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Single Particle Tunneling

If the barrier is sufficiently thin (less than 10 or 20A) there is a significant 

probability that an electron which impinges on the barrier will pass from one 

metal to the other: this is called tunneling.

。



N-N tunneling S-N tunneling

Giaever Tunneling

1. When both metals are normal conductors, the current-voltage relation of it is 

Ohmic at low voltages,

2. Giaever (1960) discovered that if one of the metals becomes  superconducting, 

the current-voltage characteristic changes from the straight line of Fig. 22a to 

the curve shown in Fig. 22b.



S-N tunneling

At T = 0, I is finite

when E > , 

At T > 0, I is > 0

even for E < 

N (E) = E/ (E2-∆2)1/2

Semiconductor Energy  Model

In the superconductor there is an energy gap centered at the Fermi level.

At absolute zero no current can flow until the applied voltage is

V = Eg/2e = Δ/e.

The current starts when eV = Δ.  At finite temperatures, because of electrons 

in the superconductor that are thermally excited across the energy gap.



Superconducting Tunneling and Application

by L. Solymar
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Semiconductor Model 

T = 0K 



I-V temperature 

dependence of

S/I/S junctions

Tc = 1.250K



T = 0 K



T > 0K



S1/ I /S2          T > 0K

1 < 2







Lead to 

the invention of 

STM in 1982 !

was mostly on 

bulk samples



S-I-S

S-N-S

Josephson Superconductor Tunneling

Such a junction is called a weak link.

1. DC Josephson effect:  A dc current flows across the junction in the absence 

of any electric or magnetic field.

2. AC Josephson effect:  A dc voltage applied across the junction causes rf

current oscillations across the junction.

An rf voltage applied with the dc voltage can then cause a dc current across 

the junction.

3. Macroscopic long-range quantum interference:  A dc magnetic field 

applied through a superconducting circuit containing two junctions causes the 

maximum supercurrent to show interference effects as a function of magnetic 

field intensity.    SQUID

https://en.wikipedia.org/wiki/File:Point_Contact01.jpg
https://en.wikipedia.org/wiki/File:Point_Contact01.jpg


Dc  Josephson Effect Our discussion of Josephson junction phenomena 

follows the discussion of flux quantization, let both superconductors be identical.

DC



For the real part

For the imaginary 

part

The phase difference is time 

independent !

J   dN/dt

eq (41);                                     eq(42)



Josephson Current





A two-terminal device !



Follow Eq. 41

Under a dc voltage V

AC Josephson Effect

Follow Eq. 42



The phase  is 

dependent on time.

To be used for a precise measurement of ħ/e



S1 S2

Junction a

Junction b

Macroscopic Quantum Interference.

1 - 2 = (2e/ħc)Φ eq. (59)

ħc = qA



Double slit diffraction pattern for two tunnel junctions

Tinkham, Chapter 6, p. 203.



Single slit diffraction for single tunnel junction

Figure 6-3

Dependence of maximum supercurrent through a single Josephson 

junction upon the flux threading the junction. The resemblance to 

the “single-slit” diffraction pattern of optics is evident.

Tinkham, Chapter 6, p. 199

I max= Jo sin (Φ/Φo)/Φ/Φo



Two separate junctions, A and B

The periodicity of the current is shown in Fig. 26.

1. The short period variation is produced by interference from the two junctions, 
as predicted by (61).

2. The longer period variation is a diffraction effect and arises from the finite 
dimensions of each junction.



T = 0K 

Read the Book of Solymar



T = 0K

for  eV < 1 + 2



T = 0K 

eV = ∆1 + ∆2 + nћ

eV - 1 + nħ = 2

eV - 1 - nħ = 2

nħ = 1 + 2 - eV



For  eV > 1 + 2

T = 0K



T > 0K 













The tunneling current equation, Solymar (2.14)  





Shapiro steps

in the nth order, 

observed in very 

small junctions







Josephson current   

1.  Single slit diffraction pattern under B field

2.  Shapiro steps in AC microwaves
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Superconducting Weak Links





Weak Links

Solder drop junction

Point contact junction

Dayem bridge

Notarys bridge
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Point contact junction

Circuit Representation



∂/∂t = qV/ћ

C= Q/V,  Q =CV



Scanning Tunneling Microscope (STM)

Nobel Prize in 1986 © IBM, Zurich

© Wikipedia
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Heinrich Rohrer & Gerd Binnig (1983) 

Si (111) surface 7 x 7



Constant Current Topography

𝐼( 𝑟, 𝑧, 𝑉) ∝ exp(−2𝜅( 𝑟)𝑧) 
0

𝐸=𝑒𝑉

𝐿𝐷𝑂𝑆𝑠𝑎𝑚𝑝𝑙𝑒  𝑟, 𝐸 𝑑𝐸

where  𝜅  𝑟 =  2𝑚∅(  𝑟)
ℏ~1Å

−1

Si(111) 7x7

©  Omicron Nanotechnology GmbH



Tunneling current

𝐼( 𝑟, 𝑧, 𝑉) ∝ exp(−2𝜅( 𝑟)𝑧) 
0

𝐸=𝑒𝑉

𝐿𝐷𝑂𝑆𝑠𝑎𝑚𝑝𝑙𝑒  𝑟, 𝐸 𝑑𝐸

where  𝜅  𝑟 =  2𝑚∅(  𝑟)
ℏ~1Å

−1
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Tunneling Spectroscopy

Point Spectrum

Local Density of States :   
𝑑𝐼

𝑑𝑉
(  𝑟, 𝑉) ∝ 𝐿𝐷𝑂𝑆𝑠𝑎𝑚𝑝𝑙𝑒  𝑟, 𝐸 = 𝑒𝑉

Modulation, 𝑑𝑉

dI
I(V V sin t ) I(V ) V sin t ...

dV
     



Superconducting Energy Gap by STM

2H-NbSe2 , Tc = 7.1 K, measured at T ~ 0.4K

Energy resolution is thermally limited.

Tetsuo Hanaguri

© RIKEN



Scanning Tunneling Spectroscopy (STS) Mapping
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LiFeAs

Atomic resolution energy resolved conductance images, g(r,E)  LDOS(r,E)

Energy resolution ≤ 0.35meV at T=1.2K



Atomic Resolution Energy Resolved Images, LDOS(r,E)
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Topograph(E)

LDOS(q,E)

DFT



~5M  dI/dV(r,E):
>50ms each with S/N~100
Total measurement > 72 hours
Requires < 10-15 m STM-tip vibration 



Our Resolution and Stability

Taipei 101

0.5pm/6mm  42nm/509m!

509m

@Wikipedia

6mm

STM Tip on Piezo Scanner
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The best way to do science is not to buy a big piece of

expensive equipment and use it to do research. There

are lots of other people who have the same big

expensive equipment. The best way to do science is if

you can make your own equipment, make your own

thing.

- Ivar Giaever, BCS@50 Conference, 2007
Nobel Prize 1973

Ivar Giaever



我每天提醒自己一百遍，

我的生活，不管內在或

是外在，都是以他人(包

括活著的和逝去的)的勞

動為基礎。所以我必須

盡力奉獻自己，希望能

以同等的貢獻，來回報

長久以來(現在仍是)從

他們那裡所得到的。

愛因斯坦 (Einstein)




