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Radial superlattices are nanostructured materials obtained by roll-
ing up thin solid films into spiral-like tubular structures. The
formation of these “high-order” superlattices from
dimensional crystals or ultrathin films is expected to result in a
transition of transport characteristics from two-dimensional to
one-dimensional. Here, we show that a transport hallmark of radial

two-

superlattices is the appearance of magnetoconductance modula-
tions in the presence of externally applied axial magnetic fields. This
phenomenon critically relies on electronic interlayer tunneling
processes that activate an unconventional Aharonov—Bohm-like
effect. Using a combination of density functional theory calcula-
tions and low-energy continuum models, we determine the
electronic states of a paradigmatic single-material radial super-
lattice — a two-winding carbon nanoscroll — and indeed show
momentum-dependent oscillations of the magnetic states in the
axial configuration, which we demonstrate to be entirely due to
hopping between the two windings of the spiral-shaped scroll.

Since the pioneering work of Esaki and Tsu back in 1970,
superlattices have introduced a new paradigm for the synthesis
of artificial nanoscale material structures with tailored electro-
nic properties. The synthesis of moiré superlattices of
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New concepts

Superlattices—artificial material structures with a nanoscale period—are
generally characterized by nontrivial electronic states without counter-
parts in bulk crystals. The presence of these unique electronic states is
reflected in the occurrence of novel and tunable transport properties of
paramount importance both for fundamental science and for nanotech-
nology applications. Radial superlattices obtained by rolling up thin films
represent a promising avenue to explore the potential of such artificial
materials. Here, using a combination of density functional theory calcu-
lations and quantum continuum models, we show for the first time a
characteristic transport property of radial superlattices: the occurrence of
magnetoconductance oscillations due to externally applied axial mag-
netic fields. In particular, we demonstrate that the unconventional
momentum-dependent oscillations of the magnetic-state energies
entirely relies on interlayer tunneling processes — a tunable energy band
characteristic in materials design. The work we undertook not only shows
an exotic genre of electronic states and nontrivial robust transport
properties in radial superlattices but also provides new insights for the
design of superlattices in the laboratory. Our study thus provides a new
route to engineer exotic electronic structures with rich application
potential in the carbon neutral industry or to boost the processing
performance of memory devices in intelligence technology.

two-dimensional van der Waals materials, obtained for
instance by placing single-layer graphene on aligned hexagonal
boron nitride substrates,”® has led to the experimental obser-
vation of superlattice minibands forming the well-known Hof-
stadter butterfly’ and the related generation of Dirac cone
replicas.* ™ Likewise, the moiré superlattice of magic-angle
twisted bilayer graphene has been to shown to yield flat bands
associated with emerging correlated insulating behavior and
superconductivity."*'®> Rolled-up nanotechnology’®™® - a
strain-induced technique able to tune planar ultrathin films
into complex three-dimensional nanoarchitectures - provides
yet another route to superlattices. The rolling-up mechanism
can be applied to a huge variety of materials, including metals,
insulators, polymers and traditional semiconductor families.
Functional properties such as thermal conductivity have
been shown to be geometrically tailored in silicon radial
superlattices.”® Very recently, rolled-up nanotechnology has
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been also applied to two-dimensional van der Waals materials to
create high-order van der Waals superlattices.>* Independent of the
material in hand, the preparation of these material structures is
expected to modulate their electronic properties via the effective
change of dimensionality, thereby leading to unconventional trans-
port behavior. For instance, a distinctive property of tubular struc-
tures with spiral-like cross sections is that they break the rotational
symmetry in the embedding three-dimensional space. As a result,
their longitudinal magnetoresistance can exhibit a marked direc-
tional dependence.”” This angle-dependent magnetoresistance has
been predicted to occur in the ballistic regime when considering
rolled-up nanotubes made out of conventional semiconducting
materials. The same effect is expected to appear,” however, also
in the diffusive regime characterizing the transport in, e.g;, carbon
nanoscrolls: spirally wrapped graphite layers.>® The report of an
angle-dependent magnetoresistance behavior in SnS,/WSe, rolled-
ups has provided experimental evidence for the occurrence of this
geometry-induced effect.”' The aim of this work is to show that
another transport hallmark of radial superlattices is the appearance
of magnetoconductance modulations in the presence of externally
applied axial magnetic fields.

When subject to axial magnetic fields, tubular structures
with cross-sections forming closed loops display the well-
known Aharonov-Bohm (AB) effect, which leaves distinctive
fingerprints. Aharonov-Bohm (AB) magnetoresistance oscilla-
tions have been reported in multiwalled carbon nanotubes
(CNTs).>® Furthermore, the AB effect has been predicted to
induce a semimetal to semiconductor transition in single-
walled CNTs.>”*® Distinctive signatures of the structural sym-
metry of semiconducting core-shell nanowires can be also
inferred from the AB oscillations of the energy levels.>® Finally,
characteristic fingerprints of the anomalous metallic states in
three-dimensional topological insulator nanowires®® can be
also identified from their associated AB effect.

The open cross section of a radial superlattice prevents a full
phase interference between electronic waves traveling in the
opposite direction at the origin of the AB effect. Any magneto-
conductance oscillations in an axial configuration should be
therefore completely prevented. Contrary to such expectations,
we will instead show that radial superlattices can and do
display magnetoconductance oscillations when an axial mag-
netic field is externally applied. Using the combination of
density functional theory and an effective continuum low-
energy model, we will theoretically prove that a carbon nano-
scroll (CNS) - a prototypical radial superlattice - displays
oscillations of the energy levels when subject to an axial
magnetic field even in a minimal two-winding geometry. This
effect is entirely due to the tunneling between the two con-
secutive windings of the spiral structure as proved by the fact
that the energy level oscillations disappear by artificially switch-
ing off the interlayer coupling. We furthermore prove that the
amplitude of the energy level oscillations is strongly dependent
upon the momentum in the translationally invariant axial
direction of the scroll.

We start out by illustrating the mechanism responsible for
the onset of magnetoconductance oscillations in a spiralling
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Fig. 1 The structure and boundary conditions of two-winding CNSs.
(a) The inner layer, layer 1 (outside layer, layer 2), of CNSs is illustrated by
a blue (orange) line. (b) Zoom-in on the region (i) in (a). Layer 1 and layer 2
present a zigzag edge, highlighted by a red polygonal line. The edges are
separated by the connecting region of layer 1 and layer 2. The black arrows
are the relative positions of carbon ions. (c) Zoom-in on the region (ii) in (a).
The interlayer coupling is y;. (d) The unit cell, the flattened geometry of
CNSs in (a), has the same topological structure as CNSs. (e) The cross-
section with arc length X and (f) the boundary conditions for the con-
tinuum model of two-winding CNSs are shown. Atoms Al (A2) and B1 (B2)
are on the first (second) layer.

two-winding carbon nanoscroll. Its geometry is explicitly shown
in Fig. 1(a). Note that the axial, translationally invariant direc-
tion corresponds to a zigzag direction of the honeycomb lattice.
As shown in Fig. 1(b) and (c) the interlayer structure is equiva-
lent to the Bernal AB stacking in bilayer graphene. Therefore,
the largest hopping amplitude in the structure corresponds to
the interlayer hopping between ‘“‘dimer” sites [see Fig. 1(c)].
Consider now the unrolled nanostructure along the azimuthal
direction as shown in Fig. 1(d). The strong dimerization
between the two layers implies that at each azimuthal angle
the electronic wavefunction has a sizable probability amplitude
on both the lower and the upper graphene layers. At the open
edges explicitly marked in Fig. 1(d), on the other hand, the
lower and upper graphene layers have to continuously evolve
one into the other in order to reconstruct a two-winding
scroll. Consequently, the dimerized electronic wavefunction is
“partially” embedded in a closed geometry. Therefore, and as a
result of the interlayer tunneling, the system can react to an
electromagnetic potential precisely as in the conventional AB
effect.

To concretely prove the appearance of such an unconven-
tional AB effect, we model a two-winding CNS with the low-
energy k-p of bilayer graphene along the arclength (X axis) of
the nanostructure while concomitantly using special boundary
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conditions that allow tunneling between the two layers (see
Fig. 1(e) and (f)).

Specifically we use the effective four band model for the 2p,
orbitals on the four atomic sites A1, B1, A2, and B2 of the unit
cell. It can be written as follows:*'

0 wvit 0 0
v O i O

Hb = 0 7 0 an- ) (1)
0 0 vt 0

where the momentum operators are n = —ifi(k + i¢k,) and
n' = ih(k — i¢k,) with k, along the CNS axis and k along the
arclength direction. In addition, ¢ is the valley index that
distinguishes between the two inequivalent K points in the
Brillouin zone. The Fermi velocity reads v = v/3ay, /2h, where y,
is the intralayer hopping amplitude between sites A1 and B1 (or
A2 and B2). Finally, we explicitly consider the interlayer cou-
pling between the dimer sites A2 and B1 y4, as shown in Fig. 1.

The energy ¢ for eqn (1) is given by
hvky = /&> £y, — h*v2k.?, where =+ distinguishes between
the valence and conduction bands. Furthermore, the left-
moving L and right-moving R wave functions read

Filv](~ ks — igk]

R(L +¢é
of =N.|

—itv[(=)ks + itk.]

e(—)ikiXJrik;z’ (2)

where N, is the normalization constant.

Within our continuum model, the electronic band structure
of the two-winding CNS can be obtained by superimposing the
boundary conditions shown in Fig. 1(f). They are given by

3)

where R is the radius of the CNSs, with the total arclength of
each layer given by L = 2nR.

To fit the boundary conditions in eqn (3), we write a generic
wave function ¥, which is a combination of the left-moving L
and right-moving R wave functions in the conduction and
valence bands dﬁi@). In other words, we write the generic wave
function as ¥ = a®% + bd* + cdR + dPR, where q, b, ¢, and d are
the coefficients that we fix by imposing the boundary
conditions.

We also use the following microscopic tight-binding para-
meters: the lattice constant is a = 2.46 A,*> whereas the
intralayer and interlayer couplings are y, = 3.16 eV and
7, = 0.381 eV, respectively.*'** We also take the arclength of
each layer L = 50 nm. Thus the total arclength of the two-
winding nanoscroll is W = 100 nm.

Fig. 2(a) shows the energy bands of the two-winding CNSs
obtained from our continuum model. k, = 0 is the projection of
the high-symmetry K point, i.e. the Dirac point in monolayer
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Fig. 2 Energy bands of the two-winding CNS for the K point. (a) The
perimeter is L = 50 nm for the continuum model and L = 20 nm for DFT.3*

graphene. In perfect analogy with the states found in graphene
nanoribbons with zigzag edges, we find that also our two-
winding carbon nanoscroll displays edge states for k, < 0
momenta [see Fig. 2(a)]. The density profiles of edge and
bulk-like states and their k,-dependent evolutions are provided
in the ESIt (Section S1). In order to establish that the con-
tinuum model provides an accurate description of the electro-
nic structure of a two-winding CNS, we have thereafter
performed density functional theory (DFT) calculations using
the structure shown in Fig. 1(a)-(d). We provide the details of
the DFT calculations in the ESIT (Section S2). As demonstrated
in Fig. 2, there is an excellent agreement between the electronic
structure obtained using DFT and our effective k-p model. This
consequently allows the study on the effect of an externally
applied axial magnetic field using the low-energy model.

To investigate the effect of an externally applied homo-
geneous axial magnetic field, generally, we use a minimal
coupling with the vector potential, A, related to the externally
applied axial magnetic field by B = V x A. Since the applied
axial magnetic field is considered, B||Z, we introduce the

A
canonical momenta k.’ given by 7k, :h(ki _67)(). The

@
vector potential can be expressed generally as A = EV@, where

@ is the magnetic flux and 0 is the angle around the cylinder,*

1
and more clearly it is given as Ay = EBR'ZZ Thus, we have that

the wave factors in the wave functions with applied magnetic

. 2n @
iy :A»ﬁ——)x
Y = e< Lo and

field must be written as

. 2n @
—tks+T 5o | X
e< L @,

—RX = ) . Here we introduced the flux quantum

(&

2nh
which is given by @) = % with e being the electronic charge.

Fig. 3 shows our main finding, that is, the oscillations of the
energy levels as a function of the axial magnetic field intensity
for different values of the transversal momentum k, in a
structure where the conventional AB effect is precluded. Note
that the amplitude of the oscillations is enhanced for k, > 0
and more attenuated by decreasing the longitudinal momen-
tum toward the k, < 0 region.

This journal is © The Royal Society of Chemistry 2022



Communication

L 1 m 1
@ k=75 Q) ® k=00 © k=76 Q)

o — L T

[

2
0,15./—\j __\o.wv, 0.15
I 1S |
A
w

—_—_—

w \/ w
010" 1 040~ 1 0407
—/—\. —
— -
005 —— 1 005 0.05]
P N S —
0.00- I | 000 —— | I 1
[ 5 10 15 20 0 5 10 15 20 0 5 10 15 20
B (Tesla) B (Tesla) B (Tesla)
PRLE k=0 k= - ¢
(d) =70 G (e) 2 =00 ® =70 @
0.20 0.20
015+
015 0.15
2 (g g
w 0.10- 1w T 010
005 0,05 0.05
0.00 ——0M8M
0.00- . - - o . p e . ! :
0 5 10 15 20 0005 5 10 15 20 [ 5 10 15 20
B (Tesla) B (Tesla) B (Tesla)

Fig. 3 Energy level ¢ vs. axial applied magnetic field B at different k,
values. It is shown that the Aharonov—-Bohm effect is present in two-

winding CNSs. (a) to (c) are with the interlayer coupling y; = 0.381 eV. ; is
(]
varied from 0 to 1 with flux quantum: @ = 4.136 x 107 V s. (d) to (f) are

without the interlayer coupling y;.

This result indicates that the electronic states with k, < 0 in
the nanoscroll are similar in nature to the states in a flat
“unrolled” bilayer graphene nanoribbon which, due to the
open geometry, are not expected to display energy oscillations.
As proved in the ESIt (Sections S4 and S6) these states without
oscillations of the magnetic energy levels satisfy the following
criterion on their tube axis momentum:

S(yl _8) (4)

She < kele) = =\ Topma

An example of the states satisfying the criterion above is shown
in Fig. 3(c). We also emphasize that also the zero energy edge
state (see Fig. 2) also satisfies this criterion and is thus not
practically affected by the electromagnetic potential. We finally
note that the criterion in the opposite valley simply inter-
changes the sign of the transversal momentum k, as mandated
by time-reversal invariance.

In Fig. 3 we also present the magnetic energy states by
artificially neglecting the dimer interlayer hopping amplitude
y1. The magnetic oscillations of the energy levels are completely
absent, thus demonstrating that the presence of our unconven-
tional AB effect in a spiral open structure is entirely due to the
electronic tunneling between the layers.

We finally evaluate the consequence of the oscillations of
the magnetic energy levels in transport. In particular, we
consider the two-terminal conductance in the ballistic regime.

This journal is © The Royal Society of Chemistry 2022
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Fig. 4 The conductance of two-winding carbon nanoscrolls for (a) a low
temperature (10 K) and (b) a high temperature (50 K). The dashed line
indicates the applied magnetic field B = 0 Tesla, whereas the solid line is
for B =~ 10 Tesla (10.3949 Tesla in the numerical calculation).

We therefore use the Landauer formula:>*3%3”
o 0
6ee.1) = [ Gr.0ar, (5)

where fdenotes the Fermi-Dirac distribution function and Er is
the Fermi energy. As usual, G(E,0) = e®N,/h is the conductance at
zero temperature, which is simply given by the number of
occupied bands in our quasi-one-dimensional nanostructure.
Note also that we do not account for the small spin-orbit
coupling of graphene and therefore the spin simply gives a
multiplicity two to the conductance.

We show the behavior of the conductance in the absence
and presence of an axial magnetic field in Fig. 4. The oscilla-
tions of the magnetic energy levels is reflected in a finite
magnetoconductance as evidenced by the change of ballistic
conductance as the field strength is varied. In Fig. 4(a), for the
low temperature and without applied magnetic field case (10 K
and 0 Tesla), the widths of plateaux vary alternatively between
large and small values. It is similar to the magnetic case; yet for
the magnetic field case (10 K and 10 Tesla), the plateaux change
their narrow ones to broad, and vice versa. Similar phenomena
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occur at a high temperature (50 K) (Fig. 4(b)) and a medium
temperature (25 K) (Fig. S10 in the ESIT). In the low-temperature
regime, we have the conventional quantization in units of 2%/ of a
quantum point contact®® with different plateaux as we sweep the
Fermi energy (see Fig. 4(a)). The difference in the plateau structures
in the presence of the axial magnetic field is the fingerprint of the
magnetoconductance modulations. Note that the axial magnetic
field effects on the two-terminal conductance persist even in the
high temperature regime where the quantization of the conduc-
tance is lost due to the thermal smearing, as is shown in Fig. 4(b).

To wrap up, we have considered a combination of DFT
calculations and an effective low-energy k-p model, the electro-
nic properties of a two-winding CNS, and established, in the
presence of an axial magnetic field, the occurrence of oscilla-
tions of the magnetic energy levels as the intensity of the
magnetic field is increased. We have found that due to the
presence of interlayer tunneling there is an unconventional
Aharonov-Bohm-like effect with electrons responding to an
electromagnetic potential even if the structure does not possess
a closed cylindrical geometry. In addition, the presence of both
bulk and edge states yields a different oscillation amplitude of
the energy levels for different values of the momentum along
the nanoscroll axis. We demonstrate that this feature of mag-
netoconductivity originates from the unique nature of the
nanoscroll - its state varies between the tube state and the
ribbon state when the momentum changes.

This newly established phenomenon is not specific to car-
bon nanoscrolls. It can indeed appear in different radial super-
lattices obtained by rolled-up nanotechnology including the
recently synthesized high-order van der Waals superlattices.
Moreover, its presence is very robust against moderate disorder
(see Section S6 in the ESIt). Since in all these nanostructures
electronic tunneling between various layers is present, we
expect the effect we have unveiled in our work to be observable
in the experimental realm.
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