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Starting with the differential expression

dB = o] dlrx X=X
4 |x—x’

3

for the magnetic induction at the point P with coordinate x produced by an increment of current

I | .. . - .
dl' 5t x , show explicitly that for a closed loop carrying a current | the magnetic induction at P

|
is B :’ULVQ where () isthe solid angle subtended by the loop at the point P. This
T

corresponds to a magnetic scalar potential, =M 41 . The sign convention for the solid

angleis that (2 is positive if the point P views the “inner” side of the surface spanning the loop,
that is, if a unit normal n to the surface is defined by the direction of current flow via the
right-hand rile, (2 is positive if n points away from the point P, and negative otherwise. This is

the same convention as in Section 1.6 for the electric dipole layer.
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5.3

A right-circular solenoid of finite length L and radius a has N turns per unit length and carries a

current I. Show that the magnetic induction on the cylinder axis in the limit is
NI
B, :ﬂ(’T(cosé’1 +C0s6,)

where the angles are defined in the figure at page 225.
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dB=Fo —
4t 1
for one loop
8 _ po 12masing  p, 2wsin® 0
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NL — oo = dN = Ndz
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dz d sin” 0
= B:fB dN = Lol 2N [ sinodo = Lo [cosg —cos(m—6,)|= HolN [cos 6, +cosd),|
‘ 4 v 2 ’ ' 2 ’ '
5.6

A cylindrical conductor of radius a has a hole of radius b bored parallel to, and centered a distance
d from, the cylinder axis d+b<a . The current density is uniform throughout the remaining metal
of the cylinder and is parallel to the axis. Use Ampere’s law and principle of linear superposition

to find the magnitude and the direction of the magnetic-flux density in the hole.

= ~ ~ J75 7 L
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5.11

A circular loop of wire carrying a current | is located with its center at the origin of coordinates

and the normal to its plane having spherical angles 6o, ¢ 0. There is an applied magnetic field, By

=Bo(1+ Ay) and B, =Bo(1+ 5 x) .

(a) Calculate the force acting on the loop without making any approximation. Compare your
result with the approximate result (5.69) . Comment.

(b) Calculate the torque in lowest order. Can you deduce anything about the higher order

contributions? Do the vanish for the circular loop? What about for other shapes?

(a)



B =B, (1+ By)%+B, (1+x)§
A =sin 6, cos p, X +sin 6, sin ,y + €os 6,2
d zll(dlle):>F:Idel><B

F, :lf->2=|j %-(dr xB)=1[ d -(Bx%)=1[ dI -(-B,2)
=—IB, [ dl - (L+ )i = 1B, ij (1+ px)i-dA
X ¥ Z
. |0 O 0
Vx(l == — — |==
<l pjz= 5 al| P
0 0 1+
—1IB f ﬁy ndA _IBoﬁf y-A dA_IBoﬁsmé’ S|n<p0f dA
= oBsinf,sinp ra’
= ﬁf X-A)dA = IB,3sin 6, cosp,ra’
Ifz = F-2=1 di-(Bx2)=1[ di-(B,xxB,§)=1[ di-{ Vx[B,R—B,j] } dA
X y Z
= . - 0 0 0
BX-B,J|=| — — —|=0
VX[ X Xy] X oy 0z
B,(1+8x) B,(1+3y) 0
m= \ \ IA
B,Bsin g, sin gya” = B, Sm, - sin g, sin ¢,m’ =y projection of loop area

= ‘Fy‘ = 1B, 3sin 6, cos g,za’® = B, Am,
from5.69 F = V(m-B)
F = B,/m,X+B,m,§
N =mxB(0)=-m,B,X+m,B,§+B,(m —m )2
Exact torque
N = [xx(IxB)d’x= [|T(x-B)-B(x-T)|d°
= [{3[Bx(1+BY)+ Boy (2+ 5x)] [ By (L+ BY) R+ By (14 8x) 9](X- T dx
If we can isolate the lowest order term , all others are higher order contributions. Note that 5.54
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%f(z\]X —xJ,)d*x




5.13
A sphere of radius a carries a uniform surface-charge distribution ¢ . The sphere is rotated about
a diameter with constant angular velocity «. Find the vector potential and magnetic-flux density

both inside and outside the sphere.

Choose the @ alongthe Z axis
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5.18

A circular loop of wire having a radius a and carrying a current | is located in vacuum with its
center a distance d away from a semi-infinite slab of permeability (. Find the force acting on the
loop when

(a) The plane of the loop is parallel to the face of the slab,

(b) The plane of the loop is perpendicular to the face of the slab.

(c) Determine the limiting form of your answer to parts a and b when d>>a. Can you obtain

these limiting values on some simple and direct way?

(a)

/
T i T PN Jazl—é(r—\/az+4d2)6 cosg———29__
pet1 Ho (a®+4d?) Ja? +4d?

From (5.48) & (5.49)

ola 21+ r2I+1
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< I’ 2d TN E! (20
- §(r—+/a’ +4d?|s|cosd — 0 1 f)d*
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[2I+2]i[a2+4d2 | (% +4d?)
3 2 —_—
o mlie @l 1 | A o | 2d
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2142
(% +4d ) a’ +4d” (\/az+4dz)
upper :r<a
lower :r>a
(b)

J, = I’6(p—2d cos¢i\/4dzcosz¢—(4d2—a2))6(z)

Form problem (5—10(b)) = A(p,z) = &, e 13, (ka)J, (kp)

F= [ J®xBd*x= [(3,B8 -3,88,)pdpdedz
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5.19 A magnetically “hard” material is in the shape of a right circular cylinder of length L and

radius a. The cylinder has a permanent magnetization Ma , uniform throughout its volume and
parallel to its axis.

(a) Determine the magnetic field H and magnetic induction B at all points on the axis of the

cylinder, both inside and outside.

B
(b) Plot the ratios }HEME on the axis as functions of z for L’a =5
(a) Magnetic hard material, see 5.9(c),

scalar potential
H (z):—Vcb (X)

/ ~ N (!
@ ()= = 4” M () 3’+19§—ﬁ % gar

v R X=X

M,,on the top

M(X)=MygE = V' -MX)=0 & A"-M(X') ={—M,,on the bottom

0, other

1 M) M, 2 1 M, 2 1
P, (X)=— da’=—2 'dp ——2 'dp’
M() 471-%5 )—(>_)—(>/| 2 ‘/;\//2 L 210 P 2 fo\/lz ] 2/) p

P +[—Z] P +[+Z]
2 2

Mol Jaz |5 2———z— a2+£+22+£+z
2 2 2 2




. L
(i) inside |z] <5

B = o +Wi) = ff = 8, 2020 -

5.20
(a) Starting from the force equation (5.12) and the fact that a magnetization M inside a volume
V bounded by a surface S is equivalent to a volume current density Ist = (VXM) anda

surface current density (M x "), show that in the absence of macroscopic conduction
currents the total magnetic force one the body can be written

F= —L (V-M)B,d*x + L (M -n)B.da

where Be is the applied magnetic induction (not including that of the body in question).
The force is now expressed in terms of the effective charge densities M and “m. If the
distribution of magnetization is not discontinuous, the surface can be at infinity and the
force given by just the volume integral.

(b) A sphere of radius R with uniform magnetization ha its center at the origin of coordinates
and its direction of magnetization making spherical angles fa, ®o.If the external magnetic
field is the same as in Problem 5.11, use the expression of part a to evaluate the components
of the force acting on the sphere.



(a)

(b)
M = M, (sin 6, cosp,,sin 6, sinp,, cos b, )
B, = B, (1+ BY,1+ 8x,0) = B, (1+ Brsin fsinp,1+ Brsind cos, 0)
A = (sinfcos,sindsin p,cosb)
Then

F:fS(M-n)Beda
- RZMOBofdQ(cosecoseo+sin95in90 cos (¢ — ¢, ))(1+ BRsin fsinp,1+ BRsinfcosd, 0)

- 2% M,B,R3(sin 6, sin oy, sin 6, cos o, 0)

5.22
Show that in general a long, straight bar of uniform cross-sectional area A with uniform

lengthwise magnetization M, when placed with its flat end against an infinitely permeable flat
surface, adheres with a force given approximately by F = % AM? . Relate your discussion to the

electrostatic considerations in Section 1.11.



This problem is best solved by considering an image magnet. The infinite permeability of the at
surface ensures that the magnetic field must be perpendicular to the surface. As a result, this is
similar to the electrostatic case of electric field lines being perpendicular to the surface of a perfect
conductor. For magnetostatics, this means that we may use a magnetic scalar potential _m (since
there are no free currents) subject to the condition _m= 0 at z = 0 (taking the surface to lie in the
x-y plane at z = 0). The image problem is then set up as follows

M M

A — N
I = | |

|| I| ill]age || II | ‘ = -
\J VARV,

W= [ i d'x

Here it is important to note that, while we solve this problem using an image magnet, the only
quantities that show up in this energy integral are the actual sources of magnetization ~M and the
actual magnetic induction ~B. We place the magnet at a distance zo from the z = 0 surface so that

- MZ |, z,<z<z,+L
o otherwise

As a result

Zy+L Zo+L

W(zo)_——M fdz fda B, (X) ——MAf dz B(2)

where we have approximated that the magnetic induction is roughly uniform across the face of the
magnet. Using the image magnet setup, there are two sources of magnetic induction

B‘(Z) = §real (Z) + §image(z)
Using (1) we see that

z—7,—L -1,

\/a +(z2—12,—L)? \/a2+(z—zo)2

N>

real (Z)

—z,+L Z+z,+L
\/a +(z—z +L)° \/a2+(z+zo+L)2

1
|mage(z) = ——U M

Here we have shifted the coordinates such that the real magnet lies between zoand zo+L and the
image magnet lies between z = -zo-L and z = -zo. In principle, we may insert these expressions into
(5) to compute the magnetostatic energy.

However, as a simplification, we note that the integral of ~M .Breal gives a position independent (ie
zo independent) self energy. Hence this will not contribute to the



force. As a result, we only need to insert Bimage into (5). This gives us

1 Zy+L
W(ZO)zZUOMZAf

Zy

2+, _ Z+z,+L
Ja2+ (242, &+ (2412, +L)

:%uol\/l 2A[\/a2 +(242,) —\/a2 + (242, + L)z}

Zy+L
Z

0

:%UOMZA

2\/a2 +4(z, +%L)2 —Jal +4(z,)F —\Ja% +4(z, + L)Z]

The force is then

Z 0
0 \/a2+4(20+2L)2 Ja2+4(z,)F  Ja?+4(z,+L)
=-U,M?*A L L
Jal+ 12 Jai+4Ll?
%-%UOMZA

where in the last line we used L >> a (a condition that we needed anyway to ensure that Bz is
nearly uniform on the end caps). Note that we could have alternatively used the result of Problem
5.20

F=—[(V-M)Bd*+ [ (M -mB,da

where the applied magnetic induction ~Be is given by Bimage in (6) with zo= 0. Since the
magnetization is uniform, the force arises entirely from the surface term

F=[(M-mB,da=2M [[-B,(0)+B,(L)jda

szA[BZ(L)—BZ(Q)]:flUOM N 2L B L B L
2 \/az —|—4|_2 \/a2+L2 \/a2+L2
%—2EUOM2A
2

What we have done here is to calculate the force through the magnetostatic energy
F=—-VW(X)

where ~x denotes the position of the bar magnet. This is the magnetostatic equivalent of the force
discussion in Section 1.11, which states that \Forces acting between charged bodies can be
obtained by calculating the change in the total electrostatic energy of the system under small



virtual displacements.” In fact, this statement is true in general, provided we use the complete
(electrostatic plus magnetostatic) energy of the system. Curiously, a conductor with surface-charge
density _ feels an outward force of the form

oA

2¢g,

F~

which is roughly the electrostatic equivalent of

F z—%uOMZA

5.30

(@) Show that a surface current density K(¢)=1cos¢ /2R flowing in the axial direction on a
right circular cylindrical surface of radius R produces inside the cylinder a uniform magnetic
induction in a direction perpendicular to the cylinder axis. Show that the field outside is that
of a two-dimensional dipole.

(b) Calculate the total magnet-static field energy per unit length. How is it divided inside and
outside the cylinder?

(c) What is the inductance per unit length of the system, viewed as a ling circuit with current

flowing up one side of the cylinder and back the other?
(a)

J(x)=K(g)s(p-R)z

| cos¢
K(g)= ——%
)=
~ | cos ¢’
d d3 [t S
Al%) I X|x x| 47r'[
X =Rcos¢x+R5|n¢y+zz
by 3.149
1

i 2 e otz 2l oo K, )

A(1)= 2o [ax L5202 51 [k #cosfk(z )l (kp. Ko o)

the integeral pick upm =1 by orthogonality of cosines.
Using cos(¢ — ¢') = cos @ cos ¢’ +sin gsin ¢’

and jjﬁ dg'cosgcos(p—¢')= cos ¢_|:ﬁ dg'cos’¢’ = rcosé



| cos¢’ 4

A(x)=f—;2jj”Rd¢'ﬁd' — |, dkcoslk(z—2")loos(g—¢ s kp K (ke )

_ Al cos¢.[w dz'J'w dk cos[k(z - 2)]1,(kp. )K,(kp.)
2r w0
2715k ) = f dxe ™

= I: dz'coslk(z-2')]= Re(eikZ J':dz'e“kz') = Re(e* 275(k))

applying the asymptotic form 3.102

A(x) = pol2cos |, ck Re[em‘*k r22>(kp<jrg)[kpj

1 - P.
= Hol2 cos¢J.0 dk Re[&(k)pj

1 1,12 cos ¢Jm dk Re[&(k)&}
4 - p.

=%yol cosqﬁ&i

>

BovxAzprh_ jOA

0
pog  op Rzl,uolﬁcosﬁ
1 pP<R ) P
1 PERVIRY ! 1 R. .
= tol| =5 ¢” ~peosp R =~ gl — px
o p, -—.,p>R|| 4 P
_—|R9><[)
.sing ~cosg 1 . Az p?
T4 p—"==9,p<R
__1 PR R R
4 R (psing- geosg)
? psSing—¢@cosgl, p>R
(b)
Id xB? + d>xB?
p>R
1 11 I RY
=—— d%(—ﬂj +—j dsx(—”—O—zJ (sin? g+ cos? ¢)
24, PR 4R 244, IR 4 v
_ Hl? ﬂd R*
" 32R? LER I pd¢I dzj dp—
Hol” oz, ol R227z|— Ll
T 32R? 32 2,7
:,Uoﬂ“ +/lo7z“2

32 32



L Mo
(c) Since we have only one circuit . Comparing to the above we read off ll = ,3!.



