) = ¢ (1,2),
or antisymmetric, i.e.,

Py,(1,2) = —v(1,2).
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-=<Both Y, ¥, are solutions of the Schrédinger equation because
PH(1,2) = H(2,1) = H(1,2).

The question is: Does nature allow both kinds of solutions?

The answer to this question came, paradoxically, before the question was
asked, i.e., before quantum mechanics was born. For the electrons in atoms,
Pauli postulated, the exclusion principle early in 1925. The connection with
the symmetry of the wave function was first given by Dirac (1926). This
principle can now be stated as follows.

Postulate VI. For a system of identical particles of half-odd-integral spin
(such as electrons, muons, protons, neutrons), the wave function is antisym-
metric with respect to the interchange of two particles. For identical particles
of integral spin (such as pions, deuterons, a-particles), the y is symmetric with
respect to the interchange of two particles.

This principle (including the Pauli principle) really, so to speak. does not
belong to the group of postulates that form the system of quantum mechanics.
It is directly related to the statistics—the Fermi-Dirac and the Bose-Einstein
statistics. The relationship among the symmetry, the spin and the statistics is
regarded as a profound law of nature.
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