CHAPTER 4: Multipoles, Electrostatics of
Macroscopic Media, Dielectrics

4.1 Multipole Expansion
o,

_ pX)
blx) = 47280'[|x x| @ X (1.17)

In Ch. 3, we developed various methods of expansion for the
solution of the Poisson equation. In this chapter, we continue the
subject of electrostatics by taking a closer look at the source p(x).
By the method of expansion, we first decompose ®@(x) in (1.17)
into multipole fields and thereby express the source in multipole
moments, then show that the atomic/molecular dipole moments
account for the macroscopic properties of a dielectric medium

and allow a conscise characterization of the medium by a single
number called the dielectric constant.




4.1 Multipole Expansion (continued)

Multipole Expansion in Spherical Coordinates :
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4.1 Multipole Expansion (continued)

Multipole Expansion in Cartesian Coordinates :

Expansion in Cartesian coordinates 1s more useful for our purposes.

We first summarize the formulae needed for the expansion.

Taylor expansion: [see Appendix A]

f(x+a):f(x)+(a-V)f(x)+%(a-V)(a-V)f(x)+---,

where
3
0 0 0 0
a-V = a181+a26x2+a383 > ;o
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Other useful relations:
Vix- X"n =n|X — X"n_z (x—x') [derived in Sec. 1.5]

£ = x ==X (o )
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4.1 Multipole Expansion (continued)
Now apply (1)-(4) to expand 1/|x —x/|.
Use (1); Write r =|x|
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4.1 Multipole Expansion (continued)

Multipole moments with respect to X = 0;

(4.10)

(X,) 3
D) = gz [ 27 | e
0°|x—x ipole
q / p < | moment
Use (5) |— N
[jp(x)oﬁ X jxp(x)d3 '
47[50 , 3 quadruple
0 — | moment
“Ij
; 1 / / :
What is the 27 5
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expressing |~ 4zg, L, T 3 + 53 L XX+
@ this Way? & _ X
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Note: Multipole moments are defined with repect to a point

of reference. In (4.10), it is the origin of coordinates (x = 0).




4.1 Multipole Expansion (continued)

Multipole moments with respect to X = Xy :

In general, values of the multiple moments depend upon the
choice of the point of reference, although the sum of all multipole
fileds has the same value. Consider the general case in which
the point of reference (x = X)) 1s separate from the the origin of
coordinates (x = 0).

|
\x—x'
B |
l(x—xp)—(x' —x¢)| I v
I (x'=xq) (x=X)
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4.1 Multipole Expansion (continued)

. o(xX)
— O(x) =L P d>x'
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1 (x=x0;)(x ;=X ;)

Ty 5 I{3(x;_x0i)(x} _x()j)_‘x’_
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472-80 ‘X_Xo‘ ‘X—XO‘ 21] ‘X—Xo‘
due to due to due to
monopole dipole quadrupole

p and Q;; above are defined with respect to the point of reference
at X,. We may regard X, as the position of these multipoles.



4.1 Multipole Expansion (continued)

Dipole field :
Edipale ==V ¢dipole
__vy p-(x—x0)3
4rey|x — x|
—3(x—Xxp)
s~ ——use (3)
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4.1 Multipole Expansion (continued)

Relation between spherical and Cartesian mutipole moments :

Y9,0(0,0) = \/%

4 p.109
_ 3 o @
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G = | Vi (6, 0" p(x)d>x’ z (4.3)
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a1 = [ Y10, 0 p(x)d>x’

= (I rsin@e™ p(x')dx
T~

=—J&(p,—ip,)

X

r'sin@'(cos@'—isin@’)=x"—iy’




OptiOnal 4.1 Multipole Expansion (continued)
Problem: Prove that the lowest non-vanishing multipole moment
1s independent of the point of reference (see pp. 147-8).

Solution: Each component of the /-th multipole moment with
respect to reference points a and b consists, respectively, of integrals

of the form I} = [ p(x)(x—a,)'(y—a,)/ (z—a,)*d’x and

I = [ p(x)(x—=b,) (y=b,) (z—b,) d’x

. . v 3
:jp(x)(x_ax_cx)l(y_ay_Cy)](Z_az_Cz) d x,
where i, j, and k are zero or positive integers

(i+j+k=10), a=(ay,a,,a;), b=(b,b,,b,), z
and b =a+c¢ with ¢ given by ¢ = (¢, ¢y, c;). a

For example, the monopole moment has
only one term (i = j = k =0), each component X
of the dipole moment consists of one term (i orj or k£ =1), and each
component of the quadrupole moment consists of multiple terms (all
having i+ j+ k = 2). 10



optional 4.1 Multipole Expansion (continued)
The monopole moment g( = | p(x')d 3 x") is clearly independent
of the reference point. If ¢ = 0 and the lowest nonvanishing
multipole moment with respect to reference point a is the /-th

. =0, i+j+k<l z P
moment, i.e. [P = ’
’ jk 20, i+j+k=10 1<
: : ~>)
then, with respect to reference point b, we have
X
b / / k 43
]z;k) :jp(x)gx—ax—cx)i (y—a,-c,)’ (z—a.—c.)" d’x
. . k:l VT - ~— _/ N
T =(-ax)'=  =(mayy =Ga)f-
icy(x—ay) " +. jcy (y_ay)]—l_i_“ kc,(z—az)" ™ +..

=i g PO —a,) (y—a,) (z—a,) dx

+ % Cpp, [ p(X)(x-a)* (y-a,)  (z-a,) d’x

apy ——" M
=/@) =0
C) multiplications| +%,€7;/ <]
k- lofey, ¢, &c, Q.E.D.

i+ j+k=I

11



4.2 Multipole Expansion of the Energy of a

Ch arge Distribution in an External Field

A EBRSSA B AwWwWAWE

In (1.53), we have W = 2[p(x)®£\x)d x [self energy]

potential due to p(x) in the integrand, V2 D(x) =— p(x)/&

Here, we consider the relative energy between p(x) and external
charges: W = jp(x)@éx)d% (4.21)

potential due to external charges, V2®(x) = (0 in region of p(X)
Expand the external field ®(x) [Use (A.3) in appendix AJ:

e SO , 3E,(0)
O(x) = D(0)+x-VO(0) + 2 x; L
(x) = D(0) (0) 2 2] e 'ladd 57- o 5;
O (0 T N
= ®(0)—x- E(O)——zx, A )+--- = VE©)=0
2 ij J OX;
1 oL ;(0)

— _ . —_ . e 2 ..
— (0)—x-E(0) 63(3x,x] ra‘y) o (4.23)

12



4.2 Multipole Expansion of the Energy of a Charge Distribution in an External Field (continued)

1 O;(0) |
O(x) = @(0)—X-E(0)—glz(3x x; =178, )4 n
Thus, / - .
W = [ p()D(X)dx 0, =[Bx;x;—r 5 )p(x)d>x
1 / oE :(0)
=q®0)-p-E(0)-—>0; — (4.24)
6 jj OX;
(g [+] interacts with @ Note: The multipole
: : , moments here are
_p [+ —] interacts with E (non-uniform @) |, .- 4.ced by E.
+ — See Sec. 4.6 for
Oy { JJ interacts with non-uniform E induced moments.
Questions:

1. Higher order moments can “see” finer structure of ®(x). Why?
2. How does a charged rod attract a piece of paper?

3. How does a microwave oven heat food? i




4.6 Models for the Molecular Polarizability

In the presence of an external electric field, the electrons and ions
in a molecule (or atom) will be very slightly displaced, in opposite
directions, from their equilibrium positions. The molecule is thus
polarized. The resulting induced dipole moment 1s calculated below.

The molecular electrons and ions are bound ¢
charges. When a charge is displaced from its 7.0
equilibrium position (x = 0), it will be subject  equilibrium position
to a restoring force F(x), which we expand as

"y
7

F(x)=F(0)+ F'(0) x+ %F "(0)x% +--- F/g\x) &restoring
— o - force
=0 v
4 "™ Tnonlinear effects, N
because x = 0 is the \ negligible if x—0

equilibrium position.

®, 1s the natural frequency of the charge
if 1t oscillates as a simple harmonic oscillator.

14




4.6 Models for the Molecular Polarizability (continued)

For small displacements (x — 0) and assuming F and x are
along the same line (property of an isotropic medium) but in

opposte directions, we have F(x) = —ma)gx (4.71)

Under the action of a static E, a charge will be displaced to a
position X, at which the restoring force equals the electric force,

ma)gx =eE |Notfe: e carries a sign.

This induces a dipole moment given by

ma)o

1 2N ¢ 1 e a4 exel ~ . 1 1 —
where y = e’ /(egmay ) 18 the polarizability of a single charge. For

all the charges in the molecule, we have
2

induced molecular
E E0Y mol |: :|

Pimor = Z X =L dipole moment

J %

62

where y, ; = 1 Z g~ (molecular polarizability). (4.73)
0 jm;@; 15




4.6 Models for the Molecular Polarizability (continued)
Discussion:

(1) The dipole mement for a single charge as calculated above
(p = ex) 1s with respect to the equilibrium position of the charge.
Since different charges have different equilibrium positions, the
dipole mements (e;x ;) of individual charges in the expression

Po =2¢€ ;X ; are with respect to different reference points.
J

This will not cause any inconsistency for an equal amount of
+ /— charges in the sum, in which case the monopole moment
vanishes and hence p,,; 1s independent of the reference point
(proved in Sec. 4.1). For this reason, we will assume p, ; to be
contributed by an equal amount of +/— charges in the molecule.
If there 1s a net charge in the molecule, the net charge will be
treated separately [see (4.29)].

(11) The approximation made in (4.71) [F(x) = —ma)g x| has led

to a linear relation between p,, ; and E:p, ; = &y7,,.,/E- g



4.6 Models for the Molecular Polarizability (continued)
Electric Polarization , Polarization Charge, and Free Charge :

The electric polarization 1s defined as the total dipole mement per
unit volume and 1s given by

sum over all types of molecules| | dipole moment per type i

{ molecule averaged over a
P(x) = 2 va i <Pi> ~— small volume centered at x | (4.28)
l

volume density of type i molecules

We now divide the charge density in a medium into two categories:
polarization charge density (p,,,) and free charge density (0 4., ).

Ppoi Tesults from the polarization ot (equal amount of) +/— charges

in each molecule. p 4., consists of the net molecular charge (usually
0) and the excess charge (such as free electrons) in the medium:

} (4.29)

Note: We have used the notation p ., to distinguish 1t from p,, ;.

(e;): average net charge per

Pfee( ) ; z< z> Pexcess {typezmolecule (usually 0)

P free here 18 denoted by p 1n Jackson [e.g. 1n (4.29), (4.35), etc.]

17



4.3 Elementary Treatment of Electrostatics
with Ponderable Media
Macroscopic Poisson Equation : Consider a general medium and
divide 1ts charge into p4,, and p ;. By linear superposition, we may

write @ =@ .+ where @ 4, and @, ; are due to p 4, and p,,,,

P firce(X')

XX

pol >

respectively. Obviously, @ ;. (X) = %J‘d 3%

For @
approximate @ ,,; by the dipole term in (6) (with x,, replaced by X).

P pol
| "/ POy ©)

) = ,
=

where g = Iv P pord Sx=0 (P contains equal amount of +/ — charges);

pol» We have the expression for P, but not yet for p,,,;. So we

hence, p (in the volume v) 1s independent of the point of reference.
To represent @ ,,; by the dipole term in (6), we must have x> the

dimension of p. So we divide p,,,; into infinistesimal volumes. s



4.3 Elementary Treatment of Electrostatics with Ponderable Media (continued)

Let AD ,,,(x) be the potential due to p,,,; 1n an infinitesimal volume

Av at x'. Then, in this volume, we have p = P(x')Av and (6) gives

P(x')(x—x')Av

AD (%) =4 ] E P pol

72'(90

Volume of integration _yr P(x)_V" P(X)
includes all the charge XX

= @y (0 =41 | [ PO)- V(1)

[‘jd3 ' V''P(X') n C,[)SP(X) a,]:_ 1 _[d3x'v P(x’)

‘Y Y" v —

/ O(P=0o0nS)
j 73 , P free(X)=V'P(X)

x-x

o 472'80

Thus, ® = ® 5, 0 ) = g L

Question: If x —x" — 0, higher multipole terms are important. Can

we still write AD |, (x) and @ ,,,(x) as above? o



4.3 Elementary Treatment of Electrostatics with Ponderable Media (continued)
J 3P ree(X)-V"P(X)
~ 4re, 6‘0 x—X'
3. 1
= V2O(x) = ;L jd X [P free(X)=V'-P(X)] V"

%/_/
-V-E(x)

Rewrite: =D 4+,

—4725 (X—X'J)
= V-E(X) = 2 [Pfiee ()= V-P(X)] (4.33)
In electrostatics, only the electric charge can produce E. The
equal footing of p 4., and —V - P 1n (4.33) suggests that —V - P

(due to the electric polarization P) must be the polarization charge
density p,,,; (see p. 153 and p. 156). Thus, (4.33) can be written

V-E :gio(pﬁfee +/Opol)
where Ppoi =—V-P (7)

(7) 1s obtained here by inference. A direct derivation can be
found in Appendix B [see Eq. (B.2)].

20



4.3 Elementary Treatment of Electrostatics with Ponderable Media (continued)

We may also put V- E(x) = %[ P free(X) =V - P(X)] [(4.33)] in the
form: V-D=pg, [macroscopic Poisson equation] (4.35)
by defining an electric displacement: D =¢gyE+P (4.34)

In Sec. 4.6, by assuming an isotropic medium and approximating
the restoring force by F(x) ~ —ma)gx [(4.71)], we have obtained the
linear relation p,, ,=&,7,,,/F for a single molecule. Then, P (the sum

of p,,,; per unit volume) must also be a linear function of E:
P=¢gyE, (4.36)
where the proportionality constant y, 1s the electric susceptibility (see
Jackson Sec. 4.5 for further discussion on g, .).
Sub. (4.36) into D = g,E + P, we obtain

D=c¢E g: electric permittivity (4.37)
and P=(c—g)E, [e/g, dielectric constant or relative
where &= g,(1+y,) electric permittivity (4.38)

Question: Is D a physical quantity? If so, what 1s its physical meaning?



4.3 Elementary Treatment of Electrostatics with Ponderable Media (continued)
Special case: For a uniform medium, ¢ is independent of x.
Hence, (4.35) gives V- D=V -¢E=¢V-E=pg,,
= V-E = pg.. /¢ [for uniform media] (4.39)

Conversion of ¢ to the Gaussian System:

¢ 1n the SI system 1s called the electric permittivity (g, 1s its
value in vacuum). It has no counterpart in the Gaussian system.
However, &g, in the SI system (called dielectric constant or
relative permittivity, see p.154) has a counterpart denoted by ¢ in
the Gaussian system, According to the table on p.782, we have the

: . | Gaussian SI
following conversion formula: &
£ g/ &

Although ¢ 1n the Gaussian system has the same notation as the
electric permittivity of the SI system, it 1s really the dielectric
constant, which correspond to ¢/g, of the SI system. Thus, ¢ in

these two systems are not quite the same physical quantity. .



4.4 Boundary-Value Problems with Dielectrics
Boundary conditions: [ here 1s denoted by o in (4.40)]

~ jree

() V-D=pee [pn  G)VxE=0 5k,
= D15 = D11 =0 e TDH "= Bp=Ey —PE,

o free

Example I. Two semi-infinite dielectrics have an interface plane at
z =0 (lower figure). A point charge g 1s at z = d. Find ® everywhere.
p < polar coordinate

472'82 Rl %) &1 CD 472'6'1 (Rl )

image charge —» ¢q' d d q". image charge
(for z > 0) (forz £0)

To find @ in the region z > 0, we put an image charge ¢’ at z = —d.

To find @ in the region z <0, we put an image charge ¢" atz=d.



4.4 Boundary-Value Problems with Dielectrics (continued)

0,2, L0 A o= L@
2" 47, Ry & e U7 4me Ry Ry
n <—
Ry =~ p?+(d+2)_ H"G R =p2+(d-2)?
0 g g & actual charge
. . / " . | }Z
image charge—s ¢’ d d  ¢". image charge
(for z > 0) (for z < 0)
Now apply boundary conditions at z = 0.
00| 50|
be ligE | —&E =04, =0=¢& =Y =& 22
=11 2+=12 free 1 oz ‘z:O 2 Oz ‘z:O
o 1 r 0 1 "o 1 o
__+ ~ _1 — - —_ =
— |:q 0z Rl q 0z R2 :|Z:O q 0z Rl z=() — q q q
od oD
bec.2: EZ=E,, =31 =32
1 2 op z=0 op z=0

1 1 70 1
= ___|_ 2 S —
&1 [q op R 9 op R2:|Z—O gzq op R

z=0

= (q+q)=,¢"

24



4.4 Boundary-Value Problems with Dielectrics (continued)

" p ’
_ 1 9 O, =
©2=am R eyle =i (5 * )
N <—
R, =\/,02+(d+z)2\ L R1 Z\/P2+(d—2)2
g «actual charge
_ —2 Z
image charge— g’ d d q". image charge
(for z > 0) (for z < 0)
q9-9'=q" _ 2
| by =270 & g = T2 g (4.45)
31(6]+Q) 2@ &y + & &y + &

Py = (& —&9)E; = (& —£))VP,

V-P==p,, / Py = (&, —&))Ey =—(&, —£)) VP,

q £y(&—&) d
=0, =—(P,—P; ) n=— 4.47
OZ ( 2 1) 272' 51(52 +51) (p2+d2)3/2 ( )
25




Find ® everywhere.

4.4 Boundary-Value Problems with Dielectrics (continued)

Example 2: A dielectric sphere is placed in a uniform electric field.

Ey

We choose the spherical coordinates and divide the space into two
regions: ¥ < a and r > a. In both regions, we have V® = 0 with the

!
solution: @ = {rm}{
r

(@ is independent of @. |
® 1s finite at cos @ = +1.

b.c.x

Question: If [ > 0, ®

D, 1s finite at » = 0.

n

out
terms n P,

P" (cosb)
07 (cos )

e

eimgp
imo [Sec. 3.1 of lecture notes]
e

r

O, = § AlrlPZ(cos o)
1=0

O = 5 [Blrl +Clr_l_1]PZ(cos )
L [=0

—> o0 as r — . Why then keep the / > 0

26



aT , 10T A 1 aT »
4.4 Boundary-Value Problems with Dielectrics (continued)|¥V T = E—r + - pary: —8 + im0 4 ¢.¢"
Rewrite: @, = Z A,rl F(cosb), ®_,, =X [Bl,rl +Clr_l_1]Pl (cos @)
=0 =0
b.c. (1): @, (0)=—Eyz +const.= —Eyr cos @ + const.
= By =const.; B=—Ey; B (I>1)=0 PI(COS;)
. = CoS
b.c. (ii): ;, (@) = B, (a) [= E"(a) = EM ()]
. (A4y=By+Cy/a (8)
— 4d' =Bd' +l—11:><A1:—E0+C1/a3 9)
A4, =C,/a?, 151 (10)
o (20N, I N out ;N
b.c. (iii): ¢E,"(a) = gyE" (a) = —&5 o -0, nl_, _‘908 D, s
= el ™ = gy | 1Ba™ - (1+1)C; "
0=—5,Cy/a’, =0 (11)
= ed =—5o[Ey+2C,/a’], [=1 (12)
gld, = —g,(1+1)C, /™™, 1>1 (13)



4.4 Boundary-Value Problems with Dielectrics (continued)

(7), (11) = Ay = By = const. (let 1t be 0.)
. 3E0 . . 5/50—1 3
), (A2)= A =5 g0 G —(8/€0+2)a Eo

(10),(13):>A12C120 for/ >1 —
) ~—__|This 1s the only way (3) &

D, =- 3 Eyrcosé (6) can both be satisfied.
2+¢/ g
= glen—1 o 4.54
- .V ot E / 80 + 2 7
applied field - . J e 1
dipole field with p = 47gya’E, 0 [cf. (4.10)]
gley+2
polarization ~——
Sy +f charge [see (4.58)] \/§ gg
E - o ”
— o —
- +
- +

: ==

E due to polarization charge total electric field s



4.7 Electrostatic Energy in Dielectric Media

LfT\/ -\

et d(x) be the field due to charge density p free @ already present
d electric medium. The work done to add 0p 4., 1

3
5W=j5pfree(x)®(x)d X UsingV-wa=a-Viy +yV-a
OP free =V - OD [— we obtain

=[OV -5D(x)d x ®OV-SD=V-(DSD)-5D-VD
=V -(®S5D)+E-5D

= [V-(DSD)d’x + [E-6Dd’x

. ®SD-da=0,as r — o For this integral to vanish,
eSS the volume of integration
F 2 T must be infinite.

Note: (1) pj..(x) here 1s denoted by p(x) in Jackson (4.84).

(2) In a dielectric medium, the addition of 0p;,(x) will induce
0p,,[(X). Hence, @(x) in the above equation is due to both

Pree a0d p,,,. The effect of p,, 1s implicit in D (=£E).

29




4.7 Electrostatic Energy in Dielectric Media (continued)

ST (0 STI3 o T/ A 04\1 — Dr 5D (A Q-
oy —\1LL-ouvu L L\“P.OU} V —_ \H‘.O/

p——g

(For linear and isotropic media (D = EE, g indep. of E):
E-6SD=E-6(¢E)=¢E-SE=1¢5(E-E)=15(E-D)

For linear and anisotropic media (D =€-E; € indep. of E):
E-6SD=E-5(£-E)=E-£-6E=16(E-£-E)=15(E-D)

.

\

:>szjd?’xjf&E-D):jfE-Dd?’x [for linear media]  (4.89)

—IWE'D=—D°V(D

SW =P e O~ 1§ OD-da [FV(®PD)+@V-D
2000 e TTT =V (OD) + p P

7 v
V2
=3[ P fee(X)@(x)d’x  [for linear media]

Here, @ is due to p,, and p,,,;. In (1.53), W = %jp(x)@(x)cﬁx

(valid for a vacuum medium), @ is due entirely to p in the integrand.,,



4.7 Electrostatic Energy in Dielectric Media (continued)
Problem I. Refer to the mechanism of dipole formation discussed
in Sec. 4.6. Find the energy required to induce a dipole on an atomic
or molecular charge e by an electric field E.  £(¥) ¢ rostoring

Solution: Under the restoring force: force
> X
F = —ma)gx, . (4.71)
the energy required to displace e by a distance x 1s
(X ' r 1 2.2
Waipole = —[, F'(x)dx" =5 mayx —>
. . 7
Using the relations: equilibrium position
( 2
J Force balance: magx =eE = E = ma;ox
Induced dipole moment: p = ex (4.72)
2
. 1 2.2 1 mayX |
we obtain }lepole =;mayx" =5—_r>—ex=7p-E (14)
E p

internal energy of a single dipole
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4.7 Electrostatic Energy in Dielectric Media (continued)

Problem 2 : From W = %IE .Dd>x [(4.89)], we deduce that, in a
dielectric, the energy density due to the presence of Eis w = %E -D.
Derive this relation using the result in problem 1.

Solution: Problem 1 gives the internal energy of a single dipole:

Waipote =3P E (14)

Hence, the internal energy of all dipoles per unit volume is

w, =%§Nipi'E =%P-ET%(5—50)\E\2

P D=¢E (4.37)

D=¢,E+P (4.34)
From Ch. 1, we have the electric field energy per unit volume:
2
wg =4 &|E (1.55)
Hence, the total energy per unit volume is

+wp=L(e—g) B +1eyEf =Le[E* =1E-D

= P=(¢-¢y)E

W= Wint
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4.7 Electrostatic Energy in Dielectric Media (continued)

We now apply (4.89) to find the energy change due to a dielectric
object with linear &;(x) 1n the field E, of a fixed extemal source.

Without the object: /
Wy =1Ey - Dod’x / ""t
With the object: é— o D O
_1[E-Dd’x Ey(x), Dy(x), CDO(X) (x), D(x), D(x)

= AW =W, -Wy=L1[(E-D-E;-D;)d’x
=3 J(E-Dy~D-Eg)d’x+1 [(E+E)-(D-Dy)d°x
=1[(E-Dy—D Ey)d’x ]

—jV(cD+q>O).(D—DO)d3x/= [(@+Dy) V-(D-Dy) d°x=0
integration by parts =P froe—Pres=0

Reason for V-Dy =V-D=p, . : A dielectric object contains no

P jree and the external source is fixed. = p,, 1s unchanged before

and after the introduction of the object. >



4.7 Electrostatic Energy in Dielectric Media (continued)

D, = &)K

/

AW =1[(E-Dy—D-E)d"x

= AW (outside the object) =0
= AW =], (&~ &)E- Eod’x

{()utside the object: D = &,E

Inside the object: D =gE

v, 1s the volume
of the object.

(4.92)

= The dielectrlc object tends to move toward (away from) the

region of increasing E, 1f &,>&, (&,<&y).

3
= AW =—1[, P-Eod’x

N

induced polarization
of the object

(4.93)

—> The energy density of a dielectric object placed 1n the field E,

of a fixed external source is
W=—= P EO

(4.94)

Question: Explam the factor % which 1s in (4.94) but not in the 2nd

term of: W =g®(0)—p-E(0)— ZQZJ

OE ;(0)
Ox;

+ ...

(4.24)



Homework of Chap. 4

Problems: 1, 2, 7, 8, 10

Quiz: Nov. 9, 2010
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Appendix A. Taylor Expansion

av  © 1 | a translational operator, which translates |
Define e™ " = Y —'(a : V) the argument of the function it operates on
n=017: to a distance a away from the argument.

Taylor expansion of f(x+a) and A(x+a) about point X :

(xta)= AV f(x):éonl!(a-V)" £(x)
| = f(®)+(a-V) fF(x)+1(a-V)(a-V) fF(x)+-- (A1)

A(x+2)= VA = T L(a-V)" A(x)
k - A(x)+(a.v;i(x)+%(a.v)(a-v)A(x)+..- (A.2)
Similarly, operating f(x)| . ._ and A(x)|,, ._. with XV we

obtain the Taylor expansion of / (x) and A(x) about point a:
{f (x) = f(a)+[(x~-a)- V] f(@)+][(x~a)-V][(x—2a)-V]f(a) +- (A.3)
Ax)=A(a)+[(x—a)-V]A(a)+ 5[(x —a)-V][(x—a)-V]A(a)+---(A4)



Appendix A. Taylor Expansion (continued)

Tn (A 1Y and (A D) o have [tn (Clartegian conrdinateg]
111 \n l} cli\l \n.A}, VWV l11lavyvy Llll walilvoliall \/UUlUlllaL\/DJ
3
_ 0 0 0 _ 0
a V—ala—ﬂ+a2%+a3%—l§1aia—% (AS)
2
(a-V)(a V)zZai%ZaJ-%—Zaa] 5x%x (A.6)
i Y oy c
(a-V) f(®)=Za; 5 f(x)=a-Vf(x) (A.7)
l
(a-V)A(x):Zai%(ZAjej)zg(Zai%Aj)ej (A.8)
I Jj J o1
Example: (a-V)(x—x')=X[Xq, a%i(xj —x;)e;=%ae; =a
J o N . y
ojj
For scalar functions with a scalar argument, (A.1) & (A.3) reduce to
' 2 rn
f(x+a)=f(x)+af ' (x)+5a" f(x)+ (A.9)

F0) = f(@+@-a)f(@)+1(x-a)’ f'(a)+ (A.10)



Appendix B. Polarization Current Density and
Polarization Charge Density in Dielectric Media

We divide the bound charges (electrons and 1ons) in a dielectric
into different groups. The i-th group has N, identical charged
particles per unit volume. Each particle in the group carries a charge
e; and has a dipole moment given by p, = ex;, where Xx; 1s the
particle’s displacement from its equilibrium position under the
influence of a static or time-dependent electric field. We assume
that all particles in the group have the same x; at all times and that
the variation of x; 1s so small that it will not change N,. Then, the

electric polarization P as a function of position and time can be
written as i -
charge density of the i-th group

P(x,7) = X N;(x)p; (1) = Z N;(X)e;x; (1) = X p; (X)X, (¢)

and the polarization current density is the time derivative of P(x,?)
polarization current density

0 P(x,1)= P (x) 4% (1) = 2 (V1) = T (60) (B,




Appendix B. Polarization Current Density and Polarization Charge Density... (continued)

Let p,,; be the polarization charge density of the medium, then
% Prot +V-J 01 =0 (conservation of charge)
=2p ., +V: 5 P=0=2(p,p+V-P)=0
= P +V-P=K
It P =0,we have p,,; =0. Hence, K =0.
= Ppot =~V P (B.2)
18 due to the motion of bound charges, whereas p,,; 1s due

J
pol
to the displacement of bound charges. The presence of J ,,; does not

necessarily imply the presence of p,,,;, and vice versa. For example,
in a static electric field E, we have J ,,; = 0 because bound charges

are stationary. But the stationary charges will be displaced by E; hence
Ppor 011 V-P=0. In ime-dependent cases, there mustbea J ,,; 1f

P # 0 [hence %P(x,t) # 0] but not necessarily a p,,,; unless V- P = ().



