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UptUthis pUintwehavedealtInainlyw北 htheΥnUtiUnUfasingleparticle.Wewant tUex缸 ㎡ ne

nU,,hovtUdescribesystemswith〞 aη 夕a竹 σ θ∫. Weshal1fUcusUndiscussingsystemsUf

娏 ηtiε a′ parHclesandexaⅡ InehUwtUcUnStructtheir、 vave㎞ cjUns.

8.1  MaⅡy一Par位cIeSysteIIls

MUst physicalsystems—

—

nucleUns,nuclei,atUms,rnUlecuIes,sUlids,fluids,gases,etc.一 nvUIve

manYpart沁 les.TheyareknUwnas珝卿 ar比厖Ur翔砌 恥溶temS.Ⅵ竹ileatUm沁 ,nucIcar

andsubnuclearsysteIns invUlveintel11lediatenumbersUfparticles(∼ 2tU3UU),sUlids,nuids

andgasesaretruVmanY＿bUdYsystems,sincetheyinvUlveve〃 largenumbersUfpa㎡ cles

(∼ lU幻 ).

8.1.1  Schr° diⅡgerEquatiUΠ

HUwdUesUnedescribethedymnics UfasystemUfΛ ㄏparticles? ThisdeschpjUncanbe

UbtainedfrUmageneraIizatiUnUfthedynamicsUfasingIepar﹂ cle. :ΓhestateUfasystemUf

Ⅳ sp㏑less particles(we塘 nUrethei spinfUrthemUment)isdescHbedbyawave血 nctbn
Ψ(內 ,乃 ,.‥ 加 ,〞),where｜ Ψ(內 ,馬 ,.‥ ,9Ⅳ ,ˊ )｜

2′ rl′砲 .‥ ˊ3rⅣ represents theprUbabili妙

at tine′ Ufnndingparticlel in thevUlumeeIementˊ 3rl centeredabUutㄕ
l,particle2in the

vUlllme′r2abUut馬 ,‥ .,andparticleⅣ in thevUll1me′ rⅣ abUutrⅣ .ThenU工 11lalizatiUn

cUnditiUnUfthestateisgivenby

〡Ψσl,馬 ,‥ .,ㄕⅣ,′ )〡

2ˊ3〃Ⅳ=1. (8.l)

ThewavefunctiUnlIrevUlves in tiIⅡ eaccUrdingtUthet丘 Ⅱe-dependentSchr° dingerequajUn

/劦 /朽∵

柺罻Ψ∩,屯 ,⋯ ,而 ,ˊ)=戶Ψ∩,馬 ,‥”而,′ ). (8.2)

ThefUIlliUf〃 必 UbtainedbygeneralizingtheUne-pa丘 此leHamiltUnian′ 2/φ
羽)十 〞σ)tUⅣ
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一

〞n,馬,⋯ 杬 U=一
喜 昜

可十〞n,屯 ,⋯ 加,矹  陶

Where〞竹 andP。 arethemassandthemUmentumUfthe� thpart沁 leand◤ 必 theUperatUr

cUrrespUndingtUthetUtalpUtenjalener,.

ThefUl11lalisInUfqllantulnInechanicsfbran╯
、

ㄏ-particlesystemcanbe,in principle,inferred

frUnl thatUfasiⅡ gleparticle. UperatUrScUrrespUndingtUdifferent particlescUIImute; fUr

instance,thecU一 utatiUnrelatiUnsbeh〃 eenthepUsitiUnandmUmentumUperatUrsare

V4,馬 5〕 =j力打〞,  V4,X閉 =I馬
。
,几 l〕 =U  σ,方 =l,2,3,⋯ ,Ⅳ), (8.Θ

where巧 kthex-pUsitiUnUperatUrUfthe′ thpa㎡ cle,andf4〞 thex-mUmentumUperatUrUf

the后thparticle;sinilarrela“ UnscanbeUbtainedfUrtheˊ andzcUmpUnents.

Sta位UIlary§ tate§

InthecasewherethepUtent加 以 /k〃 〞θ切仰 eKtθKt,thesUlutbnsUf(8.砂 areg∥enby∫勿-

〃Uηan〞 states

1Irσ
l,屯 ,‥ .,ㄕⅣ,′)=〃σl,馬 ,‥ .,ㄕⅣ)θ

一JEr/力
,

(8.5)

whereE‵ thetUtalenergyUfthesystemand〃 ksUlutiUntUthejme一 ndependentSch“又Inger

equatiUnπ 〞 =E〃 ,i.e.,

卜 嶜 昜 乃

+◤ n,⋯ ㄕω

I〃

n,屯 ,⋯ 加 =E祏 ,馬 ,⋯ ㏑  眑

TheprUpeiiesUfstatiUna,statesfUra血 ngleparticlealsUapplytUⅣ
習
articlesystems.FUr

inSt缸Ee,theprUbabili妙 densi妙 〈〃 ｜〃 ),theprUbabili妙 currentdensi妙 ′,andtheexpectaⅡ Un

valuesUfume＿ independentUperatUrsarecUnserVed,sincetheydUnUtdependUn tine:

卹 〡田 =” 〃 〣
�

′n戶 兮
∵

而 加 功 〞 祝 屯 ⋯ 劬 劦 .

(8.7)

Inparticular,theenergyUfastatiUnaFyStateiscUnserved.

M㏑1ti-electrUnatUⅢ s

FUran illustrajUn,letuscUnsideranatUmⅥ 河thZelectrUns.IfRisusedtUrepresent thepUsi-
t㏑nUfthecenterUfmaSSUfthenucleus,thewave血 nctbnUftheatUmdependsUn3(Z+l)
cUUrdinates〃 σ l,馬 ,‥ .,ㄕz,反),where兩 ,乃 ,‥ .,9zarethepUsitbnvectUrsUftheZelec＿
trUns.ThetⅡne-independentSchΠ °dingerequajUnfUrthisatUm,neglecjngcUn句 HbujUns ilUm
thespin一 UrbitcUrrecjUn,therelativisticcUrrecⅡ Unands丘 nⅡ arte一 l11s,isgivenby

卜劦 雪
可 一嘉

。
鑫一

雪詳皛芒 呂詳≒ ln,屯
,⋯形,趵

=E〃σl,r2,‥ .,rz,R), (8.8)

whe㏄ V你 themassUfthenucleusand一 力∼ 至/2M6丘 s㏑ne比 ena田 Upera●°

一

Thetem

一 Σ 色 1z↙ /〡乃 一 良｜represen心 theattractiveCUulUmb㏑怕raCtiUnUfeachdeciUnwiththe
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independentUftIne,theStateSUfatUmsarestatiUna,.

WeshUuldnUtethattheSchrδdingerequatiUns(8.2),(8.6)and(8.8)areall maΨ -particle

山ffercntialequatbns.AstheseequatbnscamUtbeseparatedintUUne-bUdYequat㏑ ns,ik
dimcul色 ifnUtimpUssible,tUsUlVethem. FUrtheimpUrtantcaseWheretheΛ ㄏparticlesUfthe

呼 stemdUnUt interact this is refeIedtUasan加 V匕pθη�匕Kr′ arrjε 厖 a〞叫t羽。 theSch心dinger

equajUncanbei∥ ial妙 reducedtUⅣ Une-part沁leequatiUns(Sectbn8.1.3);wehaveseenhUW

tUsUlvetheseequatbnsexacⅡy●hapters4andt)andapprU如 mately●hapters9and1U9.

8.1.2  InterchangeSyⅡ lImetry

AlthUughtheexact由 genstatesUfthemanY-bU打 H缸㎡ ltUnian(8.3)aregcnerally㏑叩 Ussible

tUUbtain,wecan still infersUmeUfth㎡ r prUpert怡 sbymeansUfsY-e呻 schemes.Letζ

represent thecUUr山 natesΦ UsitiUnr′ ,spln對 ,andanYUther intemaldegreesUffreedUmsuchas
isUsp㏑,cUlU几 naVUr,Ufthe9thpai此 leandlct〃 61,多 ,‥ .,fix1.)des增 natestheWavemnctbn

Ufthej、ㄏ-pa」﹂clesystem.

wedenneaPε翔〞比πㄌ刀φθKrγ (alsUcalleda&羽“ φθKㄌ●均 asanUperatUrthat,

whenactingUnanⅣ -particIewavef㏑ ctif,n〃 色 ,‥ .,ζ ,‥ .,句 ,‥ .,白U,interchangesl the
岫 andthe′thparticles

Pj〃 61,‥ .,ζ ,‥ .,句 ,‥ .己v)=〃 6I,‥ .,句 ,‥ .,ζ ,‥ .,ζⅣ);

′and╯ aIearbitr呷 (j,′ =l,2,‥ .,Ⅳ).Since

馬〃 (ζ1,⋯ ,ζ ,⋯ ,句 ,⋯ 釦) = 〃陷 ,⋯ ,白 ,⋯ 名 ,⋯ ,釦 )

= PzJγ 61,‥ .,ζ ,‥ .,句 ,‥ .函U,

wehave乃 o=馬 一.Ingeneral,pemutatbnUperatUrsdUnUtcUmmute

(8.9)

PIJPtˊ ≠ PtJ灼  Ur 【PJ,,Pt′ 〕≠ U ω ≠ 〃 ). (8.1l)

FUr instance,in thecaseUfafUur-pa丘 沁lestate〃 61,色 ,己 ,血)=β色/色色)θ
īζ ,wehave

°
I2′Ⅱ〃伯 ,色 色,ω =鳥2曲 ,乙 ,白 ,白 )=〃色,飢 己,ω =話 θ┤已,侶 1砂

′】油 2岶 ,己 ,色 ,ω =°I4吒 ,白 ,已 ,ω =曲 ,白 ,色 ,ω =藷 θ┤白.β Π玓

&ncetwUsucceSSiveapplicatiUnsUfr4leavethewave血 nctiUnⅢchanged,

考 〃(白 ,⋯ ,ζ ,⋯ ,句 ,⋯ ,釦)=均 γ(白 ,⋯ ,白 ,⋯ ,ζ ,⋯ ,釦 )

= 〃61,‥ .,ζ ,‥ .,句 ,‥ .,ζⅣ),

Weh神e考 =l,㏑nce馬 hastwU㏒ enva㏑es土 l:

(8.14)

P,J〃 (ζ1,‥ .,ζ ,‥ .,釘 ,‥ .,白U=土〞(ζI,‥ .,ζ ,‥ .,句 ,‥ .ζⅣ). (8.15)

(8.1U)

ILEBallenIne,U〞θ〣 v〞 力〞幽 a〞i才 4卼 燙〞 D鈔θtφ〞θ〞′,WbrIdScientinc,SjngapUre,I998,Chapter】 7
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ThewavefuncjUnscUIespUndingtUtheeigenvalue—

—

larev羽 羽 ε〞5andthUsecUrrespUndiⅡ g

tU一 lareaη 紅v羽 羽 arjε WithrespecttUtheinterchangeUfthep㎡ rσ ,� ).DenUtingthese

血 ncuUnsbyγ ∫andσ a,respectivel:几 WehaVe

竹(ζl,‥ .,ζ ,‥ .,句 ,‥ .,釦)= 竹(ζl,‥ .,句 ,‥ .,ζ ,‥ .,釦 ),

γa(ζ l,‥ .,ζ ,‥ .,白 ,‥ .,ζv) = 一〞a(ζ !,‥ .,句 ,‥ .,ζ ,‥ .,乙√).

(8.16)

(8.17)

卸
鴇 機l:翠眾〡〧窗士∵幸車音

屾 g

ω ψ㏑,翊 一 鸓

(c)X° l,x2,x3)=6xlx2x3十

(d9Φ°l,x2)=╯≒θ┤xl｜

SUlut︳ Un
(的 The血nctbn〃◇〢,x2)ksYmme㎡c,since〃 °2,xl)=〞什l,光 2).

(b9Thefunctbnψ 什l,x2)isantiⅣ mmetr沁 ,s㏑ceψ°2,xl)=-ψ 什1,x2).Andψ 應zerU

whenxl=挽 :ψ°l,xl)=U.
(c9The㎞ctiUnx(xl,x2,x3)is symmetHcbecause

x° l,x2,x3)=X(xl,x3,x2)=X(x2,xl,X3)=X什 2,x3,Xl)

=x°3,xl,x2)=X(x3,也 ,Xl).

(d9The血 nctiUnΦ ◆眨,X1)‘ ndthersymme㏑ cnUrantisymmeiic,since

Φ什2,xI)=�├θ┤砲｜≠士Φal,x2).

(8.18)

8.1.3  SysteIIlsUfDiStinguishabIeNUⅡ iⅡteractiⅡgParticIe§

FUrasystemUfⅣ nU㎡nteracjngpah沁 lesth飩
γ
e山stinguishable eachpart沁 lehasa山 fferent

maSSη竹andeXpehencesadf㏑ rent pUtent㏑ l巧 (ζ 9 thepUtenthl◤ isgⅣenby

〞m,‥句,⋯ζ,⋯ω=Σ名侍光
′=l

andtheHaⅡ IltUnianUfthis systeⅡ lUfFVindependent particlesby

(8.19)

身=)E」缶=)EI一
:告:▽

F十 名(ζ )I, (8.2U)

where鳥 =一 〞 ▽F/2物 +名 佬● 必 山eHamiltUnianUfthejthparticle,knUwnastheSing㏑

particleHarniltU血 an.TheHamiltU㎡ ansUf山 fferent part沁 lescUmmuteI研 ,rJl=U,since

跖 ,巧 〕=lPJ,P,├ U.
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TheSchi。 dingerequatiUnUftheⅣΨarticlesystem

〃 〃刀l,〞,⋯ ,御 ‘ 19色 ,‥
.,釦

)=E刀 】,刀2,﹁ 99W物 】,刀2〃 ,99lV‘ 19己 ,‥ .,勫
),

∫句’aγπθ∫intUj、「Une-particleequajUns
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(8.21)

(8.22)

(8.23)

(8.24)

E巾ΨⅣ=%十物+⋯ε〞Ⅳ=Σ%
′=I

〃刀h刀ㄙ⋯
,〞Ⅳ伯 ,色 ,...,fAr)=ㄌ ItD怮 色 )...〞ㄔⅣ(釦)=Π ㄌ i陷 ).

j=1

ζ〞ε

=
ζ物

┐
—
—
—
—
」

ζ八巧

wi山

and

Weseethat,whentheinteracjUnsareneglected,theⅣ -particleSchr° dingerequatiUnseparates

intUΛrUne一 particleSchr° dingerequaIUns. ThesUlutiUnsUftheseequatiUnsyieldthesingle-

p缸uCleenerg此 sε刀iandStates〞 狗
(ζ );the㎡ngle-part此 lestatesareakUknUwnastheUrtj幼 你 .

ThetUtalene【田 is thesumUfthesingle-particleenergiesandthetUtal、 〃ave血ncjUn is the

prUductUftheUrbitals.ThenumbcrKidesignatesthesetUfall quantumnumbersUfthe′ thpar-

ticle. UbviUusl男 eachparticlerequiresUnetwUUrthree-quanmm numbersfUr丘 s 血lldescrip-
jUndependingUn、 vhethertheparticlesaremUvinginaUne,h〃 U,UrthreedineⅡ siUnal space;if

thespinwerecUnsidered,wewUuldncedtUaddanUtherquantumnumbe一  FUr instaⅡ ce,ifthe

particlesInUvedinaUne-d虹 nensiUnalha1Ⅱ1UnicUsci1latUr,K′ designatetheUccupatiUnnumber

UfthejthpartjcIe. ButiftheparticlesweretheeleciUnsUfanatUn1,then吻 WUuldstandfUr

fUurquantumnumbers:thera山 al,Urbital,andspin quanmm numbers 托 乃羽 乃羽 打 .

ExamPle8.2
FindtheenergylevelsandwavefuncjUnsUfasysteⅡ 1Uffburdistinguishablespinless particIes

placedinan innnitepUtenjalweⅡ Ufsizeθ . tJsethis result tUinfertheenergyandthe、 vave

㎞ ctiUnUfthegrUundstateandthefirstexcitedstate.

SUlutiUn

Eachpart托IemUves inapUtentialwhichisdennedby巧 aj)=UfUrU≦ x′ ≦ aand巧 (而 )=
UUfUrtheUthervaIuesUfx′ .InthiscasetheSchr° dingerequauUnUfthefUllr-particlesystenl:

湛二 卜
舞 毒 I〃

句几 妁↗4㏑ ,圪 瓶 翊 =t句 u約 ↗4陑 几 彴↗4㏑ ,圪 砡 翊 ,

(8.25)

separates intUfUurUne-particleequajUns

力
2

2羽j 西F
=骫物,aD, 9=l,2,3,4, (8.2t)
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ThetUtalenergYandwavenmcjUnaregivenby

物j仍)=摴血n〔笐年〢.

助我印=考≠乒侍十誌十嘉十房),

ε.DE冊 C4tE4RZr(LE∫

(8.27)

(8.28)

(8.3U)

with

仙=考努

一

差≒

↘
t
J
↗矺

而+
吒
石+

砨
兩+

ㄔ
而

ˊ

‘

＿

ˋ

〃
一′

=ππE

陶 化 彴↗4㏑ ,臨 均 ,翊 =嘉 s㏑ (罕 判
)血

n(罕
ω

血n(罕 均
)血

n(罕 x4).

(8.29)

ThegrUundstatecUrrespUndstUthecasewhereallfUurparticlesUccupytheir respecjve

grUllndstateUrbials,Kl ==K2=η 3 ==K4== 1.ThegrUundstateenergYandwave㎞ cjUnare

thusgivenby

助川=考著多侍+誌十琺+去
),

u∴ 〢

一

什L‘加仞 =嘉 血
侍 〢

血
像 〣

血
侍 ω

血
侍 〣

.剛

ThefirstexdtedstateksUmewhati化ky.Since北 cUrreSpUndstUthene茁 h㎏herenergy

levelUfthesysteⅡ l,it rnustcUrrespUndtUthecasewheretheparHclehavingthelargest rnass

Uccupies its nrstexcitedstatewhiletheUtherthreeparHclesremain in山 eir respectivegrUund

states. FUrargumeⅡ t’ssake,ifthethirdparHcIewerethemUst【 naSSiVe,thefirstexcitedstate

wUuldcUrreSpUndtUthecU㏕ guraIUn句  = η2 =K4 = landK3 =2;theenergyandwave

mnctiUnUfthenrstexcitedstatewUuldthenbegivenby

鬥 ,l,2,l阢 x2,x3,x4)=:告 s㏑ (:一q)血 (吾x2)血 (午x3)血
像
x4).伄 .33)

CUnjnuingin thiswa坊 wecanUbtain theentireenergyspectrumUfthiSsystem.

(8.32)

8.2  SysteIIlsUfIdenticaIParticIe§

8.2.1 IdeⅡticaIParIcIe§ iⅡ CIas§ icalaⅡdQuantumMechaΠ ics

Inclass此 almechan北 s,whenasystemkmadeUfⅡ ent沁alparⅡcles,丘 is pUs血 bletUⅡ entiㄅ

anddisjnguisheachparticlefrUnl theUthers. Ⅲ at is, althUughaⅡ paiicleshavethesame
phys沁 al prUpert怡 s,wecan“ taξ

’
eachclass沁 alp田ⅡCleandfUllUw比 smUt㏑nalUngapath.

FUr instance,eachpai沁 lecanbecUlUreddiferentlyfrUln thereSthencewecanfUIIUwthe
tΠ巧ectU〃 Ufeachpa㎡ cleseparateIyateachjme.Ide汛 r′ε〞 ε此恐∫

。
ε〞 par〞′ε泛恣,砌θη╯b四%Vb

ηU′ 伈∫θ廝θjr jtθK〃〞′物η a耀 diSt切gx心乃at泛 .

Inquantummechanics, hUweve馬  identicalparticlesareiulyindisjnguishable. Theun-
derlyingbasisfUrthis is twUfUld.Πrst,tUdesc㎡beapahicle,wecamUtSpeci〞 mUrethan
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DetectUrD1

(π 一θ)

DetectUrD2                                   DetectUrD2

Figure8.1 Ⅵ 弘 enscatteringtwU比 ㄉK′5a′ particleSin thecenterUfmass iame,加 is inpUssible

tUfUrcastwithccr﹂ tudewhetherthepai沁 lesscatteraccUrdingtUthefirst prUcessUrtUthe

secUnd. FUr instance,wecannUttellwhe山 ertheparticlefired士 UInsUlIrce&will rnakeit tU

detectUrD】 UrtUD2.

acUmpletesetUfcUIrmujngUbseⅣ ables. Inpar﹂ cula馬 thereexists nUmechanisIntUtagthe

pa此iCleSas inclassical rnechanics.SecUnd,duetUthcuncertain● /principle,thecUnceptUfthe

pathUfaparticlebecUmes lneaningless.EvenifthepUsitiUnUfaparticleisexactlydetel1一 lincd

ataume,l必 nUtpUssnietUspedㄅ 丘scUUr山natesatthenext instant.Thus,o放 羽′5〞 par′ jε泛∫

伈肊 廝θjr′銫 Krj〞 仰 祊切‘‘9i〡 iㄘ‘〡a了i仞 加 φ羽 t“〞〞“幼 Kj“ .

TUiⅡusiate山山,cUnsideranexperiⅡ ent inwhichwescatter︹ 〃Uidenjcalparticles. As

山splayedinFigure8.1,afterparticlesland2(nredfrUmthesUllrces&and助 )havescattered,

it isⅡnpUssibletUdisjnguishbe● 〃eenthenrstandthesecUndUutcUmes. ThatiS,wecannUt

dctel11lineexperimentallytllejdenti妙 UftheparticlesthatarecUllectedbyeachdetectU工 FUr

instance,wecanin nUwaytellwhether丘 is parHcle1UrparΠ cle2thathasrcacheddetectUrD1.

WecanUnlysaythataparΠ clehasreacheddetectUrDlandanUtherhasmadeit tUD2,butnU

infUl1llatiUnUntheir respectiveidenjjes.Thereexists nUexpehrnentaIInechanism thatallUhzs

ustUfUllUwthemUjUnUfeachparticleiUInthetⅡ neit is nredUutUfthesUurceti11thethmeit

reachesthedetectUiThisexpehment shUwshUw肋 εjK祊v磁㎡j〞 ta羽 jεη∫“ㄗjCPart5厖 赤

JU∫t物ε羽U〞θK′ 〃打羽放θ́ 9t,力吻U廝θr∫”ηjJarparrjε Jε∫.

HaⅥng山scussedthein&stinguish山Ⅱi,cUnceptUnatwU-pai沁 lesystem,letusnUwstudy

thiscUnceptUnlargersystems.FUrthis,cUnsiderasysteⅡ 1Ufj、ㄏ
庛 K〃εa′ particleslvhUsewave

Πmctbn isγ (白 ,色 ,‥ .,ζⅣ).

ThemUment these j、 Γpar﹂clesareⅡIxedtUgethe馬 nU eXpcr丘nentcandetelliⅡ ne、vhich

p缸jCIehasthecUUrdinatesζ l,Urwh沁 hUnehas色 ,andsUUn.It is impUssⅡ 斑etUspedㄅ

expehmental妙  theiden位,Ufthep田 1此 lew㏑chis lUcatcdat白 ,UrthatlUc飩 edat乙 ,andsU
Un.TheUnlymeasllrementswecanperfUl一 IlarethUsethat specⅡ VtheprUbabilityfUracertain
particletUbelUcatedatζI,anUtherat乙 ,andsUUn,butwecannevermakeadisjncjUnaStU
whichparticleiswhich.

As aresult, theprUbabiI丘 yremainsunchangedbyan interchange Uftheparticles. FUr

instance,an interchangeUfparticles9and╯ will leavetheprUbabiI“ ydens加vunaffected:

｜〃街,乙 ,‥ .,ζ ,‥ .,句 ,‥ .,勫
)｜

2=｜
〃由,色,⋯ ,句 ,⋯ ,ζ ,⋯ ,勫 )｜

2, 
“.田)

DetectUrD2
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hence

γ(ζl,己 ,‥ .,ζ ,‥ .,白 ,‥ .,函U=土γ(ζl,色 ,‥ .,白 ,‥ .,ζ ,‥ .,ξv). (8.35)

ThisIneans thatthewave血 nctiUnUfasystemUf′Viden●calparticles ise∥ hersyInrnetricUr

antisyrImetricundertheinterchangeUfapairUfpar﹂ cles. WewⅡ ldealwiththeimplicatiUns

Uft㏑sresult㏑ Sectbn8.2.3.Wewill seethatthesign in(8.35)6relatedtUthes9nUfthe
particles:thenegativesigncUrrespUndstUpar巨 cleswithhalf-Udd-integral spinandthepUsitive

signcUΠespUndstUparticleswithintegral spin; that is,thewave血 nctiUnsUfpai沁 leswith

integal spinsaresymInetHcandthewave血 ncIUnsUfparticlesw丘 hhalf-Udd-integral spins

areantisymmethc. Infact,expehrnentalUbservauUns shUwthat,in nature,par巨 clescUmein
師 UClaSses:

. ParticleSwith切犯ξη了v切 , 禺 = U, 1扎  2力 , 3力 ,‥ .,suChaSphUtUns,piUns, alpha

particles;thesepa」巨clesarecalledtU∫ Uη∫.

.Pa丘iCleSwith乃arr-Udd-加 犯ξη′Ψ
jη,蜀 =力 /2,3乃 /2,5力 /2,7力 /2,‥ .,suchasquarks,

eleciUns,pUsitrUns,prUtUnS,neuiUns.Th㏄ epa㎡ clesarecalledˊ tr〞oU砪 .

That is,particlesUccuΠΠngin natureareeitherbUsUnsUrfe1Ⅱ IUns.

BefUreelabUratingmUreUntheprUpertiesUfbUsUnsandfeIⅡ IUns, letus presentabHef

UutlineUntheinterchangeΦ eIl1lutaⅡ Un9symmet9.

8a.2  ExchangeDegeⅡeracy

HUw dUes the interchange symmet〃  affect UperatUrs such as theHaⅡ lⅡtUnian? Since the

CUulUmbpUtenⅡ al,whichresultsfrUInelectrUn一 electrUnandelectrUn一 nucleuSinteractiUns,

m祊 切 =一
雪 雟 唔

￣

—

生一丌
(8.36)

is iⅡvanantunderthepel1ⅡutajUnUfanypairUfelectrUns,theHaΠ iltUnian(8.8)isalsUin＿

vaΠantundersuchpelΠ lutatiUns. This symmet╮ ◤alsUappliestUtheUrb∥ al,spinandangular

mUIncntaUfanatUm.Wemaythususethis syIrme任 ytUintrUduceananUtherdenn北 iUnUfthe

滋 祔 9ca加“ ∫ Ufpart比les:助 θ Ⅳ partjcJ“ ta〃 ∫貂 〞 aK∫ 加 ˊ ㄉ 乙θ 9滮府 9ε〞 r腕 θ var沁姆

Ut∫θ〃 at化恣 q〞乃θ v∫厖〃 (SuChastheHamiltUnian〃 ,theangularmUmenta,andsUUn)aK

〃ηηηθrrjεa′ w力θKaηvnφUPar” c′θ∫a石θ9η改ηt力 a〞珽尹xi IftheseUperatUrswerenUts玾meilc

underparticleinterchange,theparticleswUuldbedisjnguishable.

Theinva㎡ anceUftheH缸 ㎡ ltUnianunderparticleinterchangesis nUtw丘 hUutphysicaliInpli-

catbns:thee㎏ eⅡvaluesUf〃 aredegcη θK彪 .TheWave血 nct㏑心 CUⅡeSpUn山ngtUall pUss山 Ie

eleciUnpe八 1I一utatiUnshavethesameenergyE: fir〃  == E〃 . This is knUwllastheaε 加羽 gt

δegeηθη q/FUr instance,thedegeneracyaSsUciatedv〢 thasystemUf帥 Uidenjcalparticles is

equaltU2,sinceγ (白 ,己 )andγ (己 ,白 )cUrrespUndtUthesameenergyE.
SUtheHamiltUnianUfaⅣ stemUfⅣ 砡 elltic㏕ particles(羽 j=羽 )iSCUmplete好 .sYmmdhc

withrespecttUthecUUrdinatesUftheparHcles:

.,白 ,‥ .,釦 )〃61, +◤ (ζl,‥ .,ζ ,

(8.37)
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because/is invariantunderthepe1ll一 utajUnUfanypairUfparticlesj → ╯:

◤(ζ ,⋯ 滿 ,‥ .,ζ′,‥ .,釦)=◤ (白 ,⋯ ,句 ,

Th必 prUPe” oanalsUbeascert㎡nedbyshUw㏑ gthat〃 cUlImuteSwiththepart此 leinter＿

changeUperatUrPI。 .Ifγ 必 e㎏enstatetUfrWithe㎏envalueE,wecanwIlte

〃P9〃6I,‥ .,ζ ,‥ .,白 ,‥ .,ζⅣ)=孖〃61,‥ .,句 ,‥ .,ζ ,‥ .,ζⅣ)

=E〃 m,‥ .,句 ,⋯ 名 ,‥ .,勫 )=EP,/〞 (白 ,⋯ ,ζ ,⋯ ,句 ,⋯ ,勫 )

=乃,Eγ (ζl,‥ .,ζ ,‥ .,句 ,‥ .,ζv)=乃
。
rf〃 (ζI,‥ .,ζ ,‥ .,句 ,‥ .,ζv),

(8.39)

〔〃,PJJ〕 =U. (8.4U)

TherefUre,P,Jka娜 翃〞 tt娏 羽UtjUK.That必,rwestaΠ withawavefunctiUnthat isⅣm-

me㏑ cfantiⅣmme㏑ c9,丘 wilIremain sUfUrall subsequent jmes.MUreUve馬 SincePJJand〃

cUIrlmute,th” pUs㏄ ssacUmpletesetUf血 nctiUns thatarejdntdgenstatesUfbUth.AsshUwll

in(8.15)tU(81D,thesee㎏ enstateshaveden㎡ tepaΠ吼 eithersY-e㏑ cUranti呼 mmetr沁 .

8.2.3  SyⅡ l︳metrizatiUⅡ PUstulate

Wehavesh㎝Ⅷ in(8.35)thatthewave血nctiUnUfa呼stemUfⅣ Ⅱent此 alpa㎡ cles iseither

s｝mmethcUrantisyⅡ InetricundertheinterchangeUfanypairUfparticles:

〃(白 ,己 ,⋯ ,ζ ,⋯ 馬 ,‥ .,釦 )=士γ(白 ,色,⋯ ,ζ/,.‥ ,ζ ,⋯ ,勫).(8.41)

This rcsul色 whichtumsUuttUbesuppUrtedbyexperinentalevidence,is theve,essenceUf

the另′羽翃 J.。ZσtjUη pU∫ t〞了atθ whichstipulatesthat,in nature,thestatesUfSystemscUntaining

Ⅳ Ⅱ enticalpartkiesareθ j幽a1U翃 J〞 砂 羽羽ar9UU〃 ㄌ 的′〞 a〞i,V羽 羽a”εundertheinterchange

UfanypairUfparticlesandthat stateSⅥ 江thIIlixedsyIIlIne位 ydUnUtexist.Besidesthat,this

pUstulatestatestwUmUrethings:

. Particlesw丘hinte田 al spins,UrbUSUns,haves｝ mme廿 iCStates.

. PaIticleswithhalf-Udd-integral spins,Urfe1Ⅱ IUns,haveanjSyInInetricstates.

FeIIlIUnsaresaidtUUbeyF色 刀竹仁t)〞aε ∫ta′心〞jε∫,andbUsUns tUUbeyBU∫ e一E切∫彪 j刀 ∫〞at9∫ 〃ε∫.

SUthewavefunctiUnUfasysternUfidenticalbUsUns is tU也 Ⅱ︳ysVmmetric,andthe、 vavefunctiUn

UfasysteⅡ】Ufidenticalfe1llliUns is tUtallyantis〕 tnmetric.

CUmPUsitePa㎡cIes

ThefUregUingdiscussiUnpertains tUidenticalparHclesthatare‘
‘
sInple” UrelementaFysuchas

quarks,electrUns,pUsitrUns,muUnS,andsUUn. LetusnUwdiscuss thesyInlne位 yUfsystcms

Ufidenticalε Uη U“′θ
‘‘
particles” whereeachparHcleiscUmpUsedUftwUUrmUreidentical

elementa〃 parHcles. FUr instance,alphaparHcles,whichcUnsistUfnucleithatarecUmpUSed

UftwUneutrUnsand加 的 prUtUnseach,area句 以9jcaIexampleUfcUInpUsiteparticles.Asystem
UfⅣ hydrUgenatUmScanalsUbeviewedasasystemUfidenticalcUmpUsitepaΠ 此 leswhere

each‘℉ aikⅡe” ° tUm)cUnsistsUfaprUtUnandanelectrUn.PrUtUⅡ s,neuiUns,9Uns,etc.,are

445
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一

atE4Rπ a｝E∫

themselvescUmpUs丘 eparticles,becauseprUtUnsandneuiUnscUnSistUfthreequarks,andpiUns

cUns蚊 ㎡ 師 a勿 a曲 狂 eeleInenta呼 Ψ ㏑
告
particle&

CUmpUsitepa」 Πcleshavespin. ThespinUfeachcUmpUsiteparticlecanbeUbtainedby

addingthespinsUfitscUnst丘 uents.IfthetUtal spinUfthecUmpUsitepar巨 cleishaIf一 Udd-integer,

uis part沁 lebehaves likeafeI1一 liUn,hencelUbeysFeIⅡ Ⅱ一Diacstat你 t此s.I色 UntheUther

hand,丘sresultant spin is intege馬 itbehaves likeabUsUnandUboysBUse Einstein stajsIcs.In

general,ifthecUmpUs北 epaΓΠclehasanUddnumberUffelⅡ ⅡUns,itis thenafe1l1IUn,Uthenvise

∥ isabUsUn.FUr instance,nucleUnsarefelIliUnsbecausetheycUnsistUfthreequarks;rnesUns

arebUsUⅡsbecausetheycUnsistUf〝 〃UquarkS.FUranUtherⅡ lustrativeexample,letuscUnsider

theisUtUpes4Heand3HeUftheheliuInatUnl:4He,whichisca1ledanalphaparticle,isabUsUn

fUr itcUnsistsUffUtlr nucleUns(代 VUprUtUnsand㏑ mneutrUns),while3He你 afelIlliUn㎡ nce比

cUnsistsUfthreenucleUns(UneneutrUnand〝 〃UprUtUns). ThehydrUgenatUnlcUnsistsUftwU

feii1Π Uns(aneleciUnandaprUtUn),sUit isabUsUn.

8之.4 CoⅡ structingSyⅡ lIⅡetricandAnHsyⅡ l︳metricFunctiUⅡ s

Sincethewave㎞ ctiUnsUfsystemsUfidenjcalparticlesareeithertUta1lysyllme由 巨cUrtUta1ly

antis＿ e由ΠC, it is apprUpriatetU studythe fU1Ⅱ lalismUfhUwtU cUnstructwaVe 血 nctiUns

thataretUtallysyIImethcUrtUtallyanjsyrImetricstartingfrUmunsyIlmeiic㎞ cjUns. FUr

simplici”;cUnsiderfirstasystclnUf︹〃Uidenucalparticles.StaiingfiUmanynUⅡ Ⅱalized

un”mme㎡ cwavenⅢ ctiUn〃 61,己 ),wecancUnstmct呼 mme㏑ cwave血 nctiUns 竹 (已 ,己 )

as

(8.42)竹匕 ,己 )=一
告Vm,ω +〃色 ,白｜

andantis｝ mme㎡cwavemnctiUnsφ t(白 ,己)as

〃a色 ,色)=一告llrm,ω一〞色,

where1/V歹 必 anUIⅡ lal矻 atbn伍ctUi

SiπHlarlyt fUrasystemUfthreeidenticalparHcles, wecan

unsyIlme㎡c血ncjUn〞 asfUllUws:

ζl)I,

cUnstmct明sandφ4

(8.43)

frUman

(8.44)

(8.45)

竹m,乙 ,白)=一
培I〃

色 ,己 ,色 )十 〞臼 ,白 ,ω +〃色 ,己 ,白 )

物m,己 ,ω =-培
I〃

色 ,色 ,己 )一 u臼 ,己 ,ω +〞色 ,己 ,白 )

一 〞色 ,白 ,色 )+u色 ,白 ,色 )一 〞色 ,色 ,白 )I.

十 〃色 ,白 ,己 )十 〞色 ,ζ ,乙 )十 γ(色 ,己 ,白 )I,

CUnjnuingthiswaY,wecan in principlecUnstmcts刃 別metnCandanHsv別 methCwave血 nc-

位UnsfUranysystenlUfˊ Videnticalparticles.

8.2.5  Sy§ teIl1§ UfIdenticaINUⅡ interactiⅡ gParticIeS

InthecaseUfaⅣstemUfⅣ nUninteractingidentr㏕ partic!es,whe㏄ ㏕lparticleshaveequ㏕

maSS羽●=羽 and°φeHencethesamepUtential巧 化● =◤ (ζ ),theSch心dngerequat㏑ nUf
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thesystenl separatcs intUi、 「identicalUne-particleequatiUns
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ζ〞ε

=
ζ物

┐
—
—
—
—
」

ζ〈
/十▽〞

蒻一

「
＿
＿
＿
＿
∟

(8.4t)

(8.47)

(8.48)

(8.49)

浩錨瑞器玉最｝習F士︴冤I;胃蓳」罕在:慎驟l:驟
古:落g

盯 asimpleprUdua物 】也 ⋯帥 m,己 ,⋯ 釦 )=Π 坦 lㄌ i(ζ )fUr敵 leaSt師UreaSUn&Fi就 ,

ifthewave血ncjUn isgivenbysuchaprUduct itwUuldimplythatparticlel is in thestateγ 〞1,

particle2in thestateγ 〞2,‥ .9andparticleΛrin thestateγ 刀Ⅳ.This,UfcUllrse,rnakesnUsense

sinceaⅡ weknUwis thatUneUftheparticles is in thestateu刀 19anU山 er in〃〞2,andsUUn;since
thepart比 lesareⅡ ent此 al,there你 nUw的 戍Ute11w㏑ chpart此lek inw㏑ch氈ate.I色 hUweve馬 the

paiiclesweredistinguishable,thenthcir tUtalwave血 nctiUnwUuldbegivenbysuchaprUduct

辯批裝紈舌Y薾窩幫黖隿苦襬努吼瓷諤器胖評生賀窩
nU放 歹 加 rθ Ⅳ mmet, amandatU〃 requlementfUr呼 stemSUfⅣ ㎡ enticalpalhicl㏄ whUse

wave血 n山 Unsareeithers＿ e㎡cUr【Ⅱ朮iSVⅢlIIle㏑c. Wecan,hUwever,extendtheInethUd

UfSecjUn8.2.4tUcUnstmcttUtallys＿ eiicandtUtallyantisym】 metricwave血 nctiUnsfrUm

thesingle-particlestates〃 〞,t● .FUrthis,wearegUingtUshUwhUwtUcUnStmctsyIImetrized

andantisymIⅡ etrized╮ 〃ave血 ncjUnSfUrsystemsUf︵ 〃U,three,andi∼tnUninteracjngidentical

particles.

8.2.5.l  l/al,eFuΠcIUⅡ Uf御U-ParticleSystems

ByanalU野 with(8.17)and(8.43),wecancUnstructtheSvnme㏑ candanti”mmethcwal,e

㎞ cjUnsfUrasysteⅡ 1Uf︹〃Uidentical,nUnintcracjngparticlesin te一 ll1sUfthesingle-particle

wave血nctiUnsasfUllUws:

wherewehavesuppUsedthatKl≠ 勿.WhenK1=幻 =Kthcsymme㎡ cwave血㏄tiUn is

g∥enbyu<ζ 1,色)=〃〞(ζ1)γ〞(乙 )andtheantisYmmetricwavemnctbn必 zerU;wewilldeal

laterⅥ●ththereasUnwhy〞 a(白 ,色)=Uwheneverη l=η 2.

NUtethatWecanrewriteψ 你aS

所臼 ,ω =-告 I物 1色 )怮 tD+恛 tD惋 m汨

物臼 ,ω =-告 I物 lm)怮 tD￣ 物ltDVrrn m｜

竹陷,ω =砝石軌1臼 )ㄌ2tD,

〞am,ω =砝
爭

← DP搧 Im)物 角 λ

wherePis thepeII1lutatbnUperatU馬 andWherethesum isUverall pUss山 lepeII1lutatiUns(here

wehaveUnly加 mpUsSibleUnes).Similarlywecanu,Ilte物 as

(8.5U)
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where(一 l)PisequaltU+lfUranevenpeIl1lutatbn〔 .e.,whenweinterchangebUthζ Iand色
andalsUη landη 2)andequaltU一 IfUranUddpeI一 Ilutat㏑ n〔.e.,whenwepeI1Ⅱ uteζland色 but

nUt刀 l,匆 ,andⅥ ceversa).NUtethatwecanr唧 hte物 Uf(8.48)in thefU一 1一1Ufadete一 11linant

物m,ω =砝 物Im) 物1色 )

〃〞2(白 ) 〃〞2(己 )

妳臼 ,己 ,ω =丟
石

°
〃n色 )物2佬D阠 tD

Urby

竹色 ,己 ,ω
丟 I〃n臼 )物2魛阠 向 十〞η陷)〞也tD物迤 )

〃a臼 ,色 ,ω =毒
石

← DP°物 lω 物 燕勿 γ彴甸

Ur,in thefUIⅡ IUfadete1liInant,by

γa臼 ,乙 ,ω =法

妁色 色⋯ 鋼 =為

一

°
陑 ω 物2魛 ⋯ ㏕ ω ,

(8.51)

8n石n  WaveFⅢ nctiUnofThree-Pa一 icleSy§tem§

FUrasyStemUfthreenUninteracjngidenticalpa」Πcles,thesyⅡⅡne㏑cwave血ncjUn isgiveⅡ

by

(8.52)

+物︳(己)物2‘D物3色)+ㄌ1色)物2色 )物3‘1)

十物 1(白 )物2tDㄌ 3(色)+〃句(己 )物2(己)物3(n)I.(8.“ )

andtheantisy“ⅡnethcwavenⅡ EjUn isgivenby

(8.54)

.          (8.55)

IfKl=他 =彴 =KWehaveu<ζ l,己 ,色 )=ㄌ (ζ1)物 (ζ2)吻 (己 )and物 (ζ1,色 ,白 )=U.

8.2.5.3  WaveFⅢnctiUΠ UfⅣIaΠy＿Par位cΠeSystems

Wecangeneralize(8.犯 )andβ .“ )andwrite山es＿ e㎡candantis＿ e㎡cwavemnctiUns
fUrasysternUfiVnUninteracjngidenjcalparticlesasfbl1Uws:

物lm) 物I色) ㄌI色 )

vt〞2陷) Ψt〞2色) Ψt〞2色 )

V′η3由) Ψt〞3色 ) vt〞3色 )

物m,色”‥/ω =�
� 石

←D气%ω ㄌ2ω ⋯ 物/鋼,陶

v/ㄔ l(ζl)

物2色 )

〃〞Ⅳ(ζ l)

〃〞I(己 )

物2色 )

〞〞Ⅳ(乙
)

物l(釦 )

.,3η2(釦 )

物Ⅳ(ζV)

(8.56)

Ur

明×ζl,色 ,‥ .,己v)= (8.58)
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This jV× j∼ㄏdeteⅡ㎡ nant,whichinvUlvesUne-particlestateSUnl】 is knUwnasthe∫ 了a他rtθ tθr-

m:ησKt.An interchangeUfanypairUfparticlescUrrespUndstUan interchangeUf︵ 〃UcUluIIms

Ufthedete1l1Ⅱ nant;this interchangeintrUducesachangein thesignUfthedete八 1linant. FUr

evenpeIl1lutat㏑nsweh小 姆 (-l)P=1,andfUrUddpeI1llutatbnSwehavc(-1)P=-1.

Ⅲ erelatiUns(8.5Θ and(858)arevalidfUrthecasewherethenuInbers刀 l,勿 ,‥ .,ηⅣare

alldifferent noⅡ 1UneanUtheiV◤hathappens ifsUme,Urall,Ufthesenumbersareequal?Inthe

syIImetriccase,ifη l=η 2=.‥ =ηⅣthen〃∫isgivenby

449

妳陷 ,色 ,‥ .,函U=Π ㄌ傜)=物色 )〃〞色 ).‥ 〞〞(勫 ).

f=l

(8.59)

、

丹℃nthereisamult● lici9in thenumbersη l,η 2,‥ .,ηⅣ 〔.e.,whensUmeUfthenumbersη i

UCCl1rmUrethanUnce),wehavetUbecare血 landavUiddUublecUunting.FUr instance,fη l

UccurSⅣItimesin thesequence刀 l,刀 2,‥ .,η Ⅳ,fK2UccurS奶 times,andsUUn,山 e盯mme㏑ c

wave血 ncjUnwillbegivenby

V/,偌l,色 ,‥ .,函U= (8.6U)

山 esulImajUnΣ PktakenUnlyUv田 pemutatiUnsw㏑ chleadtU涕 斑切a●emsand㏑ c㏑d㏄

Ⅳ !/Ⅳl!助 !.‥ 川η!山 fferent tel11恣 .FUrexample,in thecaseUfasystemUfthreeindependent,

Ⅱ ent此 albUsUnswhere刀 l=η 2=刀 andη 3≠ η,themult● l兌i,UfKl isⅣ ︳=2,hence嗨 is

givenby

竹m,色 ,ω =存
石

°
ㄌ 幻 ㄌ Θ 陑 ω =嶲

防
m)物魛 物3向

+物 tDㄌ3(色 )物 (白 ) (8.61)

Unl伙ethesymmethccase,山eantisymme㏑ ccascis q血tesi㏕ghtfUⅣ隧r出 i色 amUngthe
numbersKl,η 2, ‥ .,ηⅣ,Unlyh〃 Uareequal,theantisyIImetricwaVe血 ncjUnVanishes. FUr

instance,fη 工=η J,the′ 山 and╯thrUwsUfthedetelⅡ 1㏑ant(8.5勒 willbeidentical,hencethe

detel1㎡ nantvanishesidentically Anjs艸 ethcwave㎞ cjUns,therefUre,arenUnzcrUUnIy

fUrthUsecases、Vhereall thenumbersη l,η 2,‥ .,η Ⅳ aredifferent.

8.3 ThePauIiExcIusiUⅡ PriⅡciPle

As rnenjUncdabUve,ifanY︹ 〃UParticlesUccupythesamesingle-par└ clestate,thedete︳ IⅡinant

(8.58),heηcethetUtalwaveimct㏑ n,willvanishsincetwUrUwsUfthedeteIⅡ linantwillbe

identica1.Wecanthus inferthatiη a抄 “ θ羽 ↙ Ⅳ ′燙 刀t。εaZpartjε 妳 ,匆 初 U戶 翻
。
U妳 羽 刀

U㏄〞p,r乃θ∫aη2θ ∫jηg厖一pat′ε′θ∫比πθ σtat”羽θ;eVe理/Single-par﹂ clestatecanbeUccupiedby

atmUstUnefe1Ⅲ 1㏑n.This is theP㎝ ′j銘 幼 ∫oUKproηε′ 泛 ,w㏑ chwasfirst pUstulatedin1925

tUcxplain theperiUdictable. It statesthatKU 加VUθ JθεrrU刀∫ εση Uεεπpv∫ :瓶釮〃aKθU“∫Jv′力θ

跖 uθ 6打ηg了θㄗ a刀′ε′Vσ vaK砌羽 ∫翃 θUK油 θ∫a〞θ〞 U〞 ;山erecanbeUnlyUne(UratmUstUne)

eIectrUnUccupyinga乩 ateUfquantumnumbers 吻 乃羽 了,羽打 :〃刀〃i〞〞
〞
∥G,蜀 ).Theexclus㏑ n

phncipleplaysan impUiant rUlein thestructureUfatUms. IthasadirectefreUtUnthe.9Pθ t′a↙

ˊ9∫ rr刀切牙〃UKUffel11liUns.

十 γ,,3(ζl)〃Ⅸζ2)σn(ζ3)I.

Λr1!Λ
垃!‥ .Λ協!
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BU§ UΠ cUndeΠsaIUΠ

WhatabUutbUsUns? DUthΨ haveanyres㏑ ㏕ Un likefeIⅡⅡUns? NUtatal1. Thereis nU

res㎡cjUnUnthenumberUfbUsUns thatcanUccupyasinglestate. InsteadUftheexclusiUn

phncipleUffe1ll止 Uns,bUsUns tendtUcUndenseall in thesamcstate, thegrUundstate; this

iscalledt“Uη εUηV匕 K∫arㄌη.FUr instance,aⅡ thepar位clesUfIi⋯ d4He° bUsUnⅣ stem)

UccupythesamegrUundstate.This phenUmenUn is knUwnasBU∫ θ一Eoη∫紹切 εUη舀a外加 U刀.The

prUpeΠ怡sUfliquid3Heare,hUweve馬 cUmpletelydifferent ilUln thUseUfliquid4He,because
3Heisafe一

l㎡Unsystem.

ReIllark

逸 琵 諾 :古耕 牙綜 ∫盟 :黖 :::::茻 ℉駕 ff::H馬 捕 ΞI↓｝:;;留
Thewave血nctiUnUfasystemUfΛ rpa′﹂cles,whichhavespins,is theprUductUfthespajal

paiandthespin part:

Ψσl,∫∴屯,助 ;‥ .;加 ,凸v)=〃σ1,馬 ,‥ .,元Ⅳ)x(&,助 ,‥ .,凸v).  (8.6勾

Thkwave血nctbn lnust satisㄅ theapprUphatesY-et,requiementsWhentheⅣ pa血cles

areidentica1.InthecaseUfasystenlUfFVidenticalbUsUns,thewavc血 nctiUnmustbesYmmet-
ric,hencethespatialandspin pais musthavethesamepanty:

%n,i:;﹉l;屯 ,動 ;

InthecaseUfaSysteⅡ 1Uf′Videnjcalfe1Ⅱ 丘Uns,hUweve馬 theSpaceandSpin parts rnusthave

different panjes,leadingtUanUvera1lwave血 nctiUnthat isanjsyΠ Imemc:

→
砲

→
η

。

n
物

竹=
→跏→印

.
︙

′

→
ㄅ

→
幻

n
0

物

妳=
→跏Ⅳ

→
r

→&
一

→
〞

→
∫σ馬

r
＿

＿

｛

＿

＿

【

帤〞漫,,蚤 i..∴

,jIi βω

,加 ),‘∫(鼠 ,I｝2,

,加 ),‘a(&,助 ,
::許;; β.64)

ExamPle8.3(Wavefunc● UⅡ UftwUideⅡ位ca光 nUninterac位 ngParIcIes)

Γindthewave血nctiUnsUf︵〃UsystemsUfidentical,nUninteracungparticles:theiirstcUnsists

Uf㏑ob㏄ Uns,andthe㏄ cUndUf師 USp㏑
吉

化 miU砥

SUIⅡIUⅡ

FUrasystemUf〝 心 idenjcal,nUninteractingbUsUns,(8.47)and“ .4Dyk斑 d

%n,所 ;屯 ,助)=一告
γn∩ )物2仍)-物 lΩ)物2n)〕 加函,

物 lσD物 2Ω )十 物 lΩ)rr,2n)I治 (瓦
, ‘,;,     (8.‘ 5)

andfUrasystemUf㏑o叩㏑吉化rIniUns

I〃句色)物2Ω )一

Iu〞 Iσ1)〃〞2(屯)+
物l(乃)物2n)︳ 9‘∫(i｝l,動 )

物I仍 )物2n)〕 加(i｝l,動 ),、
I∴,∩ ,民 ;移 ,動 ) (8.6t)
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where,什 UmthefU1一 1lalismUfangularmUmenmmadd丘 iUn,therearethreestates(atnple° that

ares一e㏑c,郕l,助 ):
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加rψ θ́′(罰 ,品)=

andUnestate° ㎡nglet)thatkantis玾me㎡c,xθ (&,助 ):

l
一

2+
I
一

2
 
 
,
2

一
 
卦

I
一

2
 
 

一

卦

｝

l
忴

—

忴

卦

卦

(
 

一

╙
╭

⊥
扼
╙
╓

一卦l｜
吉翔,

(8.57)

細↙a‘1,助 =一告(｜吉
\
.
—

/

1
一

2

1
一

2

l
一

2
一

l
一

2
一

l
一

2

l
一

2
(8.68)

8.4  TheExcIusiUⅡ PriⅡcipleaⅡ dthePeriUdicTable

ExplainingtheperiUdictableisUnethemUst smkingsuccessesUftheSchr° dingerequajUn.

WhencUlmb㏑ edwi山 thePaulicxclusbnphⅡ cψle,theequatbnUfers㏑ ㎡ght血 l infUI1一 八atbn

Unthestmc仇ⅢeUfmulj-eleciUnatUms.

InChapterawesawthatthestateUfthehydrUgen’ SelectrUn,whichmUvesin thespher-

icallysyⅡ InethcCUulUmbpUtentlⅡ Ufthenucleus,isdescribedbyfUl1rquanmm numbersη ,

Z,勿 and羽,:Ψ刀′〞了〞,(’)=γ 〞́沕́σ)X〞ε,whereu〞′〞′(’)=R〞′(r)巧〞′(θ ,φ )is theelec-

iUn’Swave㎞ cj㎝ when山eΨ㏑ 必⋯ U‘dandX〞‘=｜ 吉,士吉｝
必 theΨ㏑

’
ss伍taT㏑ S

representajUntumSUuttUbesuⅡ ablefUranYatUmaswe11.
Inamulti-electrUnatUn〦 theaveragepUtential inwhicheve〃 electrUnmUVeSisdi丘 brent

frUIntheCUulUmbpUtentialUfthenucleus;ye色 tUagUUdapprUxLnatiUn,itcanbeassumed

tUbesph㏕ callys＿ etric. WecantherefUre, as inhydrUgen, characterizetheelectrUnic

statesbythefUurquantumnumbersη ,J,叭
、
and沕∫,Whichrespcctivelyrepresent theprincipal

quantumnumber,theUrbitalquantumnumber,themagnetic° razimuthal)quantumnulllber,

andthespin quantumnumber;ηηrepresents thez-cUmpUnentUftheeleciUnUibitalangular

mUmentunland羽∫theZ-cUmpUⅡ entUfits spin.

AtUmshave∫乃θ〃“翻ε′VK.EaChatUmhasanumberUfm苟 UrsheIls thatarespecinedby

山eradialUrphncipalquantumnumberη . ShellshavesubshellswhicharesPecifiedbythe

UibitalquantuInnumber了 .Subshel1s in㎜ havesubsubshells,calledU〞 t〃a你,specinedbyηη;

SUaη Urt〃〞′赤 ∥ bΨ θε弟 θ́ ●v′乃Kε σ紉a刀九〞竹 刀“羽 tθKη ,′,羽 ,́i.e.,it kdennedby︳ K′羽 ′〉.

Eachshe11η therefUrehas刀 -1 Subshe11scUrrespUndingtU了 =U,l,2,3,‥ .,η -1,andin

mmeachsubsheⅡ hasZ+lUrbitals(Ursubsubshells),血 ncetU羽 ′=-′ ,一了十 1,一了+2,‥ .,

J-2,′ 一 l,ˊ .Asin lydrUgen,individualclcctrUnsUccupysingle-particlestatesUrUrb丘 als;

thestatescUrreSpUndingtUtherespectivenllmehcalvalues′ ==U,1,2,3,4,5,‥ .arecalleds,

p,d,色 g,h,.‥ states.HencefUrag∥ en刀 anS-Statehas1Urbital(〞 ′=U),ap-statehas3
Urbitals(羽 ˊ=-1,U,1),ad-statehas5Urbitals(羽 ˊ =-2,-1,U,l,勾 ,andsUUn(Chapter

Θ .Wewill labeltheelectrUn比 stat㏄ by刀′Where,asbefUre,′ refers tUs,p,d,色 etc.;fUr

eXample1∫ cUⅡespUndstU(刀 ,了)=(1,U),2∫ cUⅡespUndstU(η ,′)=(2,U),2PcUrrespUndstU

o,r,=φ ,1),“ cUrrespUndstU(K,′ )=° ,U9,andsUUn.
HUwdUelectrUⅡ s nllthevaHUusshellsandsubshe11s inanatUm?IfeIeciUnswerebUsUns,

th叩 wUuldallgrUup in the肝 Ul1ndstate〡 K了物 〉 =｜ 1UU〉 ;wewUuldn’ tthenhavetherich山 -

vers丘yUfelements thatexist in nature.But 血nceeleciUnsarementicalfe工
一

lliUns,th叩 are
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Figure8.2 FillingUrbitalsaccUrdingtUthePauIexclusiUnp㎡ nciple.
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gUvemedbythePauhexclusiUnphnciplewhichstatesthatη UnφUε′θεt石Uη∫εaη UUε“pV∫ 9-

〞 t〃6璐eUV∫〞 油θ∫a羽θ?Va祔“〞 ∫ㄌ竹 〡η′羽〃ηε〉Uη 妨 θ∫a羽θaㄌ羽 .HenCeeachUrbital︳ η了〞 〉́

canbeU㏄ upied㏒Ⅱ m,UeIectrUns㎡ 〞“ 6Unehavingspinupu∫ =十 告,theaher sp㏑ dUwIl

u∫ =一 吉
.Hence,eachstate㎡ canaccUmmUdate2(Z+l)electrUns.SUans一 state〔 .e.,〡 ηUU〉 )

canatmUSthUld2eIectrUns,ap-state(i.e.,｜ ηl〃η〉)atmUst6eleciUns,ad-state(i.e.,︳刀2羽′))

atmUst lUelectrUns,anf-state(i.e.,〡 刀3ηη〉)atmUst14eleciUns,andsUUnσ igure8.2).2

FUranatUm㏑ thegrUundsta托 ,theθ厖aㄌ俗 √〃 油 θU乃〃a你 切 U翃θrqㄏ 9ηεKt6。ηg羽 eη
;

Unceasubshe1l必 nlled,thenexteleciUngUeSintUthevacant subshellwhUseenergy必 just

abUvetheprev㏑ussubshe11.WVhenallUrbitals inam勾 UreleciU㎡ cshellarenlledup,weget

a‘ㄉ∫θ́ ∫乃↙元 thenextelectrUngUesⅡ 北Uthenextm勾 Urshell,andsUUn.BynllingtheatUm比

UibitalsUneaftertheUther inUrderUfincreasingenerg｝ 4UneUbtainsa11theelementsUfthe
peHUdictable(Table8.l).

EleⅢ eΠtS1<Z<18
Asshf9wn inTable8.1,the且 rst periUd(UrfirsthUhzUntalrUw)UfthepehU山 ctablehastwU
elements,hydrUgenIIandheIil1mHe;thesecUndperiUdhas8elements,IithiumLitUneUn
Ne;thethirdperiUdalsUhas8elements,sUdiumNatUargUnAr;andsUUn. TheUrbitalsUf

the18lightesteIementS,l ≦ Z≦ 18,arefiⅡ edinUrderUfincreasingencrgyaccUrdingtUthe

sequence: ls,2s,2p,3s,3p.TheelcctrUnicstateUfanatUm isdeteⅡ llinedbyspec㎡ yingthe

UccupiedUrbitalsUrbywhat isc㏕ ledtheθ厖crrU幼UεU碩即 K〃U刀.FUrexample,hydrUgenhas

Uneel㏄ trUn,比 sgrUundstatecUnfiguratiUn is(1s)l;heliumHehas加 meleCtrUns:(ls)2;lithium
jhasthreeelectrUns:(ls)2φ s)l;beη〃liuInBehasfUl1r:(ls)2φs)2,andsUUn.

㎞樣眾隿翠扎1苗｝:縶七胱蟲古珞各紫
=鼾

胖貿笅:黖!i野器
§=Σ 色1詐 ,andthenUbtain tUt㏕ angularmUmentum” cUupling工 and6,i.e.,o=E十 ∫

,

where元 and勇 aretheUrbitalandΨ inangu】 armUmentaUfindividu㏕ dec廿UnS.AswiIlbe
seen inChapter9,╮ 〃 henthespin一 Urb北 cUuplingiscUnsidered,thedegeneracyUftheatUrn’ s

energyIevels is partialIylined,intrUducingasplittingUftheIevels. ThefUurnumbers t,∫ ,J
andVaregUUdquantumnumbers,whereu-到 ≦ J≦ L+∫ and一 J≦ i呸 ≦ J.SUthere
are2∫ -├ lvaluesUfJwhenL≧ ∫and2L+lvalueswhent <∫.Sincetheene珽 γ depends

UnJ,山 elevelscUrrespUn山ngtUanLand∫ spl加 intU(2∫ +l)-mult● let.TheissuenUwis
tUdetelⅡInewhichUneUfthesestateshasthelUwestenergY. BefUresmdyingthis issue,let

us intrUducethespectrUscUpicnUtatiUnaccUrdingtUwhichthestateUfaⅡ atUIIl is labe1ledby
2∫+〕 LJ、vhere,asbefUre,thenumbersL=二 U,1,2,3,‥ .aredesignatedbyS,P,D,F,‥ ‥FUr

example,sincethetUtalangularmUmentun〕 Ufabeη以liuInatUm iszerUJ==U,becauset=二 U

(aIlelectrUnsare㏑ s-就ateS,ˊ i=U)and∫ =U● UthelectrUns in the(1sl2就 atearep缸redand

sUarethe〝 心 eleCiUns in theφ s↗ st飩e9,thegUundstateUfbe〃 lliumcallbewh竹enaSlSU.

ThisappliesacmallytUa1lUtherclUsedshellatUmssuchaSheliumHe,neUnNe,argUnAr,and
sUUn;theigrUundstatesareall specinedby】 sU(Table8.1).

LetusnUwcUnsiderbUrUnB:theclUsedsheⅡ s lsand2shaveL=∫ =J=U.Thus山 e

angularmUmentumUfbUrUn isdeteIl11㏑ edbythelpclectrUnWhichhas∫ =l/2andL=1.A
cUuplingUf∫ =l/2andt=l” eldsJ=1/2Ur3/2leadingtherefUretUtwUpUssiblestates:

2Pl/2,    Ur    2P3/2.
(8.69)

WhichUnehasaIUwerenergy?

2R SenⅣay,C J MUses,andC A MUyer.協 滮翻 P加l,s9“,Saunde了SCUⅡegePublishing,Ne、 vYUΓk.妙 89,p.238
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Table8.l GrUundstateelectrUncUnfigl1ratiUns,spectrUscUpicdeschpjUn,andiUnizajUnener-

giesfUrthenrstfburrUwsUfthePehUdicTable.ThcbracketsdesignateclUsed-she1lelements.

Z    EleInellt

GrUundstate

cUnnguratiUn

(lΦ

(1Φ 2

SpeC甘 USCUpic      IUnizatiUn

desctipt㏑n   energy● V)

H
比

Sl/2

lSU

13.6U

24.58

3

4

5

6

7

8

9

1U

L
B
B
C
N
O
F
忳

:Helθ sll=(1sl2pΦ 1

IHelφ 92

IHelφ s92φp)l

IHel(2s)2(2p)2

IHelφ°
2(2p)3

IHelφ 92φp)4

IHel(2Φ
2φp)5

:HelφΦ
2(2p)‘

S1/2

lSU

2Pl/2

3PU

4S3/2

3P2

2P3/2

lSU

5.39

!;｝

｝.3::!:

8.3U

11.25

14.55

13.61

17.42

21.5(〔 :;

11

12

13

14

15

16

17

18

Na
〝汪g

Al

Si

P

S

Cl

Af

INell3Φ

INe〕βΦ
2

INe〕 (3s)2(3p)l

Ⅲe〕 (3s)2(3p)2

〔Ne〕θs)26p)3

Ⅱ司(3°
2(3p戶

ENe〕°s)2(3p)5

E卜丁e〕 (3s)2(3p)‘

S1/2

lSU

2Pl/2

3PU

4S3/2

3P2

2P3/2

lSU

5.14

7.64

5.94

8.15

1U.48

lU.36

13.U1

15.76

19

2U

21

22

23

24

25

26

27

28

29

3U

31

32

33

34

35

36

K
Ca

Sc

Ti

V
Cr

ⅣIn

Fe

CU

Ni

Cu

Zn

Ga

Ge

As

Se

Br

Kr

Sl/2

lSU

4.34

6.1l

6.54

6.83

6.74

6.76

7.43

7.87

7:86

7.63

7.72

9.39

6.UU

7.88

9.81

9.75

l1.84

9.81

IAr〕 6s)l

IAr〕 (4s)2

IAr〕 (3d)l(4s)2

:Arl°Φ
2(4s)2

IA〢●cl93(4s92

lArll3Φ
4(4s)2

巳AJ〕 (3d)5(4s)2

IArlβ cl9‘ (4Φ 2

IArlθΦ
7(4s92

lArl°Φ
8(4s)2

lArlβ cl91U6Φ
l

lAfl(3d91U6°
2

IAr〕 6Φ
lU6Φ 2(4p)l

lAIl°Φ
lU6s92(4p)2

IAr〕 (3d)1U(4s)2(4p)3

〔Arl●Φ
lU6s92(4p94

IArlβ d91U← sl2(4p95

lArl● d91U6sl2(4p)‘

2I)3/2

3F2

4F3/2

7S3

‘
S3/2

5I)4

4F9/2

3F4

2S1/2

lSU

2Pl/2

3PU

4S3/2

3P2

2P3/2

lSU
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CUn血 deranU山 erexample,thecarbUnatUm.ItsgrUl1ndstatecUnfiguratbn(ls92φ s92φp)2

Iηpliesthat its tUtalangularmUmentum isdeteIIlInedbythe︹ 〃U2pelectrUns. ThecUupling

Ufthe” ω spins∫ =l/2,asshUwn inequajUns(7.174)tU(7.177),yieldstwUvaIuesfUrtheir

tUtal spin∫ =二 UUr∫ ==l;and,asshUwIl inPrUbleⅡ 〕7.3page418,acUuplingUfmUindividual

UibitaIangular rnUmenta′ == lyieIdsthreevaIuesfUrthetUtalangularmUmentaL =U, 1,Ur

2.ButtheexcIusiUnpHncipledictatesthatthetUtalwave血 nctiUnhastUbeanjsyIImemc,i.e.,

:::j::工野崶駕器擲 :坩舞拶控:Υ:點翠咒臨i:〡資古憵粴t
isanⅡs＿ e由HC,theUrbitalquintuplet卜 2is s一 e由HC,andtheUibital singlett = Uis

s-etric,thefUllUwingstatesareantisy“ Ⅱnethc

lSU,   3PU,   3PI,   3P2,   Ur  lD2, (8.7U)

henceanyUneUfthesestatescanbethegrUundstateUfcarbUn.Again,whichUneUfthen】 has

thelUwestenergy?

TUanSwerthis questiUnand山 equestiUnp“伍iningtU(8.69),wemayinvUkeKvη 6́砌泛∫
(a9ThelUwestenerglevelcUrrespUndstUthestatewiththelargest s9n∫ 〔.e.,thema㎡ ml1m

nl1mberUfeleciUnshaveunpaiedspins),(b)AmUngthestatesWithagivenvalucUf邑 the

lUwestenergylevelcUrrespUndstUthestatewiththelargestvalueUf乙 ,(c)FUrasubshell that
is less thanhalf血ll thethelUwestener即  statecUrrespUndstUJ=u一 到 ,andfUrasubshell

that isInUrethanhalf血 ll thelUwestenergystatecUrreSpUndstUJ==t-+∫ .

Htlnd’ st㏑rdruleanswers thequest㏑ npert㎡ ningtU(8.69):sincethe2pshellUfbUrUn is

less thanhalf血 ll,thevalueUfJcUrrespUn山 ngtU山 clUwesteⅡ ergyisg∥enbyJ=u一 到=
l-l/2=1/2,hence2PIp 你thelUwerenergystate.

TUnndw㏑ chUneUfthestates(8.7U)hasthelUwestene理 肌 Hund’ s nrst ruled比 tatesthat

∫= 1. Sincethetnplet∫ =二 l is syIlmethc,weneedananjsvΥnme“ cspatialwave血 ncjUn;

this isgivenbythespatiaItriplett==1.〝瓦arethusleft、 汀ththreepUssiblechUices:J==U,l,

Ur2.HuⅡd’sthirdruleprecIudesthevaluesJ==land2:sincethe2pshellUfcaibUn isless than

half血ll,thevaIueUfJcUrrcspUn山 ngtUthelUwestene珽〃 isg∥enbyJ=u一 到 =1一 l=U,
hence3PUis thelUwerenergystate(Table8.1).That is,thetwUelec甘 UnSareindifferent spathI

statesUr山 fferentUrbitalsσ lgure8.2).ActuallY,wecUuldhaveguessedthis result:sincethe

CUulUmbrepulsiUnbe小 〃eenthe小 〃UelectrUnsWhentheyarepairedtUgetheris muchlargcr

thanwhentheyareunpaired,theIUwerenergycUnIiguratiUncUrrespUndstUthecasewhere

theelectrUnSareindifferent spatial states. ThegrUundstatecUnngl1rajUnsUftheremaining

elemcnts,UxygentUargUn,canbeinferred㏑ a血milarwη (Table8.1).

EIementsZ>18
Whenthe3pshell is n1led,UnewUuldexpecttUplacethenextelectrUn ina3dshe11. Butthis
dUesn’ttakeplaceduetUtheUccurrenceUΓ an interestingefect:the4s stateShavelUwerenergy

thanthe3dstates. ⅣVhy? InahydrUgenatUInthestates3s,3pand3dhavethesameenergY
(E:Φ =-兄 /32=-1.5leV,since兄 =13.6eV).But㏑ multi-clectrUnatUms,thesestates

havediferentenergyvalues.As′ increases,theeffect∼ erepulsivepUtenthl力竹《十 1)/2〞r2

causesthed-stateelectrUns tUbethrUwnUu︹ 〃ardandthes-stateelectrUns tUremainclUsertU

thenucleus.BeingclUsertUthenucleus,thes-stateelectrUns therefUre士 eeIthefullattractiUnUf

thenucleus,whereasthed-stateelectrUnseXperiencea了 nuChWeakerattractiUn.This is knUwIl

asthe∫εKθ府ηgqㄌa,becausethe虹merelectrUns,i.e.,thes-stateelectrUns,screenthenucleus,

hencetheUu小〃ardeIectrUns〔 hed-stateelcctrUns)dUnUtexpeΠ encethefulla竹 aCtiUnUfthe

nucleus;theyinsteadfeelaweakeffectivepUtentia1. Asaresult theenergyUfthe3d-stateis
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largerthanthatUfthe4s-state. ThescreeningeffectalsUcausestheenelgyUfthe5s-statetU

havealUwerenergythanthe4d-state,andsUUⅡ .SUfUragivenη ,theenergiesE〞 了inCreaseas

′increases;infact,neglecjⅡ gthespin一Urbit interacjUnandcUnsideringrelauvisjccUⅡ ectiUns

wewill shUwinCllapter9θ .8DthatthegramdstateenergydependsUnthepHncipaland

UrbitalquantLlm nl1lnbersη andJasE° =Z2E〞 \1+a2z2I2/φ 了+1)一 3/舠〕/刀 ｝,Where

a=1/137is theΠ ne就ructurecUnstantandE° =-兄 /刀
2=-13.6eV加2.

IncUnclusiUn,thepehUdictablecanbeUbtainedbyfi1lingtheUrbitals inUrderUfincreasing

energyE〞 ásfUllUws(Table8.1):

ls, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4色  5d, 6p, 7s,‥ ‥ (8.71)

Remark§

ThecheΠ Ical prUper巨esUfanelementis mUstlydete1l1Π nedbytheUutelⅡ 1UStShel1. Hence

elementswihsinilarelectrUncUn且 guratiUnsUftheUutsideshellhavesInⅡ archeInical prUp-

erties. This is theideabehindthestructureUfthepehUdictable: it isarrangedinawaythat

allelements inacUlumnhavesiIllilarchemical prUperΠ es. FUreXampletheelements in the

la就 CUlumn,heHum,neUn,argUn,㎞ 〕TtUn,andsUUn,llavetheUutcrp-shellcUmpletelynlled
(exceptfUrheliumwhUseUutsideShel16ls).TheseatUms,WhicharefUlIIIedwhenashellUr

asubshe1l isfi1led,areveFγ Stable,interactVeEyweaklywithUneanUthe馬 anddUnUtcUmbine

w丘hUtherelements tUfUΠ nmUleculesUrnewcUmpUunds;that is,theyarech田 ㎡ Callyinert.

TheyareveFγ reluctant tUgiveupUrtUacceptanelectrUn. DuetUtheseprUper巨 es,theyare

calledKUt泛 g羾份 .nleyhaveave,1UwbdlingpUint(arUtlnd-2U伊 C);nUtethateachrUlv

UfthepehUdictablecUrrespUndstUfillingUutaShellUrsubshellUftheatUm.Thereisasi駟 if-

icantenergygapbefUrethenextlevel isencUunteredaftereachUftheseelements;asShUwn in

Table8.l,alargeenergyiSrequiredtUiUnizetheseelements;fUr instance,24巧 8cVis needed

tUiUnizeaheliunlatUm.

AtUmscUnsistingUfaclUsedshel1(UrararegaScUnnguΥ ajUn)plusans＿ electrUn(Ura

valenceelectrUn),SuchasLi,Na,K,andsUUn,havethelUwestbindingenergy;theseelements

areknUwnasthealkali metals. InelementscUnsisjngUfanalkaliatUm plusaneleciUn,the

SecUnds-electrUnis mUrebUundthanthevalenceelectrUnUfthealkaliatUmbecauseUfthe

highernuclearcharge. Asthep-shell isgraduallyn1led(beyUndthenUblegascUnngurajUn),

thebindingenergyincreases in此 ially(as inbUrUn,carbUⅡ andn北rUgen)t1lthefburthelectrUn,

then itbegins tUdrUp(Table8.l). This isduetUthefactthat、 vhenthep-she1lis less thanhalf

nⅡlall spinsarepara1lel,hcⅡ cea11threespatialwave血 ncuUnsareanjsyIIme句 HC. WV北 hthe

fUl1rthelectrUn° S㏑ Uxygen),N心 S9nSWillbeantbarallelUrp缸 red,hencctheSpathlw小 K

mnctiUnknUt㎡ tal圩 antis玾metriccatlsingadrUp in theenergyNU● ethatdemen蕊 With

UneelectrUnmUrethanUrUneelectrUnless thannUblegascUnfigurajUnsarethemUStacjve

chemica11｝4becausetheytendtUeasilygiveupUreasilyacceptUneelectrUn.

ExamPIe8.4
(ω Speciㄅ thetUt㏕ angularmUmentacUⅡespUndingtU4G,3HandlD.

(b)FindthespectrUscUp沁 nUtahUnfUrthegrUundstatccUnfigurajUnSUfaluminumAl
(Z=13)andscandiumSc(Z=21).

SUIutiUⅡ

(a)FUrthctel1l14GtlleUrbitalangularmUmentumk王 =4andthespin is∫ =3/2,since

2∫ -├ 1==4.ThevaluesUfthetUtalangular rnUmenhⅡ ncUⅡ espUndingtUthecUuplingUfL==4

and∫ =3/2are區 venby｜ 4-3/2〡 ≦ˊ≦4十 3/2.HencewehaveJ=5/2,7/2,9/2,11/2.
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