
1.3 
Using Dirac delta functions in the appropriate coordinates, express the following charge distributions 
as three-dimensional charge densities ρ(x). 
(a) In spherical coordinates, a charge Q uniformly distributed over a spherical shell of radius R. 
(b) In cylindrical coordinates, a chargeλper unit length uniformly distributed over a cylindrical 

surface of radius b. 
(c) In cylindrical coordinates, a charge Q spread uniformly over a flat circular disc of negligible 

thickness and radius R. 
(d) The same as part (c), but using spherical coordinates. 
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1.4 
Each of three charged spheres of radius a, one conducting, one having a uniform charge density within 
its volume, and one having a spherically symmetric charge density that varies radially as rn (n>-3) , has 
a total charge Q. Use Gauss’s theorem to obtain the electric fields both inside and outside each sphere. 
Sketch the behavior of the fields as a function of radius for the first two spheres, and for the third with 
n = -2 ,+2. 
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1.5 
The time-averaged potential of an neutral hydrogen atom is given by 
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Where q is the magnitude of the electronic charge, and , a0 being the Bohr radius. Find the distribution 
of charge (both continuous and discrete) that will give this potential and interpret your result 
physically. 
Solution : 
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1.6 
A simple capacitor is a device formed by two insulated conductors adjacent to each other. If equal and 
opposite charges are placed on the conductors, there will be a certain difference of potential between 
them. The ratio of the magnitude of the charge on one conductor to the magnitude of the potential 
difference is called the capacitance (in SI unit it is measured in farads). Using Gauss’s law, calculate 
the capacitance of 
(a) Two large, flat, conducting sheets of area A, separated by a small distance d; 
(b) Two concentric conducting spheres with radii a, b (b>a); 
(c) Two concentric conducting cylinders of length L, large compared to their radii a, b(b>a). 
(d) What is the inner diameter of the outer conductor in an air-filled coaxial cable  
   whose center conductor is a cylindrical wire of diameter 1 mm and whose  
   capacitance is 3×10-11 F/m? 3×10-12  F/m? 
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1.8 
(a) For the three capacitor geometries in Problem 1.6 calculate the total electrostatic energy and 

express it alternatively in terms of the equal and opposite charges Q and –Q placed on the 
conductors and the potential difference between them. 

(b) Sketch the energy density of the electrostatic filed in each case as a function of the appropriate 
linear coordinate. 
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1.9 
Calculate the attractive force between conductors in the parallel plate capacitor (Problem 1.6a) and the 
parallel cylinder capacitor (Problem 1.7) for 
(a) Fixed charges on each conductor; 
(b) Fixed potential difference between conductors. 
Solution : 
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(b) Parallel cylinder capacitor 

       

( )

0

0

0 0

2 2 2

0 0

 ,  the capacitance per unit length
ln

ln ln
ln

1 ln ln     
2 2 2

C
d
a

Q
L Q d dC V

d V L a a
a

d zW We choose the z direction
C a a

F W

πε

πε λ
πε πε

λ λ λ
πε πε

=
⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜= = ⇒ = =⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎛ ⎞ ⎝ ⎠ ⎝ ⎠⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜= = = ⇒⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

= −∇ = −
2 2 2 2

0
2

0 0 0

ˆ ˆ ˆln
2 2 2

2 ln

 the  per unit length

z z z
z d

z Ve e e
a z d dd

a
force

λ λ λ πε
πε πε πε

=

⎛ ⎞⎟⎜∇ = − = − = −⎟⎜ ⎟⎜⎝ ⎠ ⎡ ⎤⎛ ⎞⎟⎜⎢ ⎥⎟⎜ ⎟⎜⎢ ⎥⎝ ⎠⎣ ⎦

 

(c) Plane plate capacitor: 
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Parallel cylinder capacitor   
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1.12 
Prove Green’s reciprocation theorem: If Φ is the potential due to a volume-charge density ρ within a 
volume V and a surface-charge density σ on the conducting surface S bounding the volume V, while Φ' 
is the potential due to another charge distribution ρ' and σ' , then 
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1.14 
Consider the electrostatic Green functions of Section 1.10 for Dirichlet and Neumann boundary 
conditions on the surface S bounding the volume V. Apply Green’s theorem (1.35) with integration 
variable y and Φ=G(x,y) , φ= G(x',y), with ▽2

yG(z,y)=-4πδ(y-z)  Find an expression for the 
difference [ G(x,x')- G(x',x)] in terms of an integral over the boundary surface S. 
(a) For Dirichlet boundary conditions one the potential and the associated boundary condition on the 

Green function, show that GD(x,x') must be symmetric in x and x' . 
(b) For Neumann boundary conditions, use the boundary condition (1.45) for GN(x,x') to show that 

GN(x',x) is not symmetric in general, but that GN(x,x')-F(x) is symmetric in x and x', where 

( ) ( )∫=
s yN dayxG

S
xF ,1  

(c) Show that the addition of F(x) to the Green function does not affect the potential Φ(x). See 
problem 3.36 for an example of the Neumann Green function. 
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1.16 

Prove the following theorem: If a number of surfaces are fixed in position with a given total charge on 
each, the introduction of an uncharged, insulated conductor into the region bounded by the surfaces 
lowers the electrostatic energy. 
Solution :
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The insulated conductor into the region lowers the electrostatic energy 
 

 



1.17 
A volume V in vacuum is bounded by a surface S consisting of several separate conducting surfaces Si. 
One conductor is held at unit potential and all the other conductors at zero potential. 
(a) Show that the capacitance of the one conductor is given by 

xdC
V

32

0 ∫ Φ∇= ε  

where Φ(x) is the solution for the potential. 
(b) Show that the true capacitance C is always less than or equal to the quantity 

[ ] xdC
V

32

0 ∫ Ψ∇=Ψ ε  

where Ψ is any trial function satisfying the boundary conditions on the conductors. This is a 
variation principle for the capacitance that yields an upper bound. 
(a)  
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1.19 
For the cylindrical capacitor of Problem 1.6c, evaluate the variation upper bound of Problem 1.17b 
with the naïve trial function ,Ψ(ρ)=(b-ρ)/(b-a). Compare the variation result with the exact result for 
b/a=1.5,2,3. Explain the trend of your results in terms of the functional form of Ψ1. An improved trial 
function is treated by Collin(pp. 275-277). 
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