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1 1 0.173773
1 3 -0.00376
3 1 -0.00376
3 3 0.00023
1 5 0.000108
5 1 0.000108
3 5 -1.1E-05
5 3 -1.1E-05
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3 7 4.92E-07
7 3 4.92E-07
5 7 -6.3E-08
7 5 -6.3E-08
7 7 5.84E-09

SUM 0.16667
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( ) ( )
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2 2
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1 1 0 sin sinh
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2 2
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2 2 2 2
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X Y b bdx dy

n x b n aC V
b b

n x b n x b n x bn aC dx V dx
b b b b

V Vn a n x bC dx
b b b b n

π π

π π

π π ππ

π π
π

− −

+
∇ = + = ⇒ =

+
→ =

′ ′+ + +
⇒ =

′
′⇒ = = −

∑

∑

∑∫ ∫

∫

Problem 3 54

( )

( )

0

0 2

 odd 2

0 ,  if  even
4

,  if  odd

sinh4
sin

2sinh

n y
b

n a
n b

n
n V

n
n

n x bV
V

n b

π

π

π
π

π
π


= 


+
⇒ = ∑

( )
( )
( )
( ) 0

i 0 when 
ii 0 when 
iii 0 when 0
iv  when 

V x b
V x b
V y
V V y a

= = −
= =
= =
= =



Electromagnetism Chap.3 TA: Hung Chun Hsu, Yi Wen Lin, and Tien Fu Yang 2023 Fall

( )
( )

( )
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0 2 0 2
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V
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.  Find the force on the charge  in Fig. 3.14. (The  plane is a grounded conductor.)
To keep 0 on the  plane need two image charges: charge 2  at (0,0, ) and charge  at (0,0, 3 )

F

q xy
V xy q d q d

+
= ⇒ − − −

∴

Problem 3 7

( ) ( ) ( )

2 2 2 2

2 2 2 2
0 0

orce on charge  becomes

1 2 2 1 29ˆ
4 4 722 4 6

q

q q q qz
dd d dπε πε

 − − − = + + =
 
 

F

.  
(a) With (3.15)-(3.17) Law of cosine, it's straightforward.+
Problem 3 8

( )

( )
( )

( )
( ) ( )

0

2
2 2

3 2 3 22 2 2 20

3 212 3 2 2 2
1

b  Induced Surface Charge 

2 2
1 1

4 2 42 cos 2 cos

sin 2 2
4

r R

r R

V
n

aq R R aRV q
n RR a aR R a aR

q Rq R d d R Ra dx R a aRx q
a

σ ε

σ
πε πθ θ

σ θ θ φ π
π

=

=

−

−

∂
= −

∂

 
−   −∂  = ⇒ =

∂ + − + −

′ = = − ⋅ + − = −∫ ∫
Consistent with (3.15)!
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( )
2 2

2 2 22 20 0

.  

1 1(c) 
4 8

r a

Rq r RqW d dr
a Rr Rπε πε

∞

=

−
= ⋅ = = −

−−
∫ ∫

Problem 3 8
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λ− λ

( ),x y
′r r

( )
0 0

2 2

0 0

.  Two straight parallel pipes
(1) Symmetry: 0 at the center

1 ˆ(2) Circular pipes: Consider two thin straight lines lim ln    (Prob 2.22)
2 2

ln ln
2 4

s

V
sr V

r a

x y
V V V

aλ λ

λ λ
πε πε

πε πε

→∞

+ −

=

= ⇒ =

+ +′
= + = =

Problem 3 12

E

r
r ( )

( )
( )

( )
( )

( )

( ) ( ) ( ) ( ) ( )

0 0

2 2

2 22 2
4

0 0 2 22 20

2 2 2 2 2 2 2 2 2

2 2 2 Two bou

Equi-potential  constraints: ln Const.
4

2 2 1 1 1 2 1 0

12 0
1

V

x y

x a y x a y
V V e k

x a y x a y

x ax a y k x ax a y x k y k a k ax k

kx y a

a

ax
k

πε λλ
πε

 
 
 − + 

 + + + + = ⇒ = = =
 − + − + 

⇒ + + + = − + + ⇒ − + − + − − + =

+ ⇒ + + ⇐− = − 
( )2 2 2

0ndaries of the pipes are circles: x x y R− + =
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( )2 2 2 2
0

2 2

2

0

2

2 2
2 2

Two bound

1

aries of the pipes are ci

.  Two straight parallel pipes
12

1

0
1

rcles: 

1  & 
1

1
1

1
1

x x y R

k kx a d R a
k k

kx y a ax
k

k kx a y a a
k k

⇐ − + =

+ +   ⇐ = = =  − −   

+ + + − = − 

 + +   − + = −    − −    
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0

0

0 0

0

0

2 22 2

0 0 2

0

2
2 2

4
22 20

4
0 0 0

4 0 0

Recall: Equi-potential  constraints: ln Const.
4

cosh 2 21 1 coth
1 sinh
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Azimuthal symmetry
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0 2

3 1
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2
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.  

Laplace equation: 

0

0 , cos
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8 cos 3 cos,
5

cos cos,
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3 83 cos cos
55 5Continuious constraint on the surface: 
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( ) ( )

3

1 33

2 4

1 32 4

.  

3 8cos cos
5 5

3 8cos cos
5 5

To obtain the surface charge density

recall that radial derivative of  suffers a discontinuity at the surface.  
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∂
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Now, the coefficients can be determined by Fourier's trick:
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( ) ( ) ( ) ( )
0 0 0
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∞
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r r r
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Generating function of Legendre polynomials

y

x

z
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φ′

α

( )cos sin cos cos sin sinα θ φ φ φ φ
′⋅ ′ ′= = +
′

r r
r r

( ) ( ) ( )
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( ) ( )( )

2 2
0 0

.
Observe this system at points far from the origin 0 No monopole!

ˆˆ ˆFirst non-vanishing term is dipole term. 3 2 2 2
ˆ1 1 2 cos 

4 4

totQ
qa qa z qa q a y qaz

qaV
r r

θ
πε πε

⇒ = ⇒

∴ ⇒ = − + − − − =

⋅
⇒ ≅ =

Problem 3 29
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p r
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( ) ( )
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2
0 0

2
0 0

2
0 0

.
2 1 3 cosˆ monopole: 2   dipole: 3

4 4
2 1 cosˆ monopole: 2   dipole: 

4 4
2 1 3 sin sinˆ monopole: 2   dipole: 3

4 4

q qaa q qa V
r r

q qab q qa V
r r

q qac q qa V
r r

θ
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θ
πε πε

θ φ
πε πε

⇒ ≅ +
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Problem 3 32

z
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y
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1

n

i i
i

d qρ τ
=

′′ ′ ′≡ =∑∫p r r r

Collection of point charges

#Comments on moving the origin (charges):
a. Monopole moment doesn’t change, since the total 

charge is independent of the coordinate system.
b. Dipole moment changes when the origin is shifted 

if and only if the total charge is non-zero.

( ) ( ) ( )

( ) ( )

d d

d d Q

ρ τ ρ τ

ρ τ ρ τ

′ ′ ′ ′ ′ ′= = −
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p r r r a r
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( )3
0

.  Correct form for dipole field 
Before going to the detail of the problem, let's examine the case on the handout.

ˆˆOn page 60, it's given that 2cos sin .
4

If you consider the 

dip

p
r

θ θ
πε

= +

Problem 3 49 E

E r θ

( )
( ) ( )3

3
0 0

case at the origin, the dipole field blows up at 0.
Recall the way we did in Chap.1 introduce the dirac delta function 

ˆ ˆ31
4 3

Now, go back to the original question, where the

dip

r
x

r

δ

δ
πε ε

=
⇒

⋅ −
⇒ = −

p r r p pE r

( )( )
3

2

, 2
0

 surface charge density cos
ˆFirst tackle the problem by multiple expansion: by symmetry, the dipole moment is clearly along axis.

4ˆ ˆ ˆcos cos sin
3

ˆ1
4dip out

k

R kz da R k R d d
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r
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−
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⋅
⇒ = =

∫ ∫
z

p z z z

p r 3

2

3
0 0 0 0

4 cos
3

ˆRecall eq. (3.86), the potential inside is cos
3 3 3 4

Consider its volume

All multiple moments, except dipole, of this distribution are ZERO!

Blow up as 0

exact
R k V

r
kr kz kV

R
R

π θ

θ
ε ε ε πε

=

= = =

⇐

− ⇐ →⇒ = −
pE z

0
Independent of ! Match the delta-function term! integral: 

3
Rdτ

ε
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