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ARTICLE INFO ABSTRACT

Keywords: Gapless topological phase, including Weyl, Dirac, and nodal line semimetals, has become an attractive research
Dirac field in recent years. Some of them have been studied in elementary particle physics, while nodal line and
DII;T quadratic Dirac semimetals are beyond. Among the latter category, nodal line semimetals have been well
PbO2

Topological matter

studied in the past decade, however, the quadratic Dirac semimetals are less discovered by experiments or
first-principles calculations, and how to analyze the topological properties of a Dirac node itself remains elusive

while highly desirable. In this work, we developed a new method to unravel a hidden topological invariance
of quadratic Dirac fermion of f-PbO,. Through density functional theory (DFT) and k - p model in this new
approach, we predict that f-PbO, hosts the quadratic Dirac node (QDN) with mirror Chern number 2 when
spin—orbit coupling is included, surpassing previous studies of topological semimetals. Our work paves the
route toward a new class of topological matter.

1. Introduction

Classification of topological phases is an important issue for both
solid state and elementary particle physics. Distinct topological phases
are classified by different topological invariants, where the emerging
quasi-particles can be an analog of elementary particles. Specifically,
in Weyl semimetals (WSMs) [1-4], Dirac semimetals (DSMs) [5-13],
axion materials [14], and topological superconductors[15-19], the
low-energy excitations are in direct correspondence with the Weyl,
Dirac, axion, and Majorana fermions, respectively. Moreover, the quasi-
particles that are beyond study of particle physics, such as type II
Weyl [20-23], type II Dirac[24-26], and nodal line Fermions [27-
31] have been found also. Topological materials with topological in-
variant numbers (Chern numbers or Z, invariant numbers) exhibit
topologically protected surface states robust to perturbations. Inter-
estingly, some of them present high Chern number > 2, for exam-
ple, three-component [32-38], double or triple Weyl fermions [39-41],
Dirac semimetal with Chern number 2 [42].

In addition, it was predicted that rotational invariant crystals can
realize the so-called double or triple Weyl fermions [39-41]. In con-
trast to the typical Weyl fermions with linear energy dispersion in all
directions, multi-Weyl fermions characterized by quadratic or cubic
in-plane energy dispersions lead to exotic physical properties such as
non-Fermi liquid due to the enhancement in the density of states [41,

43,44]. On the other hand, if inversion and time-reversal symmetry
also present in the system, then a pair of multi-Weyl fermions with
opposite charity will couple into Dirac fermion. A family of transition-
metal chalcogenide compounds was firstly reported [45] to host such
Dirac fermion with cubic in-plane energy dispersion composed of a
pair of triple Weyl fermions. A quadratically dispersed Dirac fermion
is also found in the same system with the energy far above the Fermi
level [45], which would be difficult to be confirmed by, e.g., angle-
resolved photoemission spectroscopy (ARPES) experiments. While the
quadratic Dirac cone proposed in a-TeO, [46] far below the Fermi level
may be easier to be observed in future experiments.

In previous studies on Dirac semimetals, the topological surface
states are typically considered with time-reversal Z, topological num-
ber or mirror Chern numbers [47,48]. Contrarily, studies on topolog-
ical materials protected by rotational symmetry such as the topolog-
ical numbers in bismuth (Bi) [49] are rare. Unlike Weyl semimetals,
where the topological number can be directly calculated from the Weyl
nodes [50,51], studies on topological numbers of rotational symmetry
protected Dirac semimetals focus on other parts of the band structure,
such as the time-reversal invariant points or mirror planes [47,48],
while the topological numbers of the Dirac nodes themselves has not
been thoroughly investigated.
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Lead oxide has been widely used in lead-acid battery electrodes
with the main component of f-PbO, for over 100 years. The topological
phase of f-PbO,, which shares the same rutile structure as f’-PtO,, has
been presented in previous studies [52-55]; however, the topological
numbers of the Dirac nodes themselves and topological surface states
of -PbO, have not been carefully investigated to date. In this work,
using ab initio calculations, we explore the topological properties of
p-PbO, and its associated topological numbers. We present that f-PbO,
exhibits a pair of nodal rings intersecting at two nexus points in non-
spin—orbit coupling (non-SOC) calculations. Furthermore, when SOC is
included, it can host Dirac fermions with quadratic in-plane energy
dispersion protected on the four-fold rotation axis arond the Fermi
level, which is suitable for experimental examination. Combining with
a k - p model, we reveal that a pair of weakly coupled double Weyl
fermions constitute this Dirac fermion of p-PbO,, for which the in-
plane quadratic dispersion depends crucially on the coupling strength
of SOC. These newly discovered bulk and surface electronic properties
make f-PbO, very distinct from the typical DSMs such as Na;Bi[10]
and Cd;As, [5], leading to a new class of topological materials.

2. Methods

First-principles calculations are performed using the Vienna Ab
initio Simulation Package (VASP) with projector augmented wave
(PAW) [56-58] pseudopotential based on the density functional theory
(DFT). Perdew—Burke-Ernzerhof (PBE) [59] type generalized gradient
approximation (GGA) exchange—correlation functional with energy
cutoff of 400 eV are used in this work. In comparison with experi-
mental lattice parameters: a = b = 4.9554 A and ¢ = 3.3861 A, the
theoretically optimized lattice parameters a = b = 5.0004 A and ¢
= 3.4337 A are very close to the experimental values (~1%). Heyd—
Scuseria-Ernzerhof hybrid functional (HSE03 and [60,61] HSE06 [62])
and modified Becke-Johnson (mBJ) [63,64], calculations are also
carried out for comparison with the energy band gaps. 18 x 18 x 24
k-point samplings are used in PBE-type GGA functional calculations.
While 8 x 8 x 12 and 4 x 4 x 8 k-point meshes are used in mBJ
and HSEO3(HSEO06) calculations, respectively. The Wannier functions
with Pb s and O p orbitals are projected from DFT results to calculate
the hopping parameters. The surface state spectra are constructed from
semi-infinite slab method [65] with the Wannier functions. The group
representations are extracted from the eigenvalues of symmetry oper-
ators from Wannier functions and DFT wavefunctions. The k - p model
and topological invariance are obtained from the hopping parameters
of Wannier basis.

3. Results and discussion
3.1. Bulk properties without SOC

As shown in Fig. 1(a), p-PbO, crystallizes in the rutile structure
wjth space group P4, ( mnm (A#136, D}(}‘l) contaiAning the screw rotationfil
(Cy), mirror (M, My, Mj,,), inversion (P), and time-reversal (7))
symmetry. Similar to other carbon group oxides AO, (A=Si, Ge, Sn) in
the rutile structure [66], the conduction band (CB) and valence band
(VB) of -PbO, also show an electron and a hole pocket correspond-
ing to the single [double] point group representations F1+ [1"6+ ] and
T, 3+ [T 7* 1, respectively, at the Brillouin zone (BZ) (Fig. 1(b)) center.
However, instead of the two gaped pockets of other carbon group rutile
oxides, f-PbO, exhibits crossing electronic band structures. When SOC
is ignored, this crossing presents a pair of nodal rings in the (110) and
(110) plane. Fig. 1(c) shows the two-dimensional band structure on the
(110) plane, on which the CB and VB do not hybridize with each other
due to different mirror Mj,, eigenvalues, +1 (~1), respectively. The CB
and VB cross into approximately an ellipse, therefore realizing a nodal
ring on the (110) plane. Moreover, due to C, symmetry, there is another
equivalent nodal ring on the perpendicular (110) plane, which intersects
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Fig. 1. Lattice structure and bulk band structure of g-PbO, (a) Rutile structure
of f-Pb0O,. (b) Brillouin zone of f-PbO,. (¢) Nodal line band structure in (110)
plane. The bands with different mirror eigenvalues are show in different color
and the dash line indicates the nodal ring protected by mirror symmetry. (d)
and (e) The sketch of gapless point without and with SOC, respectively. (f)
and (g) GGA (PBE) band structure without and with SOC, respectively. The
plus and minus signs (+) indicate the mirror eigenvalues. (h) Zoom-in band
structure along I' — Z (A) from GGA+SOC. (i) Three dimensional DN band
structure along the direction perpendicular to I — Z (A) from GGA+SOC. The
quadratic behavior can be seen clearly. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

the (110) plane nodal ring at two nexus points along the rotation axis
(i.e., k, axis) in Fig. 1(d). The nodal ring states can be identify from
the band structure along the high-symmetry paths from GGA (Fig. 1(f)),
where a pair of concave up and concave down parabolic cones around
the I' point cross each other at the Fermi level forming the gapless
nodal line as indicated by the red arrows. As a result, the electron
pocket around I' crosses the hole pocket at two points along I' - M
and I — Z. Both the two paths are on the (110) plane; particularly,
the gapless point along I' — Z is the nexus point at which the pair of
nodal rings intersect.

The stability of the nodal rings can be studied from the topological
point of view. We classify the nodal rings of -PbO, by two topological
invariants: the mirror index n, [28] and the Berry phase y. Precisely,
the mirror index n, € Z counts the mirror eigenvalues of the occupied
states separated by the line node. Whereas the Berry phase y. =
Jc A(K) - dk is the integral of Berry connection along a loop C (Fig.
1(d)) that encircles the line node, which quantizes to y. = 0, = (mod 27)
since P, 7' and SU(2) spin rotation symmetry [67]. For the nodal rings
of p-PbO,, we found n, = 1 and yo = =z, where the Berry phase
was calculated using the effective tight-binding model. The nodal rings
are protected by these nontrivial topological invariants emerging from
different symmetries: . originates from the mirror symmetry (M7, or
M, ), while the quantization in y. is due to P, T and SU(2). Therefore,
the nodal rings shall remain intact unless certain perturbation violates
these symmetries at the same time. Moreover, the seemingly unrelated
n, and y. are indeed related through

n, =yc/x mod 2 1)

which implies y is trivial (non-trivial) if n,_ is even (odd).
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We also construct a k - p model to describe the low-energy behavior
of -PbO, without the inclusion of SOC. We introduce a set of Pauli
matrices 7; (i = 0,x,y,z) to describe the states I“;’ and F; at the
BZ center, which correspond to the CB and VB respectively. Then,
constrained by D, and T, the Hamiltonian uniquely takes the form
(to second order in k)

Hposock) = MKty + M'(K)7, + By (K - ki)rx 2)

where M(K) = Mo+M k2+M,(k3+k3) and M’ (k) = M{+M [ k2+M)(k%+
ki) with real coefficients. This model describes a pair of nodal rings
around the BZ center. On either (110) or (110) plane where |k, | = [yl
the off-diagonal terms vanish due to the mirror symmetry, which results
. . . . 2 ) _
in a nodal ring described by the ellipse (—2M/M))k% +(=M|/M)k; =
1.

3.2. Bulk properties with SOC: Quadratic Dirac nodes

With SOC taken into consideration, the nodal ring state without SOC
along I' > M (Fig. 1(f) and inset) opens a gap ~ 9meV throughout
the nodal ring by SOC as can be seen in the light blue region and the
inset of Fig. 1(g), except the crossing along I' — Z between A4 and
A, in the light red region, forming the QDN as further demonstrated
in Fig. 1(h,i). The QDN remain gapless with SOC due to the protec-
tion from time-reversal and inversion symmetry, which ensures double
degeneracy. The fourfold (quadratic) degeneracy is maintained by the
crystal group symmetry, thus the inclusion of SOC cannot open a gap
at the Dirac point. As a result, the Dirac node is positioned exactly at
the Fermi level, indicating a robust symmetry-protected degeneracy.
Meanwhile, quadratic Dirac nodes emerge in $-PbO, (Fig. 1(i)). The
SOC violates SU(2) spin rotational symmetry and this symmetry break-
ing gaps out the nodal ring (Fig. 1(g)). However, the pair of nexus
points on k, could be preserved by C, rotational symmetries, as shown
in Fig. 1(e), (g)-(@). Close to these DNs, the bands disperse linearly
along k, (Fig. 1(g)) like reported in most DSMs such as Na;Bi [10] and
Cd;As, [5]. In contrast, we observe quadratic dispersion on the perpen-
dicular k, — k, plane, as demonstrated by Fig. 1(i) with a quadratic
fitting. It is the first time that a DN with quadratic in-plane dispersion
is reported in real material with four-fold rotational symmetry.

To explain the quadratic DNs, we extend the k - p Hamiltonian to
including the SOC. Here we use the Pauli matrices o; to represent the
spin degree of freedom, the 4 x 4 Hamiltonian satisfying D,, and T
will take the form (to the second order in k)

Hgoc(K) = Hyos0c(K) @ 00 — Brk kyt, @ 0
+ Ak (kyt, ® 0, + kyT, ® 0,). 3

where real numbers A and B, represent the SOC strength and all
parameters are summarized in Table 1. It can be seen that A and B,,
which accounts for SOC in PbO,, plays minor roles only as compared to
B,. Although SOC is expected to be strong in heavy atom Pb, the major
contributions to CB and VB come from the light O ions, whereas Pb only
contribute 0.5% (<0.1%) to the CB (VB) at I" point, Consequently, the
Hamiltonian Hgoc(k) describes a pair of Weyl nodes (WN)

H, (k) = MW)7g + M'(K)7; + By (K} — k)7, + Byk kyT, Q)

with the trivial SOC component Ak, neglected. The H, (k), which map
to each other by T, describe the Weyl semimetals (WSMs) hosting a
pair of double WNs at +k, = +/~M /M. To demonstrate, we plot
in Fig. 2a and b the Berry curvature associated with the occupied
states. Both resemble magnetic dipoles: for H_(k) (H,(k)), the Berry
curvature flows out from the double WN at —k/ (+k.) with Chern
number C = +2; then flows into the other node at the +k/, (k) with
C = 2. These double WNs are protected by C, on the rotation axis k,,
with quadratically dispersed bands on the k. .-k » plane [39,41]. At either
+k’, two double WNs with opposite Chern numbers then couple into
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Table 1

The k - p parameters calculated from the tight-binding model. To improve the
quality of the perturbation result, we have reduced the lattice constant ¢ by
3% so that the I state could be shifted away from those strongly interacting
lower occupied states.

Parameters Values

M, (M) —0.137 (—0.206) eV
M, (M]) 11.825 (13.806) eV A
M, (M) 12.516 (15.295) eV A’
B, (B,) —1.887 (-0.382) eVA?
A —0.487 eV A’

K. 0.122 (A7)

a DN. As the coupling barely contributes to the band dispersion, this
explains the quadratic behavior observed in our DFT result of g-PbO,.

Eq. (4) describes an isotropic double-Dirac node with quadratic
band dispersion in the xy-plane. To further demonstrate this fact, we
perform DFT band structure calculations passing the Dirac point along
(100), (010), (110), and (1 \/50) directions on the xy-plane as shown
in Supplementary Figs. S7(a-d), respectively. Clearly, the quadratic
Dirac band dispersion is isotropic in all directions on the xy-plane,
with no directional dependence in the band velocities and effective
mass. In addition, the nodal point exhibits a four-fold degeneracy,
which illustrates a defining characteristic of a double-Dirac point. This
is further supported by the 3-dimensional plot of the Dirac cone in
Supplementary Fig. S8, which shows the isotropic Dirac cone dispersion
over the xy-plane.

Notice that the Berry curvature is opposite for H..(k) (due to PT),
which implies vanishing Chern number for the DNs. However, on the
k, = 0 plane, H.(k) strictly decouple from each other owing to the
mirror symmetry M, (represented by —izy ® ,). Remarkably, such
decoupled Berry flux on the k, = 0 plane indicates a nontrivial mirror
Chern number C,, = -2 for the system. Our observation here, in fact,
contradicts the prediction made by Ref.[44], saying that DNs with
quadratic in-plane dispersion only exist in crystals satisfying C4 but not
C, like g-PbO,. This controversy is due to the ambiguity in determining
the dominating term of a model Hamiltonian. For our model (Eq. (5)),
we have identified H_(k) @ H, (k) as an unperturbed Hamiltonian,
which describes double WNs with quadratic in-plane dispersion

27.926k> eV
—2.894k2 eV

for upper cone
for lower cone.

E(k,,0,k}) =~ { %)
whereas the coupling AK(k,7,0, + k,7,0,), as a perturbation, con-
tributes linear energy shift

AE(k,,0, k) = +(AK.)k, = +0.059%, eV, (6)

from which we can conclude that the energy dispersion is dominated
by the quadratic terms except for (k,,k,) — (0,0). We note that the
dispersion must be linear whenever the coupling do not vanish exactly.
Furthermore, since the quadratic and linear terms compete with each
other, we propose the idea of tunable-quadratic Dirac node (TQDN),
whose in-plane energy dispersion can be tuned from quadratic to linear
(or vice versa) by physical parameters. We demonstrate this idea in Fig.
2c—d, where we increase either A or k’Z (position of the DN) so that the
bands disperse more linearly on the k,-k, plane. Physically, for f-PbO,,
parameter A corresponds to the SOC strength which can be modulated
by, for example, doping.

3.3. Surface state

To confirm the topological properties, the surface states of g-PbO,
are demonstrated in Fig. 3. For (110) surface without SOC, the nodal
line forms a ring parallel to the surface surrounding I (Fig. 3(b)) with
a gapless point in I — X direction, as highlighted by a red point in Fig.
3(a). On the other hand, the nodal ring hosted in another plane, (110),
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Fig. 2. (a) (b) The Berry curvature of H, (k) on the k -k, plane. The red (blue) dot indicates the position of the double WN with C = +2 (-2). The horizontal
dashed line is the projection of the k., = 0 plane. (c) (d) Demonstration of the QDN, where E,, is the energy of the DN. (e) Illustration of the Wilson loop
method (see Supplementary Figures S1 and discussion for detail). We enclose the DN (red dot) protected on the C, rotation axis by a sphere. At polar angle 6,
the Wilson loop quzn is defined as the non-abelian Berry phase of the adiabatic evolution from ¢ = 0 to ¢ = 2x in azimuthal direction. The phases of these
V\)(‘)LZIr eigenvalues are called the Wilson energy y° € [-x, z). By plotting y? against 0 < 0 < z, the Wilson spectrum is obtained, which provides the basis for the
topological classification. Moreover, each band on the Wilson spectrum is distinguished by the quantum number q € {0, 1,2, 3}, with different color, owing to the
rotation symmetry. (f) (g) The two and the only two possible Wilson spectra dictated by symmetries. We say that the DN has topological charge C, = +1 or —1
if its Wilson spectrum is equivalent to (f) or (g). (h) (i) The Wilson spectrum for the DN of f-PbO, at £/ without and with the coupling between the WNs. The
solid (dashed) circle indicates the protected (unprotected) crossing. For protected crossings, the crossing bands are associated with different quantum numbers,
so which cannot be gapped out by symmetry-preserving perturbation on the Hamiltonian. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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indicate by yellow dotted circles and the nexus points are labeled by red points. (d) The surface states in (110) surface with SOC included. The original QDN is in
the red rectangle. The original topological drumhead surface states split and become the topological surface states, protected by mirror symmetry of (001) mirror
plane. (e)(f) 2-d contours at and near the QDN with the energy indicated by the corresponding red arrows in (d), respectively. (g) 2-d contours of surface states
in (001) plane at energy indicated by the corresponding red arrow in (d). (h) Zoom-in plot of (d) around the QDN. Another pair of topological surface states
are demonstrated with the surface state Dirac node (SSDN) protected by the mirror symmetry of (110). (i)(j) Zoom in QDN and SSDN along anther perpendicular
direction of (d), respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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along I’ — Z direction are metallic. These projections of two nodal
rings form a ©-shaped 2-d constant energy contour (blue), as shown
in Fig. 3b. Moreover, each (110) nodal ring contact with a drumhead
surface state (DSS) (Fig. 3(c)), consistent with our calculations of n*
and y¢.

When SOC is included, the gapless nodal ring state in (110) surface
along ' — X direction splits, as shown in Fig. 3(d). In I' - Z
direction, the gapless bulk bands open a small continuous band gap
except the projected QDN point. From the 2-d contours in Fig. 3(e) and
(f), the © sharp bulk bands split into the conduction band and valence

band and connect each other at the 3-d QDN. On the other hand, the
paraboloid drumhead surface states in the non-SOC case split into two
stacking paraboloid surface states (Fig. 3g) and touch each other at the
surface state DN (SSDN). The mirror eigenvalues +i of the surface states
with respect to the (001) mirror plane shown in Fig. 3(d) illustrate the
mirror symmetry protected SSDN. Interestingly, this mirror symmetry
protected topological surface states are surrounded by the gap away
from the QDN and carry the mirror Chern number ny; = 2, same
as our calculated results above. Moreover, another pair of topological
surface states emerge in the SOC gap near the QDN as shown in Fig.
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3(h) and (i). From the mirror eigenvalue of these surface states (Fig.
3(h)), we demonstrate they are topological and protected by mirror
symmetry of the (110) plane, even though the mirror Chern numbers
are ill-defined because the QDN are gapless points in the (110) and (110)
planes. This Dirac cone of the surface state near the QDN breaks the
Lorentz invariance. Moreover, it is a new class of fermion because it
shows two positronic fermions properties in the direction perpendicular
to I' - Z (Fig. 3(j)), instead of the normal Dirac cones combined
electron and hole. Inspired by the studies of type II Weyl [20-23] and
Dirac semimetals [24-26], the breaking Lorentz invariance is important
because it is beyond particle physics and exhibits strange transport
properties. Therefore, the similar character of type II Weyl semimetals
may appear in the surface state of f-PbO,.

3.4. wilson spectrum of a sphere enclosing the Dirac node

From the topological aspect, the in-plane dispersion around a DN
can be continuously tuned between quadratic and linear, even though
it is not the case for WNs. The WNs protected by the C, rotational
symmetry are distinguished by Chern number [39], therefore, a sin-
gle WN (C = #1) with linear in-plane dispersion cannot transform
continuously into a double WN (C = +2) with quadratic dispersion.
In contrast, there is only one type of C, protected DNs, which is
associated with the topological charge C;, = +1. This fact has been
proved in Supplementary Figure S2 and Section ‘“CLASSIFICATION BY
THE WILSON SPECTRUM”, where we present a complete classification
of C, protected DNs based on the Wilson loop method [68-71]. Our
approach considers the occupied states on the sphere enclosing the DN
(see Fig. 2e), for which the Wilson loop Wg_a” at polar angle0 <6 <«
is defined as the non-abelian Berry phase of the adiabatic evolution
from ¢ = 0 to ¢ = 2z in azimuthal direction. We refer to the plot
of these Wg_d” eigenvalues against 0 in Fig. 2(f,g,h,i) as the Wilson
spectra. Most importantly, symmetries classify Wilson spectra into two
categories as presented in Fig. 2(f) and (g). The topological charge of a
DN is accordingly defined by C, = +1 (C,; = —1) if its Wilson spectrum
is equivalent to Fig. 2(f) (Fig. 2(g)). Note that DNs with C; = +1 are
indistinguishable except that the rotation eigenvalues exchange at the
two poles of the sphere.

For the k - p model of g-PbO, (Eq. (3)), we show in Fig. 2(h) the
Wilson spectrum of the DN at +k/, with vanishing coupling (i.e., A=0
for the parameter). Interestingly, the result displays two band crossings,
which are marked by dashed- and solid-line circle. It is expected since
the DN is decoupled into a pair of double WNs whenever A = 0.
However, the crossing marked by the dashed-line circle is unstable,
which gaps out after switching on the coupling, as presented in Fig.
2(i). Therefore, one could transform Fig. 2(h) continuously into Fig.
2(i), suggesting that the DN at +k/ is associated with the topological
charge C;, = —1; while the DN at the opposite k has C; = +1 so that the
total charge is neutralized. Besides, the crossing point marked by the
solid-line circle in Fig. 2(h,i) is indeed protected by the C, symmetry,
which thus remains gapless for any coupling strength. Significantly,
such protected crossing in the Wilson spectrum also manifests the
topological non-triviality of the DN. To further confirm that this Dirac
node is protected by the €, symmetry, we perform DFT band structure
calculations under strain with/without the ¢, symmetry. As shown in
Supplementary Figures S5 and S6, the topological DN remains gapless
under strain with C, symmetry. In contrast, only 1% of strain without
C, symmetry would lead to topologically trivial gaped-DN. Our DFT
results demonstrate unambiguously the robust Dirac topology protected
by €, symmetry.

The Wilson spectrum for characterizing the topological DN is for-
mulated as follows. We first enclose the DN by a sphere centered at the
node, where the radius R is small enough such that the electronic states
inside the sphere can be described by a minimal 4 x 4 k - p model. We
denote |u 4) ,) as the eigenstate of this minimal model at

k =kp + (Rsinf cos ¢, Rsinsin ¢, Rcos ), 7

Materials Today Advances 30 (2026) 100805

where k, is the position of the DN and n = 1,2,3,4 is the band index.
Here |u 4) ,) is the eigenstate on the enclosing sphere with poliar angle
0 < 6 < = and azimuthal angle 0 < ¢ < 2z. Also, we denote C, (four-
fold rotation) and TP (inversion combined with time-reversal) for the
symmetry operators acting on the Hilbert space of the minimal model.
The band n = 1 and 2 are assumed to be occupied, for which we define
the projector by

2
Pogy = 1o gy (ol ®

n=1

and the Wilson loop operator

o s s . .
Wh—a, = FogpPosrnF0.0+20 " Fog) )

as the path-order product of the projectors (Eq. (8)) from (6, ¢;) to
(0,¢,) on the sphere, where 4 = (¢, — ¢;)/N (N is some positive
integer). We assume the limit N > 1 so that [72]

W, () -
bi—dy bi—dy 0.4i)°

;
0 0 A

(W@—’(b/) W¢i—’¢/ - P(‘g"p/)' 10
The matrix representation of W¢

y—y is called the Wilson loop, a
2 x 2 unitary matrix given by

/] _ N
(W‘bi_’qﬁf )mn - <u(9'¢")'mlw¢l_>¢f |u(9‘¢f)’n> (11)

where m,n = 1,2 is of the occupied states. The Wilson loop here can be
understood as a discrete expression of the non-abelian Berry phase [71],
which has gauge invariant eigenvalues if the initial point (¢;) coincides
with the final point (¢,). We refer to such gauge invariant eigen-
spectrum as the Wilson spectrum. More specifically, we consider the
Wilson loop Wgﬁz,, that starts from (6,0) and ends at the same point
(6,27) = (6,0). Denote its eigenvalues by ¢ where the phase

20 el-nn) (12)

is called the Wilson energy with the label » = 1,2 and 8 (polar angle).
The plot of y¢ against 0 < @ < z is then referred as the Wilson
spectrum, by which we characterize the DN in Fig. 2. Note that the
total topological charge of a system must be neutralized since the
DNs appear in pairs [48,73]. We found Ref. [74,75] drew a similar
conclusion; however, we here approach the problem in a geometrical
way by incorporating the Wilson spectrum.

3.5. Discussion

There are debates in the band gap value of g-PbO, because an
optical gap has been observed in experiments while this material still
shows good conductivity. Scanlon and Payne et al. based on the DFT
calculation with HSE06 functional, claimed that g-PbO, has a direct
band gap about 32meV and argued that such good conductivity is
due to the electron doping from the vacancy of oxygen ions [76-79].
Nonetheless, this DFT-calculated band gap of g-PbO, is very sensitive to
the lattice constant. Since the CB partially consists of the anti-bonding
Pb-s orbitals, applying tensile stress will minimize the energy splitting
between the bounding and anti-bonding states, which consequently
decreases the band gap. We compare the band gap value with different
stress using various exchange—correlation functional in Fig. 4a (the
band gap is defined as the energy difference between the I'} and I'f
state). Although HSE06 and mBJ functional show a small gap for the
experimental lattice constant, they both become gapless after applying
tensile stress in ¢ direction, as shown in Fig. 4b and c. Our result
indicates that g-PbO, may be intrinsic gapless or can become gapless
through the applied stress or doping. Similar result, the tunable band
gap, is also presented in a previous study on #-PbO, [53].

It is worth noting that the topological properties of f-PbO, without
SOC have been reported in Ref. [53]. In our work, we focus on the
SOC case and employ the Wilson loop method on a sphere enclosing
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the Dirac node protected by the C4 rotation axis to evaluate the
topological mirror Chern number. In this new approach, we classify the
topology of the Dirac node itself, and identify the topological charge
of +1 for the Dirac nodes through the Wilson loop method. Moreover,
we explore the quadratic behavior of the Dirac bands, analyze the
relation between quadratic and linear Dirac bands, and propose to
tune the quadratic-to-linear Dirac bands by modifying the SOC strength
(see Fig. 2, Supplementary Figures S3, S4, and related discussion). All
these in-depth studies are beyond the scope of previous works. On the
other hand, in Ref. [55] the Wilson loop method was applied on a
mirror plane to evaluate the Z, Chern number of PtO,. This highlights
the methodological distinction and the different topological invariants
being characterized in the two cases.

Moreover, to emphasize the experimental relevance of our re-
sults, we would like to elaborate on suitable techniques to probe the
quadratic Dirac node (QDN) and its associated properties. First, the
proximity of the QDN to the Fermi level makes it directly accessible
by angle-resolved photoemission spectroscopy (ARPES), which can
map the band dispersion and distinguish between quadratic and linear
dispersions through high-resolution momentum-energy measurements.
In particular, a quadratic dispersion will exhibit a parabolic band touch-
ing, in contrast to the linear cone-like feature of Dirac fermions [80-
83]. Second, scanning tunneling microscopy/spectroscopy (STM/STS)
can be employed to probe the local density of states (LDOS). The
quadratic dispersion is expected to produce a distinct energy depen-
dence of the LDOS compared to linear Dirac systems, providing a
real-space signature of the QDN. Moreover, STM under magnetic fields
can resolve Landau level quantization, where quadratic and linear
dispersions follow different Landau level scaling relations, enabling
clear experimental distinction [82-85]. Third, magneto-transport mea-
surements, such as Shubnikov-de Haas oscillations, can be used to
identify the topologically protected Landau levels. The Berry phase and
Landau level fan diagram will differ between quadratic and linear band
crossings, offering another way to distinguish the two regimes [85,86].

To experimentally tune and enhance the observable effects, intro-
ducing stronger spin-orbit coupling (SOC) is a promising route. In
the current system, the bands near the Fermi level are dominated by
oxygen states, which intrinsically exhibit weak SOC (Supplementary
Fig. S4 and related discussion). Therefore, we propose substituting
certain amount of oxygen by heavier chalcogen elements such as Se, Te,
or Po, which can significantly enhance SOC strength. This modification
is expected to (i) stabilize the QDN, (ii) modify the dispersion charac-
teristics, and (iii) potentially induce richer topological phases, thereby
facilitating experimental detection. Overall, the combination of ARPES,
STM/STS, and magneto-transport measurements, together with SOC
engineering via heavy-element substitution, provides a comprehensive
and feasible pathway to verify the predicted quadratic Dirac physics
and its tunability.

Finally, experimental validation, practical relevance, and poten-
tial applications of 3D Dirac semimetals (DSMs) such as Na;Bi and
Cd;As, have been explored. Specifically, Na;Bi and Cd;As, have been
experimentally confirmed to exhibit ultra-high carrier mobilities with
Na;Bi thin films exceeding 7000 c¢cm?/Vs [87] and Cd;As, demon-
strating record-high mobility alongside unique negative magnetoresis-
tance [88]. These results provide direct evidence of the predicted linear
electronic dispersions and offer a robust platform for high-efficiency
electronic devices. In terms of practical applications, the successful
realization of field-effect transistors (FETs) through electrostatic modu-
lation of Na;Bi films demonstrates the feasibility of solid-state topolog-
ical devices [87], while the dimensional crossover induced by thinning
these materials to a few layers enables a high-temperature quantum
spin Hall effect suitable for low-power topological electronics [89]. Fur-
thermore, regarding systems with quadratic Dirac features, the inherent
anisotropy of the Fermi surface, characterized by nested ellipsoids as
seen in Cd;As, [90], suggests that transport direction can be precisely
controlled by manipulating crystallographic orientation or Fermi levels,
providing a theoretical foundation for designing directional sensors and
logic components in next-generation quantum technologies.
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Fig. 4. (a) Calculated band gaps of f-PbO, from different functionals versus
stress in ¢ axis. (b) (¢) The mBJ+SOC band structure using experimental lattice
constant with 2% tensile stress in ¢ axis. The group representation at I" point
are denoted by I' and I’;. Red arrows indicate results from mBJ calculations.
(For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

4. Conclusion

In summary, we study electronic structures of f-PbO, from first-
principles calculations as well as k-p model. We illustrate that the nodal
semimetal phase is presented in this material due to the spin-rotational
symmetry. We further show that the SOC can open gap along the
nodal ring, leading it to a Dirac semimetal. Moreover, the uncommon
property: mirror Chern number ny; = 2 and anomalous surface state
are demonstrated. Beyond previous classification on symmetries of the
Dirac semimetals, our work introduces a new type of topological invari-
ance number. On the other hand, f-PbO, also exhibits quadratic Dirac
semimetal behavior around the Fermi level, which is good for experi-
mental measurements. It is worth noting that this class of topological
phase has been predicted but not yet found in real material to date.
We demonstrate that the quadratic properties are tunable, which could
be realized by doping in the experiment. Previous theoretical works
show that quadratic Dirac semimetals have the non-Landau-Fermi
liquid properties [43,44]. Owing to the tunable QDN properties, the
quantum phase transition from Landau-Fermi liquids to non-Landau—
Fermi liquids may be realized in f-PbO,. Finally, we emphasize that
the methodology employed in this work, combining symmetry analysis
with Wilson loop calculations, is general, not material-specific, and
can be readily applied to other rutile-type materials such as g-PtO,
as mentioned previously. Our research present a new route to classify
gapless topological semimetals and may provide a new method to study
the non-Fermi liquid.
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